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1. Introduction

Classical orthogonal polynomials can be considered eigenfunctions of a Sturm-Liouville
problem [1-3] of the form

d dy _
(K0 ) = (o) + g0 =0, 0
on an open interval, say (a,b), with the boundary conditions
a1y(a) + p1y'(a) =0,
@)

a2y(b) + pay'(b) =0,

in which a1, a and B4, B; are given constants and the functions k(x) > 0, g(x) and p(x) > 0
in (1) are assumed to be continuous for x € [a,b]. The boundary value problem (1) and (2)
is called singular [4] if one of the points a and b is singular, i.e., k(a) = 0 or k(b) = 0.
Sturm-Liouville problems appear in various branches of physics, engineering and biology
and are usually studied in three different continuous, discrete and g-discrete spaces; see,
for example, [5].

Let v, (x) and y, (x) be two solutions of Equation (1). Following the Sturm-Liouville
theory [4,6], they are orthogonal with respect to the positive weight function p(x) on (a, b)
under the given conditions (2), i.e.,

[ o)) dx = (/ o) i), @)
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where (n 4 m)
0 n#m),
Onm = { 1 (n=m).

Many special functions in theoretical and mathematical physics are solutions of a
regular or singular Sturm-Liouville problem, satisfying the orthogonality condition (3) [4,7].

There are totally six sequences of real polynomials [5] that are orthogonal with respect
to the Pearson distributions family

d*, e* _ d*x + e* . x
W( X ) _exp</ax2+bx+cdx> (a,b,c,d*,e* € R). 4)

a, b, c
Three of them (i.e., Jacobi, Laguerre and Hermite polynomials [3]) are infinitely or-
thogonal with respect to three special cases of the positive function (4) (i.e., beta, gamma
and normal distributions [8]) and three other ones are finitely orthogonal limited to some
parametric constraints with respect to F-Fisher, inverse gamma and generalized T-student
distributions [8]. Table 1 shows the main properties of these six sequences.

Table 1. Characteristics of six sequences of classical orthogonal polynomials.

Kind Interval

Polynomial  pjgtribution Weight Function .
Notation Parameters Constraint
W( —a—p, —atp | ) Infinite
PP (x) Beta -101 [—1,1]
_ (1_x)tx(1+x)‘3 Vn, o > —1,‘B> -1
W( -1, a x ) Infinite
Ly (x) Gamma 0,10 0,0)
= x* exp(_x) Vn,ao > —1
W( =2, 0 x ) Infinite
Hy(x) Normal 0,01 (—o0,00)
= exp(—x2) -
— Finite
1% P4 x
(Pr‘i) 1 ( 1/ 1/ 0 ) [O’OO)
My (x) Fisher F maxn < (p—1)/2
= x7(x 4+ 1)~ (r+a) g> -1
—p 1 Finite
(p) Inverse W( 1, 0,0 X ) 0,00)
N (x) Gamma [0,
=xPexp(—1/x) maxn < (p—1)/2
—2p, q Finite
Generalized W( x )
]}Sp'q) (X) T 11 0/ 1 (_oo, oo)

= (1+ x?)7P exp(garctan x) maxn < p—1/2

It was shown by S. Bochner [7,9] that if an infinite sequence of polynomials {P,}3"
satisfies a second-order eigenvalue equation of the form
o (x)Py) (x) + T(x) P (x) + r(x) Py (x) = Ay Py(x) n=0,12,...,
then o(x), T(x) and r(x) must be polynomials of degree 2, 1 and 0, respectively. Moreover,
if the sequence {P,};’, is an orthogonal set, then it has to be one of the classical Jacobi,
Laguerre or Hermite polynomials, which satisfy a second order differential equation of the

form [9-11]
()Y (%) + T(x)Y3 (%) = Anyn(x) =0, ®)
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where
o(x) =ax’ 4+ bx+c and T(x)=dx+e,

and
Ap =n(d+ (n—1)a),

is the eigenvalue depending onn = 0,1,2, ... .. However, there are three other sequences of
hypergeometric polynomials that are solutions of Equation (5) but finitely orthogonal [12].

It is the presumption in the theory of special functions that any orthogonal polynomial
system starts with a polynomial of degree 0. Nevertheless, from the Sturm-Liouville theory
point of view, such a restriction is not necessary, and that point gives birth to the so-called
‘exceptional orthogonal polynomials’. In this sense, two families of exceptional orthogonal
polynomials were recently introduced in [13,14] as solutions of a second-order eigenvalue
equation of the form

(ka(x = 0)2 + Ky (x = b) + ko ) i (x) + % (k1 (x = b) + 2K0 ) yi ()

B (xib(kl(x_m +2ko) "")‘n)yn(x) =0,

for n > 1, where
Ay = (n—1)(nky + akq),

and kg # 0, kq, ky are real constants. It was also shown in [13] that if a self-adjoint second-
order operator has a polynomial eigenfunctions of type {P;(x)}$,, then it can be X;-Jacobi

polynomials ﬁ,S”"ﬁ ) (x) with the weight function

) .
‘szx) (1-x)*1+x)f  for xe(-1,1), (6)

where a, > —1, a # B, sgna = sgn B, and/or X;-Laguerre polynomials ﬁ,(f‘) (x) with the
weight function

We(x) = (x + ) “2xmex for x€(0,00) and « > 0. (7)

Exceptional orthogonal polynomials were recently of interest due to their important
applications in exactly solvable potentials and supersymmetry, Dirac operators minimally
coupled to external fields and entropy measures in quantum information theory [15,16].

This paper is organized as follows. In the next section, we consider six sequences
of orthogonal X;-polynomials as particular solutions of a generic differential equation in
the form

(x —7) (a2x2 +a1x + ao)y;’(x) + (b2x2 + bix + bo)y;(x)
— (An(x =) +c§)yn(x) =0, n>1, ®)

where 7 is a real parameter such that ayr? + air + ag # 0 and the roots of byx? + bix + by
are supposed to be real, see Section 3 for more details. Both infinite and finite types of
nonsymmetric exceptional orthogonal X;-polynomials can be extracted from Equation (8).
Although some infinite polynomial sequences were investigated in [17] for particular values
of r, the finite cases of nonsymmetric exceptional X;-polynomials orthogonal on infinite
intervals are introduced in this paper for the first time. A key point in this sense is that
the weight functions corresponding to these six sequences are exactly a multiplication of
the Pearson distributions family introduced in Table 1. Hence, in Section 2, we first have a
review on six classical orthogonal polynomials in order to present a unified classification for
nonsymmetric exceptional orthogonal X;-polynomials in Section 3. In Section 4, we study
a series of solutions of the generic Equation (8) in order to find some of its polynomial-
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type solutions. In Section 5, six extended differential equations, as particular cases of
the main Equation (8), are introduced, and it is shown that their polynomial solutions
are Xj-orthogonal. Finally in Section 6, we apply the generic Equation (8) once again to
establish a symmetric Sturm-Liouville equation of the form

A V() + Bx) () + (10 C0x) + D) + =) () =0,

and then to introduce four main classes of symmetric orthogonal X;-polynomials.

2. Classical Orthogonal Polynomials: A Brief Review

It is shown in [5] that the monic polynomial solution of Equation (5) can be repre-

sented as .
x) =) (’,Z) G (a,b,c,d,e) o, ©)

_ d,
Yn(x) = Pn( ¢
k=0

a,b,c

where

_ 2ae—bd d
o _( 20 )k O T = T Py T
k b+ Vb2 — dac 412 _2p b+ Vb2 —4dac)’

and

EAINE L

denotes the Gauss hypergeometric function for (a)y =a(a+1)...(a +k—1).
The general Formula (9) is a suitable tool to compute the coefficients of x* for any fixed
degree k and arbitrary 4, so that after simplifying it, we obtain

- d, e o n\e+m-10>b , 4
P”( a, b, c x> -7 +< 1 )d—l—Z(n—l)ax

n < n ) (e+(n—1)b)(e+ (n—2)b) +c(d+2(n— 1)a)xn,2
2 (d4+2(n—1)a)(d+ (2n —3)a)

+...

bd—2 d
n ( n ) b+ Vb2 —4ac n2F —n, 1-n- Za\/ijZZac T 24 2/ b2 — dac
n 2a ! 2(1—n)— ¢ b+ Vb2 —dac |
a

Moreover, by referring to the Nikiforov and Uvarov approach [6] and considering
Equation (5) as a self-adjoint form, the Rodrigues representation of the monic polynomials
is derived as

_ d, e
P"( a, b, c

x>: L
(ﬁd—l—(n—l—k—Z)a)W( d ¢ x)

=1 a, b, ¢

d, e
n 2 n ’
d ((ax +bx +¢) W( 0 b, ¢ x)) 0
x — , (10)
where ( ) )
d, e _ —2a)x+e—
W< a, b, c x> —exp(/ ax?+bx +c dx).

