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Abstract: In this article, we present the fuzzy Adomian decomposition method (ADM) and fuzzy
modified Laplace decomposition method (MLDM) to obtain the solutions of fuzzy fractional Navier—
Stokes equations in a tube under fuzzy fractional derivatives. We have looked at the turbulent flow
of a viscous fluid in a tube, where the velocity field is a function of only one spatial coordinate,
in addition to time being one of the dependent variables. Furthermore, we investigate the fuzzy
Elzaki transform, and the fuzzy Elzaki decomposition method (EDM) applied to solving fuzzy linear-
nonlinear Schrodinger differential equations. The proposed method worked perfectly without any
need for linearization or discretization. Finally, we compared the fuzzy reduced differential transform
method (RDTM) and fuzzy homotopy perturbation method (HPM) to solving fuzzy heat-like and
wave-like equations with variable coefficients. The RDTM and HPM solutions are simpler than other
already existing methods. Several examples are provided to illustrate the methods that have been
offered. The results obtained using the scheme presented here agree well with the analytical solutions
and the numerical results presented elsewhere. These studies are important in the context of the
development of the theory of fuzzy partial differential equations.

Keywords: fuzzy fractional derivatives; ADM; MLDM; EDM; RDTM; HPM; fuzzy Schrodinger
equations; fuzzy heat-like and wave-like equations; fuzzy fractional Navier-Stokes equations
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1. Introduction

The fuzzy differential equations, often known as FDEs, are an important tool for
expanding the number of system models used in physics, engineering, biology, and other
scientific fields; see [1-5]. The concept of FDEs was first presented by Kandel and Byatt [6]
in 1978. The fuzzy FDEs and fuzzy Cauchy problems have been extensively investigated
by Seikkala [7], Kaleva [8,9], Kloeden [10], Ouyang and Wu [11], and other researchers;
Jowers et al. [12], Bede et al. [13], Chen et al. [14], Ding et al. [15], and Song and Wu [16,17].
Bede et al. [18] presented and investigated the notion of strongly generalized differentia-
bility of fuzzy-valued functions, which broadened the class of differentiable fuzzy-valued
functions [19].

Fractional calculus and fractional differential equations naturally arise in a number of
fields, such as diffusion processes, viscoelasticity, electrochemistry, rheology, etc. Fractional
calculus is usually used to replace the time derivative in a given evolution equation with
a fractional derivative. For a general overview and applications of fractional differential
equations in signal processing, as well as in the complex dynamic in biological tissues, the
readers are referred to [20-28] and the references therein.

The ADM [29-31] generates a quick convergent series which may approach the exact
solution. Recently, Wazwaz [32,33], Yan [34], and Zhu [35,36] demonstrated the ADM’s
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efficacy in solving various nonlinear equations via solitary construction. Furthermore,
see [37-41].

The Laplace ADM is an efficient analytical techniques for solving linear-nonlinear
equations [42-45]. This method is devoid of any small or large parameters and has advan-
tages over other approximation techniques such as perturbation [46—48].

Elzaki invented the Elzaki transform (ET) from the classical Fourier integral in [49,50],
and it is used to facilitate the solution of ordinary and partial differential equations (PDEs)
in the time domain. Elzaki Transform is a mathematical method for solving differential
equations, similar to Fourier Transform, Laplace Transform, and Sumudu Transform. Lately,
this method has been considered by various researchers; see [51-54].

In electric circuit analysis, Zhou [55] developed DTM and solved engineering models
principally. It is an iterative procedure that generates an analytic way out in the form
of a polynomial using Taylor series expansions. This approach is addressed thoroughly
in [56-58].

Keskin et al. devised the reduced DTM [59,60] and fractional reduced DTM (FRDTM) [61] to
overcome the complex calculation flaw of DTM. These approaches have proven to be trustworthy
semi-analytical methods, and have been used to estimate numerical solutions to PDEs and
fractional order PDEs. RDTM and FRDTM have significant applications [40,57,62].

The HPM was developed by He [63] and used the homotopy in topology for nonlinear
problems [64]. Various other authors have discussed the HPM. Altaie et al. [65] used the
HPM to develop an approximate analytical solution for the fuzzy PDEs. Ates et al. [66]
studied the application of the HPM to two-point boundary-value problems with a fractional-
order derivative of the Caputo type. Sakar et al. [67] discussed the HPM applied to solve
fractional PDEs with proportional delays. Jameel et al. [68] presented the application of
HPM to solving one-dimensional heat-like and wave-like equations in a fuzzy environment.
Osman et al. [40] investigated the comparison of fuzzy HPM and other methods to get the
solutions of a fuzzy (1 + n)-dimensional Burgers’ equation.

In this paper, we establish the comparison of fuzzy ADM and fuzzy modified LDM to
get the solutions of fuzzy time-fractional Navier-Stokes equations in a tube. The nonlinear
fuzzy time-fractional Navier-Stokes equations have no general solutions. Relatively, few
circumstances can solve the problem exactly, assuming/given a simple fluid condition
and flow pattern. We consider the unsteady flow of a viscous fluid in a tube where the
velocity field is a function of just one space coordinate. Moreover, we studied the fuzzy
EDM to give the exact solution for the fuzzy linear and nonlinear Schrodinger differential
equations. The Schrodinger equations are often used in several more areas of physics
and engineering science, such as optics, plasma physics, quantum mechanics, and others.
Finally, we study the fuzzy RDTM and fuzzy HPM to solve fuzzy heat-like and wave-
like equations with variable coefficients. These techniques are flexible and can solve the
underlined problems without having to calculate complicated Adomian polynomials or
make unrealistic assumptions about nonlinear behavior.

This work is organized as follows: In Section 2, we review some fundamental defini-
tions, and the theorems that will be used are presented. In Section 3, we propose fuzzy
fractional Navier-Stokes equations utilizing fuzzy ADM and modified LDM. In Section 4,
we investigate the fuzzy EDM for solving the fuzzy linear-nonlinear Schrodinger differen-
tial equation. In Section 5, we apply the fuzzy RDTM and HPM to deduce the solutions of
fuzzy heat-like and wave-like equations. Finally, conclusions are given in Section 6.

2. Basic Concepts

In this section, the most fundamental notations utilized in this article are presented
as follows:

The set of all real numbers is denoted by the letter R, and the set of all fuzzy numbers
that are contained within R is denoted by the letter El. A fuzzy number is a mapping
@ : R — [0,1] that possesses the following qualities [18]:

1.  @isnormal, i.e., there exists ¥y € R with @(¢p) = 1;
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2. wstands for a convex fuzzy set (i.e., W(ayp + (1 — a)¢p) > min{@w(¢), @(¢)}, foralla €

0.1],¢,¢ € R);

W is semicontinuous on R;

4. supp@ = {¢ € R|@(y) > 0} is the support of the @; in addition, its closure cl(supp @)
is compact.

w

The o-level set of a fuzzy number @ (i) € E! denoted by [@(¢)], is given as:

{p eRl@(p) >0} o€ (0,1],

cl(supp @(y)) c=0. )

[@(9)]e = {

Definition 1 ([69]). For arbitrary fuzzy numbers ®,* € E', @ = |w,,W,|, % = [1,,Ts), the
quantity D(w, T) = SUP,c(o1] max{|w, — T,|, |Ws — Ts|} is the distance between @ and T, and
the following properties also hold:

(E', D) is a complete metric space,

D(@®dtdqd) =D@, 1)V, 1,4 € EL

(W t,§oé) <D(@,4§)+D(%,8), Vo, T,4,¢é € E,

(we t,0) <D(@,0)+D(%,0), Vo, T € EY,

((ow e *T) =D, %), Vo, t € EL LR,

Dl ©® @, by ® D) = |l1 — £o|D(w,0), v € B!, and ¢4, 4, € R, with ¢1 - £, > 0.

D
D
D

AN S

Now, we state the definition of the Hukuhara difference from [20]. Let @ and T € E!.
A Hukuhara difference is defined by the set i such that @ ©y ¥ = i & @ = ¥ ® fi. The
H-difference is unique, but it does not always exist (a necessary condition for @ ©p T to
exist is that @ contains a translate {c} & T of 7).

Definition 2 ([20]). The gH-difference between two fuzzy numbers @ and * € E' is defined by
the following setting:
)w=7Tdh,

e . @)
or (i) T =0 @ (—h).

Womt=he {

In terms of the o-level, we get [® ©¢p T, = [min{w, — T, Wy — Ty }, Mmax{w, — T, Wy —

Ty }] and, if the H-difference exists, then © © T = @ ©gy T; the conditions for the existence of
h= WOy T E E! are

h,=w, —t,and hy = W, — T, Vo € [0,1],
Case (i) {‘7 i e 0,1] €)

with h,, increasing, fi, decreasing, h, < fi.

hy, =Wy — Ty and hy = w, — 1, Vo € [0,1],
Case (ii) {‘T 7 7 T 0.1] 4)

with h,, increasing, h, decreasing, h, < fig.

It is simple to demonstrate that both (i) and (ii) are true if and only if fiis a crisp
number. It is probable that the gH-difference between two fuzzy numbers does not exist.
To remedy this flaw, a new distinction between fuzzy numbers is developed [20].

Definition 3 ([18]). Let @(¢,t) : D — E! and (o,t) € D. We say that @ is a strongly
generalized Hukuhara differentiability (or GH-differentiability for short) on (i, t), if there exists
an element g—fl‘ﬂ(%t) € E! such that

(i) forall h > O sufficiently small, 3w (po + h, t) Oy @ (o, t), @(Po, t) O D(Po — h,t) and
the limits (in the metric D)

Do+ t) Sn@(o t) lim (o, t) O (Yo — h,t) _ 0w

hli)r(l).l+ h h—0+ h - w | (%rf) 4

or
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(i)  for all h > O sufficiently small, 3w (o, t) S @ (Yo + h,t), W(Po — h, t) O D (o, t) and

the limits
lim YW t) Su@(yo+ht) . Do —ht) Sud(yo,t) _ 0D "
h—0+ —h h—0+ —h al,b 0,
or
(iti) for all h > 0 sufficiently small, 3w (P + h,t) O @ (Po, t), ®(Po — h,t) O (Yo, t) and
the limits
. W(pot+ht)or®(Yot) . W(Yo—ht) Sy D(pot) 0D
hgrg+ h B hg%l+ —h oy [ty
or
(iv) forall h > 0 sufficiently small, 3w (o, t) S (Yo + h, t), W (o, t) S (Yo — h,t) and
the limits
lim w(¢o,t) Oy w(i,bo +h, t) ~ lim w(l/)(),t) Oy w(l[JQ — h,t) _ a£|(¢ N
h—0+ —h h—0+ h al/J 0

Definition 4 ([20]). Let us assume that @(y,t) : D — E! is a function and that @ (¢, t;0) =
[(w(y,t;0),w(p,t;0)] for each o € [0,1]. Then,
(1) If w is gH-differentiable in the first form (i), then [w(, t;0) and W(y, t; o) are differen-

tiable functions and
ow|  [ow(y,t;o) dw(y,t;o)
{aw} [ op I ]

(2) If w is gH-differentiable in the second form (ii), then [@(y,t;0) and w(y,t;0)] are
differentiable functions and

©)

o

{aw} B [E)w(lp,t;ﬂ) aw(tlﬂ,t;tf)]' )

o ap oy

Definition 5 ([70]). A fuzzy-valued function @ of two variables is a rule that assigns to every
ordered pair of real numbers, (¢, t), in a set D, a unique fuzzy number denoted by w(4,t). The
set I is the domain of @ and its range is the set of values that @ takes on that is {@W(y,t)|(,t) €
D}. The parametric representation of the fuzzy-valued function @ : D — E! is expressed by
w(y, t;0) = [w(y,t;0),@(p,t;0)], forany (p,t) € Dand o € [0,1].

o

Theorem 1 ([71]). Suppose that @ is a fuzzy-valued function on [a, o) represented by o-level set
[w(; ), w(p;0)]. For any fixed o € [0,1], assume w(y; o), and W(y; o) are Riemann integrable
on [a, b] for every b > a, and assume there are two positive functions N () and N (o) such that
fah lw(p; 0)|dp < N (o) and fab [w(; 0)|dp < N (o) for every b > a. Then, @(y) is improper
fuzzy Riemann integrable on [a, co0) and the improper fuuzy Riemann integral is a fuzzy number.
Furthermore, we obtain

/uoo w(; 0)dyp = [/Hoo w(y;o)dyp, /aoo w(p; U)d¢:|_

2.1. Fuzzy Fractional Calculus

We denote C7 [a,b] as a space of all fuzzy-valued functions which are continuous on
[a,b]. In addition, we denote the space of all Lebesgue integrable fuzzy-valued functions
on the bounded interval [a,b] C Rby £ [a,b], refs. [71].
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Definition 6 ([71]). Let f(y) € C*[a,b] N L7 [a,b]. The fuzzy Riemann—Liouville integral of
fuzzy-valued function f is defined as:

g 7 1 v f(bdt o
(IaJrf) (lIJ) - r(%) /a (l,b — t)],%/ lIJ > a, 0<S < 1.

