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Abstract: In this paper, a multivalued self-mapping is defined on the union of a finite number of
subsets p(> 2) of a metric space which is, in general, of a mixed cyclic and acyclic nature in the
sense that it can perform some iterations within each of the subsets before executing a switching
action to its right adjacent one when generating orbits. The self-mapping can have combinations of
locally contractive, non-contractive/non-expansive and locally expansive properties for some of the
switching between different pairs of adjacent subsets. The properties of the asymptotic boundedness
of the distances associated with the elements of the orbits are achieved under certain conditions of
the global dominance of the contractivity of groups of consecutive iterations of the self-mapping,
with each of those groups being of non-necessarily fixed size. If the metric space is a uniformly
convex Banach one and the subsets are closed and convex, then some particular results on the
convergence of the sequences of iterates to the best proximity points of the adjacent subsets are
obtained in the absence of eventual local expansivity for switches between all the pairs of adjacent
subsets. An application of the stabilization of a discrete dynamic system subject to impulsive effects
in its dynamics due to finite discontinuity jumps in its state is also discussed.

Keywords: cyclic self-mappings; cyclic contractions; mixed cyclic/acyclic self-mappings; uniformly
convex Banach space; impulsive dynamic systems; stabilization
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1. Introduction

There are abundant results on the best proximity points available in the background
literature for different kinds of cyclic contractions and quasi-contractions. For instance,
in [1], an important investigation is performed for 2-cyclic contractive self-mappings on the
union of a set of non-empty, closed and convex subsets, which do not necessarily intersect
at a uniformly convex Banach space. It is also found that the sequences built with the
iterations of the self-mapping converge to unique best proximity points. On the other
hand, an algorithm is provided to find the best proximity points in [2]. See also [3] for
some related discussion on best proximity point results for some contractive mappings in
uniform spaces. Some results on cyclic quasi-contractions and strong-quasi-contractions
are given in [4-9] and some of the references therein. On the other hand, in [10], quasi
non-expansive results for metric-like spaces were obtained. Additionally, best proximity
point theorems for p(> 2)-cyclic Meir—Keeler contractions are given in [11] for uniformly
convex Banach spaces. Sufficient-type conditions for the existence of a best proximity
point and the convergence of sequences to it are also given in this paper. Furthermore, a
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useful notion of cyclic orbital Meir-Keeler contractions is given together with sufficient
conditions for the existence of best proximity points and fixed points in [12]. This work
generalizes previous results obtained in [13], which, in turn, generalizes some mentioned
results of [1] to Meir—Keeler cyclic contractions. On the other hand, some general cyclic
contraction mappings of the rational type are discussed in [14,15], including a particular
study of the case when the involved subsets intersect. Additionally, the problem of the
existence of best proximity point results in multivalued non-self-mappings is focused on
in [16,17] by using optimization tools. In particular, this problem is investigated in [17] for
contraction multivalued non-self-mappings in metric spaces as well as for non-expansive
ones in Banach spaces which have an appropriate geometric property.

On the other hand, a solution of a Fredholm integral equation in b-metric-like spaces
is found in [18] through the involvement of a particular of a technique based on the use of
rational contractive mappings.

In [19], an existence and uniqueness result for a common solution of a second-order
two-point boundary differential system based on the properties of the study’s newly
introduced concept of cyclic p-contraction pairs. Additionally, best proximity results are
proved in that paper concerned with mappings defined on proximally complete pairs of
subsets of a metric space. This research extends a previous one reported in [20] on the
proposed new concept of p-contractions. It is also proved in [20] that any p-contraction
self-mapping possesses a unique fixed point in a complete metric space.

It is well-known that sometimes differential or difference dynamic systems can be sub-
ject to different parameterizations which describe the dynamical behavior around different
operation points. When the parameterization of the differential system changes abruptly,
there are discontinuities in the differential equations which describe the system dynamics.
If the state has finite jump-type discontinuities, then the differential system is impulsive
and vice-versa. See, for instance, [21]. Therefore, some typical control problems, such as,
for instance, controllability or stabilization, become much more difficult to solve in the
presence of either state discontinuities or impulsive controls at certain time instants. Some
phenomena are sometimes associated with parameterization jumps or state discontinuities
related to practical requirements. This often happens, for instance, in dynamics of chemical
engineering processes along different phases of processing and monitoring a complete
complex process or in discrete dynamic systems when the sampling rate is non-uniform, as
in [22,23]. Therefore, the stabilization problem under either configurations or state switches
has received important attention in the study of continuous-time, discrete-time, hybrid
and time-delayed systems. Close problems often appear concerning the properties of the
controllability and reachability of dynamic systems. See, for instance, [24-28] and some of
the references therein as well as the recent works [29-34].

In this paper, we define and study a very general class of multivalued self-mappings
defined on the union of a finite set of subsets of a metric space which is of a mixed cyclic
and acyclic nature. The mixed nature is that the mappings can generate iterations in one
of the subsets before eventual switching to their right adjacent one. The main purpose of
defining and addressing such a mapping is to have in mind its potential application to the
stabilization of dynamic systems submitted to state discontinuities in their state, which
causes the differential systems of the equations which describe their dynamics to become
impulsive at certain time instants.

The considered self-mapping has the following specific characteristics in the most
general formal setting:

(a) Itis multivalued since it applies to each subset in the union set of itself with its right
adjacent one and each domain point can have, in general, several image points in both
such subsets;

(b) It is of mixed cyclic and acyclic nature since it can perform several consecutive
iterations within each of the subsets before switching to its right adjacent one;

(¢) The number of such consecutive iterations within each of the subsets before switching
to its right adjacent one may vary dynamically around each cycle of complete running
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of the self-mapping on all the subsets. This fact facilitates the formal use of monitored
iteration-dependent switches in stabilization applications;

(d) Itisnot necessarily contractive between all the pairs of adjacent subsets of the config-
uration, although the most relevant properties are proved if the switches related to at
least one of the pairs of adjacent subsets are contractive;

(e) It can have also local non-expansive (being, furthermore, non-contractive) local prop-
erties between some of the pairs of adjacent subsets or even local expansive ones for
some of the switches between the pairs of adjacent subsets;

(f)  The contractive, non-expansive or expansive constants associated with each of the
subsets and in-between adjacent subsets which characterize the mapping are not
necessarily identical and the distances between each pair of adjacent subsets are not
necessarily identical either. Some of the results concerning the boundedness and
the asymptotic boundedness of the distances between orbital points generated by
the self-mapping iteration do not require specific conditions such as closeness or
convexity on the involved subsets of the metric space or the uniform convexity of
this one.

The paper is organized as follows. Section 2 gives a preliminary study for the mixed
2-cyclic/acyclic multivalued mapping (that is, being defined on two subsets of the metric
space). The asymptotic boundedness of distances in the orbits from initial points in the
union of sets are proved under certain global contractivity conditions of the whole mapping
for groups of non-necessarily constant numbers of consecutive iterations. That property
is proved without requiring that the involved subsets are closed. Section 3 extends and
completes the former results for mixed p(> 2)-cyclic/acyclic multivalued mappings. Some
specific related results are presented in Section 4 on the convergence of iterated sequences
to best proximity points. The particular cases focused on in this section are that of the
absence of local expansivity and the one of potential statement of monitored switching
between adjacent subsets. Such a monitoring process is governed by a switching rule which
operates in tandem with mixed p-cyclic/acyclic self-mapping and which establishes the
iterations for switching between adjacent subsets to take place. Afterwards, some numerical
examples concerned with an application for the stabilization of a discrete dynamic system
subject to impulsive controls with monitored switching are discussed in Section 5. Finally,
our conclusions end the paper.

Notation

Zy, ={z€Z:2>0},Z, ={z€Z:2>0}, n={1,2,...,n};
Rot ={reR:r>0}, Ry ={reR:r>0};

cl A denotes the closure of a set A and card A is the cardinal of the set A;

if T:UjepA;i — UicpA; is multivalued then Tx is the image set of x € U;jcA; through T
which is, in particular, a singleton if T is single-valued. In the same way, (Tx); C A; is the
image set of x in A; through T;

distances between points and distances between sets under a metric d : X X X — Roy in
a metric space (X,d) are denoted with the same notation, i.e., d(x,y) for x,y € X and

d(A,B) = inf d(x,y) for A, B being subsets of X.
x€AyeB

2. Problem Statement for Two Subsets of Metric Space

Following [1], we define the following concepts for non-empty subsets A1, A, C X,
where (X, d) is a metric space:

Py, (x) ={y € X:d(x,y) =d(x,A;)} fori=1,2

D =d(A1,Ay) =inf{d(x,y) : x € A1,y € Ay}
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App ={x € Ay :d(x,y) = Dforsomey € Ay}
Ap ={y € Ay :d(x,y) = Dforsomex € Ay}

Thus, PAl (A()z) = {y e X: d(Aoz,]/) = d(A()z, Al)} and PAZ (A01) = {y e X: d(AOl,y)
= d(Ap1, A2)}. Note that, for the sake of simplicity, the distances between sets and the
distances from a point to a set via the d-metric are referred to with the same notation d(., .)
as the one used for distance between points. The sets of best proximity points Ag; C A and
Ap C Aj are non-empty if A; is compact and A, is approximatively compact with respect
to Ay, that is, every sequence {x, },_, C A, such that d(y,x,) — d(y, A2) as n — co for
some y € Ay, has a convergent subsequence. It can be pointed out that there are examples
where Ay or By, may be empty even if A; and A, are non-empty. See, for instance, [2,3].
The following definition is quoted from the cyclic mappings in [1-13] and renamed “ad
hoc” by indicating with “2” the particular cyclic context involving just two subsets of the
metric space and the contraction constant.

Definition 1 ([3-6]). Let Ay and Ap non-empty subsets of a metric space (X,d) and let
T:A1UAy — Ay U Ay, such that D = d(Aq, A), and T(Ay) C Ay and T(A;) C Aq. Then,
T is said to be a 2-cyclic contraction if, for all x € Ay and y € Ay and some k € [0,1),

d(Ty, Tx) < kd(y,x)+ (1 —k)D (1)

In the same way, if k = 1 then d(Tx, Ty) < d(x,y) and T : Ay U Ay — A1 U A, is non-
expansive and if d(Tx, Ty) > d(x,y), then T : Ay U Ay — Ay U Ay is expansive.

