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Abstract: The combination of two elements in a group structure is an element, while, in a hypergroup,
the combination of two elements is a non-empty set. The use of hypergroups appears mainly in
certain subclasses. For instance, polygroups, which are a special subcategory of hypergroups, are
used in many branches of mathematics and basic sciences. On the other hand, in a multi-fuzzy
set, an element of a universal set may occur more than once with possibly the same or different
membership values. A soft set over a universal set is a mapping from parameters to the family of
subsets of the universal set. If we substitute the set of all fuzzy subsets of the universal set instead of
crisp subsets, then we obtain fuzzy soft sets. Similarly, multi-fuzzy soft sets can be obtained. In this
paper, we combine the multi-fuzzy soft set and polygroup structure, from which we obtain a new
soft structure called the multi-fuzzy soft polygroup. We analyze the relation between multi-fuzzy
soft sets and polygroups. Some algebraic properties of fuzzy soft polygroups and soft polygroups are
extended to multi-fuzzy soft polygroups. Some new operations on a multi-fuzzy soft set are defined.
In addition to this, we investigate normal multi-fuzzy soft polygroups and present some of their
algebraic properties.

Keywords: multi-fuzzy soft set; multi-fuzzy soft polygroup; normal multi-fuzzy soft polygroup

MSC: 20N20; 20N25; 08A72

1. Introduction

The concept of a hyperstructure was first introduced by Marty [1], at the 8th Congress
of Scandinavian Mathematicians in 1934, when he defined hypergroups and started to
analyze their properties. Indeed, the notion of hypergroups is a generalization of groups.
Let H be a non-empty set and o be a function (hyperoperation) from H x H to the family
of non-empty subsets of H. Then, (H, o) is a hypergroup, if o is associative and a o H =
Hoa = H, for all a € H. The hypergroup is a very general structure. Some researchers
considered hypergroups with additional axioms. One of the axioms is the transposition axiom.
This axiom is considered by Prenowitz [2—4], and then Jantosciak introduced the notion of
transposition hypergroups [5]. A transposition hypergroup that has a scalar identity is called
a quasicanonical hypergroup [6,7] or polygroup [8-11]. One can consider the quasicanonical
hypergroups as a generalization of canonical hypergroups, introduced in [12]. Examples of
polygroups, such as double set algebras, Prenowitz algebras, conjugacy class polygroups
and character polygroups, can be found in [11]. This book contains the principal definitions,
illustrated with examples and basic results of the theory. The category of polygroups is a
category between the category of groups and transposition hypergroups; see Figure 1. More
precisely, each group is a polygroup, and each polygroup is a transposition hypergroup.
Recently, in [13], an excellent review of the several types of hypergroups was presented.
Interesting results can be also found in [14]. The theory of algebraic hyperstructures has
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become a well-established branch in algebraic theory and it has extensive applications in
many branches of mathematics and applied sciences; see [15-19].

Polygroups

Transposition
Hypergroups

Figure 1. Each group is a polygroup, each polygroup is a transposition hypergroup, and each
transposition hypergroup is a hypergroup.

The theory of fuzzy sets proposed by Zadeh [20] has achieved great success in many
fields. Many researchers have applied the theory of fuzzy sets to hyperstructures. Firstly,
Zahedi [21] discussed the subject of polygroups and fuzzy subpolygroups, and then
Davvaz [22] presented the fuzzy subhypergroup concept, which is a generalization of
Rosenfeld’s fuzzy subgroup [23]. There are many articles dealing with the link between
fuzzy sets and hyperstructures; see [24-26].

Soft set theory, introduced by Molodtsov [27], has been considered as an effective
mathematical tool for modeling uncertainties. After Molodsov’s work, different appli-
cations of soft sets were investigated in [28,29]. The idea of a fuzzy soft set, which is
more general than fuzzy sets and soft sets, was first introduced by Maji et al. [30], and
the algebraic properties of this concept were examined. Both of these theories have been
applied to algebraic structures and algebraic hyperstructures—for instance, see [31,32].

Sebastian et al. in [33] proposed the concept of the multi-fuzzy set, which is a more
general fuzzy set using ordinary fuzzy sets as building blocks; its membership function
is an ordered sequence of ordinary fuzzy membership functions. Later, Yang et al. [34]
introduced the concept of the multi-fuzzy soft set, which is a combination of the multi-fuzzy
set and soft set, and studied its basic operations. They also introduced the application of
this concept in decision making. In recent years, multi-fuzzy sets have become a subject of
great interest to researchers and have been widely applied to algebraic structures. Some
researchers—for instance, Onasanya and Hoskova-Mayerova [35]—studied the concept of
multi-fuzzy groups, while Hoskova-Mayerova et al. [36] studied fuzzy multi-hypergroups
and also fuzzy multi-polygroups in [37]. Akin [38] studied the concept of multi-fuzzy
soft groups as a generalization of fuzzy soft groups, and Kazanci et al. [39] introduced
a novel soft hyperstructure called the multi-fuzzy soft hyperstructure and investigated
the notion of multi-fuzzy soft hypermodules and some of their structural properties on a
hypermodule.

