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Abstract: We construct the Stancu-type generalization of g-Bernstein operators involving the idea of
Bézier bases depending on the shape parameter —1 < ¢ < 1 and obtain auxiliary lemmas. We discuss
the local approximation results in term of a Lipschitz-type function based on two parameters and a
Lipschitz-type maximal function, as well as other related results for our newly constructed operators.
Moreover, we determine the rate of convergence of our operators by means of Peetre’s K-functional
and corresponding modulus of continuity.
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1. Introduction and Preliminaries

The shortest (and an elegant) proof of the most famous Weierstrass approximation
theorem was given by the mathematician S. N. Bernstein, who invented the sequence of
positive linear operators { B, },,>1 (see [1]). Bernstein, in his investigation, showed that
for any continuous function ¥ on [0, 1], written in symbols as ¥ € CJ[0,1], is uniformly
approximated by B,. Thus, for w € [0, 1], the famous Bernstein operators are given by

B (¥;w) = é‘l’ (i) by e (w),

where m € N (the set of positive integers) and the Bernstein polynomials by, (1) of the
degree of the most m are defined by

by (W) = (Zl)we(l —w)" ! (t=0,1,---,m; we [0,1])

and

by (w) =0 (£ <0 or £>m).

It is very easy to verify the recursive relation for the Bernstein polynomials b, ,(w),
given by
by, p(w) = (1= w)by—1,0(w) + Wby 1,01 (w).
First, the operators By, (h; 1) in the sense of g-calculus were introduced by Lupas [2],
in which the approximation and shape-preserving properties were investigated, while one
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more form of the g-analogue of By, (I; 1) was given by Phillips [3]. The rate of convergence
was discussed by Heping and Meng [4] and Dogrti et al. [5] for the g-Bernstein and g-Lupas-
Stancu operators, respectively. Nowak [6] and Mahmudov and Sabancigil [7] defined and
studied the g-Bernstein operators with the view of g-differences and in the Kantorovich
sense, respectively.

Mathematicians developed g-calculus as a novel and productive link between mathe-
matics and physics. Here, we use some basic tools of g-calculus (see [8]).

Consider g € (0,1] and an integer T > 0. The g-integer “denoted as [7] g is defined as

(7], = 11 _qq for the value of g # 1 and [7], = 7 for g = 1. The formula for the g-factorial
“[7],!” is defined as [7],! = 1 for T = 0 and [t] ! = [7] [t — 1], ---[1], for the value of
!
T=12,---. For 0 <s <, the g-binomial coefficient ! = L, and
s 1y [r —s]g! [s]g!
r_ [ Q4D +g0)--(U+g0) (r=12)
(1+T)q_{1 (1’:0).

The formula for the g-Jackson of the improper integral is given by

[ e = a-g) T 5(%) % ke R0}

meN

The classical g-Jackson integral formula ([8,9]) for 0 where U € R is given by

[ fwige =ua -9 ¥ fug)e,

s=0

while the more general form of the above for [U, V] is

/uvf(w)dqw = /va(w)dqw — /Ouf(w)d w

In recent times, there have been many authors who constructed the Bernstein-type
operators by use of various parameters, such as a-Bernstein operators [10], which were
linear and positive for a € [0,1] and their modifications in the sense of Kantorovich [11],
Schurer [12], Kantorovich-Stancu [13], Durrmeyer [14], Lupas-Durrmeyer [15], g-Bernstein—
Stancu[16], and Kantorovich-type g-Bernstein operators [17,18] and the references therein.
Recently, a-Baskakov operators and their Kantorovich and Kantorovich-Stancu variants
were discussed in [19-21], respectively.

Cai et al. [22] defined and systematically studied the Bernstein kind operators by tak-
ing into their consideration Bézier bases associated with the shape parameter —1 < ¢ <1,
which were introduced by Ye et al. [23] and called {-Bernstein operators, in addition to their
Kantorovic and Schurer variants (see [24,25]). In 2019, Srivastava et al. [26] defined the
Stancu-type modification of the aforementioned operators and the studied direct approxi-
mation, uniform convergence, Voronovskaja-type theorems, rate of convergence and some
other approximation results. Inspired by these studies, Cai again, together with Zhou and
Li [27] (see also [28]), presented a modification of {-Bernstein operators by taking g-calculus
into account by simply writing the (, 9)-Bernstein operators as follows. Let w € [0,1],
g€ (0,1], =1 < <1,and m > 2. Then, for any function ¥ € CJ0, 1], the ({, g)-Bernstein
operators are defined by

By (¥ Zémzwq/@ (Hq) ¢))
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In this case, the Bézier bases associated with the - and g-integers are given by

Cmo(w;q,0) = Xmo(w;q) — MirlXHm,l (w; q),

Cme(W;q,8) = Xme(w; q) + @(W?{Hm,é(w;ﬂ

q
—W?{lw,eJrl(wW))f (1<f<m—1)
q

G (W;9,8) = Xmm(w;q) — [m}qil)mm,m(w;q)f

where .
Xm,z(w;ﬁl):[ } H (1-gw).