Suppose that the o-level representation of fuzzy-valued function f as f(; o) = [f(y; o), f(;0)],

for 0, < o < 1, then we can indicate the fuzzy Riemann—Liouville integral of fuzzy-valued function f
based on the lower and upper functions as follows:

Definition 7 ([71]). Suppose that f(y) € C* [a,b] N L7 [a,b], and the fuzzy Riemann—Liouville
integral of fuzzy-valued function f is defined as:

(T ) (Wi0) = (T2 ) (W:0), (T ) (g3 0)],

where 0 < ¢ < 1and

3 ;o)d
@D = iy [ B, 0<as

(I;‘i?)(l,b}g) = r(lg) /ulp (i(tgld_tg, 0<o<1.

Definition 8. The Mittag—Leffler function Eg(t) with > 0 is expressed as follows:

Es(h=Y —b >0
= T(Sn+1)

Definition 9 ([71,72]). Let f € C”[a,b] N L” [a, b] be a fuzzy-valued function and 0 < S < 1.
Then, f is said to be Caputo’s gH-differentiable at { when

CD,?f(l,b;(T) = 1,(11_%) /#::(lp— t)—i‘ff/(t;a)dt.

Note that later we indicate Dy f(t; o) using * DS f(t; ).

Theorem 2 ([72]). Suppose that f € C*[a,b] N L7 [a,b], o € (a,b) and 0 < S < 1. Then,
(i) if f is (i)-differentiable fuzzy-valued function, then

(?leo)f(lli;a) — [(CD;“\O)i(v,b;a), (CD%O)?(qz;a)}, 0<o<1,
(i) if f is (ii)-differentiable fuzzy-valued function, then
(505, ) F(ie) = [ (CDyy ) F(wio), (D}, ) f(io)], 0<o <.

3. Analytical Solution of Fuzzy Fractional Navier-Stokes Equation

In this section, we analyze fuzzy time-fractional Navier-Stokes equations via fuzzy
ADM and fuzzy modified LDM as follows:

a%(p, t)
oS

2~ ~
=PdT M@l@M , 0<§\9§1, (7)
Clea P op

with the initial condition

@(p,0) = &(p), ®)
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where P = — %;, ' is a parameter describing the order of the time fractional derivative.
3.1. Fuzzy Adomian Decomposition Method

We consider the following parametric of fuzzy fractional Navier-Stokes Equation (7)
of the form:

dw(p,to) _ dp +T(82w(p,2t;0) 1 9w(p, t;a))’ 9
ot PO dp © op
IW(p, t;0) op Pw(p, t;0) | 19w(p,t;0)
= - — - . 1
at 0p T a2 o ap (10
The time derivative term (9) and (10) takes the fractional derivative form
N3 . 2 . .
9wl 50) Q(Kf\’.t’g) —pyo(FRtio) 1@ b0)) g oy (1)
ot 92 P dp
\s 2= . = .
atd 9?2 p  0p

Employing the process of decomposition, we define (11) and (12) in an operator from

1
Dt w(p, t;0) =P+ T(Ew)w(p, to)+ Eﬁpy(g@ t; 0’)), (13)
1
Dt w(p, t;0) =P+ T(ﬁm,w(p, to) + ;ﬁg@(p, t; U)), (14)
where Dt Ly, and L, symbohze T a - and aa 5, respectively.

The procedure is determined by using the operator J¥, which is the inverse of Df , for
both sides of (13) and (14), we get

w(p, t;o) = Z

1=0

Ms

l Cx Cx 1
T (9,07)( (0)% TR (EWw(p, Lo)+ ;ﬁpw(m t;a)), (15)

QU

m_l olw AN o 1
W(p, t;0) = Z aw (9,0%)( ),+J“P+r}“<ﬁmw(p,t;a)+pﬁpw(ma)). (16)

Presupposing the existence of a series solution for @(p, t;0) = [w(p, t;0),W(p, ;0)],
expressed as

w(p, t;o) = Zw o, t0), (17)

W(p,t;0) = Z W, t0), (18)
n=0
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where @, (p,t;0) = [w, (9, t;0), W (p, t;0)] is obtained recursively. (18) into (15) gives

ad ad alw tl o o ad
Y wilp ;o) =), =5 (0,07) () + PP+ 7] <£W Y w(p,t;0)
n=0 1=0 : n=0
1 [o 0]
+E£W Y w,(p, t;tr)), (19)
n=0
=) B [e9) alw N l’l g & (=) B
an(p,t;a):ZT(p,O )(U)ZT+] P+ Log ) Tulp,t;0)
n=0 =0 . n=0
1 [e¢]
n=0

and we use the recursive relations as

m—1 alw l o
wy(p t50) = ), =7 (9,07) (0 )+, (21)
1=0 :
. 1
wn+1(p/ t; U) = T]\y Eg)pﬂn(@/ t; U) + gﬁpwn(p/ t; U))r n Z O/ (22)
and
. w +) ! s

wﬂ-ﬁ-l(p/t 0) - T]\y

2
/-\

1
LooWn(p,t;0)+ Eﬁp@n(p, t; (7)), n > 0. (24)

The components @, (p,t;0), n > 1 can be entirely identified such that each term is
obtained by the prior term. As @ (p, t; o) is given

N 1
wi(p,4:0) = TJ° (,cgmwom t0)+ = Lol a)),

Cx

1
ws(p,t50) = ] (Emawl(@ o)+ Lyt (9 a)),

N 1
ws(,50) = T | Lowtalp, £0) + Lo (o, U)), (25)

& 1
wy(p, t;0) =1]° <ﬁwwn_1(@, o)+ ;ﬁp%_l(m t;U)),
and
_ s — 1.
W (p, t;0) =1]° (L'Wwo([p, o)+ Eﬁpwo(p, t;a)),
_ o _ 1.,
Wy (p, t;0) =T]° (Emm(@ ko) + Eﬁpm(@ t;(f)),
Ws(p, t;0) = Tf‘\‘<

Lo (p, t0) + %E@z(@, t; (7)), (26)

_ N _ 1.,
Wn(p, o) =1] <£anl(p, Lo)+ gﬁpwn,l(p, t;a)).
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The series solution is defined by

e
,-]
~—
[%9)

1
w(p, t;0) =wy(p, t;0) + <Ewwn(@, tio) + Eﬁpwn(p/ t; 0)), (27)

3
Il
—_

ngk
(59

5 1
W(p, t;0) =wo(p, o)+ Y ] <Lg,g,wn(p,t;(r)+pﬁpwn(p,t;a)). (28)

3
Il
—

3.2. Convergence Analysis

We analyze fuzzy ADM convergence for the general fuzzy operator equation

L(w(p,t;0))+R(@(p, t;0)) +N(w(p, t;0)) =§(p o), 0<o<1, (29)

where §(p,t;0) is given in H'. Suppose that T an operator defined by Tw(p,t;0) =
—R@(p, t;0) — NW(p,t;0). We consider the Hilbert space H = 1.?((a, ) x [0, T]) defined by

w(p, t;0): (a,B) x[0,T] — R,

with
/ @, £ 0)dpdt < oo, (30)
(B)x [0.T]

where W(p, ;;0) = [w(p, t;0), w(p, t;0)].

Theorem 3. Let Tw(p,t;0) = —Rw(p,t;0) — Nw(p,t;0) be a semicontinuous (i.e., the re-

striction of (—R — N) to the segments of H is continuous, in H' weak) and satisfies the hypotheses

Hly, Hy as:

«  [H]: (Ta(p t;0) — TE(p, t;0), @(p, t0) = T(p, t0)) = K||@(p,t0) = T(p,50) |2,
K>0,Vw, T e H.

e [Hp|:VM > 0,3 D(M) > 0sothat for |@| < M, ||T|| <M, @, T ¢cH, wehave

VfeH.

Forany §(p,t;0) € H', the fuzzy nonlinear functional Equation (29) admits a unique solution
W(p, t;0) € H. Moreover, if the solution W(p, t;0), it can be assimilated as:

W(p, t;o) =Y Wu(p t;0)h",
n=0

Consequently, the fuzzy ADM diagram corresponding to the functional equation under study
converges strongly to w(gp, t; o) € H, which is the unique solution to the functional equation.

The proof of this theorem is similar to the proof of Theorem 3.3 in [40].

3.3. Fuzzy Modified Laplace Decomposition Method
We consider the fuzzy nonlinear fractional PDEs as follows:

Dw(p,t) & Rl 1) & Nplo(o, 1) = gp,t), t>0, S

where p € R, n—1 < n¥ < n, DS = gn—% and R[p], N[p| denotes the linear and

R4

nonlinear terms in g, respectively, and ¢(p, t;0) = [g(p, t;7),g(p, t; )] denotes continuous
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fuzzy-valued functions. Therefore, through firstly using the Laplace transform for (31),
we obtain

L|PPw(p,t;0)] + LIRIgw(p, t:0) + Nplw(p, 0)] = £[g(p,t0)|, t>0, 32)

£[D13@(p,t;0)| + LIR[pl@(p, t;0) + Npl@(p,t;0)] = LZ(p L)), t>0.  (33)

—

In order to compute the fractional derivative, the differential property of the Laplace
transform must be used

n—1

SO Lw(p, 0)] - Y s" TVl (,0)(0) + LIR[plw(p, o) + Npluw(p, 1)) = £]g(p, )], (34)
1=0
" L[w(p, t;0)) Zs(’” 0T (,0)(0) + LIR[p]w(p, t:0) + Nplw(p, t;0)] = L0, t;0)]. (35)
To simplity,
Llw(p, t;0)] =57 zs“ V! (,0)(0) +s7L[g(p,50)]
- ””E[ [plw(p, t;0) + Nplw(p, t;0)], (36)
Llw(p,t;0)] ’”ZS’“ 0T (,0)(0) +5 LB, 10)]
—S””ﬁ[ [plw(p, t;0) + Nplw(p, t;0)]. (37)

From (36) and (37), we obtain
w(p,t;0) = Gp,1;0) = L7 (s LR[plw(p, o) + Nplw(p, 0)]),  (38)

@(p,t;0) = Glp,t;0) — L7 (s LR plo(p, t0) + Npla(p, )], (39)

in which G(p, t;0) = [G(p,t;7),G(p,t;0)] denotes the term resulting from the source term
and the specified initial conditions. The fuzzy LDM allows for the existence of a solution of

the form
w(p, 5o) = Zw p,L0), (40)
u=0

Nw(p, t;0) = Nw(p,t;0), NO(p,t;0)] is a nonlinear term that can be decomposed as

Nw(p,t;0) (42)

I
agk
PSS
=
2

1
[}

I
hgk

PN
=
2

Nw(p, t;0) (43)

b
o
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where 4, (0) = {Ay (0), Ay (U)} denotes Adomian polynomials with coefficients @, @1, @5,
-+ - Wy, and it can be determined using the following formula:

1 da¢ = *1
Aulo) = i KN.Z" wy(@,f;a)ﬂ ; #=0123 (44)
i=0 o*=0
_ 1 dv ©
Au(0)=y!dﬂ,[(N,Z”lwu(@ft;v)ﬂ , 1=0123,-- (45)
i=0 o*=0

Taking (43) into (38), we obtain

ngk

0

w,(p,t;0) = G(p,t;0) = L7 s7L lR[@] (2%(@, t; 0))

(
4 (i;ioAy(v)> ] ) , (46)
( |

e

I
o

Wu(p,t;0) =G(p, to) — L7

+ (ij)Aﬂa)) ] ) (47)

We obtain the following relationship by equating the terms (46) and (47)

wy(p, t;0) =G(p,t;0),

& 48
wen(or60) = £ (s LRIGw (0.60) + A,@)), wzo,

and

wO(go/ t; U) = g(@, t;U),

= —1(—nS — (49)
i1, 50) = L7 (s LIRIG]D, (9, 50) + Au(0)]), 120,

According to the modified LDM, the fuzzy-valued function G (p, t;0) stated above
should be divided into two pieces, Go(p,t;0) and G1(p, t;0)

G(p, ;o) =Gyl t;0) + G (e, t0), (50)
G(p,t;0) = Go(p, t;0) + Gi(p, t;0). (51)

However, we consider the variations below

wy(p,1;0) = L7 (s LR [plws (o) + 41(0)]), (52)
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and
@o(p,t;0) = Golp, 1 0),
(0, 50) = Gi(p, 50) + L7 (s LIR[plwo(0) + Ao(0)]),
@l i) = L7 (s L[RIpl@ (o) + A1 (), 53)

T 6:0) = L7 (s LIR[p]u(0) + Au(0)])

3.3.1. Convergence Analysis

The series expressed from fuzzy ADM in (40) and (41) rapidly and uniformly converge
to the exact solution of the system. The series of solutions represented by using fuzzy
ADM (40) and (41) is as follows:

n
Wn(p, t;0) = TOu_1(p, 150), Wu_1(p, o) =Y Dc(p, t0), (54)
¢=1
wheren =1,2,3,....