We now investigate some properties of boundedness and convergence of sequences
of a multi-valued self-mapping T: A — A, where A = A; U A; with non-empty sets
Aj and A; being subsets of a metric space (X,d). Note that self-mapping T: A — A is
not, in general, cyclic since the constraints T(A;) C A and T(A;) € A do not hold in
such a way that each generated sequence through T from any initial point in A can have
several successive iterated points in either A; or A, before switching either to A; or to A;.
Therefore, the mapping is mixed cyclic and acyclic. Assume through the manuscript that
T : A — A satisfies the subsequent stipulations for x,y € A:

Tx = {(Tx),, (Tx),}; (Tx);(# @) C Ajfori=1,2; Vx € A 2
kod(y,x) < d(x'1,y'1) = d((Ty)y, (Tx);) < krd(y,x) ®)

for some ko, k1(> ko) > 1if x,y € A; for some x'y € (Tx),,y'1 € (Ty),,
d(x'2,'2) = d((Ty)y, (Tx)y) < ko d(y, x) 4)

for some ky € [0,1) if x,y € A; for some x5 € (Tx),,y'2 € (Ty),,
d(x’3,y’3) = d((Ty)z, (Tx)l) <kpp d(y, X) + (1 — klz)D 5)

for some ki, € [0,1] if x,y € A; for some (x'3,y'3) € (Tx); x (Ty), U (Tx), x (Ty),
provided that d(x,y) > D,

d(x's,y's) = d((Ty)y, (Tx),) < knd(y,x) + (1 —kx)D (6)

for some ky; € [0,1] if x,y € Aj; for some (x'4,y's) € (Tx); x (Ty), U (Tx), x (Ty),
provided that d(x,y) > D,

d(x's,y's) = d((Ty)y, (Tx),) < ked(y, x) + (1 —ke)D )

for some k. € [0,1] if (x,y) € Ay x Ay U Ay x A; for some (x'5,y'5) € (Tx); x (Ty), U
(Tx)z x (Ty)y-
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Then, given (x,y) € A x A, we can choose (x',y’) € (Tx); x (Tx); C Tx x Ty C
A1 X Ap U Ay x Aq for i,j = 1,2, which satisfies one of the inequalities (3) to (6). The
constraint (2) implies that each point in A has at least one image in A; and one image in Ap
through T: A — A.

It is also assumed in the sequel that the best proximity sets of A; with respect to
Aj; i,j(# i) = 1,2 are non-empty, that is, Ag; = {x € Aj:d(x,y) = Dforsomey € A;;
i,j(#i) =12} #9;j=1,2.

The following technical assumption is made through the manuscript:

Assumption 1. The metric d: X x X — Ro4 of the metric space (X,d) is assumed to
be homogeneous.

The above assumption is not necessary for the whole set of obtained results, in partic-
ular, for those referred to the upper-bounds of the distances associated with the mappings
through the iterated calculations. However, it facilitates some of the mathematical proofs,
in particular, those referred to excluding potential asymptotic unboundedness of distances
from the implication that bounded distances can imply that of the sequences of points of
X involved in the calculations of such distances. In particular, it can be pointed out that
homogeneous and translation-invariant distances are norm-induced distances. A metric is
said to be homogeneous if d(ax, ay) = |a|d(x,y) for « € R and Vx,y € X. It is said to be
translation-invariant if d(x + z,y + z) = d(x,y); Vx,y,z € X properties are jointly fulfilled,
for instance, by norm-induced metrics on linear or vector spaces X since:

d(a(x +2),a(y +2)) = [alllx + 2z = (y +2)|| = [ald(x,y) = [af[lx —y|; YV, y,z € X, a € R

Typical widely-used metrics in applications such as, for instance, Euclidean and taxi-
cab metrics fulfill those joint properties. Note also that the property that distances can
asymptotically grow, leading to infinity limits (if some of the involved sequence of the
points of X involved in their calculations is unbounded), is intuitively attractive and very
useful in practical problems. This property is fulfilled by many usual distances, such
as Euclidean distance, taxi-cab distance, Minkowski’s distance and others, but it is not
inherent to the definition of distance. For instance, the discrete metric is never unbounded,
irrespective of the involved pairs of points, since it is not greater than unity by definition.
However, a homogenous distance is characterized by the property d(ax, ay) = |a|d(x,y)
so that d(ax,y) = |a|d(x,y/|a]) — |a|d(x,0) = |a|||x|| and to infinity as @ — +oo. Note
that homogeneous distances are termed as absolutely homogeneous distances in some of
the background literature.

Remark 1. The above constraints (2)—(7) imply that the mapping is expansive on A1, contractive
on Ay and cyclic contractive for switchings between both sets if both k;; € [0,1). If k;j = 1,
then the switching from A; to Aj when building the iteration step is not necessarily contractive,
g : i+2 i+1 _ : i+1 i+1 S\ .
but it is non-expansive. Note that d(T'2x, T 1x) = 1211}2211((T + x)l., (Tt x)].), Vie Zyy;
jk =1,2 for any x € A. In particular, (3) is expansive, which applies to the images in A1 of
T : A — A of the couples of the points x,y in Ay, while (4) is a contraction which applies to the
images in Ay of T : A — A of the couples of the points x,y in Ay. Equation (5) is non-expansive,
since k1o < 1, in particular, contractive if kip < 1, for the images of two points x,y in Ay, which are
one in A1 and the other one in Aj. In the same way, the non-expansive (6) applies for images of the
two points x,y in Ay, which are one in Ay and the other one in Ay. Finally, (7) is a non-expansive
or contractive rule which applies to points x,y, each in one of the sets Ay and Ay with images each
in one of the sets but not necessarily alternated with respect to each of the original points. In the
particular case that the images are alternated, the mapping is also cyclic according to (7).

Remark 2. The various orbits O(xo) = {xo, X1, X2, ...} of initial point xo € A might be generated
according to xjq € (Tx;); C Tx; C T lxy for some j € {1,2}, Vi € Zo; with T: A — A
being subject to one of the stipulations (2)—(7) for each successive iteration.
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[((x,y) € A)A(((Tx)y, (Ty)y) € A1 x A2) A(d(x,y) = D)] = d((Ty)y, (Tx);) < kiad(y, x) + (1 = ki2) D

Note from (5) and (6) that if x,y € Aj orif x,y € Ay, then switches of T: A — A the
form (Tx, Ty) € Ay x A do not take place if d(x,y) < D, implying that both x and y are either
in A1 orin Ay, since, in this case, (5) and (6) would lead to the contradiction d(Tx, Ty) < D if
k12 € (0,1] or, respectively, kyy € (0,1]. In order to also allow switchings of T : A — A when
d(x,y) < D (requiring necessarily x,y € A or x,y € B) so that the constraint d(x,y) > D
is removed from (5) and (6) while keeping T : A — A to be non-expansive at (x,y), except if
d(x,y) < D, the stipulations (5) and (6) on T : A — A can be changed to the following ones:

for some k1, € [0,1] ®

[((xy) € AY A (((Tx)g, (Ty)y) € Az x Ar) A (d(x,y) = D)] =d((Ty)y, (Tx)y) < kand(y, 2) + (1 =ka)D g
for some k1 € [0,1]

[(x9) € A)A((+,9) € Ty x Ty) A (d(x,) < D)] = [(¥,) € (Tx), x (Tx), U (Tx) x (Tx),] (10

Note that, since d(x,y) < D implies that both Tx and Ty are in the same subset Ay or Ay,
Equation (9) is identically expressed as follows:

[((x,y) €A X ATUAy X Az) VAN ((Tx, Ty) €A x ApUA, X A1> VAN (d(x,y) < D)] :>d(Ty, Tx) > D.

max{

In the following, the main results are conducted under the stipulations (2)—(6) for the
sake of exposition simplicity. Let us denote the sequel K; as the i-iteration constant for
a sequence generated from any initial point in A and which can take any of the values
k1, k3, k12 and kp1. Then, the following result holds for boundedness and convergence of
distances between iterates of an orbit O(x() = (xg, x1, X2, ...) of xg € A for some sequence
{xip1(€ Txi)}i2o; Vi € Zos.

Theorem 1. Consider the orbits O(xo)‘: {x0,x1,%2,...} of x9p € A = A1 U A, generated
according to xiq € (Tx;); C Tx; C T*lxy for some j € {1,2}, Vi € Zy, with T: A — A
being subject to the stipulations (2)—(7). Then, the following properties hold:

(i)

d(xi1,x1) < K(i, 1)d(x0,x1) + M(i,1) < K(i,1)d(x0, x1) + (1 — K(i,1))D; Vi € Z, (11)

where
K(i,1) =TTy Kl MG, 1) = Yy (T K )M Vie ze (12

where:
(a) Kizkj and M; IOi]CXi,XiJrl S Aj;jzl,z,
(b) K, = kg]‘ and M; = (1—kg]'>D Zf Xi, Xiy1 € A]' and (xi+1,xl-) € (Txi)j X
(Txi_l)g - A]' X Ay; E,](;& 5) S {1,2},
(c) Ki=keand M; = (1 —k)D if (x;_1,%;) € A1 X AgU Ay X Ay and (x;41,%;) €
(Txi)l X (Txl-_l)z U (Txi_l)z X (Txl-)l C Al x Ay UAp X Ay,
(ii)  If Assumption 1 holds, then {d(x;.1,%;)}: is bounded for xo € A such that d(xo, x1) is

finite and
sup K(i,1), sup M(i,1) p < 4o0; maxq lim sup K(i, 1), lim sup M(i,1) < 400 (13)
i€Zy i€z i—00 i—00

(iii) If Assumption 1 holds and d(xo,x1) is finite, then {d(x;1,x;)};- is bounded if it does
not exist, a strictly increasing sequence of positive integers { Ny} with Ny finite such
that d(xn,,,, xN,) > d(xn.+1,%N,); YN; € {N]-}]il. Otherwise, if one such a sequence
{Ni}oey exists, then {d(xi11,x;) Y7o is unbounded.

(iv) Under Assumption 1, assume that d(xo, x1) is finite. Then {d(x;41, x;) }i is bounded if the
following constraints hold:
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(C1) it exists a finite set or a sequence {N}{_, C Z., with Ny being finite and 1 < x < oo
such that

(Cla) the incremental sequence { Nj1 — Nk}f;ll is bounded if x < oo, and Ny — Ny _q is
bounded if x < oo, while Ny — N, _1 is infinity if x = oo (implying that N) = c0) and

(C1b) M(Nij1, Ng) < (1 = K(Nig, Ng))D < (1 = K(Njy1, Ni))d (xn, 1, %N, ); VR € X (14)

under the necessary condition K(Ny1, Ni) < 1; Vk € x. A sufficient condition for (14) to
hold if D # 0 is

M(Nk+1,Nk)/D <1- K(Nk+1,Nk); Vk € X (15)

where
K(Npy1, Np) =TTV (K] M(Ngyq, Np) = Y ke (TTY K, ) M;; Yk € 16
( k+1, k)_Hj:Nk[ ]]/ ( k+1s k)_Zi:Nk Z:Nk+1[ A ir S ( )

(C2) Furthermore, if x < oo then {Tix}izNX+m

(v) If d(xo,x1) is finite for a given xg € Az, x1 € (Txp), C Ay and x4 € (Tx;), C
(T"'x), C Ap; Vi € Zoy then {d(xiy1,x:)}i~ is bounded and d(x;i1,%;) — 0 as
i — oo. The same property holds for the sequence of distances between consecutive points on
an orbit O(xg) = {x0,X1,..., XN, XN+1,- .-} if X0 € Ay is such that d(xg, (Txo),) is finite
with x; € (T"xo)1 U (Tixo)zfori € Nand x; € (T'xg),; Vi(> N) € Zo,. for some finite
nonnegative integer N.

C AU By for some positive integer m.