In a multi-fuzzy set, an element of a universal set U may occur more than once with pos-
sibly the same or different membership values. For example, if U = {x1, x2, x3, X4, X5, X6 },
then the set A = {< x1,(0.3,0.8) >, < x2,(0.5,0.7) >, < x3,(0.1,0.3) >, < x4,(0.5,0.4) >,
< x5,(0.8,0.6) >, < x4,(0.4,0.7) >} is a multi-fuzzy set. A soft set over a universe U is
a mapping F from parameters to P(U). For example, let U = {x1, x2, x3, x4, x5, %6} be a
set of apartments under consideration, and A = {ej, ey, 3,4} be a set of parameters such
that e; = beautiful, e, = expensive, e3 = a good view, and e; = near to the city center.
If F(e1) = {x1,x3}, F(e2) = {x1,x2,x5}, F(ez) = {x4,x¢} and F(es) = {x2, x3, %6}, then
(F, A) is a soft set. If we substitute the set of all fuzzy subsets of U instead of crisp subsets
of U, then we obtain fuzzy soft sets. Similarly, we can define multi-fuzzy soft sets.

In this paper, we combine three separated concepts: polygroups (or quasicanonical
hypergroups), soft sets and multi-fuzzy sets (as a generalization of fuzzy sets). Previously,
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the authors have worked only on the one of these subjects or at most two of them. Indeed,
we combine the multi-fuzzy soft set and polygroup structure, from which we obtain a new
soft structure called the multi-fuzzy soft polygroup. The relation between the generalization
of polygroups is indicated in Figure 2. To facilitate our discussion, we first review some
basic concepts of the soft set, fuzzy soft set, multi-fuzzy set and polygroup in Section 2. In
Section 3, we apply these to the notion of multi-fuzzy soft sets and polygroups and introduce
multi-fuzzy soft polygroups. Then, we study some of their structural characterizations in
Sections 4 and 5. Finally, we give the concept of a normal multi-fuzzy soft polygroup and
discuss some of their structural characteristics. Finally, some conclusions are pointed out in
Section 6.

Polygroups

Fuzzy polygroups

Multi-fuzzy polygroups Soft polygroups

Fuzzy soft polygroups

Multi-fuzzy soft polygroups

Figure 2. The relation between generalizations of polygroups.

2. Preliminaries

In this section, we provide some definitions and results of soft set theory that will help
in understanding the content of the article [27,28,31,32,40]. Let P(U) denote the power set
of U, where U is an initial universe set, E is a set of parameters and A C E.
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Definition 1 ([27]). Let A C Eand F : A — P(U) be a set-valued function. Then, the pair
(F, A) is called a soft set over U. Forall x € A F(x) = {y € U | (x,y) € R} and R stand for an
arbitrary binary relation between an element of A and an element of U—that is, R C A x U. In
fact, a soft set over U is a parameterized family of subsets of the universe U.

Definition 2 ([30,31]). Let A C Eand f : A — FS(U) be a mapping. Then, the pair (f, A) is
called a fuzzy soft set over U, where FS(U) is the collection of all fuzzy subsets of U. That is, for
eacha € A, f(a) is a fuzzy set on U.

Definition 3 ([33]). A multi-fuzzy set (MF-set) A in U is a set of ordered sequences
A={<u, (ui(u)) > uclU,pucFSU),i=1,2,..k} and kis a positive integer.

The function y; = (p; (1)) is said to be the multi membership function of A denoted by MF5,
and k is called dimension of A. The set of all MF-sets of dimension k in U is denoted by MFFS(U).

It is obvious that the one-dimensional MF-set is Zadeh's fuzzy set, and Atanassov’s
intuotionistic fuzzy set is a two-dimensional MF-set with pq (1) + pp(u) < 1.

Definition 4 ([33]). Let KE MFFS(U). IfA={u/(0,0,..,0):u € U}, then A is said to be
the null MF-set, deﬁged by @ IfA={u/(1,1,..,1) : u € U}, then A is said to be the absolute
MF-set, denoted by 1.

Definition 5 ([33]). Let
A={<u (uj(u)) >i=1,2,.,k}and B = {< u, (v;(u)) >:i=1,2,..,k} € MFES(LI).

Then
(i) AC Bifandonly if MF; < MFg, i.e p;(u) < v;j(u)Yu € Uand1 <i < k.
(i) A = Bifand only if MF; = MFg, ie pij(u) = vi(u)Vu € Uand 1 <i < k.
(iii) AUB = {<u, (pj(u)Vvi(u)) >:i=1,2,.. k}. Thatis MF; 5 = MF; VvV MF3.
(iv) ANB={<u,(u(u) Avi(u)) >:i=1,2,.. k}. That is MF5 5 = MFz A MF.

UB
nB

Definition 6 ([34]). Let f : A — MXFS(U). Then, we call a pair (f, A) a multi-fuzzy soft set

(MFS-set) of dimension k over U. That is, for every a € A, f(a) = MFz, € MFKFS(U). Here,

f(a) may be considered a set of a-approximate elements of the multi-fuzzy soft set (f, A) fora € A.

Let A C E. Denote the set of all MFS-sets of dimension k over U by M¥Fg (U, E)

Definition 7 ([34]). Let A,B C Eand (f,A), (g, B) € M*F§(U,E). Then, (f, A) C (g, B) if

and only if A C B and MFf(a) C MFg) foralla € A.

Definition 8 ([34]). Let (f, A) € MFFE (U, E). Then, (f, A) is said to be a null MFS-set, denoted
by @k, ifMFj;(a) = &y foralla € A.