Using the Formula (9) or (10), we can also obtain a generic three term recurrence
equation as [5]
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_ B 2n(n+1)ab+ (d —2a)(e +2nb)\ -
P (%) = <x (d 4 2na)(d + (2n —2)a) ) n(x)
(c(d + (2n—2)a)? —nb?(d + (n —2)a) + (e — b) (a(e + b) — bd)) i
+n(d+ (n—2)a) Py_1(x),

(d+ (2n —3)a)(d + (2n — 2)a)*(d + (2n — 1)a)

in which P, (x) denotes the monic polynomials of (9) with the initial values

Py(x) =1 and Pj(x) =x+ 2.

Finally, the norm square value of the monic polynomials (9) can be calculated as
follows: Let [L, U] be a predetermined orthogonality interval which consists of the zeros of
o(x) = ax? + bx + c or =c0. By noting the Rodrigues representation (10), we have

_ u _ d e d e
2 2 , ,
Al _/L Pn< o x)w< 2 x>dx

= ! /u P, q, e x ﬂ((ax2+bx+c)nw q, ¢
T1d+ (ntk—2)a’t a, b e |7 ) dx a, b, ¢
k=1

x> ) dx. (11)
Hence, integrating by parts from the right hand side of (11) eventually yields

1(—1)\" u _ _
||an2: 1’1.( 1) / (gx2+bx+c)n(exp/ (d Za)x“‘e bdx) dx'
[Td+(n+k—2)a’t ax? +bx + ¢

k=1

Although the Jacobi polynomials

',Ea’ﬁ)(X)IPn< —a—p—-2, B—a

Laguerre polynomials
W =n( ot )

and Hermite polynomials

- - -2, 0
Hn(x)—Pn< 0.0 1 ‘x),

are three polynomial solutions of Equation (5), there are three other sequences of hy-
pergeometric polynomials that are finitely orthogonal with respect to the generalized T,
inverse Gamma and F distributions [12] and are solutions of Equation (5). The first finite

sequence, i.e.,
-r(p.) _p 2—p, 149
M, (x) —Pn< 11 0 x),

satisfies the differential equation
(2 + )y (%) + (2= p)x + 9+ 1)y, (x) —n(n+1=plya(x) =0,
and is finitely orthogonal with respect to the weight function
Wi(x;p,q) = x7(1+x)~(7+0),
on [0, c0) if and only if [12]

p>2{maxn} +1 and g> —1.
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The second finite sequence, i.e.,

satisfies the differential equation
Py () + (2= p)x +1)yu(x) —n(n+1—plya(x) =0,
and is finitely orthogonal with respect to the weight function [12]
Wa(x;p) = x*pe*%,

on (0,00) forn=0,1,2,...,N < pT_l The third finite sequence, which is finitely orthogonal
with respect to the generalized T-student distribution weight function

Ws(x;p,q) = (1 + x2> o’ exp(garctanx),

is defined on (—c0,00) as

)y _p( 2724

Jn (x)—Pn( 1,0 1 ‘x>/
satisfying the equation

(1+22) v (x) + (2(1 = p)x +q) yp (x) = n(n +1—2p) yu(x) =0,
and the orthogonality property holds if
n=012..., N< p—% and g € R.
3. A Unified Classification of Nonsymmetric Exceptional Orthogonal X;-Polynomials
Using identity, which is valid for every real A, B,C, x, r
Ax*> +Bx+C=A(x—1)?+ (2Ar + B)(x —r) + Ar* + Br + C,
another form of Equation (8) is as
(x —7) (az(x — )2+ (2apr +a1) (x — ) + ar® + ayr + ao)y;,’(x)
+ (bz(x —1)2 4+ (2bar 4 by) (x — 1) 4+ bor® + byr + bo) v (%)
- (An(x—r)—i—cf;) yn(x) =0, n>1. (12)

We choose A, in (12) so that the relative eigenfunction v, is a polynomial of degree n.
Hence, we first consider a subspace of the whole space of polynomials of degree at most
n as

Iy, = span{(x —r—v),(x— r)z, v (= r)”},

in which v is a real constant. By substituting y1(x) = x —r — v and y,(x) = (x —r)" for
n > 2 into (12), we respectively obtain

(by = A1) (x =12+ (2bar+ by —c§+vA) (x —7) + bar? +byr+ by +vcy =0, (13)
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and
2 2 n—1
n(n—1) (az(x — 1)+ (2apr +a1)(x —r) + apr” + ayr + ao) (x—r)
+n (bz(x —7)2 4 (2bar + by) (x — 1) + bor® + byr + bo) (x —r)"1

—(/\n(x—r)+c§>(x—r)”:0 n>2.

Therefore,
Ap =n((n—1)a + by) for n>1,

and, using Equation (13) withn =1,

2byr + by —cy +vby =0,
(14)
b27’2 + bir + by + VCS =0.

Solving the system (14) gives

2
o —bli./bl—z;bobz_r: {rl_r,

2by rh —1,

where rq, rp are roots of byx% + by x + by, and

o = cg{r; by, bl,bo} — ;(Zbgr b F b — 4b0b2) -

Corollary 1. If we take byx? + byx + by = by(x — r1)(x — 1) for by # 0 and

by(r —12),

by(r —r1).

[Ty = span{ex(x) }r—1,

then
ex(x) = x = ryand {ex(0)} 7, = { (=)} lead tocf = bolr = 2).

(ii) e1(x) = x — rp and {er(x)},_, = {(x =)k}, lead to ¢y = by(r — 7).

Also note that for by = 0, we respectively have ¢y = by and v = —r — g—g.

We can now show that the polynomial solutions of Equation (12) in I, ; , are orthogo-
nal on an interval, say [L, U], with respect to a weight function in the form

p(x) = (x —r)w(x),
where w(x) satisfies the equation

w'(x)  (by —3a2)x? + (by — 2ay + 2apr)x + by — ag + arr

w(x) (x — ) (a2x% + a3x + ag)

(15)

To prove the orthogonality, we first consider the self-adjoint form of Equation (12) as

(w(x)(x —) (a2x2 +apx + ao)y;)/ = w(x) ()\n(x —r)+ cé)yn(x), (16)
and for the index m as

(w(x)(x — 1) (ax* + ax + ao)y,’ﬂ)/ = w(x) (/\m(x —7r)+ cS)ym(x). (17)
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Multiplying by v (x) and y,(x) in relations (16) and (17) respectively, subtracting
them and then integrating from both sides yields

u
[w(x) (x = 1) (a2x 4 a1x + a0) (v (¥)ym () = Y (X () |
= =) [ = @) (Kym () dx. (19
Now if the following conditions

w(L)(L —7)(aaL? + a1 L + a9) =0,
w(U)(U — ) (aU* + a1U + ag) =0,

hold, the left hand side of (18) is equal to zero and therefore

/Lu(x — (@)Y ()ym(x)dx =0  m#n,

which approves the orthogonality of polynomial sequence {y,(x)};._; with respect to the
weight function p(x) = (x — r)w(x).
On the other hand, the explicit solution of Equation (15) is as

w(x) = ex / (b = 3a9) 2 + (by — 2 + 2mpr)x t o~ F ar (19)
P (x — 1) (a2 4 a1x + ag) '

The key point in this relation is that w(x) is exactly a multiplication of the Pearson
distribution given in (4), because if the integrand function of (19) is written as a sum of two
fractions with linear and quadratic denominators in the form

b2Y2+b r+by
(by — 3[12)362 + (by — 2ay + 2apr)x + by — ag + a7 _ azrz—l—air-&-ag
(x —r)(a2x% 4+ a1x + ag) x—r

byr2+byr+b byr?+byr+b
(bz—a2(2+%))x+b1+bzr—(%)(ul + apr) —ay

7

ayx2 + ayx + ag
then we obtain
by by riby 4
w(x) — (x _ r) ayrZ+ajr+ag
by — bar?+byr+by _ (b +birthy _
(b2 — a2 (24 2ot ) x + by + bor — (P2t ) (a1 + aor) — o
X exp > dx
arx= +ayx +dg

x ) . (20)

byr2+byrby 1
— (x _ 7,-) a272+ulr+no

w( by — ay(2+ Bttty oy oy — (B thirthoy (g 4 gyr) — gy
X

apr?+ayr+ag ayr?+ayr+ag

az,ai, ap

and accordingly,
byr?+byr+by
p(x) — (x _ r) ayr2taqrtag

XW( by — ay(2 + oty gy gy (Lndbirtboy () 4 gy gy

2r2+air+ag ar2+ajr+ag

az, ay, aop
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Corollary 2. The polynomial solutions of the generic equation

(x = 7) (a2 + ayx + ag)yy (x) + (b2x® + byx + by) ), (x)
- (n(b2 + (n—1)ap) (x — r) + ¢ (r; by, bl,b0)>yn(x) -0, (1)

byr2+by by
where (—1) 27 tarta = 1 and n > 1 are nonsymmetric exceptional X,-polynomials orthogonal
with respect to the weight function (20).