Proof. One obtains from (2)—(7) that

d(yi,x) = d((Ti}/o)]./ (Tixo)k> < Kid(yio1, % 1) + My Vi € Zo; Vx,y € A; jk=1,2 17)

where TV is the identity map and

1) K; = k] and M; = 0if x;_1 € (Tx,',z)]- C (Ti_le)]. C Ajryifl S (Tyifz)]- C
(Tlilyo)]- - A]' with x; € (Txi_l)]' C (TZXO)]- C A]',yl' S (T]/i—2)]' C (le())]- C Aj for
some j =1,2.

2 K = kg] and M; = (1 - kg]>D if x; 1 € (Txl',z)j - (Tiile)]‘ C A]‘,]/i,1 S
(Tyi,z)]’ C (Ti_ly())]- C A] for some j = 1,2 with (xi,yi) S (Tixo)l X (Tiy())z U
(T'x0), x (T'yo), C A1 x AU Ay X Ay

@) Ki = kcand M; = (1-k)D if (x;1,yi1) € (Txi2); X (Tyi—2), U (Tx;2), %
(Tyi-2); C A1 X ApU Ay x Ay with (x;,yi) € (Txi-1); X (Tyi-1), U (Txi-1), X
(Tyi,l)l C (TZXO)l X (le())z U (TIXQ)Z X (le())l C Ay xXAyUA) X Aq

In the same way, one obtains by taking 1o € Tx,

d(xiy1,%;) = d((Tino)j, (Tixo)k) < Kid(xj, xi—1) + M; = Kid (x;—1, (Tx;—1);) + M;;

(18)
Vxo e A, VieZy; k=12

where x; € (Tixo)k and x;,1 € (Ti“xo)]. forj,k € {1,2} and M; = 0 and K; = k; if j = k

and M; = (1 - kkj)D or M; = (1 - kjk)D or M; = (1—k.)D if j # k in view of (5)~(7)
depending on the allocations in A; or in A; of the images of the original points and on
the fact that those original points are in the same or in distinct sets A1 or A; according to
(5)—(7). Then, one obtains recursively from (17) that:

d(yi, x;) < Ki(Ki—1d(yi—2, xi—2) + Mi_1) + M;

— K (K,',ld((Tifly)j, (Tfflx)k) + Mi,l) + M (19)
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d(xng,,+1,%N,) < K(NkH,Nk)d((TNk“xo)jl (TkaO)g> + M(Niy1, Ni) < d(xn,4+1,%N,)

M(N;

= d(y;, x;) < Ki(i,i = 1)d(yi—2,xi—2) + M(i,i — 1)
<... SK(i,l)d(Xo,yo) +M(i,1); VXQ,}/() €A ie”Zy j,k =1,2

with K(i,i — 1) = K;K;_1 and M(i,i — 1) = K;_1M;_1 + M; and one obtains (11), from (20)
via (14), by taking yo = x1 € (Txp); some j € {1,2}. Then, properties (i) and (ii)

(20)

jr
follow directly. Property (iii) is direct since if {N; };il exists with d(xn,,,+1,%n,) >
d(xn41, %N, ), then {d(x;1,x;) }i is unbounded since it has one strictly increasing sub-
sequence {d(xn,+1,¥N,) }ZOZO. Otherwise, if no such a sequence {N]-};io exists such
that d(xn,,,+1,xN,) > d(¥n41,Xn,), then {d(xi41,%;)}i2, is bounded if d(xo,x1) =
d (xo, (Txo) j) is finite for some x1 € (Txo); and some j € {1,2}, being the second point of
the orbit of xg since all its subsequences are bounded. To prove property (iv), note that if
{d(xi41,xi)}i~ is bounded, then it has (at least) a finite maximum d (xy, 11, Xy, ) at a finite
iteration step Nj. If such a maximum is zero, then the sequence is identically zero and the
proof follows directly. Assume now that d (leH, XN, ) , while it also has to exist that either
a finite set or an infinity sequence of nonnegative integers {Ny}f_; C Z; 1 < x < oo, with
the incremental sequence {Ny1 — Ni}{_, being bounded if x = co and {Ny1 — Nk}f;ll
being bounded and N, = oo, is bounded if y < oo so that

il 21
< d(xNy 41, XN,) = Jnax (d(xo,x1)); Vk € X @1)

for some j, £ € {1,2} since d(xn;+1, X, ) is the finite maximum of consecutive distances be-
tween points of the orbit O(xg) = {x¢, x1, x2,...} of the initial point x, where K(Nj1, Ni)
and M(Nj.1, Ni) are defined in (17). In order that (21) holds, the following constraint
is required:

M(Njy1, N) < (1 = K(Niy1, Ni))d (xn41, 28, ); Yk € X (22)

Since M (N, 1, Nx) > 0 with M (N1, Ny) = 0if and only if D = 0, that is, if and only
ifcl A1 Ncl Ay = &; Vk € X and then (22) also holds under the stronger condition:

+1,/Nj) < (1=K(Njy1,Nj))D < (1 - K(NjH,Nj))d(TNf“x, Tfo); Viex—1 (23)

then, if K(Ng1,N;) < 1; Vk € X and, furthermore, M(Ny,1,Ni)/D < 1 — K(Ngy1, Ni);
Vj € xif D # 0. Property (iv) has been proved. The proof of property (v) follows directly
from property (iv) since there is no switch from A, to Ay, then K(i,1) = k) < 1, M(i,1) = 0;
Vie Z,, K(i,1) = 0 as i — co. The same property also holds for any orbit which does not
contain points of the mapping iterates in Aj, after some finite number of iterations, for any
given initial point xg in A such that d(x, (Tx),) is finite generates the sequence. [J

Remark 3. For the distance sequences generated from any finite initial point xo € Ay U A, some
intuitive consequences of Theorem 1 are:

(1) It is not relevant that the sets A1 and Ay be necessarily either bounded or closed for the eventual
boundedness of any iterated sequence of distances generated from any point xg € A1 U Ay
such that d(xg,x1) = d(xo, (Txo)j) is finite for some x; € (Txo)j and some j € {1,2}.
This is an “a priori” hypothesis, equivalent in fact to the initial distance to be defined in
order to give conditions for the sequence of distances between consecutive iterates not to be
unbounded.

(2)  The distance sequences is unbounded if xy € Ay and T(A1) C Ay, i.e., all the iterations are in
Ay from (3) since, from (14), K(i,1) = k% > 1and M(i,1) = 0; Vi € Z and K(i,1) — oo
as i — oo. The same happens if all the iterations are in A1 after a finite iteration step N.

(3)  The distance sequence is bounded and convergent to zero if xg € Ay and T(Ay) C Ay, ie.,
all the iterations are in Ay from (4) since, from (14), K(i,1) = ki} < 1and M(i,1) = 0;
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4)

D <d(xi1q,%) =
Xiy1 €

(5)

(6)

Vie Zy and K(i,1) — 0 as i — oo. The same happens if all the iterations are in A after a
finite step N.

The distance sequence is bounded if, after some finite iteration step N, each member alternates
switches iteration-to-iteration from Ay to Ay and from A, to Aj since the distance is bounded
after the finite number N of iterations prior to the first switching (if the initial generating point
X, is such that d(xo, x1) is finite) and since the mapping T : A1 U Ay — Ay U Aj is both
non-expansive and cyclic for the successive iterations i > N from (5) and (6) since k;j <1 for
i,j =1,2so that

d<xir(Txi)j) = d((Txifl)kr(Txi)]') <d(x;,xi_1) = d((Tx;_1)4, %i—1) > D
(Txi);, xi € (Txi—1), Vxo € A, j,k(#]) € {1,2},i(> N) € Z;.

In order for (15) to hold for some sequence {Ni}i_, C Z with Ny finite, 1 < x < oo, with
the incremental sequence { Ny 1 — Nk}if:l being bounded such that the distance sequence
boundedness conditions (15) or (16) hold, it is sufficient that:

(a) either the mapping becomes cyclic after a finite number of steps (see the above
Remark 3(4)), or

(b) it remains confined to iterations within Ay after a finite number of steps or, if there are
non-successive switches from Aq to Ay and from Ay to Ay, then switches are ruled to
satisfy the conditions (15) or (16) of Theorem 1 (iv).

The condition C2 of Theorem 1(iv), {Tixo}izNX+m C Ay U Ay if x < oo, means that, after

a finite number of iterations, the successive iterates only are in A or in the best proximity set

of Ay with respect to Ap. In other words, if infinitely many iterates of {T'xo} are alternated

in Ay and A1\ Ap, then x = oo, that is, the sequence {Ni}{_, is infinite to ensure the

boundedness of the distance sequence.

The following result gives explicit conditions on particular conditions for successive

iterates for Theorem 1 (iv) to hold:

Proposition 1. Under Assumption 1, assume also that d(xo, x1) is finite for a given xo € A and
consider orbits O(xo) = {xo,x1, %2, ...} of xo € A generated by x; 11 € (Tx;); C Tx; C T Hlxg
forsome j € {1,2},Vi € Zyy, with T : A — A being subject to the stipulations (2)—(7).

(1)

(2)

(3)

Let pjx € Zoy be the total number of (non-necessarily consecutive) iterations (Tixo)]. from
xi-1,% € Ajtoxiy1 € Ay j € {1,2} for iteration indices i € [Ny, Nxi1], k € X according
to (3) and (4);

let pigx € Zoy be the total number of iterations from x; 1, x; € Ay to x;11 € A; for
,j(# £) = 1,2 for iteration indices i € [Ny, Niy1], k € X satisfying the constraints (5) and
(6); and

let pox € Zo be the total number of (non-necessarily consecutive) iterations (Tixo)]. from
(xi_1,x;) € A1 X Ay to x;11 € Ay and from (x;_1,x;) € Ap X A1 to xjyq € Ay for
iteration indices i € [Ny, Nx11], k € X according to (7).