(f, A) is said to be an absolute MFS-set defined by Lij’g if MFg ) = 1y for eacha € A.

Definition 9 ([34]). Let (f, A), (3,B) € MFFS(U, E).

(i)  The A -intersection (f, A)A(g, B) is defined as (h, A x B), where h(a,b) = f(a) N g(b), for
all (a,b) € A x B. N N N

(i) The NV -union (f, A)V(g, B) is defined as (h, A x B), where h(a,b) = f(a) U g(b), for all
(a,b) € AXB.
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(iii) The union (f, A)CI(g, B) is defined as (h, C), where C = AU B and forall c € Ch(c) = f(c)
ifce A—B,h(c)=3(c)ifc € B— Aand h(c) = f(c)Ug(c)ifc € ANB.

Definition 10. Let (f, A), (g, B) € M*F$(U, E).

(i) The restricted intersection of (f, A) and (g, B) is the MFS-set (h,C) with ANB # @
where C = ANB, and forall c € C, I(c) = f(c)Mg(c). The situation is denoted by
(f,A) % (g B) = (h,C). -

(ii)  The extended intersection of (f, A) and (g, B) is the MFS-set (h,C), where C = AU B and
forallc € C, h(c) = f(c)ifce A — B, h(c) = g(c) ifce B—Aand h(c) = f(c) M g(c)
if c € AN B. In this case, we write (f, A) Ny (g, B) = (h,C).

Definition 11. Let H be a non-empty set and let P*(H) be the set of all non-empty subsets of H. A
hyperoperation on H is a map o : H x H — P*(H) and the pair (H, o) is called a hypergroupoid.

Definition 12 ([11,21]). A multi-valued system P =< P,0,e,”' > is called a polygroup where
ecP, “':P—P, o:PxP — P*(P) ifthe following axioms hold for all x,y,z in P.
() xo(yoz)=(xoy)ox,

(ii) xoe=eox=2x,

(iii) x €yozimplisy € xoz landz ey lox

The following elementary properties follow from the axioms:

1 -1 -1

=, (xHl=x and (xoy) t=ylox,

eExoxflﬁxflox, e
where A~ = {a~!|a € A}.

Let P be a polygroup and K a non-empty subset of P; then, K is called a subpoly-
group of Pife € Kand < K,o0,¢,”! > is a polygroup.

A subhypergroup N of a hypergroup is normal if aN = Na [5]. According to [7], a
quasicanonical subhypergroup N of a quasicanonical hypergroup H is called normal if and
only if it is a member of an appreciated quotient system of H by some congruence relation.

Example 1. Suppose that H is a subgroup of a group G. Defineasystem G/ /H =< {HgH | g € G},
x, H,~1 >, where (HgH) ! = Hg"'H and

(Hg1H) * (Hg2H) = {Hg1hg2H | € H}.
The algebra of double cosets G/ / H is a polygroup introduced in (Dresher and Ore [41]).

Example 2. Consider P = {0,1,2,a,b} and define o on P by the following table:.

o| 0 1 2 a b
0]0 1 2 a b
11 {02} {1,2} a b
22 {12} {01} a b
a|a a a {0,1,2,b} {a,b}
b|b b b {a,b}  {0,1,2,a}

Then, P is a canonical hypergroup. Suppose that Sz is the symmetric group on a set with three

elements. We consider
PxS3={(p,x)|pe€Pandx € S5},

with the usual hyperoperation

(p1,x1) © (p2,x2) | p € propzand x = x1 - x2},
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for all (p1,x1), (p2,x2) € P x Ss. Then, P x S5 is a non-commutative polygroup or
quasicanonical hypergroup.

3. Multi-Fuzzy Soft Polygroups

The concept of the MF-set was introduced by Sebastian et al. in [33]. By combining the
MF-set and soft set, Yang et al. introduced the concept of the MFS-set [34]. Both of these
theories have been applied to algebraic structures. At this point, we give a new type of
polygroup named the multi-fuzzy soft polygroup (MFS-polygroup). Since the concepts
of uncertainty and fuzziness can be better expressed with MFS-sets, their applications in
hyperalgebraic structures are extremely important. Thus, in this section, we provide a new
connection between the polygroup structure and MFS-set.

Definition 13. Let P be a polygroup and (f, A) € MFFS(P,E). Then, (f, A) is said to be an
MFS-polygroup of dimension k over P if and only if, foralla € Aand x,y € P,
(i) min{MFy, (x), MFz, ()} < _inf {MFz(2)},
(ii) MFf(a)(x) < MFg, (x~1).
That is, for each a € A, MFf(ﬂ) is a multi-fuzzy subpolygroup.

The first condition requires that the polygroup is closed under multi-fuzzy soft hyperop-
eration o and the second condition is a generalization of the inverse element under o.

To better understand this new algebraic structure, consider the following examples.

Example 3. Let P = {e,a,b, c} be a polygroup with the Cayley table:

o ‘ e a b o

e | e a b c

a | a a {e,a,b,c} c

b | b {eab} b {b,c}

c |c Afac c {e,a,b,c}

Let A = {ey, e, e3} be the set of parameters. N
Consider the MF-set f : A — M3FS(P) defined as follows. f : A — M3FS(P) as follows.