The authors of [29] presented another generalization of B, ;¢ (¥; w) (i.e., the Chlodowsky-
type (g, q)-Bernstein-Stancu operators) and investigated their approximation properties.
The Kantorovich variant of B, ;¢ (¥;w) [30] has been recently defined as

[Z+1]q

K (F50) = [14 ]y Y- Eme(wiq, g~ [ 17 (00t @
(=0 [1+m]q

Lemma 1 ([27]). Let e;(w) = w', i = 0,1,2. Then, the operators Biq,¢ are defined by Equation
(1) and satisfy By, ;¢ (1;w) = 1 and the following equalities:

o = oo D B o)
+”M (1 - sﬁ)(l —g'w) — " = (14 m]gw(l - wm)>
+[m]§—1{2[1 + mlgw?(1—w" 1) - 21+ m];[grzf — M)
+Ly[i}q (1 - ﬁ)(l —q'w) — w’”“) };
Buag(f) = ws Sl L (gm0
B [m21£<[+]n]1€1> (w(l[;];um) + g2+ Q)P (1— w1
+¢°[m — 1]qw’(1 - me))
_M ([1 + m]gw?(1—w" 1) — 1+ m];[v;(]lq —w™)
L1- H?z()(lq[_mim _ gmtl >
+Mfﬁl){q[m — 1,11 + ml (1 — w"2)

(-9 + m]gw?(1 — w™ 1)
q
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[+ mgw(l—w™)  1-[T"(1 - g*w) — w"*]
T, 2, }

2. Construction of Operators and Basic Estimations

We introduce the following linear positive operators, determine their moments and
central moments, and study the uniform convergence of our operators.

Suppose p and v are non-negative parameters such that 0 < y < v, and suppose
that g € (0,1] where —1 < ¢ < 1. Then, for ¥ € C[0, 1], we define the Stancu variant of
King,z(F;w) (or, for example, by the Stancu-type (, q)-Bernstein-Kantorovich operator) by

m [(+1])g+p

’ — [14+m]g+v
Sz (Liw) = ([1+m]q+v);)€m,e(w;q,é>q ! / e (Hdgt (we01]). )

=l [T+mlg+v

Lemma 2. For e;(w) = w', i = 0,1,2, the operators 551’25 defined by Equation (3) satisfy

5%],(:(1 ;w) = 1 and the following equalities:

o = il

- n;?%m_]fw (F + gt =)

+M (1 - Slm—[o(l —gw) — 0" — 1+ myw(1— wm))

R

o (L0 o gy
ST = o[+

G (P =+ 1)
- [mﬁii;ng]fgu (w(l[n;]:)m) +q(2+q)w? (1 —w" )

+q3[m - 1]qw3(1 — wm2)>

{ [1+m]yw(l —w™)

([1 + m]qwz(l —w" ) —

~q(mly(1+ [mly) q[mlq
1= 1250 — ') — 0
i b, )
20 . il w3(1 — w2
+[m]q([m]%—1){q[ 1]‘1[1+ ]q (1 )
(= g1+ mlgeR(1— o)
q
[1+mlgw(l—w™) 1-TT,(1 - g°w) —w" ! H
‘lz[m]q qz[m]q
2qg+1  3p2], [m]y (14 m];lw(l —w™)
*( 3, "B, )([1+m]q+v>2 [“’* [y (fraly — 1)
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21+ mygw (1 - A w’”l)>

(m)2 —1 -
+M <1 : fgu —'w) =" = [ mlgw(1 - w’”>)
+[m]§_1{2[1 +mlyw?(1— ") — 2[1+ m];[%il —
+q[2m]q (1 - ﬁ)(l —q'w) - wm“) }]
+<3u2 +[3}3qy+1> . +m1]q+v)2'

Proof. Here, we will use Lemma 1 and the equalities [¢ + 1]; = g° + [{];, and [¢ + 1], =
1+ g[/];. Then, from the g-Jackson integral, we have

[/+l]q+;¢ [(+1])g+p [lg+u
[1+mq+l t‘Bd _ [1+m]g+v t'Bd P [1+mlg+v t'Bd t
[(g+u ‘7 0 0 q
[I+mlg+v