Then, {d(x;+1,x;)}ieq is bounded if, for some real constant 0 < a < 1, there exists a

non-negative real sequence {ax}y_, C [0,a] such that

if D

if D

1 _
Pk < %(szﬂnkﬂ + proxllnkin| + pok|lnkar | + perllnkc| — Injar|); Vk e X (24)
=0orif D> 0and pipx = poik = pek = 0; Vk € X, and

1
ik < %(szﬂnkﬂ + prokllnkia| + porxlinkar| + pexllnke| — Inlag|); Vk € X (25)

> 0and piox + park + ek > 0; Vk € X
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Proof. Note from (12) and (17), and K(Ny,;1, Ni) < 1; Vk € X in Theorem 1 (iv) that
K(Ney1, Ne) = [T K] = KPR DS < 1; Wk € 7 (26)
subject to the constraint:
Nit1 = N+ 1= pie+ paic + prox + paie + pes Yk € X (27)

where pik, par, P12k Paiks Pk € Niw1 — Ny +1U {0} are the respective non-necessarily con-
secutive numbers of iterations (Tlxo)]. fori € [Ni, Niy1], j € {1,2}; Vk € ¥ satisfying the
constraints (1)—(7). Define also:

RNk, N0) = R R R e 7 @

with E]‘ =1,k =k, Eg]- = kij; ¢,j(# ¢) = 1,2, which allows us to rewrite compactly
M(Ni1, Ni) as

M(Nis1, Ne) = kP¥KE? (1 — (N1, Nig) ) D = KPIkE (1 - Effk%g’ilk)p; Vkex (29)

after rewriting the upper-bounds of (2)-(7) under the equivalent forms:

Kid(y, x) + (1 - Ej) D; kyjd(y,x) + (1 - @-)D; Gi(£0) =1,2; ked(y, x) + (1 - EC)D (30)

since K(Njy1, Ni) = kgz"k;f”‘ if p1ox + poik + per > 0 and K(Nj 1, Ny) = 1if piok + park +
Pek = 0( p1ok = poik = pex = 0); Vk € X

The constraint (15) with K(Nj;1,N;) < 1 of Theorem 1 (iv) for guaranteeing the
boundedness of the distance sequences are kf 1k kgz"kféz" k’ﬁ”‘ kP < a(Ny) < a <1, from
(26) by taking into account that Inky = —|Inky|, Ink. = —|Ink.| and Inkj, = —‘lnkl]-‘ for
j, U(# j) € {1,2}, or equivalently from (24), provided that D = 0, that is, c/A; NclAy # O,
or under the strict inequality k} *kb* k]I kb2 kP < a(Ny) < a < 1, equivalent to (25),
provided that both D > 0, that is, cIA; NclA; = &, and p1pj = po1j = pek = 0, so that
K(Nii1,N¢) = 0in (27), implying that there is no crossed iteration from A; to A, or
vice-versa. [

It turns out that Proposition 1 still holds under the non-strict inequality (24) if the
total number of crossed iterations from A; to A, or vice-versa are finite. Thus, one has the
subsequent direct extension of Proposition 1:

Proposition 2. Under Assumption 1, {d(xiy1,%;)}; is bounded under the stipulations of
Proposition 1 if, for some real constant 0 < a < 1, there exists a non-negative real sequence
{ar}t_, C [0,a] such that (24) holds and D = 0 or, if D > 0.and Y32 1 (p1ok + pa1x) < .

It turns out that, in order for the sequences of distances between consecutive points
of any orbit for some initial point xg € A, it is necessary that T : A — A can have image
points in A, for such a xg € A;.

Proposition 3. A multi-valued mapping T : A — A which has bounded distance sequences
according to Proposition 1, or to Theorem 1(iv), for any orbit O(xg) = {xo, X1, X2, ...} from some
given initial point xo € Aj has to fulfill TN\xo N Ay # @ for some finite integer N1 = Ny (xg).
The above property holds for any orbit O(xg) = {xo,x1,X2,...} from any given initial point
xo € Ay if and only if TN X0 xo N Ay # & for finite integer Ny = Ny(xo) depending on each
X0 € Aq.
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Proof. It follows since if T"xg € Aj for xg ¢ F(T) N Ay, n > N and any finite non-negative
integer N, then {d( (T 1xp) iy (Tixg)) . }i:O — 00, since kB_Nd( (TNxo) "y (TN*1x) ) = oo
as i — oo N so that it is not possible to fulfill either the constraints (24) and (25) of Proposi-
tion 1 or the conditions of Theorem 1 (iv). [J

Definition 2. The partial orbit Oy ;(xo) of the orbit O(xq) of xo € A through T: A — A
is an ordered set defined recursively by O (x0) = {O[o,i] (xo),x,-} for some x; € Tixg with
O[O,O](x()) = {XO} = {TOXO}; VieZ,.

Remark 4. Note that if T'xq belongs to Ay and T 'xq belongs to Aj; j,((# ) € {1,2}, then
the partial orbit Ojg ;1) (x0) = {O;(%0), Xi41} Xip1 € (T”lxo)j C T xg with Op ) (x0) =
{xo} = {Tx}; Vi € Zo.. has a switch of set in the generation of its last member. Thus, one of the
non-expansive constraints (5) or (6) has been used to incorporate the new element of the orbit. Note
also that unconditional switchings from A1 to Ay or vice-versa are not allowed at any arbitrary
iteration if T : A — A is single-valued. Therefore, the results of Theorem 1 and Propositions 1-3
concerning the boundedness and the convergence of the distance sequences cannot be monitored
towards the fulfilment of Theorem 1or Propositions 1-3.

It turns out that the particular cases ky; = ky > 1 and kjp = k» = k. < 1 are also
covered by the above more general formulation. This suggests that switchings from A, to
A are expansive as they are the successive iterates within A, while switchings from A; to
Aj are contractive as they are the successive iterates within A;. The lost on non-expansivity
of switches from A; to A; does not modify the essence of the above given results. This
is seen in short as follows. Assume that kp; = k; > 1 and take xg € A, x; € (Txp), and
xp € (Txp), that satisfy:

d(xg, x1) < kld(xl, X()) + (1 - kl)D = k1d(x1,x0) — (k1 — 1>D

The necessary condition d(xp,x1) > D is compatible with the above upper-bound
since kid(x1,x9) — (k1 —1)D > D < (ky —1)D > 0. At the same time the fact that the
mapping is expansive from x; to x, such that

d(x1,x0) < d(x2,x1) < kyd(x1,%0) — (k1 —1)D

agrees with d(x1,xo) > D, while it keeps as locally non-expansive if d(x2, x1) = d(x1,x0) = D,
ie, if x; € (Txp), N Agz, and xo € (Tx1); N App under the necessary assumption that
(Txo); N Agj # @ for j = 1,2. Thus, once a switching to A; holds which is expansive
if d(x1,x9) > D, it can remain in A, leading to the orbit to be contractive in A, and
converging to some x, € F(T) if F(T) N Ay # @ and A; is closed.

3. Problem Statement for p Subsets of a Metric Space

Now, define p non-empty subsets A; C X with D; = d(A;, Ajy1) fori € pand Ay, 1 =
Ap (p > 2), where (X, d) is a metric space and consider a self-mapping T : Ujc5A; — UjcpA; -
The terminology is used such that A; and A, are adjacent subsets, A; 1 is the right ad-
jacent subset to A;, while A; is the left adjacent subset to A;q; Vi € p. In order to keep a
simple notation, we will denote in the sequel by T : A; — (A; U A1) for any giveni € p
the restricted multivalued map from a set to the union to itself with its right adjacent one
T: (UjefAj) ’A,’ — UjGﬁAj| (A,‘ U Ai+1> .

Through this section, the main ideas of the former section are kept but, in order to
simplify the exposition, the following assumptions are made:

(A1) The multivalued mapping T : UjeA; — UjepA; is mixed p-cyclic/acyclic in the
sense that T(A;) C A; U A fori € pwith Ay, = Aj such that for each xo € A; and
eachiep, Txy = {(TXO)i, (TXQ)iJrl} with (TXQ)i(# @) C A,
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(A2) A finite number n; € Zy, of iterated images of xp in A; may happen before
switching to its right adjacent subset A;; when constructing an orbit. That is, a partial
orbit Oj ., 11)(x0) with initial point xo in A; is O;(xo) = (¥o,X1,--.,Xn;, ¥n,+1), Where
xj € (T]xo) for j € 7, xo = (T%x); and x,,41 € (T”f“xo)iﬂ. If n; is infinity, then
A is the terminal set with no further switchings of T: A; — (A; U A;;1)|A; to its right
adjacent subset.

The number 7; is admitted to be varying for each cycle of T : Ujc5A; — UjepA; Tun-
ning all the subsets A;; Vi € p.

(A3) P = pc U pre U pe with pe, ppe and p. being pair-wise disjoint defined by:

pe ={i € psuchthat T: A; — A; U A;,; satisfies condition C.} C p

pne = {i € psuchthat T : A; — A; U A, satisfies condition C.} C 7
pe={i€psuchthatT: A; — A; U A, satisfies condition C.} C p

which are indexing the disjoint subsets S, = {A;:i € pc}, Spe = {A;j:i € pre} and
Se = {A;j:i€ pe}, where T: A; — (A; U Aj1)|A; are contractive, non-expansive being
non-contractive and expansive, respectively, where:

(a) the contraction condition C. is defined as follows:

d((Tx);, (Ty);) < kid(x,y); max(d((Tx); 1, (Ty);),d((Tx);, (Ty);4q)) < kid(x,y) + |1 = K'i|Dy;

Vx,y € A, fori € p. and some real constants k; € [0,1), k'; € {ki,ﬁ-); Vi € pe (31)
(b) the non-expansivity condition is defined as follows:
A((Tx);, (Ty);) < kid(x,y); max(@d((Tx);1, (Ty);), d((Tx);, (Ty)iy)) < kid(x,y) + 1= K'i|Dy; 32)
Vx,y € A, fori € py, and some real constants k; = 1, k'; € |1,k; ); Vi € pye
(c) the expansivity condition C, is defined as follows:
koid (x,y) < d((Tx);, (Ty);) < kid(x, y);
koid(x,y) + (K'o; = 1)D; < mm(d((Tx)H_l, (Ty);),d((Tx);, (ij)1+1)) (33)
< max(d((Tx);q, (Ty);),d((Tx);, (Ty)iyq)) < kid(x,y) + (K —1)D; ) .
Vx,y € A, fori € p, and some real constants ko;, k;(> ko;) > 1, k'; € [ki,k,-), Ko € {k’i,k 0i>r’ Vi € pe

(d) The switching from A; to its right adjacent subset A1+1 in (33), and in (31) and (32) if
ki’ > 1, are performed only provided that d(x,y) >k k' D;ifx,y € A;jforanyi € p.

Note that, in order to simplify the exposition, the contractive or expansive constants for
iterations within subsets k) are assumed identical to their counterparts related to switching
from a subset to its right adjacent one. Note also that, although contractive conditions are
also inherently non-expansive, we consider each one of them, in the above characterization,
specifically as “contractive- or as “non expansive” according to the constant k; being either
less than unity or unity. Thus, by convenience, the set S, is not included in the set S, so
that S; N Sy # @. It turns out that from the above constraints the restricted images of
T:A; — (AjUA;11)|A; (i.e, the mapping T from the respective subset A; to itself) are
contractive, non-expansive and expansive, respectively. However, the respective restrictions
to each reach right adjacent subset T: A; — (A; U A;11)|A;1 are not guaranteed to be
contractive or non-expansive since k; can exceed unity. This tries to reflect the practical fact
that switching actions from a subset to its right adjacent one can have an instability cost
due to the switching itself even if iterations within that right adjacent subset are contractive.
We can think here, for instance, about the modeling through ordinary differential equations
of a dynamical system subject to impulsive controls which can make the state norm to grow
by huge amounts at the sampling instants where impulses happen.
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Note that the condition d(x,y) > ki,; ID;if x,y € A; for switching to A; 1 any i € §

ensures that the upper-bounds in the conditions (31)-(33) are well posed since k';d(x, y) +
|1—Kk';|D; > 0 foranyi € p.