MFf,, = {e/(09,08,07),a/(0.6,0.5,0.6),b/(04,0.1,0.2),¢/(0.4,0.1,02)},
MFy,, = {e/(0.8,05,0.6),a/(07,04,05),b/(06,03,0.1),c/(06,03,01)},
MFf,, = {e/(08,08,07),a/(05,0.6,0.3),b/(03,06,0.2),c/(0.2,0.5,0.1)}.

Then, (f, A) is not an MFS-polygroup of dimension 3 over P since

inf {MFJ;(%)(C)} *? min{MFf(€3)(c),MFf(ga)(b)}.

cEcob

Example 4. Consider the polygroup given in Example 3 and define the MF-set f : A — MPFS(P)
as follows.

MFf,,, = {e/(0.8,0.6,0.7),a/(04,05,0.),b/(03,04,0.2),c/(0.3,04,02)},
MFy,, = {e/(0.8,05,0.6),a/(0.6,04,05),b/(04,03,04),c/(04,03,04)},
MFf,, = {e/(08,08,07),a/(05,0.6,0.3),b/(03,0.6,0.2),c/(0.3,0.6,0.2)}.

Then, foralla € A, MFf(u) is an MF-subpolygroup of P. By Definition 13, (f, A) is an

MEFS-polygroup of dimension 3 over P.
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Example 5. Consider the polygroup given in Example 3 and define the MF-set f : A — M3FS(P)
as follows.

MFf(el) = {e/(0.9,0.8,0.6),4/(0.8,0.7,0.6),b/(0.7,0.6,0.5),c/(0.7,0.6,0.5) },
MFf(ez) = {e/(0.8,0.8,0.6),a/(0.7,0.6,0.5),b/(0.4,0.5,0.2),c/(0.4,0.5,0.2)},
MFf(e3) = {e/(0.6,0.7,0.5),a/(0.5,0.6,0.4),b/(0.4,0.3,0.1),¢/(0.3,0.4,0.1) }.
Then, it is clear to see that MF;, | and MF3, | are MF-subpolygroups of P. However,

fler)
MFf(e3) is not an MF-subpolygroup of Plsincg

fle2)

inf {MFJ;(63)(b)} ? min{MFf(e3)(c)’MFf(e3)(C)} = MFJ;(%)(C).

becoc

By Definition 13 (f, A) is not an MFS-polygroup of dimension 3 over P.

The following example shows that every soft set (F, A) over P can be seen as an
MFS-set of dimension k over P.

Example 6. Let A C E and (F, A) be a soft set over P. Forall a € A, the MF-set Xp(y) : A —
MFKFES(P) defined by

MFEg,

(ﬂ)(b)_{ I, if beF)

O, otherwise
forallb € A. Then, (Xp(q), A) € MFFS(P,E).

Proposition 1. Let (f, A) € MFFZ (P, E). If (f, A) is an MFS-polygroups, then, for all a € A

and x,y € P,
() MPFy) (™) = MFy, (x),
(i1) e@i{r:}fH{MFf(u)(e)} > MFf(u)(x).

Proof. (i) By Definition 13, MFJ;(a)(x) < MFf(u)(x_l) foralla € A and x € P. Moreover,
MF, (x) = MF

7 o) (xH 1< MFz ., (x~1). This completes the proof of (7).

(ii) Suppose that x € P. Since e € xox~! and (f, A) is an MFS-polygroup, then, for all
a € A, we obtain

inf {MFz,(e)} > min{MFﬂa)(x),MF~(a)(x’1)}

ecxox~1 f

O

The relationship between soft polygroups and MFS-polygroups is given in the follow-
ing theorem.

Theorem 1. Let F : A — P*(P) be a soft set over P. Then, (F, A) is a soft polygroup over P if
and only if (Xp(q), A) € MYFZ (P, E) is an MFS-polygroup.

Proof. The proof follows by Example 6. O

In Theorem 2, we show that the restricted intersection and the extended intersection
of two MFS-polygroups are also an MFS-polygroup.
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Theorem 2. Let (f,A),(3,B) € M¥FZ (P, E) be two MFS-polygroups.
(i) (f,A) Ny (g B) € MFFS(P,E) is an MFS-polygroup.
(i) (f,A)Ng (3,B) € MYF2 (P, E) is an MFS-polygroup.

Proof. (i) By Definition 10 (i), let (f, A) Mg (8 B) = (h,C), where C = AN B and for
allc € C, h(c) = f(c)Mg(c). Since (f, A) and (g, B) are MFS-polygroups, we have for
arbitrary c € Cand forall x,y € P

(2)}

MFf(c)(x)
inf {MF;)(2)}

zexoy
MPg(C) (x)

For arbitrary c € C and forall x,y € P,

v

inf {MF;,

(nf {MFg, min{ MFz, (x), MFg (y)},

MFf(c) (x Yand

min{ MFg ) (x), MFg) (¥)},

IN

v

IN

MFg(C) (xfl).

nf IME ()} = inf AMFz g (2)}
= Zg;gy{MF (z) A MFg()(2)}
= Iof, (MFro (@) A ol (MFgo (2))
> mm{MFf(C)(x), f(c( )}Amin{MF~ (x),MFg(C)(y)}
= min{MEz (x), MFgo (¥)} A min{ MFz (), MEg) (1)}
= min{MFz g (¥ >' Friongio W)}
= min{MF; (x), MF;, (4)}.
Moreover,
MEy(x) = MFz)g00) (%)
= m1n{MF~ (x) () (%)}
< m1n{MF~C(x ) )(x_l)}
= MFpg0(x )
= MF,(x7")

Therefore, (f, A) My (g, B) is an MFS-polygroup of dimension k over P.