State the convergence conditions of {@, (¢, t; o)} in the following theorem.

Theorem 4. Let ¥ be a Banach space and T : ¥ — ¥ a contraction map and h € (0,1)
be a contractive; then, T has a unique point W(p,t;0) such that T(D(p,t;0) = D(p,t;0))
where W(p,t;0) = (S,1,R). Suppose that Wy(p,t;0) € Fw(p,t;0), where Fg(p,t;0) =
{@' (p,t;0) €Y : |0 (p, t;0) —D(p, t0)| < 6}, then

(i) Wu(p,t;0) € Fy(w(p, t;0)),
(i) limy e @y (@, 5 0) = @W(p, t;0).

Proof. (i) Taking the mathematical induction for n = 1, we obtain
[@o(, £;0) = @(p, t;0)|| = I T(@o(p, t;0)) = T(@(p, 0))|| < hl|@o(p,t;0) —D(p, £0)].
Supposing that a result is true for n — 1, then

@10, t;0) = (. ;)| < K" Hawo(p, t;0) —D(p, ;o)

we obtain

[@n (0, t;0) = @(p, )| = [ T(@n1(p, £;0)) = T(@(p, ;)| < hl|@n(p,t;0) —@(p, 1 0)],

< W@ (p, t;0) — @ (e, t;0)|.
Furthermore,
@o(p, t;0) € Fo(@(g, £;0)),
thus ||@o(p,t;0) — @(p, t0)| < 6, we have
[@n(p, t;0) — (g, £;0)|| < h*||@o(p, t;0) —@(p, 50)|| < B"6 < 6.
This implies that

Wn(p, t;0) € Fy(@W(p, t;0)).



Mathematics 2022, 10, 2295

12 of 49

and lim,_e h" = 0,

(ii) Since ||@n(p, t;0) — W(p, t;0)|| < W'||Do(p, t;0) — D(p, £ 0)|,
we obtain

Jim [ (g, t;0) = @(p,t50)| =0,
then

lim @, (p, t;0) = D(p, t0),

n—oo

which completes the proof. [

3.4. Examples

In this part, we applied the methods for solving fuzzy fractional Navier—Stokes equa-
tion. In the ending, two examples are proposed.

Example 1. Consider the fuzzy time-fractional Navier-Stokes equation below:

a%(p, f) 82w~(p,t) 1 9w(p,t) N
— AN — <
=5 PO a @ 05, 0<9<1, (55)
with the initial condition
ZUN(@,O) = [(1 20—)”/ (5 20.)71] S5 (1 Wz)r (56)

where (n =1,2,3,---).

Case [A]. Fuzzy Adomian decomposition method
Using the FADM, we simply substitute the initial condition (56) into (48), we obtain

wy(p,t;0) = (1420)"[1- g2+ ]°P), (57)

w19 50) = J° <£Mﬁwy(@/ o)+ %%%(@, 2 0)>, p=0, (58)
and

(g, t0) = (5-20)"[1—* + 7P, (59)

Tun(050) = 1 (Lou(0,60) + L0 60)), w20 (@

The first few terms of the decomposition series are defined by

P
wO(@/t;U') = (1+20.)n+ |:1 - p2+r((\+1)t\{|l

w(ort0) = [P (Lpnon60)+ L Louy(oti0))]
= 1+20n+{ r\s-l-l }' 61)
QZ(@/ t}U) = (Eg)pwl( t; (T) + Epwl(p,t 0’)>} =0,

S 1 -
wy,(p o) =] (Ewwy(@ o)+ Eﬁpmy(p, t; 0))} =0,
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and

Wo(p, 50) = (5—20)"+ |1 — p2+ \S+1) 3]

|

wy(p,t;0) = {]"(EWO(@J,UH‘ E@“’O(@rt‘ﬂﬂ
-
(0,

= (5—20)"
o) + F\s—i-l}

(62)
wz(p/t;a) ( ggpw t; 0') + Epw1(p,t 0')):| = ()1

— [ R} w 1 w 0

where p =0,1,2,3,- - -
Thus, we can obtain the solution as follows:

w(p, o) =[(1+20)",(5—-20)" & (1 —*+ M) 0<oc<1

Case [B]. Fuzzy modified Laplace decomposition method
Using the fuzzy Laplace transform in (55) yields

1— ? P 1 1
’C[Q(p’tlaﬂ = (1 +20-)” + |: Sp :| + s—‘,—l + S%£|: KIK)(p/t;a) + pwﬁ)(p/t;a):|/ (63)

_ 1— p? P10 1_
Llw(p, t;0)] = (5-20)" + [ S@ } T & +Sgﬁ[wm(@,t}0) +png(p,t;a)}. (64)

Taking the fuzzy inverse Laplace transform (63) and (64), it follows that

wlp, ) = L+ 20"+ (1= 62) + b + £ (5L (050 + S, (00850 ), (©5)
W(p, o) = (5—20)"+(1—p?) + r(?jl) + L < Sc [ww(p,t o)+ ;wp(p,t (T)]) (66)

Allowing an infinite series solution of the type (40) and (41), and using the technique
above, we obtain

-
&

iwﬂ(@/t;g) = (1420)"+ (1—p?) +

G?ﬁ
_|_

I(S+1)

+£—1( [(Zw 0, t0) +;<

> N = A o Pt
LAl 60)=(6-20"+0-¢)+ gy

Cx © 1
+ L7 s 52 <Zwy(p,t;0)) +<
#=0 pp v

~
L0

wﬂ(@,t;0)> ]) (67)
Y
wy(p,t;0)> ]) (68)
g

=
Lre
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Using the fuzzy fractional LDM, we obtain
wy(p, o) = (1+20)" + (1 #),
PtS g 1
Ql(@/ t,'(T) - m + ! VL wogw(p,t ‘7) + @waJ(@’t (7)
_ n (P * 4)1&
= (14 20) +71"(%+1) ,
Pt3 1l s 1 < (69)
wy(p, t;0) = T(S+1) +L7 s Jﬁ(wlpp(@/t?‘f) + gwm(@r f;‘f))} =0,
: Pt S . 1 : N
Qﬂ(p/tlg) = m‘i‘ﬁ s L QVKJK)(@,t,O’)‘f‘EQ’W,(@/LU) =0,
Vi > 2,
and
Wo(p, o) =(5-20)" + (1 — @2),
— Pt 1| =S p (= : 1 ,
W](@,t}a) = m‘i‘ﬁ S ﬁ wOW,(p,t,U)+Ewop(p,t,(f) ,
(5204 P 43
=(5-20)"+ TG
_ Pt 1 ~ 70
Wy (p, t;0) = m + L™ [ E(wlw(p,t o)+ pwlp(p,t‘ a))} =0, (70)
_ Pt3 1 ~
Vu =2,
we can obtain the solution as follows:
P —4)3
‘(D(p,t,a’):[(lﬁ»ZU)n,(S20’)"]@(1p +(1_,())> OSO'Sl
Example 2. We consider the following fuzzy time-fractional Navier—Stokes equation
P g Y q
Pw(p,t)  *w(pt) 1 _9w(p,t)
)~ = L, 0<3 <, 71
TS w2 T e <3 1)
with the initial condition
w(p,0) = [(1.50 — 0.5)", (1.5 — 0.50)"] © g, (72)

where (n =1,2,3,---).
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Case [A]. Fuzzy Adomian decomposition method
The decomposition series’ first few terms are provided as

wo(p, t0) = (1.50 —0.5)"p,
N 1
w(p,150) = 1* (Losito(o,60) + Lol i)
(1
— _ n — ———
= (1.50 — 0.5) STETT|
N 1
wl0,50) = |1 (Lpwtin (0,850) + L Lmil,80) )|
. 05"-1 23 (73)
= (150 =05\ S a5 1) |/
5 1
w,(p,t;0) = |] Cg)gywy_1(@,t;0)+E£§)Q,4_1(@,t;a)
12x32x---x(2n—3)2
_ _ n
= (1.50 — 0.5) [ i1 TGS+1 |
and
Wo(p,t;0) = (1.5 —0.50)"p,
_ sl — 1.,
@1(,850) = ¥ (Lol 0) + Lyl 10) )
1 3
f— J— n — ——
= (15— 0.50) L“K%+1)/
_ ol 1,
wﬂ@bv)z[V(ﬁwwﬂ@b0%+pﬁwm@®t®)]
15 050" 1 tZS (74)
= (15 =050\ S a5 1) |/
_ sl — 1.,
%Amt0)={](ﬁmﬂ%ﬂ@t0%+pﬁw%ﬂ@t00]
12x32x---x(2n—3)2 3
_ _ n
= (15 050)[ T TS|

Hence, the solution as

w(p, t;0) = (1.50 — 0.5)"

& g TS +1) |
X 12 x 3 x---x (2u—3)2 tH

w(p, t;0) = (1.5—0.50)" ,

O e

when & =1, so

w(p, ;o) =[(1.50 —0.5)", (1.5 - 0.50)"] ® (p +)
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Case [B]. Fuzzy modified Laplace decomposition method
Using the same approach as in the preceding example, we obtain

Y w,(p,t0) = (150 —05)"p
u=0

+ 271 (s‘sﬁ {(i w, (o, t;a)) + 1<i w, (g, t;U)) ] ), (75)
#=0 0P ¥ \n=0 g

Wy (p, t;0) = (1.5-0.50)"p
=0

Lol (S—%E [( - wy(p,t;a)) —i—;(i wy(p,t;a)> ]), (76)
u=0 op u=0 o

the decomposition series’ starting terms are obtained from

I3

wo(p, t;0) = (1.50 —0.5)"p,
0 s 1
wi(p,ti0) = £ 1(s c [wowm 1)+ Sy (o w)D

15
pT(3+1)

7

= (1.50 — 0.5)" [

N 1
wy(p,t;0) = L1 (S‘“E [wlpgﬂ(pr ko) + ;wlp(@, t; U)D

12 29 (77)
j— _ n —_—
= (150 -09)" | ros |
_ g 1
Q‘u(pr to)=L ! <S e [w(y—l)pp(p/ o)+ g@(y—l)p(Pr £ (7):| )/
12x32x---x(2u—3)2
_ _ n
= (1.50 — 0.5) [ T TS <1 |/
and
Wo(p,t0) = (1.5—0.50)"p,
_ 1 g 1_
W (p, ;o)=L 1 (s SL [wow(p, o)+ Ew%(p’ t; a)})
1S
pr— —_ n — ——
= (15— 0.50) TS|
. 1
Wo(p, t;0) = L] (s‘“[ﬂ [wlw(p, to)+ Ewlp(p, t; 0)})
12 25 (78)
— —_ n —_—
= (1.5 - 0.50) STS 1|
= o) =S lm i 1_ .
Wu(p, t;0) = s W(y-1)pp(0t0) + Ew(y—l)p(p/ to)
12x32x - x (2u—3)2
_ _ n
= (1.5 —0.50) l i1 TS 1)
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Thus, the solution of the standard fuzzy Navier-Stokes equation, when & = 1 as:

232 5 .. A2
@, t;0) = [(1.50 — 0.5)", (1.5 — 0.50)" (p—O—Z 73 zﬂ_xl(z" 3) ;) 0<o<1.
p .

4. Fuzzy Linear and Nonlinear Schrodinger Equations

In this section, we propose some theorems of fuzzy Elzaki transform and fuzzy EDM
for solving linear-nonlinear Schrodinger differential equations.

*  Consider the following fuzzy linear Schrodinger equation:
i (P; 1) & Dyy(;) =0, (79)
with the initial condition
@(y;0) = f(y), i=V-1. (80)
¢ Consider the fuzzy nonlinear Schrodinger equation as:
0 (31) & Dy (93 ) S D) (i) =0, p =1, (81)

with the initial condition

@(;0) = f(), (82)
and
i (;) © Dyy (93 1) ® Glw(; 1) Pw(y; t) =0, (83)
with the initial condition
@(;0) = f(), (84)

where { is a constant and @(y;t) is a complex fuzzy-valued function. Equation (79)
discusses the time evolution of a free particle.