Proposition 4. A sufficient condition guaranteeing that the expansivity condition C, is well posed
is that, for any A; € Se, Assumption A4 below holds:
(A4) diamAiH < k’ol-diamAi if klOi =2

/ . / PR— / .
D; > max(0, K oidiam A; — diamA; 1
2— Ko

> if kg # 2

Proof. It follows since, for the first inequality of (33) to hold in the worst case, that is, for

the largest possible value of d(x, y) for x,y € A;, whichisd(x,y) = sup d(x,y) = diam A;,
X, YEA;

it is sufficient that for (i € P,) < (A; € S,): K gidiam A; + (k'o; —1)D; < diamA; 1 + D;

which gives the result. [J

Remark 5. Since we will usually work only with conditions for the boundedness and convergence of
sequences, only the upper-bound of (24) will be addressed through the constants k; and k;'. However,
note that the upper-bound does not guarantee directly that the mapping T : A; — A; U Aj1q is
expansive but just that it is not guaranteed to be non-expansive.

Now, consider an orbit O(xg) from an initial point xy € UiepA; such that xo = TOxy,
xjp1 € (Txj), U (Txj),,, € T'xg C UicpA; provided that x; € A; for some i € 7; Vj € Zo,..
Denote the partial orbit of O s, (¥0) on [k, k + Ni] for some Ny € Z and a given
k € Zoy as Opjeyn,) (¥0) = (X Xkt1,- - -, Xign, ). Then, all the points of the partial orbit
belong to Ay, Ajyq, ..., Ajforsome (,j(> ) € pwitheventual n; = n;(xq) € Zo, iterations
within of the various sets A;, for each i € [/, j], together with eventual iteration switches
i — i+ 1 to their right adjacent ones.

The following result holds which implies that the sequence of distances is bounded
provided that p, is non-empty, that is, there is at least one subset A; for i € p, where
T:A — (AiUAi) ‘Ai is contractive, according to (31), and that each cycle has a suffi-
ciently large number of iterations in S, = {A; :i € p.}.

Theorem 2. Under Assumptions Al to A4, the following properties hold:
(i) Consider a complete cycle of Ny consecutive iterations on all the subsets A;, Vi € p on the
integer interval [k, k + Ny] starting from x;. € (Tkxo)é C TFxo N Ay for some xo € UiepAif

some £ = {(k) € p and some k € Zy which has n;(k, k + Ni) consecutive iterations within
A before switching to A;y for each i € p. Thus, one has for the partial orbit O, , N (x0) on

[k, k + Ny] the following relation of distances:

A (xk N1, XNy ) < Ku(kok+ Nidd (e, %) + Y0 Ko (k b+ Nig) [1 = K iy 1| Dion (34)

< Ki(k, k+ Ni) (d(ka, X)) + D( 1,‘]:1 1/ (H;_i [k;‘j(kzk+Nk)k/j:| ) )) (35)

under the identities k¢ = kir¢—p, K'irg = Kiyy_pand Diyy = Dipy_p, if i+€ > p;
Vi, £ € p, where Ny = p + 2?21 ni(k, k + Ni) and

Kilkk+Np) =TT0, |:k7j(k,k+Nk)k/j:| = Ky(k k+Ny)/ <H;_1 [k;zj(k,k+Nk)k/j:| ),, viep 36)

X
(i)  Assume, in addition, that {Nk+]-_1}

0 C Zy (x < oo) with Ny_1 = k for the given

ke Zyy is the sequence of integers with the associated incremental sequence
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x . . . .
{Nk+j — Nkﬂ»,l},_o, which contains element-to-element the number of iterations, each
of them being associated with a complete cycle on all the subsets A; for i € p, that is,
, x
Nesr = N+ p o+ Ty ni(Ne, Nt ) with N Nega, Neya € { Ny | and

€+5

1<6&=06+) ", ni(Nep1, Niy1 + ) < Niyo — Ny (37)

where § € p — 1 contains & switches between right adjacent subsets and &y is the total
number of switches which have happened since the iteration Ni1. Then, the distances
A (XN, +1, XN, ) and d(xNkHJr(;, xNk+1+1) for & € p—1, related to the two pairs of el-

ements (XN, +1,%N,,,) and (xNk+1+5’ xNk+1+1> of the partial orbit O[Nkak+1+‘5] (x0) on
[Nk, Niy1 + 6, satisfy the constraints:

A (XN, +1, %N, ) < Ki(Ni N )d (241, xz\ék) + Y7 Kive(Ni Nien) [T = K i 01| Digra
-1
= K1(Ni, Ny1)d (1, ) + L) Ki1 (N, Nig)[1 — 4| D

d(xN,,, + 0 XNy, + 0 — 1) < Ky (Negq, Ngyr + ‘Sk)d(xNkH-&-l/xN“l) + Y0 1 Kip (N1, Nien +0)[ 1=K i 01D (39)
= K1(Ni1, Nieyr +00)d (xny 11, X8, ) + D0 Ko (Nigt, Niepr + 6¢)[1 — K4 Dy

for xn,, xn,.., € (TNexg), € TNexg C Ay; some £ € P, Vk € Zoy, where:

(38)

_ i(Niy1, N1 +6 . _ —
Kis¢(Nit1, Nipq + 0) = Hf.i;i; {k;‘f( Fr ke ")k’]}; ViepVlep scp—1 (41)

(iii) Assume furthermore that, for the sequence {Nk+j—1}).( 0 C Z, of property (ii),
]:

sup Kj ( ive—2, Nj+g_1> <1—c¢, forsomee € (0,1), and assume also that
fEZO

1
Hz 1 [k i (Nkre—2 Nigo— 1)k]}

Ki(Niiy—o,Neip 1)D j
A1) > sup 1(Niyo—2, Niyr—1) 1

1—
: (42)
vy, 1 = Ki(Nipr—2, Nio—1) | ==

with Nx_1 = k for the given k € Zyy such that x; € (Tkx())é C TrxgN Ay for some

¢ = U(k) € P and assume also that d(xo, xi) is finite. Then, sup d(xn,,,+1,%N,,,) <
ez

d(xgy1, xg)- If sup d<xNk+]+1’xNk+]> < d(xxy1, x¢) and if
J€Zo+

(1) either iLle Zi:l n; (Nkﬂ;z/ Nk+j+1) <71 < ooand x = oo (i.e., there are infinity
J&€£Lo+
many switches from a subset to its right adjacent one but not infinitely many iterations
in a subset A; prior to switching to the right adjacent one), or
(2) if x < oo and there are infinitely many iterations n; within in a final set A; being
either non-expansive (including the contractive case) subject, furthermore, to k; <1,

Then the sequence of distances {d(x;,x;11)}i for adjacent points of the orbit O(x) is
bounded. Furthermore,

. 1
lim Supd(xNk+j+1/xNk) << P sup(Kipo(Nj, Njj1) |1 =Kippq|Dige1) < +oo (43)
jex

j—ro0

As a result, all sequences of distances {d(x;, xl-+]-) }fio; Vj € Zy are also bounded.
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Proof. Properties [(i) and (ii)] follow directly from the application of (31)—(34) where
k € Zyy is arbitrary, with d(xo, x;), being finite and ¢ = ¢(k) € p is such that x; €
(Tkxo)[ C TrxgN Ay, and {Nj};(:() C Z4+ (x < o), with Ny = k, is the sequence of com-
plete iterations along the p subsets A;. Property (iii) follows since (42) under the constraint
Ki(Niyo-2, Nip—1) < 1—eyields sup d(xn,, 41, Xn,,,) < d(Xgi1,%). Furthermore,
ZGZ(H,
if sup ¥, ni(Nk+j_2, Nk+]-+1) <7 < oo and x = oo, then the sequence of distances
J€Zo+

{d(x, xi11) };~ cannot be unbounded for intermediate iterations within the sequence of
finite intervals { Ny, 1 — Nk}fzo so that it is bounded. It also follows from (38) that

d(xNkH-i-l/xNk) < K} (Nj, N1 )d (x40 XN, )
i1
+Xy—y Ty KT (Ni, Niw1)sup (Kig e (Nj, Nj1) [1 = K'iy 1| Dir 1) (44)
, jex
< (1—e)d(xn41,2n,)

1—(1—¢)
% - sup(Kit¢(Nj, Njs1)[1 = K'iyo-1]Diye-1) (45)
jex

+

and (43) holds since (1 — s)j — 0 as j — oo. A similar result is found if x < oo, that is there
is some subset A; for i € p where infinitely many terminal iterations take place with no

later switch to its right adjacent one A; 1 under the assumption that max (ki, k;) <1, that

is, the terminal iterations are non-expansive (eventually contractive) with k; <10

Note that the conditions sup Kj (N]'H,z, Nj+g,1> <1l-—eand sup ¥/, 1;(Niyj—2,
leZy, J€Zo+

Nitjr1) < 7 < o are key stipulations for the boundedness of the distances between
consecutive points of the orbit O(xg) in Theorem 2 (iii). This can be fulfilled with at
least one of the subsets in S, = {A;:i € p.} and a sufficiently large n;, for A; € S,
compared to 77 being dependent on the value of the contractivity condition k; € [0,1).
On the other hand, note that any distances {d (x;, Xi11) }ZO for any finite j € Zy, are
bounded from the use of the triangle inequality for distances and the above proved property

Esup d(xNg, 41, %N,,) < d(xpq1, %) for the given k € Zo, since for some finite real
€Zyy
constant M > 1:

d(xiji1, %) <Y o d(Xipes1, Xive) < Md(xn,, 00 XNg,,) < Md(xpi1,Xg) < o0

for some m = m(i,j) € Zyy and some Ny € {Nk}i?:o- However, according to (43), the
above result also holds for any (even infinity) j € Zg,..

Example 1. Note that d(xNk L xNk) in (43) has to be not smaller than the corresponding
distance between adjacent subsets provided that the involved points belong to adjacent subsets.
For instance, assume that p = 2, k; = ky/ > Ko7 > 1and ky = k' < 1, that is, the mapping
T:A1UAy — A1 U Ay is expansive in Aj and contractive in Ay. Assume that all the cycles
have the same number of iterations en each of the subsets taken as n1 = 0 within Ay and ny =1
within Ay. Under Theorem 2 (iii), K1 = k3k; < 1 for each cycle of iterations on both subsets to

be contractive. Identifying d (xNk L xNk> with d(xj41, xj) with one of each points within one
subset, one obtains from (43) that

~ KBk -1 41—k
limsupd(xj+1,xj) >D= otk 1) + 2

D >d(Ay, Ay)) =D
j—oo 1 _k%kl ( )
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under the necessary assumption that ko(2ky — 1) > 1, which, together with k3k; < 1, yields
1/v/ki > kp >1/(2ky — 1), subject to 1 < ky < (2ky —1)*.

Now, consider the alternative problem without iterations within neither A1 nor Aj so that
ny =mny=0. In this case, ky < 1/ky and an “ad hoc” redefinition of D leads to
D= W D > D under the necessary condition kp(2ky —2) > 0, which holds since
k1 >1ifky < 1 /ky < 1. It turns out that the maximum allowable k; is smaller than the one for
the above case.