(ii) According to Definition 10 (ii), we can write (f, A) Mg (3, § B) = (h,C),C = AUB.If
c € A— B, thenh(c) = f(c) is an MF-subpolygroup of P, since (f, A) is an MFS-polygroup
over P; if c € B — A, then Ii(c) = g(c) is an MF- *-subpolygroup of P, since (g, B) is an
MFS-polygroup over P;if c € AN B, then i(c) = f(c) Mg(c) is an MF-subpolygroup of P
by (i). Therefore, (f, A) Mg (g, B) is an MFS-polygroup of dimension k over P. [J

The following corollary follows from Theorem 2.

Corollary 1. Let {(f;, A;) |ie I} € MPYF (P, E) be a family of MFS-polygroups. If Nicj A; #
@. Then,

i) (My)ie (fi A)) € € MFF§ (P, E) is an MFS-polygroup.

(i) (Mg);e (fi A)) € MYFZ (P, E) is an MFS-polygroup.
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The union of two MFS-polygroups is not an MFS-polygroup. In Theorem 3, we provide
a condition for the union to be an MFS-polygroup as well.

Theorem 3. Let (f, A), (3,B) € MFFS(P,E) be two MFS-polygroups. If ANB = @, then
(f,A)0(3,B) € MFFS (P, E) is an MFS-polygroup.

Proof. By Definition 9(iii), we can write (f, A)(I(g,B) = (h,C), where C = A U B. Since
ANB = @, it follows that eitherc € A—Borc € B— Aforallc € C. Ifc € A — B, then
h(c) = f(c) is an MF-subpolygroup of P and if ¢ € B — A, then h(c) = g(c) is an MF-
subpolygroup of P. Therefore, (f, A)U(g, B) is an MFS-polygroup of dimension k over P. [

Theorem 4. Let (f, A), (g, B) € MYFS (P, E) be two MFS-polygroups. Then, (f,A)A(g,B) €
MYF2 (P, E) is an MFS-polygroup.

Proof. By Definition 9(i), let (fA)A(Z,B) = (1, A x B). We know that for alla € A, f(a)
is an MF—subpolygroup of P and for all b € B, g(b) is an MF-subpolygroup of P and so is
h(a,b) = ME; ) = MF]-;( JE(h) forall (a,b) € A x B, because the intersection of two multi-
fuzzy subpolygroups is also an MF-subpolygroup. Hence, (f, A)A (g, B) is an MFS-polygroup
of dimension k over P. [

By Theorems 3 and 4, we obtain the following corollary.

Corollary 2. Let {(f;, A;) |i eI} € MXFS (P, E) be a family of MFS-polygroups.
(i) IfA;NA;=Qforalli,j € Iandi # j, then Uic;(f;, A;) € M*F§ (P, E) is an MFS-polygroup.
(i) Aier(fi, A;) € MFFE(P,E) is an

MFS-polygroup.

The following theorem gives a condition for the V-union of two MFS-polygroups to
be an MFS-polygroup.

Theorem 5. Let (f, A), (3, B) € M*FS(P,E) be two MFS-polygroups. If (f,A) C (3,B) or
(3,B) C (f, A), then (f,A)V(3,B) € MYFS (P, E) is an MFS-polygroup.

Proof. Suppose that (f, A) and (g, B) are MFS-polygroups of dimension k over P. By
Definition 9 (ii), we can write (f, A)V(g,B) = (h,C), where C = A x B, and h(a,b) =
f(a)ug(b) forall (a,b) € C. Since (f, A) and (g, B) are MFS-polygroups of dimension k
over P, we obtain that for all a € A, f(a) is an MF-subpolygroup of P and for all b € B, g(b)
is an MF-subpolygroup of P. By assumption, hi(a,b) = f(a) U g(b) is an MF-subpolygroup
of P for all (a,b) € C. Hence, (f, A)V(g, B) is an MFS-polygroup. [

Definition 14. The sum of two MFS-sets (f, A) and (g, B) of dimension k over P, denoted by
(f,A) @ (3, B), is the MFS-set (I, C), where C = AU B and forall c € C,

B { (c) if c€ A\B
he)={ 3 f ceB\A
f(c)®g(c) if ce ANB
For everyz € P,
(f(c) ®g(c) \/{MF x) AN MFg)(y),x,y € P,z € xoy}.

The next theorem gives a condition for the sum of two MFS-polygroups to be an
MFS-polygroup.
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Theorem 6. Let (f, A), (3, B) € MYFS (P, E) be two MFS-polygroups. If (f,A) & (3,B) =
(3,B) @ (f, A), then (f,A) & (3,B) € M¥FZ (P, E) is an MFS-polygroup.