4.1. Elzaki Transform

We present the fuzzy Elzaki transform of the fuzzy-valued functions belonging to a
class A, where A = { (t) : 3M, 41, ¢, > O0so that [u(t)| < Me‘tw/',ift € (1) x [O,oo)},
where @(t) is denoted by €[@(t)] = W(7) and defined by the setting:

—7@/ Yo tdt = W(T), T (f,b). (85)

Here are some Elzaki transform properties:
e E{t"} = n'T"+2 n>0,
° @{efat} —
o &{sinat} = mijﬂ’
o e{w(t} =0 egH Tw(0),
o {w(t)} = U ogu Xpzg T (0),

l+uT’
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4.2. Fuzzy Elzaki Adomian Decomposition Method

The nonlinear Schrodinger differential equation is represented by the fuzzy com-
plex valued function @ (¢, t; o) = [w(y, t;0),W(Y, t;0)] of the form

i ;1) © Dy (93 1) & L@ (i D (1) =0, p > 1, i = V-1, (86)

with the initial condition
@(;0) = f(y), (87)

and boundary condition
@(0,£) = §(¢), Dy (0,t) = h(y). (88)

When ¢ = 0 in (86), we obtain

iwt(l[J, t,’U') +Q¢¢(IP, t; 0') = (), (89)
1w (Y, t;0) + Wyy (P, £;0) = 0. (90)

The more general Schrodinger Equation (86), we can define as

wi (P, 50) = iwyy (P, £;0) + il w(y, t;0) PPw(y, t;0), (91)
Wi (Y, t;0) = iWyy (P, t;0) + i@ (P, t;0)|* (Y, t; 0). (92)

Hence, for both sides of (91) and (92), we apply the fuzzy Elzaki transform given
in (85):

€l (, 50)] = € iy (¥, £0)] + €[]y, t0)Pu(y, £0)], ©93)
e[, ;)] = €[y, 50)] + € [ig[@(p, &) T, ) |. (94)

We obtain by combining the differentiation property of the fuzzy Elzaki transform
with the initial condition

~efu(y,t0)] - Tf(§:0) = i€ [wyy(,60)] + L€ [y, o) Pup.pa)],  ©9)

elw(y, o)) = Tf(;0) +iT€|wyy (9, 0) | + e[y, o) P u(y, t0)|,  ©6)
and

~e@(p, 50)] - o) = i€ [y, 50)] + e[y o)y o), ©7)

C[@(p, t0)] = CF(;0) + it€ [Ty, 0)] + igrcf[W(tp, t o) 2w (g, t;a)]. (98)

The following step is to substitute an infinite series for the arbitrary fuzzy-valued
function @(y, t; ).

w(p, ;o) =) w,(¢,t;0), (99)
u=0
Wy, o) = ) Wy, 50), (100)

p=0
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and substitute N (y, t;0) = |@(¢p, t;0) |*°w (¢, t; o) by the series

Nw(y,t;0) = Y Ay(wy,wy,ws,---)(0), (101)
u=0

Nw(p, t;0) = Y Au(Wo, W, W3, - -+ )(0). (102)
u=0

The Adomian polynomials Ay, (@, @1, @y, - - - )’ are determined by the following for-

mula:
A _ 14 fw.(p, t; =0,1,2 103
*H(U)_Vl'dgn Zg l;b ‘T g:0/ n=ul,z4---, ( )
Aoy =+ & ! t =0,1,2 104
H(a) n'dgn Zgwl l/J J) é:0/ n=\ul,z:---. ( )
Substituting (104) into (99), we obtain
¢ li w, (P, f}U)] = T f(p;0) + i€ i Wy, (W, 10) | + iéf&?[i A;,(U)], (105)
u=0 u=0 u=0
¢ li W, (P, 1 (7)] =2 f(p;0) +it¢ i Wy, (P, £0) | + igre[i Ay(a)l, (106)
u=0 u=0 u=0
we obtain
Y @{Qﬂ(lp, f;O’)} = Tzi(lp; o) +it€| ) Qyw(lp, to)| + igrélz A#(J)] ,  (107)
u=0 u=0 u=0
Yo e[, (¢,t;0)] =T f(p;0) +it€| Y Wy, (¥, t0) | +ilT€ l ) Ay(U’)] . (108)
pu=0 u=0 u=0

Applying the general solution of (86), we compare both sides of (107) and (108) and
take the inverse Elzaki transform

0§, 550) = f(§;0),
(9, 450) = i€ vy, (¢, £0)]| +iCe " [re[4o(@)]],
2§, 50) = i€t [vefwy,, (1, £0)]| +ige ! [re[4y (o)),

(9,t;0) = i€ [z€lwy,, (9, 0)]| + e [r€[Ay(0)]],

IS

[S

(S

(109)

S

w,(p,t;0) = et [r€lw,,, (9, t0)]| +iCe T [Te[4,(0)]], n>0,
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and
wo(y, t;0) = f(§30), _
W (p, t;0) =ie? €@, (¥, 10)]| + ige re[Ay(0)]],
@y, t;0) = i€ [vef@n,, (v, t;0)]] +ige ! [re[4 (0)]],
_ L1 __ 1 U | — (110)
(9, 1;0) = i€ €[y, (p, 1;0)]| +iCE [re[Az(a)ﬂ,
Bl 60) = i€ [1€[@,, (9, 1;0)])| +i0€ 7 [te[Au(0)]], n >0,

where f(;0) = [f(y;7), f(p;0)] is the prescribed initial condition, and A, () = [A,(c),

Ay ()] are the Adomian polynomials. The solution is
@, t,0) =Y Wa(¢,t,0). (111)
n=0

4.3. Convergence Analysis

We consider the following fuzzy convergence analysis of fuzzy EADM for the general
fuzzy nonlinear partial differential equations given by

LD, t) + Ro(p,t) + No(y,t) = g, t). (112)

The 2nd order operator is shown by £ = %, the linear operator of order less than £ is
denoted by R, the nonlinear operator is A/, and the source term is denoted by §(¢, t).

Theorem 5. Assume N : H — H a nonlinear operator. H denotes Hilbert space and suppose
w(Y,t,0), an exact solution to (112). Y22, w;(y,t;0), which is obtained by Equation (111)
converges to W(, t;0), if Iy, 0 < vy < 1, such that

[@e1 (9, £ 0) || < Vl@e (g, t;0)|],  forall £ € N'U{0}.

Proof. Define the sequence {5, (), t;0)}%,, where o € [0,1], we have

So(p,t;0) =0,
S1(,;0) = w1 (¢, £;0),
Sa(p, t;0) = @1 (¢, t0) + D2 (9, £ 0), (113)

Su(p,0) = W1 (P, ;0) + Do (P, 0) + -+ Du (P, £50),

and we prove that {5, (¢, t;0) }$°_, is the Cauchy sequence in the Hilbert space, then

[Sn+1(, t:0) = Su(W, ;)| = N@ura (W, O < VD (W, O < P Tua (W, ) < - < 9" H@o(, £0)].
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On the other hand, for Vi, u € N/, n > u, we obtain

1Su (. t50) = Su(y, 0)|| = || (Sn(, t;0) — Sua (9, 7)) + (Su1 (9, £50) — Sua (9, 0))
+o (S mww Sulw,t;0))|
<[[(Sa(,t50) = Sua($50)) + (Su-1 (9, 50) = Su2(, £0))
+- +(y+1(lpt0) Su(w, t;0))||
< "o, :0) | + " o (9, 0) + -+ P oy, t0) |
< (P ) [, )|
= 2 o )]
1o 1005

Hence,

nlggwuén(lp,w) =S, t;0)|=0, 0<o <1,

and i.e., {S,(¢,t;0)}>, is a Cauchy sequence in a Hilbert space, for S € H, the proof
complies. O

Corollary 1. Y57 @, (¢, t; ) converges to the exact solution W(, t;0), if0 < v, <1, n=
1,2,3...

4.4. Examples

In this part, we investigate the fuzzy EDM for solving the fuzzy linear-nonlinear
Schrodinger differential equation.

4.4.1. The Fuzzy Linear Schrodinger Equation

Here are two examples of the fuzzy linear Schrodinger differential equation.

Example 3. We take into account the fuzzy linear Schrodinger differential equation with { = 0
i (Y, t) ® Dyy (9,t) =0, (114)
with the initial condition
@(1h;0) = [(04+ 0.10)", (0.6 — 0.10)"] ® p exp(ilyp), (115)
where p, { are constants, for (n =1,2,3,...).

Taking the fuzzy Elzaki transform to (114), we obtain

(wyy (. 50)], (116)

[@yy (P, 1:0)], (117)

“elu(p, o)) - Ty, 0)(¢) = ie
1

—C@(y, t0)] — Tw(y,0)(0) = i€
and

elw(y, ;)] = Tw(p,0)(7) + i€ wyy (9, 0)), (118)

E[@(y, t;0)] = T2W(,0)(0) + iT€[@Wpy (3, t;0)]. (119)
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From the initial condition (115), we obtain
Elw(p, t;0)] = (0.4 +0.10)"t2p exp(ilyp) + iT€ [@W,(lp, t a)} , (120)
¢[@(y, t;0)] = (0.6 — 0.10)"T2p exp(ily) + iTE[Wyy (P, t; )] (121)

According to the inverse Elzaki transform (120) and (121), we obtain

w(y, t;0) = (04 +0.10)"p exp(ilyp) + €1 [mz [@W(gu, t a)} } (122)
w(y, t;0) = (0.6 — 0.10)"pexp(ily) + € [it€ [@Wyy (¥, t;0)]]. (123)

Adopting the infinite series solution of the unknown fuzzy-valued function @ (i, t; o)
and comparing both sides of (122) and (123) in the manner indicated above, we obtain

{%(IIJ, t;o) = (044 0.10)" pexp(ily)

w1 (9, 50) = i [refuw,, (,60)]], 0 >0, (12

and

{wo(gb, t;0) = (0.6 —0.10)"pexp(ily)
(125)

W1 (P, t;0) = i€ [re[mw(lp, t; a)]}, n>0,
@ (1, t;¢’) components are provided by
wo(, t;0) = (044 0.10)" pexp(ily),
w (9, 4;0) = i€~ [v€lwy,, (9, 10)]],
= i€ [~(04+0.10)" 4> expify)]
=—(04+ 0.10)”yi€2texp(i£1p),
w,(y,;0) = i~ €y, (9, 50)]],

= i1~ (0.4 + 0.10)"pl4* exp(ielp)}

(126)
_ n —PL exp(ily)
- (0-4 + 0'10') T,

W, 1 (9, 450) = i€ [ve[w,,, (¥, 5:0)]],
= i€ [ ~(04+0.10)"pf" 27" exp(ify)

_p€n+2tn+1 exp(lfl/))

— n
= (0.4 +0.10) -

7
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and
Wo(y, £;0) = (0.6 — 0.10)"pexp(ily),
Wy (Y, 0) = i€ :Tes[wow(lp, t cr)]},
= ie 1 [—(0.6 — 0.10)" u’7? exp(iﬂlp)}
= —(0.6 — 0.10)"pil*t exp (ily),
Doy, t;0) = i€ [vef@n,, (v, t0)]],
= i€ [~(06 — 0.10)" ut*t* explityp)]

—(0.6 — 0.10")" ul*t? exp (ilp)
2! ’

(127)

Typor (9, £0) = ic™! [T@[wnw(lp, t a)]},
ie1 [—(0.6 — 0.10)" et exp(ift[))}
—(0.6 — 0.10)"ul" 2"+ exp (ilp)

n! ’

Thus, we can obtain the exact solution as:
w (P, t;0) =[(0440.10)", (0.6 — 0.10)"] © pexp(il(p — £t)), 0<o<1.
Example 4. We take into account the fuzzy linear Schrodinger differential equation with { = 0
i (Y, t) © Dyy (9,t) =0, (128)
with the initial condition
@(,0) = [(0.1+0.10)", (0.3 —0.10)"] ® cosh(3y), (129)
where (n =1,2,3,...).

According to (128) with the initial condition (129), we obtain

wo (1, t;0) = (0.1+40.10)" cosh(3y)
1 (130)
W, (9, 150) = i€ [v€lw,,, (p L)), n >0,
and
Wo (P, t;0) = (0.6 — 0.10)" cosh(3y)
_ R S (131)
Wy (Y, t0) = i€ [T@[wnw(tp, t; a)]}, n>0.
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The first few components of @ (¢, ;o) = [w(y, t;0),W(Y, t;0)] are
wo (i, t;0) = (0.140.10)" cosh(3y)
wy(y,;0) = i€~ [v€lwy,, (9, 1:0)],
= (0.140.10)" [i(’f’l [913 cosh(31p)H
= (0.4 +0.10)"[9i cosh(3p)]
wy(y, t;0) = i€ [velwy,, (9, 1:0)]], (132)
= (0.1+0.10)" [i@’l [81ir4 cosh(31/;)“
= (0.1+0.10)" [i}# Cosh(31p)]
and
@o(y,t;0) = (0.3 — 0.10")" cosh(31p)
wy(y, t;0) = i€ [re[wow(lp, t a)ﬂ,
= (03 —0.10)" [z‘e—l [9r3 cosh(31/;)”
= (0.3 = 0.10)"[9i cosh(3y)]
Wo(y, t0) = e {T@[@lw(lp, t a)ﬂ, (133)

= (03— 0.10)" [ie " [81it* cosh(3y)

= (03—-0.10)" [—E;tz Cosh(3l/1)]

Thus, when using the above iterations, we can obtain the exact solution as:

w(p,t;0) = [(0.140.10)", (0.3 — 0.10)"] ® cosh(3y) exp(9it), 0<oc <1.