Example 2. Consider p = 3 for subsets A; with none internal iterations within any of the subsets
before switching to each right adjacent subset, i.e., n; = 0 for i € 3, subject toky =k’ > Ky > 1

and 0 < k; = k'; < 1 for i = 2,3. Assume four possible cases to guarantee that D = 1721a<x3D
1

(@) D;=D=d(A;,Ai1); Vi € 3with Ay = Ay. Then,

kska(ki —1) +k3(1 —ka) +1

_ k3
>
1 — kskokq bz=Db

D=

which holds trivially identical to 2ksky (kg — 1) > 0 since ky > 1.
(b) D; =d(A;, Aiy1) can be eventually distinct subject to D1 > Dy, = Dj so that

g _ k3k2(k1 — 1)D1 + (1 - kgkz)D

D Z>D

1 — kskokq -
which holds if
(kskp (k1 — 1) + kskopk; — 1)D1 + (1 — kskp) Dy > 0

for which it is sufficient that, since D1 > Dy, kskp (k1 — 1) + kskoky — ksky > 0, which
holds directly since ky > 1.
(¢) Dy < Dy = Dssothat D > Dy > Dj so that

b— kzka(ky —1)Dy + (1 — k3ka) D
1= kakoky

> Dy, > Dy

which holds if
kzko (k1 —1)Dq + (1 — kzko) D2 — Dy + kzkok1Dy > 0

for which it is sufficient, since Dy > D1, kzkp(ky — 1) Dy + kska Dy + kskok1 D1 > 0, which
holds directly since 2k1Dq > 0.
(d)  Now assume that k; = k'; = k < 1 for i € 3 so that the redefined D is

201 _ _ _ 2 _ 13 _ 12 _ _ 13
RU-K)+k1-k+1-k, R-Rtk-Rtl-k  1-

D:
1-k3 1—k3 1—k3

which is a known property of 3-cyclic contractions.

Example 3. The convergence of the distances to the best proximity points is not possible if the
mapping is expansive for switching actions from a set to its adjacent one, and there is one expansive
contraction that is not possible for the case of only two sets A1 and Ay, i.e., p = 2 when the closures
of such sets (or themselves if they are closed) do not intersect; i.e., the constraint D = Dy = D is
not feasible. Note that at the limit for infinitely many iterations, the subsequent relations

Ko 1D+(k01—1)D<D<miré(k’DJr(l—k’) ) =KD+ (1-kK,)D=D
1

should hold, that is 2(k'oy — 1)D < 0, which only holds if and only if D = 0, i.e., if and only if
clA1NclAy # @ since k' > 1.
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If there are three involved sets Ay, Ay and As, ie., p = 3, with one expansive mapping
T:A1UAyUA3 = Aj U Ay U Aj for the switches from A to Ay, while those from Ay to Az
and from A1 to Az are contractive, one has the following limit constraint relations to guarantee the
eventual convergence of the distances for D = D5 if Do = D3 = AD, Dy = D:

KD+ (Ko1 = 1)D < D < A min (KD + (1= K;)D) = A(F3D + (1—K)D) = AD
=1,

implying that 2(k'o; — A)D < 0 so that either D = 0, that is, clA1 NclAy # &, or A > kg so
that Dy = D3 = AD > k'(1 D so that, even, if D = D, = D3, then D # Dy = D, and then the
convergence of the distances to D1 or that of the involved points to the best proximity points of A,
and Aj is not possible.

Note that Theorem 2 (iii) also implies the boundedness of the elements of any orbit O(xg),
what is now termed as such an orbit being bounded, as it is now specifically addressed:

Theorem 3. Under Assumptions Al to A4, consider any orbit O(xo) with bounded initial point
Xg = TOXO S UiEﬁAi/ Xjy1 € (Tx])l @] (ij)i+l C Tlxy C UieﬁAi' IfTheorem 2 (iii) holds,
then such an orbit O(xg) is bounded.

Proof. It is obvious from generation of the orbit O(xy), for some given initial point xy €
Uiep i, that x; € (T/xg), C T/xg C Ay, for some ¢; = ((j) € P, j € k and any given
finite k € Zy. The partial orbit Ojg4j(x0) = {Ox—1(x0), x¢} is bounded since k € Zy is
finite and x( is bounded. Since k is finite then d(x, xx) is finite. Now, assume that there
is some sequence {x,};_y C UjepA; which has an unbounded subsequence {x,,, }_o

with ng > k. Since lim sup d (xNk+j+1' xNk> < oo, take Ny to be sufficiently closer to ny by
j—o0

X
taking the advantage that the incremental sequence {Nk+]- — Niyj1 } o with Ny =k,
]:

for the given k € Zy, is bounded and one obtains also from (43) that if the subsequence
{Xny bmeo C {Xn}y_o is unbounded, then the following contradiction holds since x; €

(Tkxo)[ C Tkxq C A, for some £ = £(k) € p and some finite k € Zy, so that x; is finite:

+ 00 = limsup d(xy,,, x¢) < limsup d(xy,,xn,,) + lim sup d(xi, xn,, ) < limsupd(xy,, xn,,) +C < +o0

m—r00

m—00 m,]'_)oo m—o0

Therefore, any sequence {x, },_, C UjcpA; is bounded. [J

Note that Theorem 2 (iii) assumes that d(x, xx) is finite as an “a priori” stipulation for
the boundedness of the sequence of distances in-between adjacent elements of the orbit
O(x0). However, Theorem 3 assumes that the initial point x; of the considered orbits is
finite in order to guarantee that the partial orbit of a finite number of elements starting
by xg is bounded. This assumption would not be invoked if the subsets A; fori € p
were bounded.

4. Some Particular Results: The Case of Non-Expansivity and That of
Monitored Switching

It is proved for p = 2 in [1] (Lemma 3.8 based on Lemma 3.8), irrespective of the
properties of the single-valued contractive 2-cyclic mapping T : A; U A, — A1 U Ay, thatif
(X, ||||) is an uniformly convex Banach space and the subsets A; and A; of X are non-empty,
closed and convex then:

[(fxahilo © Ai) A ({zndilo © A) A (fynhilo © A2) A ({llxn = yull}aZo = D), ({ll2n = yull}aZo = D)]

. o (46)
= ({llz2n = ynll}Zo = 0); Viep
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Such a property holds irrespective of the mapping being single-valued or multi-
valued and without invoking whether it is contractive or not. It is also proved in [1]
that if, furthermore, T : A1 U Ay — Aj U A; is single-valued and 2-cyclic contractive then
there is a unique best proximity point z € A; such that ||z — Tz|| = D and if zg € A
then {T?'zp};"  —z and {T?"1z}°" ' — Tz, and {T?"'z} and {T?"*z,}"  are
Cauchy sequences.

The subsequent result firstly establishes some best proximity results in the case that
there are no iterations of the mixed p-cyclic/acyclic multivalued mapping
T : UiepAi — UicpAi, p = 2, within each of the subsets A; provided that the complete
metric space that the subsets A; for i € p belong to is a uniformly convex Banach space and
that the mapping is contractive at least from one switching of one of the subsets to its right
adjacent one in the event that it is not expansive from any of the subsets to its right adjacent
one. Since there are no iterations between each subset before switching to its right adjacent
one, the p-cyclic/acyclic mapping T : UjepA; — UjepA; is, in particular, a multivalued
p-cyclic mapping due to the absence of internal iterations within each of the subsets. Later
on, in the second property of the theorem, a new result generalizes the results to the case
when T : UjcsA; — UjepA; has iterations within the subsets before switching to the right
adjacent ones (i.e., it is of cyclic/acyclic nature) under certain conditions of Theorem 2.

Theorem 4. Assume that:

(A1) {A; :i € p} are non-empty closed and convex subsets of a uniformly convex Banach
space (X, ||).

(A2) Assume that T : Ujcp A; — UiepA; is a mixed p-cyclic/acyclic mapping, subject to
T(A;) € AjUA; 1,V € pwith respect to the norm-induced metric d : X x X — Ro+; Vi € p, by
the norm of (X, ||||), which satisfies (31) and (32), under the constraints Sc = {A; 11 € pc} # 2,
Se = {Aj:i€pe} = @ (s0 that UiepA; = ScUSpe and b = pcUpne), ki = ki < 1;
Vi € po, D; = D, nj(k, Ny) = 0; Vi € p, Vk € Zyy such that for each x € A; and eachi € P,
Tx = (Tx); 4 with (Tx); 1 (# D) C Ajp, Vi€ D.

Then, the following properties hold:

(i) There is a best proximity point z; in A; with respect to Ajyq, that is, d(z;, (Tz;); 1) = D;
Vi € p. Furthermore, for any i € p, if x € A;, then {(Tpnﬂx)iﬂ.}n:o — ziyj € Ajyj for
j € p— Lis a best proximity point in A;; with respect to A, j11, and z; € (TPz;); isalsoa
fixed point in A; of the composite mappings TP : Ujcp Aj|Aj — UieyAi‘Aj; vjep.

(ii)  If Assumption A2 holds under the subsequent generalizations: (a) n;(Ni, Nyyq1) > 0; Vi € p,
for some given k € Zy with Ny_1 =k, {Nj};io C Zy; being strictly increasing and the
incremental sequence { Nj — Nj_4 };‘;0 C Zy being uniformly bounded and covering a whole
cycle of iterations covering all the subsets A; for i € p, such that for each x € A; and each
iep Tx = {(Tx);, (Tx); 1} with (Tx);,,(# @) C Aj41, Vi € pand (Tx);(# @) C
A; in the case when n;(Ni, Niy1) > 0 for some Ny € {Ni}p—; and

sup N Nen) (47)

NkG{N]'};iO p
where K1 (Ng, Ngy1) = Hf:l [k;?f(NkakH)H] .

Proof. Since S, = {Aj :j €D} # @, itexists A; € S for some i € p. Consider, with
no loss in generality, initial points x1,3; € A; of the sequences {T"#*/ xl}:zo C Ajyj
and {T"P*1y;}  C Aij;¥j € p—1U {0} generated by T : UieyA; — UicpA; under the
constraint n; = 0; Vi € p, which makes T(A;) C A; U A;j1q become T(A;) C A;j 1, Vi €.
The choice of x; and y; in A; is without loss of generality since for any given xg1, yo1 €
UiepAi, there are nonnegative integers j, k € p such that one can fix x; € Tixg1 C A; and
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Y1 € Tkxm C A, for any prefixed subset A; € S; of UlepA Since A; € S, k'; = k], Viep
and UjepA; = Sc U Sy, it turns out that Hf: [kj] < ki <1so that:

d(T"P+fx1,T”7’+f+1y1) < K'd(x1,y1) + (1 — k"D (48)
d(T(n+k)p+jy1, T(n+k)p+j+1y1) < k?+kd(Ty1,y1) + (1 _ k?+k)D (49)

Then, {d(T"*Tx;, T 1y0) 12 ) = D and {a (1000 ly,, 70074y ) |7

. [e9)
— D for any given xq,y1(# x1) € A;, Yk € Zy, with {T(””‘)pﬂﬂxl}k . C Aipjs

and {T<’Z+k)p+1“y1}oo . C Ajyjq for any k € Zg,. Since (X, ||||) is a uniformly Ba-

nach space, and A;(j € p) are closed and convex and A; € S, one concludes also that

'

{d(T"”xl T(n+k) Pyl) } — 0 and that {T(”+k)px1}n:0 — z; € A; isa Cauchy sequence.
It also holds that z; € A; 1s a fixed point of the composite mapping T7 : UjczAj|A; —
UjepAjlA;, then z; € (TPz;);. As a result, Zitj € (TF’+Jzi)i+j = (17 (T]Zi))i+j =
(szi+j)i+j € Aipj; Vj € Pand zy; € (T]zi)i+j C (szi+j)i+j is a fixed point of
TP : Ukep Ak ‘ Ajj = Urep Ak ‘ Ajtjin Ajyjand also a best proximity pointin A;; of A;yj 4
since d(zj1j_1,2+j) = D because Aj € S, US,; Vj € p implies that D = d(A;, Aj11) >
d(Ai_j, Ai—j+1) = D; Vj € pand the given i € p, such that A; € S..