Proof. The proof is straightforward. [
Definition 15. Let (f, A) € MFFS(P,E). The soft set

(f,A) = {(MF~ ) |a€ A} where (MF;

o), = {x € PIMFS;, (x) > 1},

f(a)

forall t = (t1,ty, ..., tx), t; € (0,1]1 < i < k, is called a t-level soft set of the MFS-set (f, A),
where (MF;, \) is a t-level subset of the MF-set MF7, ..
f@)’ f(a)

The following theorem explores the relation between MFS-polygroups and ¢-level soft sets.
Theorem 7. Let (f, A) € MFFS(P,E). Then, (f, A) is an MFS-polygroup if and only, if for
all a € A and for arbitrary t € (0,1] with (MF~ ) # @, the t-level soft set (f, A), is a soft
polygroup over P in Wanga’s sense [40].

Proof. Let (f,A) € € M*F (P, E) be an MFS-polygroup. Then, for each a € A, MF5,) is an

MF-subpolygroup of P. Suppose that t € (0,1] with (MF ) #Qand x,y € (MFf( )) .
Then, MFf(a)( x) >t MFf(u)(y) > ¢t. Thus,
t< min{MFf( )( x), MFz ( )} < Zér)}gy{MF~ )( z)}.

which implies MFf(u) (z) > tforallz € xoy. Therefore, xoy C (MFf(ﬂ))t’ Moreover, for
€ (MFf(a))t’ we have MFf(a)(x’l) > MFf(a)(x) > t. It follows that x~! € (NMFf(u))t.
we obtain that (MF];@)t is a subpolygroup of P for all a € A. Consequently, (f, A), is a
soft polygroup over P. Conversely, let (f A); be a soft polygroup over P forall t € (0,1].
Let tg = min{MFJ;( (x), MFf (y)} for some x,y € P. Then, obviously, x,y € (M Ff(a))t ;
0

consequently, x oy C (MFf(u))t . Thus,

0

min{MPJ;( (x), MFSf ()=t < zg}gj{MPf()

(2)}-

Now, ty = MFf(a) (x) for some x € P. Since, by the assumption, every non-empty

t-level soft set (f, A), is a soft polygroup over P, x~1 € (MFf,), - Hence, MFz (x71) >
0

tg = MFf(a)(x). As a rNesult, we obtain that MFf(a)

a € A. Consequently, (f, A) is an MFS-polygroup of dimension k over P. []

is an MF-subpolygroup of P for all

4. The Behavior Image and Inverse Image of MFS-Polygroups

Definition 16. A pair (¢, ) is called an MF-soft function from Py to P, where ¢ : Py — P and
Y : Ey — Ej are functions.

Definition 17. Let (f,A) € MYFS(Py, Ey),(8, B) € MFF2(Py, Ep) and (g, ) be an MF- soft
function from Py to P,.
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(i) The image of (f, A) under the MF-soft function (¢, ), denoted by (¢, ¢)(f, A), is the MFS-

set (¢(f), w(A)) such that the MF-set ¢(f)(t) for any t € p(A) is characterized by the
following MF-membership function:

VoV MFz,(x) if Fxe o y)
oW =9 ew=yylo)=t
’ otherwise

forally € Ps.

(ii) The pre-image of (g, B) under the MF-soft function (@, ), denoted by (@, %)~ (g, B), is the
MFS-set (9~ 1(3), ¢~ (B)) such that the MF-set () (a) is characterized by the following
MF-membership function:

ME -1 (3)(a) (¥) = MFg(p(a)) (9(%))

foralla € ~1(B) and x € P;.
If @ and  are injective (surjective), then (¢, ) is said to be injective (surjective).

Definition 18. Let Py, P,, be two polygroups and (¢, ) be an MF-soft function from Py to Py. If ¢
is a strong homomorphism of polygroups, then the pair (¢, ¢) is called an MF-soft homomorphism.
If ¢ is an isomorphism and  is a one-to-one mapping, then (¢,) is said to be an MF-soft
isomorphism.

Theorem 8. Let Py, P; be two polygroups and (¢, ) be an MF-soft homomorphism from Py to
b If(f,A) € MkFSS(Pl,E1) is an MFS-polygroup, then (¢, ¢)(f, A) € MkPSS(Pz, Ey) is an
MEFS-polygroup.

Proof. Letk € ¢(A), u,v € P,. If 9~ (1) = @ or ¢~ !(v) = @, the proof is straightforward.
Assume that there exists x,y € Py, such that ¢(x) = u and ¢(y) = v. Since (f,A) €
MPFFS (Py, Ey) is an MFS-polygroup, it follows that for each a € A

min{ MF ( ), MF ( )} < MF;

7o) 7o) (2)

forallz € xoy. Letz* € uov = ¢@(x oy). We obtain z* = ¢(z). Then, we have

min{ \/ MF~ .V MF~ y <V V MF~

p(x)=u (p(y) v p(x)=u g(y)=0

Hence,

min{ MF o

A
<
=
7
&
S

ey ) ME, 7y (0)}

for all z* € u o v. Then, we have

inf {MF L) ( )} > min{ MF f)()( )MFq)(J;)(t)(v)}

z*¥euov
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Moreover, for all u € P, where ¢(x) = u and x € P;, we have
—1 -1
MEpo@) =V V MFg,()
p(x1)=u"1 y(a)=k

VoV ME, ()

p(x)=u pla)=t

MF, 75 ()

Y

Consequently, (¢, ¥)(f, A) € MFF2(Py, E) is an MFS-polygroup. [

Theorem 9. Let Py, P, be two polygroups and (¢, ) be an MF-soft homomorphism from Py to P,.
If (3,B) € M FS(Py, Ey) is an MFS-polygroup, then (¢~ 1(g), ¥ 1(B)) € M*FS(Py, Ey) is an
MFS-polygroup.