4.4.2. The Fuzzy Nonlinear Schrodinger Equation

In this part, we show two examples of the fuzzy nonlinear Schrodinger differential
equation.

Example 5. We take into account the fuzzy nonlinear Schrodinger differential equation with
{=—-2and p =1as:

i (1p, 1) ® Wyy (P, 1) O 2 © [ (3, 1) © (9, t) =0, (134)
with the initial condition
w(y,0) =[(1+20)", (5—20)"] @ exp(iy), (135)

where (n =1,2,3,...).
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Applying the fuzzy Elzaki transform to (134) with the initial condition (135), we obtain

wo (P, t;0) = (1420)" +exp(iy),
- L (136)
W1 (1, 50) = i€ [r€lw,,, (9,60)]] 2 el A, @)]], 120,
and
Wo(y, t;0) = (5—20)" + exp(iyp),
_ T o (137)
Wy (Y, H0) = i€ [T@[wnw(tp,tm)]} —2i¢  [1€[A,(0)]], n>0,

where A, (¢) and A, () are the Adomian polynomials to be determined from the nonlin-
ear term

(9, t50) Pw(y, ;o) = w(y, t;0)*T(y, t;0), (138)
(¢, ;0)fw(p, t;0) = D(p, £0)*D(p, £;0), (139)

Nuw(y,t;0) =
Nw(yp, t;0) =

w
|w

where @W(y,t;0) and @W(y, t;0) are the conjugate of @(¢,t;0), and few terms using the
formulas in (103) and (104), we obtain

Ag(0) = wi(¢, £ 0)T (9, £;0),
Ay (0) = 2wy (9, £ 0)wy (W, £ )@ (W, 5 0) + wi (9, £ 0) @y (¢, £0),
Ap(0) = 2wy (, £ 0)wy (P, £0) Ty (P, £0) + wi (P, 50Ty (P, £0), (140)

+ 2w (9, t; 0wy (P, £ 0)Ty (Y, £;0) + wh(p, £ 0) Ty (9, £0),

and

Ao(0) = @59, t;0)W0 (9, £0),

Ay (o) = 2w (, t;0)@1 (, 50)W0 (9, £0) + W5 (p, 0)W1 (W, 0),

Ay (o) = 2@o (9, £ )@ (W, £ ) @0 (Y, ;0) + W71 (9, £ 0)Wo (P, £ 0), (141)
+ 20 (, £ 0)@1 (Y, 50) 01 (9, £0) + T3, 0)W2 (9, 0),
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The few components are
wo (9, £;0) = (1420)" + exp(iy)
wy (9, 0) = i€~ [€fuy,, (9, 10)]] —2ie [re[Ag(0)],
= (1+20)" + i€~ [P exp(ip)]
—2i¢~ 13 exp(ilp)]}
= —(1+420)" —3Bitexp(iyp),
wy (4, t;0) = i€ [re@l oo (W (7)]] —2i¢ T[4 (0)]], (142)
= (1+20)" + [ie~" [3it exp(iy)
—2ie ! [-3it* expli)]

9¢2 exp(it,b)}

:—(1+2a)"—[ N

and

Wo(p, ;o) = (5 —20)" + exp(ip)
Wy (p, t;0) =i¢ ! [re[wow(w, 7 a)]} —2ie! [r€[Ag(0)]],

= (5—20)" + i€~ [P exp(iy)]|
~2ie [ exp(iy)]|
= (5—20)" —3itexp(iyp),
Wy (, t;0) = i€~ [T@[wlw('ab/ t;U)]] —2i¢" [te[A(0)]], (143)
= (5-20)" + |ie " [3iT* expliy)]
—2ie ! [~3it* exp(iy)]]

= (5-20)" — [9#‘?’;1'9(”/’)}

Thus, we can obtain the exact solution as:
w(yp,t;0) =[(1+20)",(5—-20)"@exp(i(p—3t)), 0<c<1
Example 6. Consider the fuzzy nonlinear Schrodinger differential equation with { =2 and p =1
i (P, 1) ® Dyy (P, 1) D20 |[@(p, t)|> @ @(y,t) =0, (144)
with the initial condition
w(,0) = [(1+20)", (5 —20)"] ® exp(iyp), (145)

where (n =1,2,3,...).
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According to (144) and the initial condition, (145) yields

wy(p,t;0) = (1+20)" + exp(iy),
1 o (146)
W1 (,50) = i€ [1€[w,, (9, ;0)])| +2i€ 7 [1€[4,(0)]], n >0,
and
Wo (i, t;0) = (5—20)" +exp(iy),
Wy (Y, H0) = i€ [T@[wnw(tp, t;a)]} +2i¢ " [t€[A,(0)]], n>0,

where A, (¢) and A, (o) are the Adomian polynomials to be determined from the nonlinear
term given in Equations (140) and (141). Consequently, we express the few components as:

wo (i, 50) = (1+20)" + expitp)
wi (¢, t;0) =i€~ {T@[wow Y, 5o ]} +2i¢ Hre[Ay(0)]],
= (1+20)" + i€ [P exp(iy)] + 2i€ [ exp )]
= (14 20)" +itexp(iyp),
wy (9, t;0) = i€~ [velwy,, (9, 1;0)]] +2i€ 7! [re[ 4 (0)],

(148)
= (1+20)" + [1(’3 374 exp(iy)]
+2ie it exp(iy) }
(142007~ [ eXP(“/J)},
and
Wo (P, t;0) = (5—20)" + exp(iy)
Wy (P, t;0) = i€~ {T@[WOW Y, to ]} +2i¢ 7 [re[Ay(0)]],
= (5 20)" + i€ [P exp(iy)] + 2i€ [T exp (i)
= (5-20)" +itexp(ip),
W, t0) = i€ [ce [, (p, £0)]] + 2 [re[A, (0)], )

=(5-20)"+ [zQE [z T eXP(ll/J)]
e et exp()]

= (5-20y" - [FoRB],

Thus, we can obtain the exact solution as follows:

w(p, ;o) =[(1+20)",(5—-20)" Gexp(i(p+1t)), 0<oc<1.
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In the preceding instances, Figure 1 demonstrates that the left-hand functions of the
o-level set of @ (w lower) are always increasing functions of ¢ and the right-hand functions
of the o-level set of @ (w upper) are always decreasing functions of ¢.

1
0.9 + %
0.8 + *
07 + *
0.6 + *
0.5 + *
0.4 + *
0.3 + *
0.2 + *
0.1 + *
0
20 25 30 35 40 45 50 55
(@)
1
0.9 + o*
08f + *
orp + *
06 + *
05+ *
0.4+ *
0.3 f+ *
0.2k *
01t *
0 100 200 300 400 500 600 700
(0)

*

] 500 1000 1500 2000

(d)

2500

3000 3500

Figure1. (a) Ex(4.1) p =3,p=1,4=2,t =4, n = 2; (b) Ex (4.2) = 30,t = 0.0001, n = 3; (c) Ex
(4.3) p = 0.0002,t = 0.01, n = 4; (d) Ex (4.4) p = 0.0002,t = 0.01, n = 5.

5. Fuzzy Heat-like and Wave-like Equations with Variable Coefficients

W D @1(P, P, 1) OWyy © @2, P, 1) © Dpgp © P3(P, P, 1) © Wyy =0,

Wi ® 01, ¢, 1) ODyy © O2(Y, ¢, 1) © Dy D 3(p, P, 17) © Dyy =0,
193(4]r¢r77) Z O/

In this section, we apply the fuzzy RDTM and HPM to obtain the fuzzy solutions
of heat-like and wave-like equations with variable coefficients as follows:

Consider the fuzzy heat-like equation of the form

(PZ(lP’ (P/ ;7) > 0/

@3(¥, ¢,11) >0,

with the initial condition

e1(¢, ¢, 1) >0,

(1, ¢,1,0) = ¢a(, ¢, 7).

Consider the fuzzy wave-like equation of the form

%2(¥, ¢,1) =0,

with the initial condition

(1, ¢,1,0) = 49, 4, 77),

O (¥, ¢,m) >0,

@1 (g, ¢,1,0) = Bs(9, ¢, 7).

(150)

(151)

(152)

(153)
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5.1. The Fuzzy Reduced Differential Transform Method

We consider the fuzzy-valued function of two variables @(, t). Based on the properties
theory of one-dimensional DTM, the fuzzy-valued function @ (¢, ;o) = [w(y, t; ), W(y, t; 7)]
can be represented as:

w(p,t0) =Y Wi(p;0)t, (154)
j=0

(Y, t;0) = iW,( ;o) (155)
j=0

where Wi(y;0) = W, (y; ), W;(¢;0)] is called t-dimensional spectrum fuzzy-valued
function of @W(y, t;0).

Definition 10. If a fuzzy-valued function @(, t;0) is analytic and differentiated continuously
with respect to time t and space  in the domain of interest, then let

wipo) = L[ L a0 (156)
Wiy, =i {aﬂw , 'U]t_o'

— 1[92

Wio) = 5[ Sotvno)] 17

where the t-dimensional spectrum fuzzy-valued function @;(; o) is the transformed function.

Definition 11. The fuzzy differential inverse transform of @;(y; o) is defined as:

w(p,t0) =Y Wi(p;0)t, (158)
j=0

(Y, o) =Y W(g;0)t. (159)
j=0

t y w(y,t; t, 160
w(y.t0) ; [aﬂ wly U)L—o (160)
(Y, t;0) = fl[a <¢tv>} H. (161)

Next, using the aforementioned definitions, we can find that the concept of fuzzy
RDTM is derived from the expansion of the power series. To illustrate the basic concepts of
fuzzy RDTM, we consider the following fuzzy nonlinear PDE written in the operator form

Lo(p,t) ®RO(P, t) DND(P, t) = (W, 1), (162)
with the initial condition

@(y,0) = f(y), (163)
where £ = %, R is a linear operator which has fuzzy partial derivatives, Nao(yp,t;0) =
Nw(yp, t;0), Nw(p, t;0)] is a fuzzy nonlinear operator and §(¢, £; ) = [g(¢, £;0),5(¢, t;0)]
is an fuzzy inhomogeneous term. Applying the fuzzy RDTM, we obtain

G+ D)W (p;0) = Gi(;0) — RW;(;0) — NW;(¢;0), (164)
G+ DWia(p;0) = Gj(p;0) = RW;(¢;0) = NW;(¢; 0), (165)
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where @;(y; 0), R@j(y; o), Nw;(ip; ), and Gj(; o) are the fuzzy transformations of the
fuzzy-valued functions L@ (¢, t), Rw(¢p,t), N@(,t) and §(¢, t), respectively. According
to the initial condition (163), we obtain

Wo(¢;0) = f(;0), (166)
Wo(p;0) = f(y;0). (167)

From (167) into (164) and by straightforward iterative calculation, we obtain the
following W;(y; o), W;(¢; o) values. Moreover, the fuzzy inverse transformation of the set

of values [@ i (W; 0)] o 8ives the n-terms approximation solution as:

w, (9, 50) = Y W (5 0), (168)
j=0
T, ;0) = fW (93008 (169)

.
I |

Thus, the exact solution of the problem is given by

w(y, ;o) = lim w,(y,£0), (170)
Wy, t;0) = lim W (¢, £0). (171)

Next, the basic mathematical operations performed by RDTM proposed in [60,61]
as follows:

1 Tfw(y,t), then W(p) = jl,[%w(¢,t)]

=0

2. I f(y,t) = w(y,t) £ (9, 1), then Fi(y) = Wi(¢) £ T;(¢).
3. Iff(y,t) = cw(y,t), then Fi(y) = cW;(¢), where ¢ is a constant.
) 1,j=0,
4 TEf(pt) = gre, then () = 9o m), () { e
5. I/(91) = g, then () = P () |
6. If f(,t) = w(y, )T(,t), then F(p) = Lo We () Tj—r () = Lpg Wr(9) i+ ().
7. () = Gt then E(9) = (1+1) -+ G+ )W (9) = CPW (),
8. If(pt)= ai (1), then Fi(p) = Z5W;(y).