Now let us assume that the polynomial solution of Equation (21) is symbolically

indicated as
b2/ bl/ bO
Yn (x) = Qn,r X . (22)

az, 41,40
By referring to the Pearson distributions family (4), an inverse process can also be
considered as follows.
Suppose that a simplified case of the weight function (20) is given as

X ) , (23)

in which (—1)? = 1. Then, by noting Equation (21), the unknown polynomials p,(x) and
g2(x) of degree 2 in the differential equation

(x = 1)p2(x)y (%) + 42(2)y (x) = (Au(x = 7) + c5)yn =0, (24)

can be directly derived by computing the logarithmic derivative of the function

o) (0

X —r a,b,c

x ) = (x— 1) TW(x),

as

(x=nfw(x) -1 W) 6-1 d*x 4 e*

(x —7r)f-1W(x)  x—r W(x)_x—r+ax2+bx+c

(d* + (0 —1)a)x®+ (e* —rd* + (0 — 1)b)x —re* + (6 — 1)c
(x —r)(ax? + bx +¢)

7

and then equating the result with

2(x) — ((x = 1)pa(x))’
(x—Np2(x)

7

so that we finally obtain
pa(x) = ax® + bx +c, (25)

and

g2(x) = (@* + (0 +2)a)x* + (e* — r(d* +2a) + (0 + 1)b)x + 0c — r(e* + b), (26)
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provided that the roots of g, are real. Relations (25) and (26) show that the polynomial
solution of Equation (24) with A, = n((n + 1+ 6)a + d*) can be written in terms of the

symbol (22) as

Additionally, according to the Corollary 1, ¢ in (24) directly depends on the roots of
g2(x) in (26) and is therefore computed as

d*+ (0 +2)a, e —r(d* +2a) + (06 +1)b, 6c —r(e* +b)
Yn(x) = Qnsr

a, b, c

et =20(ar* +br+c)(d*+(0+2)a) (e +rd*+ (0+1)2ra+b
5 = 260( ) (@ + (0 +2)a) (6+1)(2ra +b)

T V(e* — (@ +20) + (04 1) — 4(d + (0 +2)a) (e — (e +1)))

As we observed, p(x) was indeed the product of (x — ) for

9 — b21’2 + b11’ + bo
- a21’2+ﬂ17‘+110/

and a special case of the Pearson distributions family. This means that we can classify the
nonsymmetric exceptional orthogonal X;-polynomials into six main sequences.

Corollary 3. By referring to Table 1 and relation (23), there are, in total, six sequences of nonsym-
metric orthogonal X1-polynomials as follows:

1. Infinite Xq1-Jacobi polynomials orthogonal with respect to the weight function
p1(x) = (x =) (1 —x)*(1 + x)F, (-1<x<1).
2. Infinite X1-Laguerre polynomials orthogonal with respect to the weight function
02(x) = (x — r)x% exp(—x), (0 <x < o0).
3. Infinite X1-Hermite polynomials orthogonal with respect to the weight function
03(x) = (x —1r)? exp(—xz), (—o0 < x < 00).
4. Finite Xy-polynomials orthogonal with respect to the weight function
pa(x) = (x =) xT(x +1)"P*D, (0 < x <o),

5. Finite Xi-polynomials orthogonal with respect to the weight function

ps(x) = (x — V)expexp<—i>, (0 < x < o)

6.  Finite X1-polynomials orthogonal with respect to the weight function

p6(x) = (x —1)° (1 + x2> g exp(garctanx), (—o0 < x < 00).
In all six above-mentioned cases, r € R and 8 is a real parameter such that (—1)% = 1.

Remark 1. For 0 = —2 in the first and second kind of the above corollary, the weight functions
represented in (6) and (7) are retrieved when r = (B +a)/ (B — ) and r = —u, respectively.
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4. On the Series Solutions of Equation (12)
Let us reconsider Equation (12) in the form
bzxz + bi1x+ by ,

Y (x) —

(x —7)(apx® + ayx + ag) "

An(x —71) 4 ¢
(x — 1) (a2x? 4+ a1x + ag)

Y (%) + yu(x) =0.  (27)
The indicial equation corresponding to (27) is

2y (b2r2+b1r+b0 B

; 1)t =0,
arr< +ayr + ap

Hence, using the Frobenius method, we can obtain the series solutions of Equation (12)
when

B b21’2+b17’+b0 .

t1=1
! a2 + ayr 4 ag

1-6,

for different values of 6.
If 0 ¢ Z, the two basic solutions of Equation (27) are, respectively, in the forms

Yna(x) = ) Ce(x — nk, Co #0,
k=0

and

Yua(0) = (= )P0 S dx— 1), do #0.
k=0

If 6 € Z, three cases can occur for the basis solutions:

(i) If6=1,then
Yna(x) = kEO Ce(x =1k, Co#0,
Yn2(X) = Yp1(x)In|x — 7|+ kgl di(x — 1)k,

(i) If6 <1, then,

Y (x) = (x — )10 kio Celx =)k, Co #0,

Yn2(x) = wyp1(x) In|x —r| + kzo di(x — r)k, dy #0, weR.
(iii) Finally, if 6 > 1, then

Yna(x) = IEO Ce(x =)k, Co #0,

o0
Yn2(x) = wy,1(x) In|x — 7| + |x —r[}? kZ di(x —7)%, dy#0, weR.
=0
In either case, there is at least one series solution, that it may assume the form

yn(x) = i Celx =)0, (9ez, 0<1). (28)
k=0



Mathematics 2022, 10, 2464 12 of 30

Substituting
vp(x) = Y (k=6 +1)C(x — 1)<,
k=0
yn(x) = Y (k—0+1)(k—0)Cy(x — )01,
k=0

in Equation (12) eventually leads to the three-term recurrence relation

((k—0) (a2(k =6 —1) +b2) — Ap)Cr
+ ((k -0+ 1)((21121’+111)(k —0) + (2byr + bl)) - CS)Ck
+(k—9+2)<(a2r2+alr+a0)(k—9+1)+(b2r2+b1r+b0))Ck+1:O. (29)

Note that, in a similar way, for 8 € Z and 6 > 1, or 0 ¢ Z the assumption

yn(x) = ¥ Celx — 1),
k=0

eventually leads to the same as recurrence relation (29) for § = 1.

Some Polynomial Solutions of Equation (21)

According to Corollary 1, the coefficients of the polynomial B(x) = byx? + byx + by
in (21) have a significant role in determining the value c;j in the system (14). In this section,
we investigate six special cases of B(x) based on its roots and the real value r, leading
to particular cases of Equation (21). First, suppose that b, # 0 and r is a root of B(x).
So byr? + byr + by = 0, and relations (14) reduce to

2byr + by —cy +vby =0,
(30)

*
vey = 0.

The equation v ¢y = 0in (30) gives three different cases as follows:
e Casel. v=0andcj=2byr+b; =B (r) #0,
!/
e Case2.cy=0andv= _Zbarthy - B (r) #0,
by by

e Case3. cj=0andv =0, leading to B'(r) = 2bor + by = 0 which means that r is a
multiple root of B(x).

Second, suppose that b, = 0 and by # 0. So, relations (14) reduce to

CS = bl,
vey = —(bir + by).

Now, if 7 is a root of B(x), we have vcj = 0 leading to
e Cased4.c)= by #0and v = 0, which is indeed a particular case of the first Case 1 for
by =0.
Otherwise, we obtain
bir+by _ B(r)
*

e Case5.cj=0b #0andv = . 2
0 1

£0.
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Finally, suppose that b, = b; = 0. In this case, relations (14) reduce to

=0,
bo +vcy =0,
which yield by = 0 leading to B(x) = 0. Therefore, the last case can be considered

* Case6. c) = 0 and v is arbitrary.