Proof. Leta ¢ ¢‘1(B), x,y € Py. Forallz € x oy, we have

inf {MF,13)0)(2)} = _inf {MFgy))(9(2))}

zexoy zEexoy

min{ MFg(y(a)) (¢(x)), MFg(y(a)) (9(y)) }
= min{MFg15)5) (x), MF(15)(0) ()}

v

Similarly, we obtain MF,-14)(,) (x71) > MF(y-13)(a) (x). Therefore, we conclude that
(¢71(8), v 1(B)) € MFFS(Py, Eq) is an MFS-polygroup. [

5. Normal MFS-Polygroups

In this section, we define normal MFS-polygroups and study some of their basic
properties. We proved that the images of normal MFS-polygroups are the normal MFS-
polygroups under some conditions.

Definition 19. Let (f, A) € MPYF (P, E) be an MFS-polygroup. Then, (f, A) is said to be normal
if and only if

(M ) = it (v,

(&),

foralla € Aand x,y € P.

It is obvious that if (f, A) is a normal MFS-polygroup, then

inf {MF; (z) = inf {MF~ ()},

zExoy f(a) Z/exoy f(a)
foralla € Aand x,y € P.

Theorem 10. Let (f, A) € MPXFS (P, E) be an MFS-polygroup. Then, the following conditions are
equivalent:

(i) (f, A) is a normal MFS-polygroup,
(ii) inf {MF~ ( )}_MF~ ( ), foralla € Aand x,y € P,

z€xoyox~1 f(a)

(iii) inf {MF ( )} >MF ( ), foralla € Aand x,y € P,
z€xoyox~1

(iv) inf {MF ( )}>MF~ ( ), foralla € Aand x,y € P.

f(a)

zeyloxTloyox fla)
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Proof. (i) = (ii): Forany a € A, suppose that x,y € Pandz € xoyox~!. Then,z € x o5,
where s € yox 1. Sinces € yox~!, theny € so (x1)~! = sox. Thus, by hypothesis,
we obtain

inf {MF~ ( )} = inf {MF~ ( )} = MF~(H)(y).

ZEXx0s yEsox f

Thatis, inf {MFf(u)(Z)}:MFf(u)(y)'

z€xoyox~1
(ii) = (iii): The proof is trivial.
(iii) = (iv): For any a € A, suppose that x,y € Pand z € y ! ox" ! oyox. Then,
z €y los, wheres € x loyox. By (iii), we obtain  inf {MFJ;(”) (s)} > MFJ;(”) (y)-

sex~loyox
Since z € y~! o s and letting (f, A) € M¥FS(P) be a MFS-polygroup, then we have

cinf [ {MFy(q)(2)} 2 min{MFz (y ™), MFz (5)} = MEzg ().

That is, zey*lil;floyox{MFf(a)(Z)} > MPJ;(H)(y) foralla € Aand x,y € P.

(iv) = (i): For any a € A, suppose that x,y € Pand u € x 'oyox. Then, u €
xtoyoxCyoy loxtoyox Thus,u € yos , wheres €y~ ox~loyox. By (iv), we

obtain sey*lgclfloyox{MFf(a) (s)} > MFz ., (v). On the other hand,
uler;gs{M fla )( u)} > min{MFJ';(u)(y) MF ( )} = MFf( )(y)

Now, let w € xoyand v € yox. Then,y € vox 'andsow € xoy C xovox L

By the above result, MFJ%) (w) > MFf(a) (v). Similarly, we obtain MFf(a) (v) > MF]’;(a) (w).

Therefore,

inf {MF;, (@)} = _inf {MF;, (0)},

wexoy vEyox
foralla € A and x,y € P. Hence, (f, A) is a normal MFS-polygroup. O

Lemma 1. Let (f, A) € MYFZ (P, E) be an MFS-polygroup. If MFy (x) < MEFy ( ) for all
a€ Aandx,y € P, then
inf {MF (@)} = inf {MFSf(a ()} = MFf(a)(x).

zExoYy z'eyox
Proof. Letx,y € Pand z € x oy. Then,

MFJ;(Q)(Z) > min{MPj;(a)(x),MFf(a) ()} = MFf(a)(x)

foralla € A. Sincez € xoy, thenx € zo y‘l. Thus,
inf {MFz,(x)} > min{MFj,(z), MF; )(yfl) }

f(a
x€zoy~1
= min{MFj;(u)(z),MFf(u)(y)}.

If min{MPJ;(a)(z),MFf(u) (y)} = MFf(a) (y), then MFf(u)(x) > MFf(u) (y), a contra-
diction. Thus, min{MFf(a) (z),MFf(a)(y)} = MFz,, (z). Hence, MFJ;(a)(x) > MFz, (2).
Consequently, zg}gy{MFf(a) (2)} = MPJ;(H)(x) foralla € A and x,y € P. Similarly, we
obtain inf {MFf(ﬂ)(z’)} = MF;

z'eyox

f(ﬂ)(x) foralla€e Aandx,y € P. O
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Theorem 11. Let (f, A) € MYF$ (P, E) be an MFS-polygroup. Then, (f, A) is normal if and
only if

MFf(a)(x) = MFz,, (y) = inf {MFJ;([I)(Z)} = inf {MFf(a) (Z)},

zexoy z’Eyox

foralla € Aand x,y € P.
Proof. The proof of Theorem 11 follows from Lemma 1. O

Theorem 12. Let (f, A) € MYF2(P,E). Then, (f, A) is a normal MFS-polygroup if and only if
each of its non-empty level subsets is a normal soft polygroup over P.