5.2. The Fuzzy Homotopy Perturbation Method

Consider the fuzzy nonlinear differential equation as:
A@) = flp), pe¥, (172)

where f(p,0) = [f (o, o), f(p,0)] € E', we define:

1. A(®) a fuzzy differential operator, which means A(@) and A(@) are differential
operator,

2. A(@)(c) = f(p,0) and A(@)(c) = f(p,0), forany o € [0,1],
under the boundary condition

) =0, peay, (173)
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where B stand for boundary operator and 0¥ stand for boundary of the domain ¥. The
fuzzy operator A can be divided into two parts £ and N, where L is a linear operator
while N is a nonlinear operator. Moreover, Equation (172) can be rewritten as follows:

L(w) +N(w) — f(p;0)
L(@) + N (@) - f(p;0)

0, (174)
0. (175)

By the fuzzy homotopy technique, we construct a homotopy:
T(p,p;0) : ¥ x [0,1] — R, which satisfies
H(z(0),p) = (1= p)[L(x(0)) = L(wy())] + p[A(z(0)) = f(p,0)], }
(176)

H(z(o),p) = L(x(0)) — L(wy(0)) + pL(wy(0)) + pN (z(0)) — f(p,0)],

or

H(T(0),p) = L(T(0)) = L(@o(0)) + pL(@0(0)) + pN (T(0)) = f(p,0)],

where p € ¥, and p € [0,1] is an embedding parameter, Wy(c) = [wy(0), Wo(0)] is
the initial approximation to (172), which satisfies the boundary conditions. According
to (176) and (177), we have

H(T(0),p) = (1 p)[L(T(0)) — L([@o(0))] + p[A(T(0)) = f(,0)], }
(177)

H(z(0),0) = [L(z(0)) — L(wy(c))] =0, a78)
H(z(0),1) = [A(z(0)) - f(p,0)] =0,
and
{H(T(U)IO) = [£(T(0)) — L(@o(c))] =0, 179)
H(T(0),1) = [A(T(0)) — f(p,0)] =0,

and the changing process of p from zero to unity isjust that T(p, p; o) = [t(p, p;0), T(p, p, 0)]

from @y (g, ) = [wy(p, ), W(p, )] to W(p,0) = [w(ep, U),@(p, 0)]. In topology, this is
called deformation, £(7)(¢) and Az(c) — f(p,0), AT(0)— f(gp,0), are called Homotopy.

The Homotopy parameter p is used as an expanding parameter by the fuzzy HPM to obtain

(o) = ) pl'r,(0), (180)
u=0
(o) = Y pTu(0) (181)
u=0
Finally, on setting p = 1, this results in the formal solution
w(o) = lim (o) = Eozy (o), (182)
w(o) =limT(0) = ) Tu(0) (183)

p—1

1
o
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5.2.1. Fuzzy Heat-like Equations

We take into consideration the parametric fuzzy heat-like Equation (150) with
the form

Wy + 1(P, 1) Wyy + 92(, ,17)Wgy + @3(1p, ¢, 1) w0y, =0, (184)
@t + @1(, ¢, 1) Wyy + 2(, ¢, 1) Vg + @3(, ¢, 17)Wyy = 0. (185)

Using the fuzzy HPM, construct the homotopy ¥ x [0,1] — R which satisfies

wi(0) = Eor (¢, ¢, 11;0) + pEor (. ¢, 17;0) +p (<P1 (b, 1)wyy

+02(,9,1)0gp + 93($,9, )10, ) =0, (186)
Wi (0) — Zot (Y, ¢, 17;0) + PEor (¥, ¢, 1;0) + p(@1(, ¢, 1) Wy
+02(, ¢, 1)TWpgp + @3(1p, ¢, 7)Wyy) =0, (187)

and the initial approximation Zq(¢, ¢,7;0) = @(¢, $,1,0)(c) = G4(¥, ¢, ;7). Suppose
that the solution to (184) and (185) can be represented as:

0(0) + pry () + pPwa (o) + ..., (188)
o(0) + pw1 (o) + p*wa (o) + ... .. (189)

Substituting (189) into (186), and equating the terms of the same power of p, we obtain

PO wor(0) — Eor (9,9, 1;0) = 0,80 (9,4, 1;,0) = @, (9, ¢,1150),

p' w1 (0) + @1( @, 1) Wopy () + @2(1, &, 1) W (7) + 93(1, @, 1) g, ()

+ Eor (¥, ¢, 11;0) =0, wy (9, ¢,7,0)(07) =0,

PP w0 (0) + 1P, @, 1)W1y (0) + @2(, @, 1)W1 (0) + @3(, @, 7)1, (0) = O,
wy (¢, ¢,1;0) =0,

and

Wot (o) — Zot (W, ¢, 1;0) = 0,Bo(, ¢, 11;0) = 94 (4, 9,15 0),

1t(0) + @1(, @, 1) Woyy () + @2(¥, ¢, 1) Wopg () + @3(, @, 17, 7)Woyy (0)
E(4’4’ o) =0, wi(p,¢,m;0) =0,

26 (0) + @1(P, ¢, 1) W19y (0) + @2(, ¢, 1) W19y (0) + @3(, ¢, 1)W1y () =0,
o) =

Assume @ (Y, ¢, 17;0) = Eo(¢, ¢, 17;0), and solving the above equations results in the
approximate solution

w(o) = lim (wo +w; +w, + -+ +)(0), (190)
w(o) :Jigrgo(@o +w +wy+ ) (0). (191)
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5.2.2. Inhomogeneous Fuzzy Heat-like Equations

Here, the parametric form of the inhomogeneous fuzzy heat-like equation is investigated:

W BY (Y, ¢, 1) ® 91(P, P, 1) © Wyy & @2(, P, 1) © Wyg & 3(, b, 17) © Wyy =0,
p1(p,9m) 20, @20, ,m) 20, @3(,¢,m) = 0. (192)

The parametric form of (192) is

W (0) + X (W, ¢, 17;0) + 91(P, ¢, )Wy (0) + @2(, @, )Wy () + @3(¢, ¢, 1), (0) =0, (193)
Wit (0) + Y (1, ¢, 17;0) + @1(, b, 1) Dyy (@) + @2(1p, &, 1) Ty (@) + @3 (1, §,17)Wyy () = 0. (194)

Applying the fuzzy HPM, we construct the homotopy ¥ x [0,1] — R which satisfies

w,(0) = Bor(, ¢,71;0) + Eor(, 4,7:0) + Y(,9,1:0) + p (@1(, 9, 1)y (0
9208, (7) + 93(, ¢, 1)y (@) ) =0 (195)
@i (0) = Eor (¢, ¢, 1) + pEor (9, 9, 1;0) + Y(,9,m;0) + po1(9, 4> U)www( o)
+92(4, ¢, 1) Wpg (0) + @3(, P, 11)Wyy (0)) = (196)

and the initial approximation E (v, ¢, 17;0) = @ (¢, $,1,0)(0) = s, ¢, 7;0).
Suppose the solution to (192) as
w(o) = wy(0) + pwy (o) + pPwa(0) + .., (197)
W(0) = Wo(o) + pw1(0) + p*wa(c) + . ... (198)

Substituting (198) into (195), and equating the terms of the same power of p, we obtain

P0 woi(0) = Bor (9,9, 1:0) = 0,Eo(, ¢, 1;0) = @, (¥, ¢, 11;0) + X (9, 9,77;0),
Pl wi (W, ¢, 11;0) + Y(,0,77;0) + 91(W, ) 1) Wy (7) + 92, @, 1) W0 ()
+ @3(, ¢, 1) Wy (0) + Egi (, ¢, 11;,0) =0,

wy (¢, ¢,1,0)(c) =0,

P* o w (9,0, 1:0) + X (0,0, 11;0) + 91(8, ¢, 1) Wiy (0) + 2P, @, 1) w14 ()

+ @3(¢, ¢, 1)y, (o) =0,
w, (, ¢,17;0) =0,

and

p° @or () — Zor (9,9, 1;0) = 0,E0(, ¢, 1;0) = 9y (¥, ¢, 11;0) + Y (9, 0,77;0),
P (0, 1:0) + Y (4,0, 1;0) + 91(8, ¢, 1) Toyy (0) + 92, ¢, 1) Wagy (0)
+ 3, ¢, 1) Woyy (@) + Zot (¥, p,1;0) =0,

w1 (i, ¢,1,0)(0) =0,

P2 o (9, 0,1;0) + Y (4, 0, 171,0) + 1(9, ¢, 1)W1y (0) + @2, , 1) W19 (0)
+ @3(¢, ¢, 1)W1y (0) =0,

(¢, ¢,1;0) =0,
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5.2.3. Fuzzy Wave-like Equations

The parametric fuzzy wave-like Equation (152), can be written as follows:

Wy (o) + 01(1p, ¢, ) wyy (0) + 02 (W, ) wpe () + 03(¢, ¢, 17)w,, (0) =0, (199)
Wt (0) + 01 (W, ¢, 1)y (0) + B2(, ¢, 1) Wy (7) + 03 (9, ¢, 17)Tyy () = 0. (200)

Applying the fuzzy HPM, we construct the homotopy ¥ x [0, 1] — R, which satisfies

Wy (0) — Eoue (§, 9,1, £,0) + oyt (, @11, £;0) + p(01(, 1) wyy (0)

+ 02 (W, d, 11wy (0) + 03(8p, ¢, 1)y, ) (o) = 0, (201)
Wit () — Bore (, ¢, 11, 10) + pZEos (Y, ¢, 1, £0) + p(S1(p, , 17) Wy ()
+02(9, ¢, 1) Wy () + 03(1p, ¢, 1) Wyy) (o) = 0, (202)

and the initial approximation Zq (1, ¢, 17;0) = 04(, ¢, 1;0) + t85(¢, ¢, 17; ). Assume that
the solution to (199) and (200) as
() = wy(0) + pwy () + PPwy(0) + .., (203)
(0) = @o(0) + p@r () + p*Wa(0) + ... (204)

Substituting (204) into (201), and equating the terms of the same power of p, we have

0 wou (0) — Eou (¥, 9, 1;0) = 0,80 (, 0,71, £;0) = 84(, ¢, 11;0) + t95(y, §, 175 0),
Pl w1(0) + 01(9, @, 1) Woyy (0) + 829, , 1) W () + B3 (9, b, 7)woyyy ()

+ Eou (9, ¢, 1, t,0) =0, wy(p, ¢,17,0)(c) =0,

PP o (0) + 81(9, @, 11wy (0) + B2(W, b, 1) Wi (0) + 03(, &, 7)1, () = 0,
wy(, ¢,m;0) =0,

and

p*: Wou(0) — Zoue (9, ¢, 11;0) = 0,Z0(9, ¢, 11, £;0) = 04 (P, ¢, 1;0) + t85(9, ¢, 1;0),
pl Wi (o) + 81(, ¢, 1) Woyy (0) + 02(, @, 17)Wogg () + 03(9, ¢, 17)Woyy (0)

+ Eou (¥, 9,11, ;0) = 0, Wi(y, ¢,1,0)(0) =0,

PP Wone () + B1.(Y, , 1) D1y (0) + B2(Y, , 1)W1 (0) + 3(, ¢, 1)W1y (0) = O,
Wa(y, ¢, 17;0) =0,

Assume @ (P, ¢, 17;0) = Zo(, ¢, 1;0),

w(o) = lim (wo +w; +wp +---)(0), (205)
w(o) :r}ijlgo(wo + w1 +w2+"')(17). (206)

The convergence analysis theory of the fuzzy HPM; see (Osman et al. [40]).