1_ - m
- @ +(m]q J‘Z)V)ﬁ“ <([€+ﬂq+‘u)/3+l_([Z]q+y)ﬁ+l) mgoq (1+8)

Therefore, the following is true:

0

[+1]g+p [m+1]g+v for p=0;
mq v I M .
[[1]J;+Z+ tPdgt = ([m+1]q+v)2<m‘7+ 2, ) for p=1; @
[T+mlg+v ’ )
" (g2 (21, 3ul2, 32 +3u+1 B
([erl]quV)S ([Z]q + ( Bl + 3, )Mq + 3, ) for B =2.

Thus, in the light of Equation (4), the operators in Equation (3) give us

[[+1]q+]4

Siac@iw) = (@l 0) Y b, O~ [l dg,
=0 [1+m]g+v
— 3 . —t q'
= ([1+m]q+V);J§m,z(qu/C)q Tt m, v
Bm,q,é(l;w)
1.
Now, the following is true:
m [f“]tﬁﬂ
Sia(t) = (L4 mly+0) . Enwia 1 /[ [;3’;2” tdgt,
= 1+mlg+v
_ 1 n ] 2u+1
= Ty L mewa ) (1 2 )
B [m]q [Z]q
= emo L0 (o)
1
TRl mly +v) Zémqu'g)
_ [m]g ) 1 '
Ty 00T G P ()
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Finally, the following is true:

[f+1]q+]4

Suag(5w) = ([t mly+v) 1 Gns (@0, )" ™ eyt
=0 [T+m]g+v
1 L 29+1  3p[2]
= — Y & (wq,0)( [0? (q q) ¢
([1+m]q+1/)2€;0§ (W C)<[ Jg+ 3], + 3, an
3142+3ﬂ+1)
34

_ [m]3 o . 4, \?
- ql+m1q+v>2fzfm'”(w'q'%m]q)
29+1 32, [m], m s
*( 3, B, )([Hm]m)z Efm'f(“"q'@([m])
3u? +3u+1 1 n "
+< >([1 +V)2g;0§m,£( /qu)

3] + m],
29 +1 " 3?‘[2]14) [m]g

[m]g
_ —qu’qg(tz;w) + ( 3, Bl J (1 +mlg+v)?

([14m];+v)?
3y2+3y+1) 1
3], ([1+m]y +v)?

By using Lemma (1), we find the desired results. O

me,qlg(t;w) + ( erqrg(l;w).

By simple calculation, and with the help of Lemma 2, we obtain the following lemma:

2

Lemma 3. The operators S, 0l

have the following central moments:

WY N [m]q CAtmlg+v [T m]plw(l —w™)
Smagt W) = T T [”’ iy (el =)
21+ m)glw (1 — w™ -
- [m]%_"l ( o +qw(1l —w 1))

m

4 _ —dw) — m+1 _ w(l — w™
+q[m1q<1+[m1q><1 [0 =) =™ = [+ gl a)

4 il w2 (1 — w1y —
+[m]%_1{2[1+ J?(1 )

+’1[:1]q (1 - f%“ )= wmﬂ) H BRrA( +1m]q Ty’

2[1 + m]aCw(1 —w™)
q[m]q

Shige ((t=w)w)

[m]7 wl—w) [ +mlw

S k.t B w(] — w1 1—w™
‘([1+m1q+v>2[ T, +[m]q([m]q—1)<q a )+ [m}q)
214 mg <w<1—wm>
]y (2 - 1)\ [nily
+7°[m — 1w’ (1 — wm2)> - M <[1 + mlgw*(1—w™ 1)
1T (1 — gfw) — w™ ! 27
2l ) Tl (=)

+ g2+ q)w?*(1 —w™ 1)

[T+ mw(1 —w™) N
qlmlq
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(1—q)[1+m]gw?(1 —w™ 1)

X {q[m — 151+ m]qwa(l —w"?) —

q
1+ mlwd—w")  1-T",(1— g°w) — @ H
512[’”}17 qz[m]q
2 +1  3ul2l, e 1+ milyZao(1 — w™)
*( B, [l )({1+m}q+v>2 {”’ ]y ([mly — 1)
72[1—|—m]q§w 1—w™ om—1
-1 (wq Tl —w )>

L e
sy (- TI0 - gw — - o)

4
2
q

2[1 + m]aCw(1 — w™)

[m]2 — 1 qlmlg

2 (1 T ) 3 +3u+1 1

ey (- TT0=go) o o (PG )