Proof. Let (f, A) € M*F§ (P, E) be a normal MFS-polygroup. By Theorem 7, (MFf(a) )t isa
soft polygroup over P for all 2 € A. Now, we will show that (MFf(u))t is normal. Suppose
thaty € (MFf(ﬂ))t and x € P. Then, we have

inf  {MFz, (2)} = MFg,\(y) > t.

z€xoyox~1

It follows that MF7 (z) > tforallz € xoyox~! Thatis, xoyox™! C (MFf(a)

obtain that (MFf(a))t is a normal subpolygroup of P for all a € A. Consequently, (f, A), is

)t. We

a normal soft polygroup over P. Conversely, let (f, A), be a normal soft polygroup over P
forall t € [0,1]. By Theorem 7, (f, A) € MFF§ (P, E) is an MFS-polygroup. That is, MPf(a)
is an MF-subpolygroup of P for all 2 € A. We will show that MFf(a) is normal. Assume
that x,y € P, ty = MFf(a)

xoyox~lC <MFSf(“))to' Thus, z € (MFf~(a))t0 forall z € x oy o x~ L. Therefore,

(y). Then, MFJ;(H) (y) > to. Since (f, A),, is normal, we have

inf  {MFz,(2)} > to = MF;,y()-

z€xoyox~1

We obtain that MF (a) is a normal MF-subpolygroup of P for all 2 € A. Consequently,
(f,A) is a normal MFS-polygroup. [

Theorem 13. Let (f, A), (3, B) € M¥F (P, E) be two normal MFS-polygroups. Then,
(i) (f, A) Ny (3, B) is a normal MFS-polygroup.

(ii) (f,A)Ng (3, B) is a normal MFS-polygroup.

(iii) If ANB =@, then (f, A) I (g, B) is a normal MFS-polygroup.

(iv) (f, A)A(g,B) is a normal MFS-polygroup.

Theorem 14. Let Py, P, be two polygroups and (¢, ) be a surjective multi-fuzzy soft homomor-
phism from Py to Py. If (f, A) € MFF§(Py, Ey) is a normal MES-polygroup, then (¢, 9)(f, A) €
MkFg (Py, Ep) is a normal MFS-polygroup.

Proof. For each t € (A) and u,v € P, there exists x,y € Py, such that ¢(x) = u and
¢(y) = v. Since (f, A) € M*F2(P, E) is a normal MFS-polygroup, it follows that for each
aeA

MF>

F(a) (y) < MF]?(Q) (z)
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forallz € xoyox L.

Then, we have

Let z* € uovou! = @(xoyox!). We obtain z* = ¢(z).

V ME,w <V V Vo M, ().
(y)=v

¢ p(x)=u g(y)=0v p(x~1)=u"1

Hence,

MF, 7 (©)

IA
<

VoV V' MF,(2)

P(a)=t p(x)=u ¢(y)=v p(x~1)=u"1

=V V ME GG

forall z* € uovou~l. Then, we have

Z*Euiclgiufl{MF(P(f)(t) (Z )} Z MFqJ(f)(t) (U)}

Consequently, (¢, )(f, A) is a normal MFS-polygroup. [J
Theorem 15. Let Py, P> be two polygroups and (¢, ) be an MF-soft homomorphism from Py to P,.
If (3, B) € M*FZ(Py, E») is a normal MFS-polygroup, then (¢~ (%), y~*(B)) € M*FS(Py, Eq)
is a normal MFS-polygroup.

Proof. Leta € ¢ ~'(B), x,y € P. Forallz € xoyox~!, we have

zexir;gx_l{MF((Pfl(g))(u)(Z)} = Zexirylgx_l{Mpg(lp(a))((P(Z))}
> MFgy))(e(y))

MFi1)(0) ¥)-
Therefore, (¢~1(g), »~!(B)) is a normal MFS-polygroup. []

6. Conclusions

In real life, many problems often involve uncertainties that are difficult to describe
and solve with traditional mathematical tools. To investigate these uncertainties, many
researchers have proposed mathematical theory to address the problem of uncertainty.
Currently, mathematical theories dealing with the problem of uncertainty include fuzzy set
theory, soft set theory, multi-fuzzy set theory, probability theory and so on. The purpose
of this paper is to apply the MFS-set theory to algebraic hyperstructures, motivated by
the study of the algebraic structures of MF-sets. We generalized the concept of fuzzy
polygroups and studied the algebraic properties of MFS-sets in polygroup structures. Thus,
this paper provides a new connection between polygroup structures and MFS-sets. We
hope that our work enhances the understanding of MFS-polygroups for future researchers.
To extend this work, one should study the MFS-sets related to various hyperrings, which
can be researched further. A solution to a decision-making problem can be investigated
using a different algorithm in the future as well.
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