Now we consider each of these six cases:
For Case 1. Under the conditions stated in Case 1, the differential Equation (21) reads
with by = —byr — byr?, as

(a2x? 4+ ar1x + ag)yjy (x) + (bax + bor + by) ) (x)

2byr + b
— (n(bz + (n—1)ap) + %)yn(x) =0, (31)
for n > 1, whose solutions belong to the space
I, 0= span{(x —r), (x—=1)% ..., (x— r)”} (32)

Relation (32) shows that the solution of Equation (31) can be considered as follows:
n—1 ‘
Yn(x) = (x =) Apa(x—1) = (x—7r) Y de(x — ). (33)
k=0
Hence, replacing

Yp=Ana(x—1)+(x—1A,_(x—7),
v =2A (x=r)+(x—1)Al_(x—r1)
in (31) yields

(x — 1) (ax® + ayx + ag) A", + (Z(x —7)(az(x —1)* + (2apr + ay) (x — ) + azr® + ayr + ap)

+ (x = 1)2(box + bor + bl))A;_l — (1= 1)(by + nap) (x — )2 Ap_1 = 0. (34)
Now, if in (34), we assume that a>r? + a;7 + ag = 0, which is equivalent to
ag = —r(asr +aq),
then Equation (34) is simplified as
(apx? + ayx — r(aar +aq)) All_y + ((Zaz + by)x + (2ap + by)r + 2a1 + bl)A;_l
—(n—1)(by+naz)A,—1 =0. (35)

By comparing Equation (35) and Equation (5) and referring to the polynomial solu-
tion (9) and also relation (33), we can finally conclude that the polynomial solution of
Equation (31) for ag = —r(apr +a;) is as

i B 2ay + by, (2a2—|—b2)r+2a1 + by -
Yn(x) = (x =1)Puy ( ay, ay, —r(ayr+aq) x=r)
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In other words, we have
Q— bz, bl/ —l’(bz?’ + bl) X
nr ay, ap, —r(axr + ay)
_ (X*T)Pn_1 2a; + by, (2a2+b2)r+2a1 + by c—r).
a, ay, —r(aor+ay)

For cases 2, 3 and 6: The differential Equation (21) respectively reads as

(a22® + a1x + ag )y (x) + (box + bor + by) v (x) — n (b2 + (1 — 1)az) yu(x)
(azxz +ayx + ag) Yy (x) + by (x — )y, (x) — n(ba + (n — 1)az)ya(x)
(a22% + arx + ag) y;, (x) — n(n — 1)az yu(x)

0,
0,
0,

which are all particular cases of the well-known Equation (5). Finally, for the Case 5, The
differential Equation (21) reduces to

byr + by

(a2%® + a1 + ag) yy (x) + <b1 ==

)y;(x) ~ (nn =+ P Yyu(x) = 0, 36

with the polynomial solution space

b
Iy = sPan{ (x+ ﬁ) (x—1)2,..., (x — r)"}.

5. On the Differential Equations of Six Nonsymmetric Exceptional Orthogonal
X1-Polynomials

Noting the Corollary 3, in this section, we consider six special cases of the main
Equation (21) and study their orthogonal polynomial solutions. For finite cases, we also
determine some necessary conditions in order to satisfy the orthogonality relations.

5.1. On the Differential Equation of Exceptional X;-Jacobi Polynomials

As a generalization of the Jacobi differential equation for 6 = 0, consider the following
equation

(x =11 =)y (0) + (= (@ +p+0+2)x2 + (B—a+r(a+p+2)x+0—r(B—a) )y,(x)
+<n(n+rx+ﬁ+9+1)(xfr)fcép))yn(x)=O n>1, (37)
where r, 6, «, § are real parameters such thata, § > —1, (—1)9 =1and

o) =200 =) (a+p+0+2)((a+p+20+2)r +a—p

i\/((oc+ﬁ+2)r+,8—oc)2+4(zx+ﬁ+()+2)(6—r(ﬁ—zx)))71.

x ) = (x =11 —x)¥1+x)P,

According to Section 3, the polynomial solution of Equation (37), i.e.,

@p) —(a+B+0+2), p—a+r(a+p+2), 0—r(f—ua)
ya(x) = P8 () = Quy

-1,0,1

is orthogonal with respect to the weight function

s ma0) = = P
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n [—1,1]. Additionally, for6 = 0,r = —1 orr = 11in (37), cép) = 0 and the weight
function p1 (x; r,a, B,0) will be a special case of the beta distribution. In fact, in each of
these circumstances, Equation (37) is simplified as

A=A yl(x)+ (= (@+B+2)x+B—a)y,(x) +n(n+a+pB+1)ys(x) =0,
for = 0 and
1= yp(x)+ (= (@a+B+0+2)x+B+0—a)y,(x) +n(n+a+B+0+1)y.(x) =0,
forr = —1and
1= yp(x)+ (—(@a+p+0+2)x+B—0—a)y,(x) +n(n+a+pB+0+1)y.(x) =0,

for r = 1 with the following Jacobi-type polynomial solutions

P (x) = PP (),

n,t,0
PP (x) = PYP ) (),
PR (x) = PP ().

5.2. On the Differential Equation of Exceptional Xy-Laguerre Polynomials

As a generalization of Laguerre differential equation for 8 = 0, consider the following
equation

x(x —r)yn(x) + (— 4 (a+r+0+1)x—r(a+ 1)>y§1(x)
+ (n(x—r) — céL))yn(x) =0 n>1, (38)

where 7, 0, « are real parameters such thata > —1, (—1)% = 1 and

—1
c(()L):2r6(r—a—6—1:t\/(7’+9)2+(“+1)(“+1+26_2r)> :

According to the Section 3, the polynomial solution of Equation (38), i.e.,

x ) = (x —r)fx% %,

yu(x) = LW,

-1, a+r+6+1, —r(a+1)
(x) = Qnr
0,1, 0

is orthogonal with respect to the weight function

. _ Y —1, n
PZ(x/ 7’/“/9) - (X 1") W( 0/ 1/ 0

on [0,00). Also, for § = 0 or r = 0in (38), c(()L) = 0 and the weight function p(x; 7, ,0) will
be a special case of Gamma distribution. In fact, in each of these circumstances Equation (38)
is simplified as
xym(x)+ (—=x+a+1)y,(x) +ny,(x) =0,
for 6 = 0 and
xyn(x)+ (—x+a+0+1)y,(x) +ny.(x) =0,

for r = 0 with the following Laguerre-type polynomial solutions

L™ (x) = LW (x),

n,r,0
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and
L(“)

@ o(x) = Ly (x).

5.3. On the Differential Equation of Exceptional X,-Hermite Polynomials
As a generalization of Hermite differential equation for 6 = 0, consider the equation

(x = 1)y (x) + (—2x% + 2rx + 0)y), (x)

5 20
o0 -

where 7, 0 are real parameters and (—1)? = 1. The polynomial solution of Equation (39),

ie.,
X ) ,

Jin(x) =0, n=>1, (3)

-2, 2r, 0
]/n(x) = Hn,r,9<x) = Qn,r

0,01

is orthogonal with respect to the weight function

) Y -2, 0
P3(xr 719) - (X 1") W( 0’ 0, 1

on (—oo,00) and for 6 = 0, the solution of Equation (39) is the same as classical Her-
mite polynomials.

5.4. The First Finite Sequence of Exceptional Orthogonal X1-Polynomials
Consider the differential equation
x(x—r)(x+ 1)y, (x) + ((9 +2-p)*+ (q+0+1+r(p—2))x—r(g+ 1)>y§l(x)

—(n(n+1+0—p)(x—r)—O—C(()M)>yn(x):0 n>1, (40)

where 7, § are real parameters, (—1)? = 1 and

(M) 20r(r+1)(p— 0 —2)

Co =

1-
2

rp—g—(0+1)2r+1)+ ((q+9+1+r(p—2))2+4r(q+1)(9+2—p))

x ) = (x —r)0xT(x +1)"(P+0),

Here we show that the polynomial solution of Equation (40), i.e.,

Yn (x) —_ M(Pr‘?)

n,r,0

0+2—p, q+0+1+r(p—2), —r(g+1)
(x):Qn,r
1,1, 0

is finitely orthogonal with respect to the weight function

) . Y, P 9q
ps(x;7,p,q,0) = (x —7) W( 1, 1,0

on [0, c0) if and only if
p>2{maxn}+6+1 and ¢g> -1

In other words, if the self-adjoint form of Equation (40) is written as
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(=P (x4 1) =0y ) )
= (x =)+ 1) (n(n+ 140 - p)(x— 1)+ ¢ Jyalx), @)

and for the index m as

(= a7 (x4 1)y ()
(M)

= (x—7r) 1 (x + 1)_(p+q) (m(m +1+0—p)(x—71)+c; )ym(x), (42)

then multiplying (41) and (42) by v, (x) and y,(x), respectively and subtracting them and
finally integrating the resulting equation on the interval [0, o) gives

[0 =) G 1)) (3, (oo () = i () ()]

deel

:(n(n+1-|—9—p)—m(m+1+9—l7))/0 (x = 7)Px9(x 4+ 1) Py, (x)y (x) dx.  (43)

0

Now, since

max deg {y}, (%)ym(x) — ¥y, (X)yn(x)} = m+n—1,

if
gq>-1 and p>2N+60+1 for N = max{m,n},

the left hand side of (43) tends to zero and for m,n > 1, we obtain
00 _ \0,9
/ (x =r)°x1  (pa) (x) M7 (x) dx = 0
0

= m 7é n, N= max{m,n} < %1_9, q> —1 and (—1)9 =1.