{ (”+k)p+fx1}n:0 — zj4j € Ajyj and that {T(”+k)p+fx1} are convergent and

n=0

Cauchy sequences; Vj € p. Note that, since {T(”+k)”x1} —z; € A; if A; € S, since A;
is closed, and the sequences {T(””‘) Ix } and {T(””‘)p*l " } for any given k € Z fulfill

that {d(TOH0P1xy, TOHP )1 D and {d(T0H0P-1yy, Tt ) L 5D,

one obtains that {d(T(”+k)P_1x1, T(”+k)p_1y1> }Oo .0 for any given x1,y; € A; and
n=
{T(Tl“rk)p*lxl}oo

with this process, one obtains that {T(”Jrk)”_fxl} 0 — z/i,]' €EA_j=A,ij;VjeEp—1.

n=|

__ls convergent to Zi €A1 = Apyi-qsince A; 1 is closed. Continuing

Assumethatz’;_; # z;_1 € A,;. Then, one obtains that {d(ﬂ”“‘)p‘lm, T(”+k)px1) }oo — D

and {d ( TOtk)p=1y,, TOr+k)p—1 y1> }Oo , 0 with  convergent  sequences
n=

{T(n—i—k)P xl}n:O —zi7 and {T(fl-lrk)P—lyl}n:O — 2z . However, then

lim inf{d( T +p=1y), TOnk)p= 1y1) }: , > 0 which is a contradiction to
n—oo -
{ (T(”+k) ly,, T(ntk)p 1y1) }C:,O — 0 then z; 1 = Z/; 1. Continuing in the same way
with this process for i — p+1 < j < i — 1, one concludes that z; € A; are unique best
proximity points in A; of A; 1, which are fixed points of the composite mapping T7. As a
result, property (i) is proved.
To prove property (ii), note that under Assumption 1 and the given generalized

Assumption 2, and, since k/ i= k]- <L;Vjepand sup % < 0, then
Nke{Nj};io
(N, N, (N, N,
K (Nkr Nk+1) _ ;7:1 k;”]( k k+1)k/j:| _ ;7:1 k]n]( k k+1)+1:| < k 1;(Ng,Niy1)+1 <1 (50)

since A; € S¢ then K;(Ni, Ni11) < KP < 1 for some real constant K € [0,1) and any given
k € Zy. According to Theorem 2, Equations (35) and (36), one concludes in the same way
as getting (48) and (49) that, for any given x1,y; € A; € S,
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d(TZ'Zi'k"—l (Nesi =N+ o <N4+1—Nf)+f+1y1) < K"d(x1,y1) + (1 — K")D; ¥j € B, ¥n € Zo, (51)
d(Tng:fl (New=No) iy, T <Nf+1*Nf>+f“y1) < K'd(x1,y1) + (1 —K")D; Vj € B, Vn € Zy., (52)
so that

lim d(TZEIZq (Ng+1—N[)+]'x1’ TZfi;Ll (N/z+1—Ny)+j+1yl> — lim d(]"ZfIZ,l (NfAl_N[)"F]'yl, TZfi;?,l (N{+1—N/¢)+]'+ly1> D (53)

jepn—oo n—oo

mezliﬂizﬂ d(TZgi;—l (N€+1_N[)x1, TZ'ZiZ'_"l (Nig1 _Nf)yl) -0 (54)
04110

The remaining of the proof of property (ii) follows in a similar way to that of prop-
erty (i). O

Remark 6. If S, # @& in Theorem 4 so that values of the constants k; > 1 for A; € S, are
compensated by other contractive constant values k; < 1 for A; € Sc U Sy, while (47) holds then
(53) and (54) in Theorem 4 (ii) still hold. H, it cannot be proved, in general, the convergence of
sequences to the best proximity points of adjacent subsets A; and A; 1 fori € p of X.

The statements of the given results until now consider the event that the number
of consecutive iterations within each subset A; before switching to A;;; is either pre-
designed, including a fixed number of iterations, eventually being iteration-dependent,
within each A;, or monitored in the sense that the switching be decided by a switching
rule 0 : Zyy — P such thatif o(k) = o(k+1) = i(€ p), then there is not a switch at the
k-th iteration of T from A; to A; 1 for some i € p and the partial orbit of any xp € U;jcpA;

fulfills O[O,k+l] (XQ) = (O[O,k] (XQ), ka) with O[O,k] (XO) = (Xo, X1, ,xk) satisfying x; €
(Txk,l)i C Aj, X1 € (Txk)i C (TZkal)i C A;.

On the other hand, if (p3)i = (k) # oc(k+1) = i+ 1(€p), the mapping T
switches from A; to A1 at the k-th iteration so that the partial orbit Oy s;1](x0) =

(O[o,k] (xo),ka) = (O[o,k—l] (x0), Xk, xkﬂ) exhibits a switch in the allocation set from
X € Ajtoxgyq € Ajyg.

The monitored strategy of switching between the subsets A;; Vi € p of X according
some rule o : Zg, — P is of interest in certain applications. For instance, if the stabilization
of a discrete dynamic system cannot be achieved for successive iterations within a set
because of inherent instability within it, then it is convenient to assign it along certain
transients. Additionally, an instability problem could arise if a discrete system becomes
unstable under its current parameterization. This drawback can be eventually solved
by generating switches in its state, together eventually with parameterization switches,
which lead again the trajectory to a stable region. See, for instance, [24-30]. The following
immediate result establishes the convergence of sequences to a fixed point of any subset A;,
where the mapping is contractive, under any monitored switching rule which confines the
successive iterations within such a subset after a finite number of iterations.

Theorem 5. Consider a pair (T,0), where T : UjezA;j — UjepA; is a self-mapping under as-
sumptions Al and A2 of Theorem 4 and o : Zy, — P is a monitored switching rule between
a subset Aj and its right adjacent one Ajy1; Vj € p. Assume that for some finite ko € Zy.,
o(ko +£) = o(ko) € P; V€ € Zoy such that Ay € Sc. Then, any sequence {T"xo},” o — gi
where g; € (Tg;); C Tg;i C A, is a fixed point of T for any given xg € UjcpA;.

Proof. It is obvious since the monitored switching rule o : Zy, — P determines that any
partial orbit Oy 4 (X0) = (%Xky, Xky+1, - - -, Xx) Of the orbit O(xp) is confined within A; € S,
which has a fixed point from since A; is closed and (Tx); is closed for any x € A;. If
T: (UjepAj)|Ai = UjepAj|(A; U Ajyq) is single-valued, then g; = Tg; is unique since A;
is closed and convex. [J
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5. Numerical Simulations

This section is aimed at illustrating the previous obtained results concerning the
boundedness of sequences and orbits of cyclic/acyclic contractive/non-contractive self-
mappings. To this end, the case of a discrete-time dynamical system is discussed. Thus,
consider the dynamic system given by:

Xk41 = XkYk (55)

Yi+1 = — XYk (56)

; Vk € Zyy. The system is described by the self-mapping T(xy, yx) = xxyx(1, —1). This
self-mapping has a different behavior depending on |xiyi| > 1, [xcyi| = 1 or [xpye| < 1,
generating the following three subsets:

Ay ={(x,y) € R?*||xy| > 1} = A;1 UA» UAz UAgy

A2 = {(X,y) S RZHX]/| < 1} = A12UA22; A3 = {(X,y) S RZHX]/| = 1} (57)
with

A = {(x,y) € R2‘|xy| >1,x>0,y> O}; Ay = {(x,y) € R2‘|xy| >1Lx<0y> 0}

Az = {(x,y) € R2‘|xy| >1,x<0y< O}; Ay = {(x,y) € R2‘|xy| >1Lx>0y< 0}

AlZ = {(x,y) S Rz

1 5 2 2
14V

x < —

1
, <x<0,y= V5
1++5 1++5 2

The set A; is disconnected and can be represented by the union of four connected
disjoint subsets. These subsets are called A1y, A1, Az; and Ay as is displayed in Figure 1
where the blue lines depict the hyperbola y = 1/x. On the other hand, the set A; is
connected and it is split into two subsets, namely A1, and Ay, as in Figure 1.

y=—-1/xN— }; Ap = Ay —Ap (58)

2.5
2
15
1

Figure 1. Different regions on the plane for the self-mapping (55) and (56).

Note that A1, Ay and Aj are disjoint unbounded subsets of R?, with A and A, being
open and A3 being closed. Since those sets are disjoint, the sets of best proximity points
between each pair of them are empty, but because of the asymptotes defined in blue lines
which define the boundaries, the distances between adjacent subsets are zero. Note that
T is a self-mapping on R*>=A;UAUAssothat T: AjUA, UAs — AU AU Az and
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k(zk—1,z)

el =Tl e = =12 el — = 1P

T(A3) C Ajs. Note also from (55) and (56) that, for any given initial point zg = (xo, ¥9) € R?,
the Euclidean distance between consecutive points of iterations through T satisfies with
Zr = (xkryk) S RZ; Vk € Zy,:

d(zks1,2) = \/(xk+1 —x0)% + (s — i) = \/(yk = Y1)+ Wrr — i)’
= V2|yks1 — vkl = V20 + xevi| = V2yi| |1 + x| (59)
= V2|x||1+ x¢| = V2|yi| |1 — yi|; Vk € Zy

which becomes asymptotically unbounded as k — oo if |xi| = o0, or if |yi| — oo, as
k — co. We can define the contractivity-, non-expansivity- and expansivity-point-dependent
constants as: i 1

Zk41,2 x X

(Zrs1,26) _ |l [T+ x| Vkez, (60)
d(zk zk—1) [ l|T+ x|

k(zk_1,zx) =

Thus, the Euclidean distances between consecutive points of arbitrary orbits being
calculated via iterations through T from finite initial points in R? are not necessarily
asymptotically bounded. Then, some monitoring of switching between the three subsets
A1, Ay and Ajs should be performed to guarantee their asymptotic boundedness. Note the
following facts:

Fact 1. One obtains from (55) and (56) that x; < 0and y, = —x; > 0; Vk € Z_.. Therefore,
the second semi-open quadrant (0,1] x (0,1] of R? is unreachable (or forbidden) for any sequence
solution of (55) and (56) except for initial points (xo, o). As a result, there are forbidden subsets of
A11 and Ay (see (57) and (58) and Figure 1) which are unreachable except for the initial conditions.