5.3. Examples

In this part, we present the exact solutions to the fuzzy heat-like and wave-like
equations with variable coefficients discussed by Osman et al. [39] to assess the efficiency
of the fuzzy RDTM and HPM.
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Example 7. Consider the following one-dimensional fuzzy heat-like equation with variable coeffi-

cients in the form [39]
2

(P, t) Sgr % © Wyy (1, t) =0, (207)

subject to the initial condition )
@(,0) = k" © ¢2. (208)

Above k" € E', n = 1,2,3, ..., fuzzy number is defined by

%(25 +1), se[-051]
Ks)=93-25  se@13], (209)
0 s ¢ [—05,15],
and [K"])(0) = (=05 + 1.50)", [k"] () = (1.5 — 0.50')".
Case [A]. Fuzzy reduced differential transform method
Using the fuzzy RDTM to (207) yields
. ¢* 9
i+ DW e (p50) = 2 alpzfj(w; o), @10)
1/12
(j+1) ]+1(¢ o) = > alpZW](lp;U)' (211)
From the initial condition (208), we obtain
Wo(y; ) = (1.50 — 0.5)"¢?, (212)
Wo(y; ) = (1.5 — 0.50)"¢>. (213)
Substituting (213) into (210), we obtain
1.50 —0.5)"
W (g0) = (150 —05)"¢2, Wy(yo) = T2 0y
Wi(p;0) = 7(1 50 —05) yr, (214)
_ — 1.5 —-0.50)"
W (yi0) = (15 05a>"¢2, Wa(po) = L5050y
Wi (p;0) = sz, (215)
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Applying the fuzzy inverse transformation of the set of values [wj(tp,- 0’)];;0 gives

n-terms approximation solutions as

= [Wo( ;0) + Wi(,0)t + Wo (5 0) 8 + Wa (i 0) 8 + - - ]
(

2
1.50—0.5)"[<1+t+2!+3!+...)¢2],

= [70( /U) +Wl(¢r0)t+W2(lP/0-)t2 +W3(17b10-)t3 + - ']/
=(1.5-050)"|(1 EP 2
= (1.5 —0.50) SRR LA
Thus, we can obtain the exact solution as:
@(y,t;0) = [(1L50 — 0.5)", (15 — 0.50)"] & (exp(t)¢2>, 0<o<1.

Case [B]. Fuzzy Homotopy perturbation method
Using the fuzzy HPM, we can construct the homotopy ¥ x [0, 1] — R which satisfies

2

wi (P, t;0) — Zor + pEos — p (ﬁwww(wf t; U)) =0, (216)
2

Wi (Y, t;0) — Eor + pEor — p (lgwlpz/z(lIJ, £ U)) =0, (217)

and the initial approximation Zy (¢, t;0) = @(y; o) () = [(1.50 — 0.5)", (1.5 — 0.50)"] © 2,
where (n=1,2,3,...). Let the solution of (207) be represented as follows:

w(0) = (wy+wip+wop? +---) (0),
(218)

w(o) = (@0 +W1p + Wap® 4 - ) (o).
Substituting (218) into (216), and equations the terms of the same power of p

P’ wo (i, t0) — Egr(0) = 0,8 (9, t;0) = (1.50 — 0.5)"¢?,

2

Pl 3Q1t(1/]/ t; J) - %M)W(IIJ/ t; U) - EOt(U) = O/Ql(lpl £ U) = O/
2

PP wy (Y, t0) — %ww(w, to) =0,w,(y,t;0) =0

and

p° o (¢, t;0) — Bo(0) = 0,Z9(¢, t;0) = (1.5 — 0.50)"¢?,
2

P (9, 50) — Loy (1, 1:0) ~ o) = 0,1 (9, 5:0) =0,
2

P2 Ty (), £5) — %wlw(lp, t0) = 0, (9, £:0) = 0
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power of p as

37 of 49
By choosing @y (), t; o) = E¢(¢, t; ), and the solving the mentioned equations, we get

wy (P, t;0) = (1.50 — 0.5)"ty?,

t2
wy(p, t;0) = (1.50 — 0.5) (
W (¢, t;0) = (1.5 — 0.50)"typ?,

" 2!1/;2),...

2
W (9, ;0) = (1.5 — 0.50) (

t

n 2

ol P ), .
Therefore, the exact solution of (207) is obtained as:

@(p,t;0) = [(1.50 — 0.5)", (1.5 — 0.50)"] © (exp(t)¢2), 0<o<l.
Example 8. Consider the two-dimensional fuzzy heat-like equation with variable coefficients in the
form [39]
with the initial condition

1
We(, ¢, ) Ogn §(<P2 © Wyy & P* © Wyp) = 0,

(219)
wheren = 1,2,3,...

(9, $,0) = [(1420)", (5 — 20)"] Ogr ¢,

(220)
Case [A]. Fuzzy reduced differential transform method
Taking the fuzzy RDTM to (219) yields

2 82 2 82
2|¥ ay2 +¢ W}W]‘(lp, ¢;0),
i 1 92 2
(G+DWia(p,¢;0) = 5 {4,2 2

992 +¢ W} Wiy, ¢;0),
Taking the initial conditions (220), we have

(G+DW; (o) = 1{4’

(221)

(222)
Wo (. ¢i0) = (1+20)" — ¢?, (223)

Wo(y, ¢;0) = (5—20)" — ¢*.
Substituting (224) into (221), we obtain

(224)
Wi (g, ¢;0) = (1420)" =92, Wy(¢p,¢;0) = (1+20)

n_l 2
and

: 2 (225)
Ws(y, p0) = (1+20)" = S9®, - Wy(y,¢;0) = (1420)" = 147, -
— — 1
Wi, ¢;0) = (5-20)" =42, Wa(p,$,0) = (5-20)" = 5:¢%,
— 1 — 1
Wa(,¢;0) = (5-20)" = 2197, Wa(p¢;0) = (5-20)" = ;9% -+

(226)
According to the fuzzy inverse transformation of the set of values, [@ i, ¢; )] o 8ives
n-terms approximation solutions as:

n

L
t3
w, (4,6, 5:0) = (14 20)" — [(H
B, b, £0) = (5 — 20)" — Kt+ £
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Thus, the exact solution can be obtained as:
w(Y, ¢, t;0) = [(1+20)",(5—-20)"] O¢n (1/)2 sinh t + ¢? cosh t), 0<c<1

Case [B]. Fuzzy Homotopy perturbation method
Similarly, using the fuzzy HPM to (219) yields

po : Qot(#]’ (PI t; 0') _E()t(o') = 0,50(1’0, q), t; 0') — (1 + 20-)71 o 472/
2 )
Pl : (wlt(lp/ ¢, to) — %EOW(#)/ ¢, to) — %%W(lp, ¢, t;0) —|—EOt(0')) =0,

wy($,¢,0)(0) =0,

2 4)2 1/)2 5 (2.27)
p: <w2t(lp’ (P’ t’ 0) - 7@11{)([1(4)/ (Pr tl 0) - 7@14}4}(1/]/ (P/ t/ (T)> = 0/
w(9,9,0)(0) =0,
and
P° Wt (9,9, £,0) — Eor(0) = 0,Eo(, ¢, t;0) = (5 —20)" — ¢7,
2 2 B i
p (wlt(lpr ¢, t;0) — %w()wlp(lpr ¢, t0) — %%M(lp, ¢, t;0) + EOt(U)) =0,
@ (9,4,0)(0) =0,
P (wa(le ¢, t;0) — 7W1¢¢(lp, ¢, t;0) — 7w1¢¢(¢r ¢, t; (7)) =0,
w2(¢,9,0)(0) =0,
According to (227) and (228) with the initial approximation @ (v, ¢, t;0) = Eo(¢, ¢, t;0),
we have
2
w (i, ¢, 50) = (1+20)" — 12, w,(, ¢, t;0) = (1 +20)" — % 2
3
wy(, ¢, t;0) = (1+20)" — 3 z..,

PP 50) = (5-20) — 1, Da(pgo) = (5-20)" - £g?
w3 (Y, ¢, t;0) = (5—20)" — ;l/]z....
Therefore, the exact solution can be represented as:
@y, ¢,50) = [(1+20)",(5-20)"] Sgur (y2sinht + 2 cosht), 0<o <1,

Example 9. Consider the three-dimensional inhomogeneous fuzzy heat-like equation with variable
coefficients [39]

~ 1 ~
T (Y, P, t) O Y(P,¢,2) OgH %(1,02 O Dypyp ® P> © Wy ® 717 © Wyy) =0, (229)

with the initial condition
@(y,¢,0) =0, (230)
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where

Y(y,¢,1;0) = (=1,0,1)" © (pgn)*
=[(c-1)",1-0)"® (vpn)*, n=1,2,3,...,0€E, 0<oc<1.

Case [A]. Fuzzy reduced differential transform method
Using the fuzzy RDTM to (229) yields

G+ DW 1 (9, 4 1:0) = 1[282+25’2+ 32] (W 9,1:0)
] S +HINY 1 l/J 81/)2 ()b 84)2 Ui 877 2 lIJ 4) o
N(W ’(lP,4>/77, 7)), (231)
G+ DW i (9, 4 11:0) = 1[282+ 2 & 32] (W 9,150)
] j+1 o l/J 81/)2 ()b 84)2 n 12 ] 1‘/]/4)”7'
N( j(¢’/¢’r77r 7)), (232)

where N (@;(y, ¢,77;0)) is the transformed form of the nonlinear terms.
Taking the initial condition (230), we have

Wo(ip, ¢, 1;0) =0, (233)
Wo(y, ¢,m;0) = 0. (234)

Substituting (234) into (231), we obtain

a ()

Wi (9, ¢,1;0) = (0= 1)"(9gn)',  Waly,9,7;0) = (0 = 1)" 7=,
4
Ws(,9,1i0) = (o~ 1" PEIE . )

(pgm)*

Wi, 0, 1:0) = (1 —0) (o), Walp,g,m0) = (10 P21

~

W (9, mi0) = (1— o) LIS . 236)

. . . ~ n
According to the fuzzy inverse transformation of the set of values, [@;(¢, ¢, 7; U)]j:O
gives n-terms approximation solutions as:

2 3

w,(p,¢,1,t;0) = (0 —1)" {f T+ ;. } (porn)*, (237)
t2 t3

1, 50) = (1= 0" 4 3 5+ oo 38)

The exact solution can be obtained as:
(p,9,1,50) = (0 ~1)", (1~ )" © ((exp(t) ~ D(pgn)!), 0<o<1

Case [B]. Fuzzy Homotopy perturbation method
Using the fuzzy HPM to (229), we obtain

1 ~
wi(,¢,50) — (0= 1)" (Ypy)* — Egr + pZos + p (36(¢2ww + ¢ wpy + ﬂzww)> =0, (239)
@0, 9,150) — (1= )" (pgn)* — -+ 9+ p 35 (g + 67000 + ) ) =0, )

with the initial approximation @(¢, ¢,0)(c) = 0 where (n=1,2,3,...),and 0 € E.
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Substituting (218), (240) and (239), with equating the terms of the same power of p, it

follows that

p° wo, (9, 9,1, 10) — Bos(0) = 0,Eo (¢, ¢, 17, 10) =0,

7wy (Y, 1.t 0)) =0,w,(¢,¢,1;0) =0,

p° wor (9, , 1, t;0) — Eor(0) = 0,Z0(v, ¢, 17, 1;0) =0,

12Dy (99,1, 50) ) = 0,T2(, ¢, 1;0) =,

Therefore, the exact solution is given as:

@y, ¢,1,50) = (0= 1", (1-0)"]© ((exp(t)

1
Pl (9,91, 50) = (0= 1" (9on)* = 52 (W2wopy (0,1, 1:0) + ¢y
10 (. 6,1, 50) ) + Eq(0) = 0,1 (, ¢, 7;0) =0,

1
P w0 (9,1, 50) — (0= 1" (o) = 22 (WPwrgy (., 1,1:0) + w10 (8, 4,17, 150)

~1)(ygn)*), 0<o<1,

(¥, ¢, 1,t;0)

1
Pl (g, t0) — (1= 0)" (o)t — o (9?ogy (4 9,1,1:0) + ¢*Togg (. 9,1, 1:0)
1120y (4,91, ;7)) +Eor(0) = 0, @1 (. 9,7;0) =D,

1
P (9,91, 50) = (1= 0)" (pgn)* = 2 (P Dy (9, 0,1, 6:0) + 9*D1gg(9,9,17,1:0)

Example 10. Consider the one-dimensional fuzzy wave-like equation with variable coefficients

as [39] ,

(1) Sgi o © Wy (p,) =0,

subject to the initial conditions

@(y,0) =[0",2-0)" |0y, @:(p,0)=[0"

wheren=1,2,3,...

Case [A]. Fuzzy reduced differential transform method
Using the fuzzy RDTM to (241) yields

l,’) 92
G+DG+H2)W (o) = 2
92
G40+ 2W;ealpic) = & 2w

From the initial conditions (242), we obtain

Wo(pio) = 0"y, Wi(y;0) = o"y?,

Wo(y;0) = (2-0)"p, Wi(p;o) =

’ (2 - ‘7)”] © lpzl

W;(9;0),

j(W; ).

(2 - o)y

(241)

(242)

(243)

(244)

(245)
(246)
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Substituting (246) into (243), we obtain

W(9;0) =0, Wa(io) = 597 Wa(g;0) =0,

Ws(y;0) ==%%f¢2,~~~, (247)
Wa(p;0) =0, Wi(p;0) = 2 ;!U)n1p2, Wy(p;0) =0,

Applying the fuzzy inverse transformation of the set of values {ZTJ]'(I/J; o) };:O gives
n-terms approximation solutions as:

n £ £ 2
w,(p;0) =0 [1,0+ <t+3!+5!+--~>¢ }
_ B )
wn(lp;U):(Z—U)”[lP—i-(t+?,!+5!+"')¢7 ]
The exact solution is given as:
(P, t0) = [0, (2— )" © (¢+¢2sinht>, 0<o<1.