Note that for = 0,7 = —1orr = 0, p4(x; 7, p,q,0) reduces to a special case of the

F-Fisher distribution. Indeed, in each of these circumstances, c(()M) = 0 and Equation (40)
reads as

x(x+ Dy (x) + (2= p)x +9+1)y,(x) —n(n+1 - p)ya(x) =0,
for § = 0 and
x(x4+ 1)y (x) + ((0+2—p)x+g+1)y,(x) —n(n+1+0—p)ya(x) =0,
forr = —1 and
x(x+ 1)y, (x) + ((04+2—p)x+g+0+1)y,(x) —n(n+1+0—p)y.(x) =0,

for r = 0 with the following polynomial solutions

and
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5.5. The Second Finite Sequence of Exceptional Orthogonal X;-Polynomials

Consider the equation

(x =)y (x) + (042 = p)x>+ (L+1(p = 2))x =1 )y, (x)
f(n(n+1+97p)(x7r)+c(()N))yn(x):O n>1, (44)
where 7, § are real parameters, (—1)? = 1 and
2012 (p — 0 —2)

r(p—2(6+1)) —1:|:((1+r(p—2))2+4r(9+2—p))%'

x > (x—r)fx~ Pe~x,

It can be shown that the polynomial solution of Equation (44), i.e.

0+2—p, 14+r(p—2), —
Plo(x) = Qu,r
1, 0,0

is finitely orthogonal with respect to the weight function

. IV —p 1
pssi 7, 0) = (=P w( B

on [0, ) if and only if
p>2{maxn}+6+1,

because if the self-adjoint form of Equation (44) is written as

((x — r)ex_”ze_%y;(x))/ =(x— r)(’_lx_pe_% (n(n +1+0—p)(x—7)+ céN))yn(x), (45)
and for the index m as
((x - r)ex’pﬂe’%y;n(x))/ = (x—r) Iy Pe s (m m+1+6—p)(x—r)+ cé ))ym(x), (46)

then multiplying (45) and (46) by ¥, (x) and y,(x), respectively and subtracting them and
finally integrating the resulting equation over [0, %) gives

oo

(=) P2 (1) (x) = () (0)) |

=(nn+14+60—p)—mm+1+6—p)) /Ooo(x—r)gx*pe*%yn(x)ym(x)dx. (47)

Now, if
p>2N+6+1 for N =max{m,n},

the left-hand side of (47) tends to zero and for m,n > 1 we obtain
Y S g G () (p) _
| (x—=7)"xPe"x N /g (x) N, ~o(x) dx = 0
p—6-1 )
& m#n, N=max{m,n} < s and (-1)" =1.

Note that for 6 = 0orr =0, p5(x; 7, p, ) reduces to a special case of inverse Gamma

distribution and in each of these circumstances céN) = 0 so that Equation (44) changes to

2y (x) + (2= p)x+ 1)yp(x) = n(n+1 = plya(x) =0,
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for 8 = 0 and
Pyn(x) + (0 +2—p)x+ 1)y, (x) —n(n+1+0 — p)ya(x) =0,
for r = 0 with the following polynomial solutions

N(P)

n,r,0

(x) = N\P(x),

and

N (x) = NP0 ().

5.6. The Third Finite Sequence of Exceptional Orthogonal X;-Polynomials

Consider the differential equation

(x =) (1 + )y (x) + (0 +2 = 2p)a® + (9 +2r(p = 1))x + 0 — 1q ) 3 (x)
~(nn+1+0-2p)x =)+ Jya(x) =0 n=1, @9
where 7, § are real parameters, (—1)? = 1 and
n_ 20(r* +1)(2p — 6 —2)

(
o
2r(p—0—-1)—q % ((9+2r(p—1))* ~ 40 +2-2p) (6 — rq))

x ) = (x —7)?(1 + x?) P exp(garctan x),

D=

The polynomial solution of Equation (48), i.e.,

0+2—2p, q+2r(p—1), 6 —1q

(p.g)
] (x) = Qn,r
nrh ( 1,0 1

is finitely orthogonal with respect to the weight function

p6(xr T,P,q,e) - (X 7’) W( 1/ 0/ 1

on (—oo,00) if and only if
0+1

2 7
because if the self-adjoint form of Equation (48) is written as

p > {maxn} +

((x —r)? (1 + x2> e exp(q arctan x)y’n(x))/
= (x—r)f1 (1 + x2> - exp(qarctanx) (n(n +14+60-2p)(x—71)+ c(()]))yn(x), (49)

and for the index m as

!/

((x —r)? (1 + x2> e exp(q arctan x)y;n(x))

= (x—r)f1 (1 + xz) o exp(qarctan x) (m(m +14+0-2p)(x—r)+ cé”)ym(x), (50)
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then multiplying (49) and (50) by v, (x) and y,(x), respectively and subtracting them and
finally integrating from both sides on (—oo, 00) gives

[00)

[(x 1 (1422) " explqarctan ) (4, (¥)ym (x) — ¥ () ()

—00

=mn+1+60—-2p)—m(m+1+6—2p))
® 0 2\ 77 (P.4) (. 7(PA)
X /700 (x—7) (1 +x ) exp(qarctanx) J," 7y (x)],, 5 (x) dx. (51)

Now, if

1
p>N+ — for N = max{m,n},

the left-hand side of (51) tends to zero and for m,n > 1 we have

/w (x —7)?(1 + x2) 7 exp(garctan x) ],g’;’%) (x)](p’q>(x) dx =0

o m,r,0

& m;én,N:max{m,n}<p—9;1 and (_1)6:1,

For 0 = 0, ps(x; 7, p,q,0) reduces to the generalized T-Student distribution and Equa-
tion (48) reads as

(1+22)yn(x) + (2(1 = p)x +q)yp(x) —n(n+1—2p)yn(x) =0,

with the polynomial solution
T (0 = 1 ().

6. A Unified Classification for Symmetric Exceptional Orthogonal X;-Polynomials

Fortunately, most of special functions in theoretical and mathematical physics which
are the solutions of Sturm-Liouville problems have the symmetry property, namely

Dy(x) = (—1)"Dy(—x).

These functions have usually interesting applications in physics and engineering;
see e.g., [4,6] for more details. Hence, if they can be extended when their orthogonality
property is preserved, new applications should naturally appear. The following theorem
shows this matter.

Theorem 1 ([18]). Let @, (x) = (—1)" D, (—x) be a sequence of independent symmetric functions
that satisfy the differential equation

1-(=1)"

A(x) @) (x) + B(x) @) (x) + (An C(x) + D(x) + —

E(x)) ®ulx) =0, (52)

where A(x), B(x), C(x), D(x)and E(x) are real functions and {A,} is a sequence of constants.
If A(x), (C(x) >0), D(x) and E(x) are even functions and B(x) is odd, then

W () D () O (x) dx = ([ W (x) D2 (x) dx ) S,
/ (f )

-0 -0

where W*(x) denotes the corresponding weight function as

W*(x) = C(x) exp (/ B(X)A(;)V(x) dx) = Clx) exp </ fl((fc)) dx). (53)
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Of course, the weight function defined in (53) must be positive and even on [—v,v] and x = v
must be a root of the function

A(x)K(x) = A(x) exp (/B(x)A—(xA;’(x) dx> =exp (/ i((i)) dx),

ie., A(v) K(v) = 0. Notice since K(x) = W' (x) is an even function, the relation A(—v) K(—v) =0

follows automatically.

Based on the above theorem, many symmetric orthogonal functions were recently gen-
eralized; see, for example, [19]. In this section, by applying Theorem 1 and the polynomial
sequence (22), we establish a class of symmetric orthogonal X;-polynomials and introduce
four special cases of it in the sequel.