Fact 2. If (x¢_1,Yk—1) € Ay, then |xg_1yx—1| < land x3_| = y2_| < 1since x = —yy, and
then x_1 € (—1,0]; Vk(>2) € Z. Thus, |x;| < |xx_1]| since |xx| = xél <1,VkeZ,.
Additionally, |x¢| < |xx_1| and x,_1 € (—=1,0]; Yk € Z imply that —1 < x_q < x < 0;
Vk € Zy. Then, the sequence {xy};._, is non-positive and convergent to zero under a weak
contraction. Since {xi};.., is non-positive convergent to zero, {yx}p., is non-negative and
convergent to zero from (55) and (56).

Fact 3. (T is weakly contractive in Ayy and a strict contraction in A1p): One obtains from (55),
(56), (60) that

2 2 4
xp] (1 — |xg Xk| — Xk Y1l 7 1Yk
) ¥l = | e Y A ST

Since {xy};-, is convergent for any initial condition in Agy, from Fact 2, for any given
real constant k. € [0,1), there is some finite r = r(k.) € Z such that k(zx_1,zx) < k., < 1;
Vk(>r) € Zy. By checking the inequality p(|xx_1]) = |xk_1] + |xk_1]* =1 < O with and
since p(|xx_1|) is a convex parabola, one concludes that p(|x;_1|) < Qwith x_1 <0if x4 €
(—H—z‘/g, 0} . As a result, any sequence {xy } oo, with (xo,y0) € An, is non-positive with strictly

decreasing modulus and, from (55) and (56), {yy }r is non-negative and strictly decreasing, both
sequences being convergent to zero. This implies that T is weakly contractive in Ayy and it enters
into A1y after a finite number of iterations, where T is a (strict) contraction with the solution

{(xk, k) Hog — O for any (xo,y0) € Ay.

Fact 4. ((0,0) is a fixed point of T and a global attractor of the solution for any initial condition
in App). Additionally, if initial conditions are in the set Aj, then the self-mapping is expansive.
The blue lines (set A3) define the boundaries between regions, where the self-mapping is neither
expansive nor contractive. The equilibrium points, which are the fixed points of T, are (0,0) and
(—1,1). Figure 2 displays the time evolution of the system when the initial conditions are in Ay
and given by xo = 0.2,y = 4.5. It is observed in Figure 2 how the sequence of iterates enters into
A1y and converges to the equilibrium point (0, 0).
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y(K)
o

-5 w s ‘
-1 -0.5 0 0.5 1

x(k)
Figure 2. Evolution of the discrete-time dynamic system (55) and (56), when the initial conditions are

Xg = 0.2, Yo = 4.5.

Fact 5. (T is expansive in A1): Forallk € Zy, if (xx_1,Yyx_1) € Ay, then |xx_1yx_1| = 1,

x,il = V%q > 1 since x = —Yy, which implies that xy_1 < —1 and xx_1 > 1. Therefore,
Xp = —|x| = —|xk,1|2 < Xg_1 = —|x¢_1| so that ‘lﬂ‘ > 1, Vk € Z,. It can also be
concluded that y, > yx_q1 and ‘k‘llﬁlﬂ > 1, Vk € Z,. Additionally, x; < xp_1 < —1 that

14+ x <14x_1 < O0and |1+ x| > |1+ x¢_1]|. Thus, one obtains from (60) that T is expansive
in Aq since
[k [1 A+ x| +x]  [M4xeal o . o [T+ %]

k(zr—1,2zx) = > > > inf ————=1,VkeZ,.
G2 = T e ]~ ]~ Tt mi] — end [T+ x] +

Fact 6. (T is non-expansive and non-contractive in As). Forallk € Z,, if (x¢_1,yx_1) € Az,
then |xe_1yk—1| = 1, x3_| = y3 | = 1since x, = —yy, which implies that |x;| = |xp_q|* =

lxk_1| =1, x,_1 = x; < O and ‘Jq’:f'l‘ = 1. Then,

k(ze1,2¢) = el 1+x I4x] Tl 1= x|
roalT+xc] - MHmal L=l [T=[xll

:1}Vk€Z+

It is also observed that when the image of the self-mapping is included in A,, the
Euclidean distance between two consecutive iterations is bounded and the orbit converges
to the origin, as corresponds to a contractive self-mapping, in accordance with Theorem 1.
It should be to pointed out here that the distance between two consecutive iterations of the
self-mapping is given by the length of the arrow depicted in Figure 2, which corresponds
to the Euclidean distance. On the other hand, if initial conditions are in A3; C A, for
instance, the self-mapping is expansive and the orbit diverges, as Figure 3 shows. Figure 3
displays how the length of the arrow increases resulting in an unbounded distance between
consecutive iterations. This happens because the value K(i, 1) in Equation (12) from
Theorem 1 is unbounded due to the expansive properties of the self-mapping.
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y(K)
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x(K)

Figure 3. Evolution of the discrete-time dynamics system (55) and (56), when the initial conditions
are xo = —0.5, yo = —4.5.

It can also be seen that the image of the self-mapping changes the subset from Ajz; to
Agzq and then to A3y, where it remains afterwards. This system can be stabilized in different
ways. The clue to stabilizing this system is to include a mechanism in (55) and (56) to force
the self-mapping to be cyclic, that is, to include a mechanism to make the self-mapping
change its image from A; to A; so that any condition from Propositions 1, 2 or 3 is met.
For instance, if we force the system to change its image to the set Ap where it remains after
a finite number of changes, then the orbit of the system and the distance between two
consecutive iterations will both be bounded (Propositions 2 and 3, and their extensions to
the general case, Theorems 2 and 3). Two mechanisms are presented in this section for this
purpose: a feedback term added to this system and the impulsive control of states. Thus, a
feedback term working in the following way is added:

_ 5 XV 61
Xk+1 = XkYk — kakyk (61)
2.2
x
Xpp1 = — XYk + 5k#z:yk (62)
with
1, >1
0, otherwise

If the above feedback term is included in the system, the evolution of (55) and (56)
changes to the one depicted in Figure 4.
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-1 -08 -06 -04 -0.2 0 02 04 06

x(K)

Figure 4. Evolution of the discrete-time dynamic system (61)—(63), when the initial conditions are
xg = —0.5, yp = —4.5 and the feedback gain (63) is employed.

It is observed in Figure 4 that the feedback term acts moving the iteration from the
set A3; C Ajp, where the self-mapping is expansive, to the set Ay» C Aj, and finally to
A1p C Ay, where the self-mapping is contractive and where it remains. Consequently,
according to Theorem 5, the distance between two consecutive iterations is bounded
and converges to zero asymptotically, as seen in Figure 4 by the length of the arrows.
Furthermore, this system could also be stabilized by applying an impulsive action to the
states so that the controlled system reads:

Xky1 = XkYk (64)
Y1 = — Xkl (65)
x5 =04x;
k k :
{y; — 0.6y, |xkyk| > 1, kis even (66)

where the value x;_ stands for the value of the state prior to the impulse, while x;" represents
the value immediately after the impulse. This case corresponds to the situation when the
states of the system suffer an impulsive change whenever they are out of A, and the
iteration is even. This is not the only impulsive action that could stabilize the system, but it
is certainly one able to do so. Similarly, the effect of feedback, the impulsive action, causes
the self-mapping to become cyclic, changing its image from set A; to A;. The result of
applying this impulsive action is portrayed in Figure 5.
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15 -1 05 O0 05 1 15 2 25
x(K)

Figure 5. Evolution of the discrete-time dynamics system (64)—(66), when the initial conditions are
xp = —0.5, yp = —4.5 and the impulsive action (66) is included in the system.

It is observed in Figure 5 how the impulsive action changes the image of the self-
mapping and moves it from A3z; to A4; and then to Aj; until it ends up in Ajp, where it
remains and the contractivity of the mapping causes the orbit to converge to the origin
(0, 0). Since A3 U Agyg U Ay C A and Ajp C Aj then the monitored mixed cyclic/acyclic
self-mapping T on A1 U Ap U A3 satisfies T(A1) C Aj U A, T(Az) C Ay and T(A3) C As.
It is also observed that the length of the arrows is bounded and converges to zero, as
Theorem 5 predicts. Finally, we may consider the multivalued self-mapping given by:

Xkp1 = /| xykl (67)

Y1 = — | x|k (68)

There are two branches in (67), one corresponding to the positive sign for the square root
and another corresponding to the negative one. Figure 6 displays the evolution of the two
images of the self-mapping when the initial conditions are given by xg = —0.5,y9 = —4.5.
The positive branch is depicted by asterisks in red, while the negative branch is portrayed
with plus symbols.

As Figure 6 shows, the multivalued mapping diverges and the distance between two
successive iterations increases and is not asymptotically bounded. However, if an impulsive
action is added to this system as:

Xep1 = £/ 2y (69)
Y1 = —[ x|y (70)
x; = 0.4x,
k k :
{y; — 0.6y, ’ |xeyk| > 1, kis even (71)
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Figure 6. Evolution of the multi-valued discrete-time dynamic system (67) and (68), when the initial
conditions are xg = —0.5, yo = —4.5. The positive branch is depicted by asterisks in red, while the
negative branch is portrayed in blue plus symbols.

Then, the system stabilizes, as Figure 7 depicts:

3

-4
*
5k Initial condition
6 -
-7 I I
-3 -2 -1 0 1 2

x(K)

Figure 7. Evolution of the multi-valued discrete-time dynamic system (69)—(71), when the initial
conditions are xg = —0.5, yg = —4.5 and the impulsive action (71) is included in the system. The
positive branch is depicted by asterisks in red, while the negative branch is portrayed in blue

plus symbols.

The effect of the impulsive action is to force the image of the mapping to move from
Az} C Aj to Ajp C Aj, where the mapping is contractive. Under these circumstances,
we are in the condition of applying Theorem 5, and the distance between two successive
points reduces and the orbit converges to the origin and the stable equilibrium point of
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the system (0, 0) which is in A,. There is another fixed point, (—1, 1), which is an unstable
equilibrium point.

6. Conclusions

A multivalued self-mapping on the union of a finite number of subsets p(> 2) of a
metric space has been considered. Such a mapping might be of a mixed cyclic and acyclic
nature being able to perform some iterations within each of the subsets before switching to
its right adjacent one when generating orbits. The self-mapping is admitted to be either
locally contractive, non-expansive/non-contractive and even locally expansive for different
combinations of pairs of adjacent subsets. The properties of asymptotic boundedness of the
distances associated with the elements of the orbits are proved under certain conditions
of the global dominance of the contractivity for groups of consecutive iterations of the
self-mapping, each of those groups of non-necessarily fixed size. If the metric space is a
uniformly convex Banach space and the subsets are closed and convex, then some particular
results on the convergence of the sequences of iterates to the best proximity points of the
adjacent subsets are obtained in the absence of eventual local expansivity for switches
between all the pairs of adjacent subsets. An application for the stabilization of a discrete
dynamic system subject to impulsive effects in its dynamics due to finite discontinuity
jumps in its state is also discussed. For that purpose, the iterations being run by the
cyclic/acyclic self-mapping are subject to a monitoring process which is governed by a
switching rule between adjacent subsets of the configuration in order to compensate for
eventual instability of the solution under different system parameterizations and impulsive
controls. Numerical examples were also given and discussed.
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