Case [B]. Fuzzy Homotopy perturbation method
Applying the fuzzy HPM to (241) yields

2

14(9/150) ~ Zan(0) + PEou(0) ~ p( G2y, 10) ) =0, 49)
2

Wi (Y, t0) — Eou(0) + pEou (o) — p (l’;ww(lp, t; a)) =0, (250)

with the initial approximation @(y;0)(c) = [¢", (2 — 0)"] ® (¢ + ty?), where (n = 1, 2,
3,...).
Suppose the solution of (241) can be represented as:

w(o) = (wy+wip+wyp? +- - +w,)(0),
(251)
@(0) = (@0 +Trp+Tap® + -+ ) (0).

Substituting (251) into (249), we have

P": wou (,£50) — Egue(0) = 0,Eg(9, £;0) = o (p + t¢?),
2

Pl sy (P, to) — %Qotplp(ﬂbr o)+ Eou(0) = 0,wy (¢, t;0) =0,
2

PP won (Y, 150) — %Qlw(iﬁf t;o) = 0,w(¢;0) () =0,
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and

p° : Wow (9, £ 0) — B (o) = 0, B0 (9, £;0) = (2 — )" (3 + t9?),
2

p W (Y, to) — %wolptp(lpl t;0) + Zou (o) = 0, @1 (p, t;0) =0,
2

P T t50) — Ly (9, 50) = 0,0(y30)(0) = 0,

and the initial approximation @y (¢, t; ) = Eo (¢, t; o), we obtain

t3 n t5
wi(§t0) = — ¥, w(y, ko) = = ¥,
3 _ A\n
w1 (lIJ, t;O’) &w , wz(qj’ t;O') — %lpz, e

Thus, the exact solution can be obtained as:
oy, to)=1[0",2-0)"06 (l,lJ+1,l)2 sinht), 0<oc<1.

Example 11. Consider the two-dimensional fuzzy wave-like equation with variable coefficients
as [39] .

Wit (P, ¢, 1) St 75 ($* © Dyy & ¢* © W) =0, (252)
with the initial conditions

(1, ¢,0) = [(0.240.20)", (0.6 — 0.20)"] © y*, 253)
@i (,$,0) = [(0.2+0.20)", (0.6 — 0.20)"] © ¢*,
wheren =1,2,3,...

Case [A]. Fuzzy reduced differential transform method
Applying the fuzzy RDTM to (252) yields
1 , 02 5 0°
G410+ 2Wpa(9 9, 50) = 35| ¥ 55+ 55 (Wi o, 60), (259

1 9?2 9?2
{1’[]2 2

G+ DG+ Dl 9,50) = 35 |z + 5 [Wilwom). @59)

From the initial conditions (253), we obtain

Wo(p, ¢, t;0) = (024 020)" %, Wi(p, ¢, t;0) = (0.2 +0.20)"¢*, (256)
Woly, ¢, t;0) = (0.6 —0.20)"v*, Wi(yp,¢,t;0) = (0.6 — 0.20)"¢*. (257)

Substituting (257) into (254), we obtain

0.2 + 0.20)"y* 0.24+0.2
W2(l/)/ 4), f;O’) — #, (4,[ 4), Lo ) %,
n,,4
w4(lp,¢, f;O’) — W’ . (258)
_ n,,4 . _ n 44
Walp, 9, 0) = COD2V g, 10 = 2020

_ _ n,n,4
W4(l[),4),t,'(7) — (06*)1/)/ . (259)
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Applying the fuzzy inverse transformation of the set of values {ZTJ]- (¢, ¢;0) }7=0 gives

n-terms approximation solutions as:
n £ 4 £ 4
W (¢, 150) = (024 020)" |14 S |yl (£ 554+ )9t
_ n 2 4 3 4
W (W, ¢,50) = (0.6 —020) 1+E+~~- P+ t+§+~-~ ¢ |.
The exact solution can be represented as:

@y, ¢, 0) = [(02+020)", (0.6~ 0.20)"] ® (y*cosht + ¢ sinht), 0<o<1.

Case [B]. Fuzzy Homotopy perturbation method
Similarly, using the fuzzy HPM to (252) yields

P’ wou (9, £:0) = Bou () = 0,Eo(9, ¢, ;) = (02 +020)" (3" + tg*),
2 2
plwi(, ¢, 0) - %Qolpzp(ll’r ¢, t;0) — %Qoqup(ll’r ¢,t;0) + Eg(0) =0,
w (. ¢, t;0) =0,
, ¢? ¢? . (260)
P Wy (P, ¢, t0) — Ewllpw(%‘f’/ o) — Ewlqup(ll’r‘l’/ to) =0,

wy (¢, ¢, t;0) =0,

and

P Wou (9, ¢, £;0) — Eor (o) = 0,Zo (1, ¢, ;0) = (0.6 — 0.20)" (p* + tp*),
2 2 B )
Pl (P, ¢ o) — %@Oww(ll)/ ¢, t;0) — %%M)(lﬁf ¢, t;0) + Zou(0) =0,
W1(y, ¢, t;0) =0,
, 92 ¢ . (261)
P W (Y, ¢, t;0) — Ew1¢¢(¢/¢/ o) — Eww«p(l/b‘l’/ o) =0,

W (y, ¢, t;0) =0,

According to (260) and (261) with the initial approximation @y (¢, ¢, t; o) = Zo (¢, ¢, t;0)
=[(0.240.20)", (0.6 — 0.20)"] ® (yp* + tp*), we have

2(02+020)" ,  £3(02+020)" ,

wi (Y, ¢, t;0) = fsb + 3l
(0.2 4+ 0.20)" (02 +0.20)"
Ez(',b/(])/t}a) — %4]4_1_ % 4

and

_ 2(0.6 — 0.20)" 3(0.6 — 0.20)"

_ (0.6 —'0.2(7 n (0.6 —.0.20 n
ZUZ(IIJ, 4)’ t/' U’) — ( 1 ) IIJ4 + ( 5 ) (P4,
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Hence, the exact solution of (252) is given as:
(Y, ¢, 1) = [(02+0.20)", (0.6 — 0.20)"] @ (¢4 cosht + ¢* sinh t), 0<o<l.

Example 12. Consider the three-dimensional fuzzy wave-like equation with variable coefficients in
the form [39]

Dyt St ($* + ¢ +11%) Sgni 5 Ly O Wyy ® P> O Wpp B> O Wyy) =0,  (262)

subject to the initial conditions

@ (¢, ¢,1,0) = [(050)", (1= 050)"], (¢, ¢,1,0) = [(0.50)", (1 - 0.50)" @ (p* + ¢* — 1°), (263)
wheren = 1,2,3, ...

Case [A]. Fuzzy reduced differential transform method
Taking the fuzzy RDTM to (262) yields

) ) 92 9?2 aZ
G+ 1) +2Wiia(,¢,7;0) = 5 [¢28¢2 TR ];(Mm o)
+ N (W (¢, 9,1;0)), (264)
02 02 02
G+ 1)+ 2)Wisa (.9, 7;0) = [¢28¢2+¢28¢2+n 377] Wiy, ¢,1;0)
N (Wi, 9,7;0)). (265)

From the initial conditions (263), we obtain

Wo (¢, ¢,m;0) = (050)", W, (¢,¢,17;0) = (0.50)" + ($* + ¢* — %), (266)
Wo(p, ¢,m;0) = (1—-050)", Wi(p,¢,7;0) = (1—050)" + ($> +¢* — 7). (267)

Substituting (267) into (264), we have

W, g 50) = (050)"+ 51 492 1P)),
W9, g 50) = (050)"+ (3542 492 = 1P)),
Wiy, 9150) = (050" +

1
4!<¢2+¢2+172>>,

and

— 1

Wa(y,¢,7;0) = (1-050)" + (Z!(lpz +¢? +n2)),
— 1

Wa(y,¢,1;0) = (1-050)" + (3!@2 +¢° — 772)),

— 1
Wi, ¢,1;0) = (1-050)" + (4!0/)2 ¢ +17) ),

Using the fuzzy inverse transformation of the set of values {@;(y, ¢, 7;0) }7:0 gives
n-terms approximation solutions as:
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ww@%uw:mam+[0+ tagte )w%w%+< bt )#}

_ 2 18 18 )
wn(lp,(p,q,t;a):(l—O.SU)”—i—[(t+2'+3|—|— )(I,U +¢?) + ( 5 -3t >17}
The exact solution can be obtained as:

@(p, ¢, 1, t0) = [(0.50)", (1 —0.50)"] & ((1/)2 +¢2)et + et — (PP +¢* + 172)), 0<co<l1.

Case [B]. Fuzzy Homotopy perturbation method
Similarly, using the fuzzy HPM to (262) yields

PO wou($,9,1,5:0) — Eou(e) = 0,E(0) = (050)" +t(9? +¢2 — ),
Pl @i, 50) — (8 92— )+ (050)" — 5 (g (9,9, 6:0)

+ 0 Wogp (W, B, 11, 5:0) + 177w, (Y, 6,71, t; 0)) =0, wi(yp,¢,7,t0)=0,
PR (o @, 50) — (2497 — 1) + (050)" = 2 (WPwrgy (9, 9,1, 0)

Wi (0, 0,77, 50) + 177w, (Y, 6,71, ; 0)) =0, wi(p,¢t0)=0,

N~

and

P @on(,91,150) — Eon(0) = 0,E0(, £0) = (1-050)" ++(y? + 97 =),

Pl @i, 60) — (84 67— )+ (1 050)" — 2 (WP Tu (9.9, 6:0)
+ % Togg (. ¢, 1, £:0) + 17Ty (§,,1,0)) =0, (.9, t;0) =0,

P @0, 60) — 8+ 67— )+ (1-050)" — 2 (19,91, 60)

210y (§,9,1,550) + 170 (§,9,1,550) ) =0, D1(9,9,650) =0,

Using the above equations and the initial approximation @ (¥, ¢, t; o) = Eo(, ¢, t;0) =
[(0.50)", (1 —0.50)"] & t(p? + p> — 5*), we have

2002 + 92 + 12 302 4 B2 — 112
w, (¥, ¢,1,t;0) = (050)" + {t (¥ +24!’ tn) | B +3<i!> U )}

4002 4 92 + 12 5002 4 2 — 112
W (9,7, 5:0) = (0.50)" + F (¥ s ), Py o )}
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and

B2 +9?+1%) f3(¢2+¢2—ﬂ2)}
2! 3! ’

t4(¢2+¢2+'72)+t5(¢2+¢2—ﬂ2)}

Wl(lPr(P,U, t,'lT) = (1 _0_50.)71 + |:

w1, 150) = (1- 050"+ [HEES 5

Thus, we can obtain the exact solution as follows:

D, ¢, t:0) = [(050)", (1-050)" & (97 +¢*)e' +nPe ™! = (9 + 97 +77)), 0<o<l.

This section figures are the same as Figures 1 and 2 in Osman et al. [39]; we proposed
these to clarify the solutions.

5.4. Discussion

The comparison between fuzzy RDTM and HPM with the fuzzy ADM, and VIM in [39]
shows that, although the results of these methods when applied to the fuzzy heat-like and
wave-like equations are the same, fuzzy RDTM, like fuzzy HPM, does not require specific
algorithms and complex calculations such as fuzzy ADM or construction of correction
functionals using general Lagrange multipliers in the fuzzy variational iteration method.
Therefore, the fuzzy RDTM and HPM are more readily implemented and promising
approaches to solving fuzzy partial differential equations with variable coefficients.

6. Conclusions

In this article, we successfully compared the fuzzy Adomian decomposition method
(ADM) and fuzzy modified Laplace decomposition method (LDM) to obtain fuzzy frac-
tional Navier—Stokes equations in a tube under fuzzy fractional derivative. The analytical
results were expressed as a power series with easily calculated terms. Furthermore, we
investigated the fuzzy Elzaki decomposition method (EDM) applied to solving fuzzy
linear-nonlinear Schrodinger differential equations. For all four numerical problems in-
vestigated, the technique works wonderfully since the solutions found yield outstanding
exact solutions. Finally, we proposed the comparison of the fuzzy reduced differential
transform method (RDTM) and fuzzy homotopy perturbation method (HPM) to solving
fuzzy heat-like and wave-like equations with variable coefficients. The results demonstrate
that the methods are efficient and reliable, and a comparison of the approaches to other
analytical methods accessible in the literature reveals that, while the results are similar,
RDTM and HPM are more convenient and efficient. All these results demonstrate that the
methods are powerful mathematical tools for solving fuzzy linear and nonlinear partial
differential equations.
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