For this purpose, let us reconsider the differential Equation (21) for ap = 0 as

(xx = r)x(azx + 1)y (x) + (b2x® + brx + bo )y (x)
- (n(b2+ (n—1)ay)(x—r) —l—cé)yn(x) =0, (54)

bl F ”bZ —4b0b2
CS = Cs{r;bz, by, bo} = byr + ! . (55)

2
To obtain a symmetric differential equation of type (52), we first substitute

x2 >,

X (ax® +ay) (x? — )@Y, (x) + x<(2b2 —ap)x* 4 (2b — aq +rap)x® 4 2by + ral)q>’2n(x)

e (n(b2 +(n—1)ay) (2 —r) + cg{r; by, bl,bo})q>2n(x) =0. (56)

in which

b2/ bl/bo
CDZn(x) = Qn,r(

az,ai, 0

into Equation (54) to obtain

In a similar manner, for

¥ Pk px
Dypq(x) = xQn,r( bz*l bl*l bo x? )/
ay,a3,0
we obtain
(a3 4 a}) (52 — 1) ¥ 1 ()
+x( (25 — 3a3)x* + (207 — 3a] +3ra3)a® + 265 + 3raj ) @, (x)
+ ((3a3 — 263)x* + (3a] — 3raz — 2b7)x* — 205 — 3raj — 4x (n(b3 + (n — 1)a3) (x* — 1)
+c5{rib3,b7,05 }) ) Dot (x) = 0. (57)
Now, if for simplicity we assume that
ay =ap, aj =ai,

and
b; = by +ay, bi‘ =b1+ay —ray, bé = by —raq,
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the differential Equation (57) changes to

xz(zzzx2 + al)(x2 — r)d>’2’n+1(x) —+ x((sz — az)x4 +(2by —m + mz)x2 + 2by + ra1)®én+1(x)
+ ((az —2by)x* + (ay — ray — 2b1)x% — 2by — ray

- 4x2(n(b2 + nay) (x> — 1) + cS{r; by +a», by +ay —ray, by — ml})><l>2n+1(x) =0, (58)

with the polynomial solution

by 4+ ap, by + a1 — ray, by — raq

(D2n+1(x) =X Qn,r(

az, ai, 0
Therefore, by defining the symbol

1—(-1)"
= 12U
and combining both equations (56) and (58) in a unique form, we finally obtain
X (ax® + a1) (22 — 1) D! (x) + x((sz —ap)x* + (2by — ay + rag)x? + 2by + m1><1>;1(x)
+ (((az —2by)x* + (ay — ray — 2b;
— 4cf§{r; by +ap, b1 +ay — ras, by — ml} + 4c; {r; b, bl,bo})x2 —2by —ray)oy

— 422 (1= ) (2by + (n+ 0 = 2)02) (% = 1) ¢ {riba, by bo }) ) @(x) = 0, (59)

2by —ap = py, 2by —a;+rap =p and 2bg + ra; = po,

with the symmetric polynomial solution

by + o4z, b1 + 0, (a1 — raz), bg — opray

ch(x) = xUnQ[%},r (

ap, ai, 0

Once again, if for simplicity we set

then Equation (59) is finally simplified as

X2 (apx® + a1) (2% — 1) (x) + x(p2x4 + p1x? + po) @), (x)
2 +3ay p1+3ay —3ray pg — 3rag }

— ((p2x4 + (p1 +4c5{r; P

27 2 ’ 2
+a +a) —ra —ra
—acy{r B2 BTS2 RO T 4 o)

+4x2((n — o) (p2 + (n+ 0w — Dag) (x* — 1)

+eo{r; azﬂ;pz, L +p§ —2 P _zml}))CDn(x) =0. (60)

Note in (60) that

«[ . P2+3az2 p1+3ay —3ray po—3raq
Co{r’ 2 2 ) }

1 1
=1 (3a1 + p1+3ray+2rpy F ((3a1 +p1— 3ra2)2 —4(pg — 3ray)(3ay + pz)) 2),
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and

«f  P2t+ax p1t+a;—ray po—ra
AU 2 T2

NI
v

1
=1 (ﬂl +p1+ray +2rpy F (a1 + p1 —raz)? — 4(po — rar) (a2 + p2))
are directly computed by referring to (55).

Corollary 4. If in Theorem 1 we take

A(x) = x*(ax® + ay) (x* — 1),
B(x) = x(pax* + p12® + po),
Clx) = x*(¥* =),
B p2+ax p1+ay—rax po—ra
D(x)_4x{ 2 2 ’ 2}’
_ p2 +3ax p1+3a; —3ray po —3ra;
E(x) = —pax (pl +4c0{ 7 > , 5 }

B p2+ax p1+a;—rax po—rag 2
4‘:0{ 2 2 "2 })x po

Nl—=

= —ppxt — <p1 +2a1 + 2ray £+ ((a1 + p1 — raz)* — 4(po — ray) (ay + p2))
1
F ((3a1+ p1 — 3raz)® — 4(po — 3ra1)(3a2 + p2)) Z)XZ — Po,

and
A= —4(n—oy)(p2+ (n+0u — 1)ay),

then its symmetric polynomial solution, i.e.,

Oy (x) 7 P20 4 oy, PRI 4 (a) — rag)oy, B — rago
n(X) = X",

apz, ay, 0

n>1, (61)

is orthogonal with respect to the weight function

ey 1 pax* + p1x® + po
P (x) = 132 +a; O F (/ x(apx? +ay)(x2 —r) ax ),

which can be simplified as

P*(x) — (x2 —1’)’4 exp (/ (P2 _2112(;1’1 +1))x2 — % dx), (62)

x(axx? 4 ay)

for
_ par? + p1r + po
H 2r(ay +rap)
Remark 2. If in (62) we take p = 0, which is equivalent to py = —r(par + p1), then we will
reach a symmetric class of orthogonal polynomials. In other words, let p,q,1,s € R and consider
the differential equation
1- (="

X (px® + q) D (x) 4+ x(rx? +5) D, (x) — (n(r +(n—1)p)x*+ 5 s) ®,(x) =0,
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whose polynomial solution can be directly represented as [19]

8]/ 2]\ (18120 (20 4+ (1) 28] )p+r
x):k;)<2>( I ( 2) )ank'

k i=0 (2i+(—1)”“+2)q+s

o=

Additionally, the weight function corresponding to these polynomials is as [19]

1 s (r—2p)x®+s
w = —————dx).
(Pr q x) EXp(/ x(px? +4q) )

Now, replacing u = 0 in (62) gives

* o * P2, P21’+P1
p(x) =W ( 0, o ‘x)

Therefore, the symmetric polynomial (61) can be directly represented for pg = —r(par + p1)
as follows
x? )

P20 4 oy, PR 4 (ay — rap)ow, — 5 (rpa + p1 + (14 200)aq)

x""Q[g],r(

:Sn< P2 P2l ‘x)
as, a1

az, ai, 0

There are four sequences of symmetric exceptional orthogonal X;-polynomials as fol-
lows.

6.1. First Symmetric Class

Assume in Corollary 4 that

(az,a1,p2,p1,p0) = (= 1,1, =2(a+b+pu+1),2(a+ (a+b+1)r —p), —2ra),

x? ),

n>1. (63)

with the symmetric polynomial solution

Dy (x) = PL (%) =

( —(a+bt+p+3+on), (a+b+Dr+atpu+1+r)(3+0n), —r(a+3+ou)
Ir

-1,1,0

According to Theorem 1, the symmetric polynomials (63) are orthogonal with respect
to the weight function

* b
pi(x) = (o =)l (1= 2?),
on [—-1,1]if (-1)¥ = (-1)* =1,b > —landa > — (1 +pu), (ora > —1)if u < 0, (or
p=0).
By noting remark 2, there are three particular cases of the symmetric polynomial
¢,(f;,b;),(x) fory=0,r=0andr=1.
If 4 = 0, then we have

ab —2(a+b+1), 2a
4’;(1/,3(’()—5"( (_1, ! 1

x).
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If r =0, then

b —2(@a+b+u+1), 2a+
i) =5, THOFLEEED 2k,

and, finally for r = 1, the corresponding symmetric polynomial is given by

b —2(a+b+u+1), 2a
¢£71,,1<x>=sn< (exbrp+d) 2

6.2. Second Symmetric Class
Assume in Corollary 4 that

(a2,a1,p2,p1,p0) = (0,1, =2,2(u +a +r), —2ra),

with the symmetric polynomial solution

0 —Lpu+a+r+3+o,, —r(a+i+o,)
:xn n
[zlr 0,1,0

According to Theorem 1, the symmetric polynomials (64) are orthogonal with respect
to the weight function

x2 ) n>1 (64)

p3(x) = (¥ —r)l e,

on (—oo,00) if (—1)# = (1) =land a > — (3 + ), (ora > —1)if p <0, (or u > 0).
By noting remark 2, there are two particular cases of the symmetric polynomial
-2, 2a

<I>£fr)ly(x) fory =0andr = 0.
If 4 = 0, then we have
B (x) = S ( 0, 1 x)'
and for r = 0, the corresponding symmetric polynomial is given by
-2, 2(a+
@,/ (¥) = S ( 0, ( 1 g ‘ x)'

6.3. Third Symmetric Class
Assume in Corollary 4 that

(ap, a1, p2, P1, Po) = (1,1,2(;4 —a—b+ 1),2(;4 —a+r(a+b— 1)),21’11),
with the symmetric polynomial solution

@i (x) = giiz(x) =
N ( p—a—b+3+o, p—a+ria+b—1)+1-r)(}+o), r@a—3—0on)
Q)

1, 1,0
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As three particular cases for y = 0,r = 0 and r = —1, we respectively have
b —2a—-2b+2, —2a
s (B B ]

(a,b) (x) = Sn< —2(a—p)—20+2, —2(a—p)

(Pn,O,y
(ab)

N
According to Theorem 1, the symmetric polynomials (65), {gon,, } are finitely
n=

and

b —2a—2b+4, —2a
ity =si( T

orthogonal with respect to the weight function

p3(x) = (2=t (1422) 7",

on (—oo,00) if
(17 = (1) =1,
1 1,. 1
b>0, a< §+y,(ora< §)1fy<0, (or u > 0),and Nga—f—b—y—i.
To observe that why the limitation on N is a + b — pu — 3, first consider the differential
equation
A+ —r)@p(x) +2x((p—a—b+1)x* + (p—a+r(a+b—1))x* +ra)®d,(x)

—2(((y—a—b—|—1)x4+ (p—a+r(a+b—1)+2d(r;a,b,u))x* +ra)oy

1
+2x2(n(n+yfafb+E+Un)(x27r)

. 3 1 3 1
—l—co{r;—a—b—l—y—i—i,—a—&—y—l—ﬁ—i— (u—i—b—i)r, (a— E)r}))cbn(x) =0, (66)
in which c§{.} and d(r;a, b, i) are, respectively, computed as
3 1 3 1
cé{r;—a—b+y+§,—a+y+§+(a+b—§)r, (a—i)r}

3 3 1
= (yfaer(aerfyf§)+r(a+bf§)+§

NI~

Nl—

$((V—a+r(a+b—%)+%)2+4r(a—%)(&H—b—y—%))

)

and

d(r;a,b,p) :cé{r;—a—b+y+g,—a+y+g+(a+b—g)r,(a—§)r}

2
3 1 3 1
—cg{r;fafb+y+§,—a+y+§+(a+bf§)r,(af§)r}
:1(r+li(( —a+r(a+b—§)+1)2+4r(a—1)(a+b— _§))%
2 K 2/ "2 2 =3
5. 3 3 5.1
F(p—a+ratb—2)+ ) +ar(a—S)a+b—p—2)7).
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Then write the self-adjoint form of Equation (66) as

((xz _ r)ﬂfoa(xz + 1)7b+lq);l(x>>/

— 2(x2 _ r)y71x72a72(x2 + 1)727

X (((y —a—b+1)x*+ (u—a+r(a+b—1)+2d(r;a,bu))x* + ra)(fn

+2x2(n(n+y—a7b+%+(7n)(x2fr)

—l—c*{r—a—b—ky—l—é —a—i—y—i—l—i— (a+b— §)r (a— 1);’}))CIDn(x) (67)
0 7 2/ 2 2 7 2 7

and for the index m as

((x2 — )2 (x% 4 1)7b+l<I>fn(x)), =2(x% — )P T2 2(x2 4 1) b

X (((y —a—b+1)x*+ (p—a+r(a+b—1)+2d(r;a,b,u))x* + ra) o

+2x2(m(m+,u—a—b+%+am)(x2—r)

—|—c*{r'—a —b+u+ 3 —a+u+ E + (a+b— §)r (a— 1)r}))cbm(x). (68)
o 2’ 2 27V 2

Multiplying by ®,,(x) and @, (x) in relations (67) and (68) respectively and subtracting

them and finally integrating from both sides on (—oo, 00) gives

(2 = 122 4 1) (@) (1) x) — By (1) ()|

[e9)

:4((m—n)(2(y—a—b)+n+m—1)—Z(Um—an)(y—a—b+1))

X /jo (a2 —r)F x 720 (1 4 x?) @, (x) Py (x) dx.  (69)

Now, since
max deg {®,(x)®p(x) — P, (x)Py(x)} =m+n—1,
if 1
N < a+b—y—§ for N = max{m,n},

the left hand side of (69) tends to zero and for m,n > 1, we obtain

/ (¥ — )" 272 (1 + x?) -t gog,”rbp)l(x) (p,(ﬁrb;l(x) dx =0, (m # n).

—00

6.4. Fourth Symmetric Class
Assume in Corollary 4 that

(a2/ ai, p2/ pll PO) = (1/ 0/ 2(}4 —a—+ 1),2(7’([1 - 1) + ]-)/ —27’),

with the symmetric polynomial solution

p—a+3+oy,r(@a—3—0oy)+1, —r
1,0,0

x2 >, n>1.

(70)



Mathematics 2022, 10, 2464

28 of 30
As two particular cases for u = 0 and r = 0, we respectively have
(a) . —2a+42, 2
QDnrO( )_Sn< 1, 0 x|,
and ( )
(a) —2(a—u)+2, 2
Cbnro,y(x) = Sn( 1 0 1%):
. . . (@) \N .
According to Theorem 1, the symmetric polynomials (70), {d)n,,,y} v are finitely
n=

orthogonal with respect to the weight function

1
pi(x) = (2 1) x 22,
on (—oo,00) if (—1)# = (—1)2" = 1and N < a — u — . To observe that why the limitation
onNisa—pu— % first consider the differential equatlon

)+

A =)@ (x) +2x((p—a+1)x* + (r(a — 1) + 1)a* — )P}, (x)

_2<((7/‘ —a+1)xt + (r(a—1)+1 —|—2d(r;a,y))x2 — 7)oy

+2x?(n(n+p—a+ % +0) (x> = 1) —&—cé{r;—a—&—y—i— g,l + (a— g)r,—r}))QDH(x) =0, (71)

in which ¢§{.} and d(r; a, i) are respectively computed as

cé{r;—a—i—y—i—%,l—i— (a— §)r,—r}

2

1 3
:E(Zr(y—zﬂ—f

2) +r(a—

3 3. 3.1
§)+1:F((”( —§)+1) +4V(Pl—’1+2)) )
and
d(r;u,y):cg{r;—a—&—y—l—g,l—&—(a—g)r,—r}—Cg{r;—a—i—y—&—g,l—i—(u—%)r,—r}
1

2(rﬁ:(( (a—§)+1) +4r(y—a+%))%q:((r(a—§)+1) +4r(y—a+5

%)

(NI

)

Then write the self-adjoint form of Equation (71) as
!
((xZ _ r);¢x72a+2€—%2q>:1(x)>

=22 (22 — )l (= a+1)2* + (r(a— 1) + 1+ 2d(r;, 1)) — 1)y

+2x%(n (n+y—a+2+trn)(x —r)—i—co{ a+y+§ 1+ (a— i)r,—r}))@n(x), (72)

and for the index m as

_1 /
(02 =yt e Hal ()

=2¢ 2 (x% - r)?‘*lx’z"’2<((y —a+1)x*+ (r(a—1) +1+2d(r;a, 1)) x> = r)om

+2x2(m(m+]/t—a+%+c7m)( n+e{rn u+y+3 +(a—%)r,—r}))®m(x). (73)
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Multiplying by @, (x) and ®;,(x) in relations (72) and (73) respectively and subtracting
them and finally integrating from both sides on (—co, c0) gives

(2 = a2 (@ (1) () — @ ()2 (0)) |

—00

:4((m—n)(2y—2a+n+m—|—1) —Z(Um—an)(Zy—Za—f—l))

X /00 (x2 —r)H xR Dy (%) Dy (x) dx. (74)

—00

Now, again since
max deg {®),(x)®y(x) — P, (x)Py(x)} =m+n-—1,

if
N < a—y—% for N = max{m,n},

the left-hand side of (74) tends to zero and for m, n > 1, we obtain

/oo (x® —r)H x 2 (Dr(,’f,),y(x) (D,Sf,),,y(x) dx =0, (m # n).

—00

Corollary 5. There are, in total, four sequences of symmetric orthogonal X1-polynomials as follows:

1. Infinite X1 symmetric polynomials orthogonal with respect to the weight function
p%(x) = (¥ —r)Fx® (1 — 22), (-1<x<1).
2. Infinite Xy symmetric polynomials orthogonal with respect to the weight function
pi(x) = (2 —r)fatie ¥, (~eo<x< ).
3. Finite X1 symmetric polynomials orthogonal with respect to the weight function
05(x) = (&2 —r)Fx" 2 (1 +x2)7b, (o0 < x < 00).

4. Finite X1 symmetric polynomials orthogonal with respect to the weight function

oi(x) = (¥ - r)”xfz"e*xiz, (—o0 < x < 00).

In all four above-mentioned cases, r € R and y is a real parameter such that (—1)* = 1.

7. Conclusions

In this paper, a unified classification of all exceptional orthogonal X;-polynomials of
symmetric and nonsymmetric types is established as a solution of generic second-order
differential equations. Ten extended differential equations are introduced, and it is shown
that they have polynomial solutions; six of them are Xj-orthogonal and four of them
are Xj-symmetric orthogonal. When it comes to the classification nonsymmetric types,
the key point is that the weight functions corresponding to the six sequences are exactly a
multiplication of Pearson distributions family. Moreover, the finite cases of nonsymmetric
exceptional X;-polynomials orthogonal on infinite intervals and the class of symmetric
orthogonal X;-polynomials are introduced in this paper for the first time. More interesting
properties of these polynomials and their applications in theoretical and computational [20]
mathematical physics can be investigated in future research.



Mathematics 2022, 10, 2464 30 of 30

Author Contributions: Investigation, M.M.-]. and Z.M.; validation, M.M.-]., ZM. and N.S.; con-
ceptualization, M.M.-]. and Z.M.; methodology, M.M.-J., Z.M. and N.S.; formal analysis, M.M.-].,
ZM. and N.S;; funding acquisition, N.S.; writing—review and editing, M.M.-]., Z.M. and N.S.; writ-
ing—original draft preparation, M.M.-]. and Z.M. The authors contributed equally to the work. All
authors have read and agreed to the published version of the manuscript.

Funding: The work of the first author has been supported by the Alexander von Humboldt Founda-
tion under the grant number: Ref 3.4—IRN—1128637—GF-E. Partial financial support of this work,
under Grant No. GP249507 from the Natural Sciences and Engineering Research Council of Canada
is gratefully acknowledged by the second author.

Data Availability Statement: Data sharing is not applicable to this article as no new data were
created or analyzed in this study.

Acknowledgments: The work of the first author has been supported by the Alexander von Humboldt
Foundation under the grant number: Ref 3.4—IRN—1128637—GF-E. Partial financial support of this
work under Grant Nos. GP249507 from the Natural Sciences and Engineering Research Council of
Canada is gratefully acknowledged (NS).

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Ismail, M.; Ismail, M.E.; van Assche, W. Classical and Quantum Orthogonal Polynomials in One Variable; Cambridge University
Press, Cambridge, UK, 2005.

2. Koekoek, R.; Lesky, P.A.; Swarttouw, R.F. Hypergeometric Orthogonal Polynomials and Their q-Analogues; Springer Monographs in
Mathematics; Springer: Berlin, Germany, 2010.

3. Nikiforov, A.F; Suslov, S.K.; Uvarov, V.B. Classical Orthogonal Polynomials of a Discrete Variable; Springer Series in Computational
Physics; Springer: Berlin, Germany, 1991.

4. Arfken, G. Mathematical Methods for Physicists; Academic Press: Cambridge, MA, USA, 1985.

5. Masjed-Jamei, M. Special Functions and Generalized Sturm-Liouville Problems; Springer Nature, Birkhduser: Basel, Switzerland, 2020.

6.  Nikiforov, A.F.; Uvarov, V.B. Special Functions of Mathematical Physics; Birkhduser: Basel, Switzerland; Boston, MA, USA, 1988.

7. Chihara, T.S. An Introduction to Orthogonal Polynomials; Gordon and Breach Science Publishers: New York, NY, USA, 1978.

8. Johnson, N.L.; Kotz, S.; Balakrishnan, N. Continuous Univariate Distributions, 2nd ed.; John Wiley & Sons Inc.: Hoboken, NJ,
USA, 1994.

9. Bochner, S. Uber Sturm-Liouvillesche Polynomsysteme. Math. Z. 1929, 29, 730-736. [CrossRef]

10.  Al-Salam, W. Characterization theorems for orthogonal polynomial. In Orthogonal Polynomials: Theory and Practice; NATO ASI
Series; Kluwer Academic: Dordrecht, The Netherlands, 1990; Volume 294, pp. 1-24.

11. Andrews, G.E; Askey, R.; Roy, R. Special Functions. Encyclopedia of Mathematics and Its Applications 71; Cambridge University Press:
Cambridge, UK, 1999.

12.  Masjed-Jamei, M. Three finite classes of hypergeometric orthogonal polynomials and their application in functions approximation.
Integral Transforms Spec. Funct. 2002, 13, 169-191. [CrossRef]

13.  Goémez-Ullate, D.; Kamran, N.; Milson, R. An extended class of orthogonal polynomials defined by a Sturm-Liouville problem. J.
Math. Anal. Appl. 2009, 359, 352-367. [CrossRef]

14. Goémez-Ullate, D.; Kamran, N.; Milson, R. An extension of Bochner’s problem: Exceptional invariant subspaces. ]. Approx. Theory
2010, 162, 987-1006. [CrossRef]

15. Dutta, D.; Roy, P. Darboux transformation, exceptional orthogonal polynomials and information theoretic measures of uncertainty.
In Algebraic Aspects of Darboux Transformations, Quantum Integrable Systems and Supersymmetric Quantum Mechanics; Volume 563 of
Contemporary Mathematics; American Mathematical Society: Providence, RI, USA, 2012; pp. 33—49.

16. Ho, C.-L. Dirac(-Pauli), Fokker-Planck equations and exceptional Laguerre polynomials. Ann. Phys. 2011, 326, 797-807.
[CrossRef]

17.  Garcia-Ferrero, M.; Gémez-Ullate, D.; Milson, R. A Bochner type characterization theorem for exceptional orthogonal polynomials.
J. Math. Anal. Appl. 2019, 472, 584-626. [CrossRef]

18. Masjed-Jamei, M. A generalization of classical symmetric orthogonal functions using a symmetric generalization of Sturm-
Liouville problems. Integral Transforms Spec. Funct. 2007, 18, 871-883. [CrossRef]

19. Masjed-Jamei, M. A basic class of symmetric orthogonal polynomials using the extended Sturm-Liouville theorem for symmetric
functions. J. Math. Anal. Appl. 2007, 325, 753-775. [CrossRef]

20. Qiao, L.; Xu, D. A fast ADI orthogonal spline collocation method with graded meshes for the two-dimensional fractional

integro-differential equation. Adv. Comput. Math. 2021, 47, 64. [CrossRef]


http://doi.org/10.1007/BF01180560
http://dx.doi.org/10.1080/10652460212898
http://dx.doi.org/10.1016/j.jmaa.2009.05.052
http://dx.doi.org/10.1016/j.jat.2009.11.002
http://dx.doi.org/10.1016/j.aop.2010.12.006
http://dx.doi.org/10.1016/j.jmaa.2018.11.042
http://dx.doi.org/10.1080/10652460701510949
http://dx.doi.org/10.1016/j.jmaa.2006.02.007
http://dx.doi.org/10.1007/s10444-021-09884-5

	Introduction
	Classical Orthogonal Polynomials: A Brief Review
	A Unified Classification of Nonsymmetric Exceptional Orthogonal X 1-Polynomials
	On the Series Solutions of Equation (12) 
	On the Differential Equations of Six Nonsymmetric Exceptional Orthogonal X 1 -Polynomials
	On the Differential Equation of Exceptional X 1 -Jacobi Polynomials
	On the Differential Equation of Exceptional X 1 -Laguerre Polynomials
	On the Differential Equation of Exceptional X 1 -Hermite Polynomials
	The First Finite Sequence of Exceptional Orthogonal X 1 -Polynomials
	The Second Finite Sequence of Exceptional Orthogonal X 1 -Polynomials
	The Third Finite Sequence of Exceptional Orthogonal X 1 -Polynomials

	A Unified Classification for Symmetric Exceptional Orthogonal X 1 -Polynomials
	First Symmetric Class
	Second Symmetric Class
	Third Symmetric Class
	Fourth Symmetric Class

	Conclusions
	References