B [m]g [wer [1+ mpGw?(1 —w™)  2[1 + m]ylw? (1 — ™
(1 4mlg+v) [m]q([mlg —1) [m]F —1 [m]g

w(l — w1 g—w _ - — fw) — Wt — m
po(t—wm )+ e (1 L0 =g 1y

+ {2[1+m]qw2(1—wm_1) -

2[1 + m]aCw(1 — w™)
qlm]q

xw(1 — w"’)) + [m]%w_l{z[l + mgw*(1 —w™" ) —

oy (- HO g0 ) iy + o

s=0

Theorem 1. Let g = (q,u) be a sequence such that 0 < q,, < 1, and let limy, 0 g = 1. Then,

lim S (Y;w)=% (¥ € C[0,1])

M—oo ~ Mgm,G
uniformly on [0, 1].
Proof. According to the Bohman—Korovkin theorem (see [31]), it is sufficient to show that

Jim S%;m,g(ei;w) =, i=0,1,2, (5)
uniformly on [0, 1]. The assertion in Equation (5) follows by taking Lemma 2 and the limit
m — oo into account. [J
Hv

Sm,q,(,

Here, we obtain the local approximation of S:;”Vq’é.. Suppose Ey = {¢|¢ € C[0,1]}. For
any 6* > 0 and ¢ € Ey, the modulus of smoothness w*(¢;0*) of ¢ to the order of one is
given by

3. Local Approximation of

w*(¢;6*) = sup | p(m1) —P(u2) |, p1,pu2 €1(0,1], (6)
|p1 —pa| <%
_ I =2 [\ i o
[9(m) = 9(z) 1< (14 2 ) 00, 7)

In addition, the following is true:

li “(¢;6*) = 0.
AR, )
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Theorem 2 ([32]). For the sequence of positive linear operators {P},,>1 : Clwq, wa] — Cly1, y2]
such that [y1,y2] C [w1, wy], one has the following:

1. Forall ¢ € Clwy, wy] and w € [y1,v>), it follows that
P (5 w) — p(w)| < |¢p(w) [P (1;w) —1\
+{Pu(1;) + \/Pm t—w \/Pmlw} (¢;6%).
2. Forall ¢’ € Clwy, wy] and w € [y1,y2], it follows that
Pu(@;w) — g(w)| < |p(@)[|Pu(L;w) — 1| + 9" ()] Pu(t — w; )|
+Pu((t = w)% w){ y/ Pu (1)

—i-éi* Py ((t— w)z;w)}w*((p’;é*).

Theorem 3. Let ¢ € Ey and w € [0,1]. Then, the operators SZVq 7 satisfy

S (@) —p(w)| < 207 (954/3h (w))),
whereézi g( )—Sf;fig((t—w)z;w).

Proof. We prove the inequality by taking into account (1) from Theorem 2 and the use of
Lemmas 2 and 3 such that

m,q,¢ mgq,g m,q,G

to VSZE”M(( —w)%w ) Sprac(L )}w*(¢;5*).

|Shwgc(@iw) —p(w)] < |p(w)]|S,] (1;w)—1|+{5”" (1;w)

In this case, 0* = \/5511; 7 ((t —w)?; w) = 5%’/’;1§(w), which gives the desired result. [J

Theorem 4. Forall ¢’ € C[0,1] and w € [0, 1], we get the inequality

Sl — (@) < 19/l +2040 ) @ (Bl () ),

where y;‘;};’g = MaX,e(o,1] ‘S%M((t —w);w)|, and (5%1,5 is defined in Theorem 3.

Proof. If we consider (2) from Theorem 2 and the use of Lemmas 2 and 3, then

S (giw) — ()| < lp(@)|ISL: (Lw) 1] + ¢/ (w)[[SL2- (¢t — w;w)|

v 2,
45t (= o) 1+¢5m“((5* o)

xw*(¢';6%)

< g/ + 2800 ) @ (Sl ),

where VZZLC = MaXye(o 1] S%;,g((t —w);w)|. O
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Now, we estimate the local approximation for our new operators Si;’ Y

Lipschitz-type function. Thus, for any 0 < x < 1, the Lipschitz-type function Lip}. is
defined in the form of any positive real parameters y1, yo such that (see [33])

by use of the

|t —w|*

(1w? + pow + t)

Lip' (x) = {¥ € Cl0,1] : [¥(t) — ¥(w)| < K jw, te 0,11},

=

where K is a positive constant.

Theorem 5. Forany ¥ € Lip% (x), operators S” g, We have the inequality

X
2

F It (w)
cw) — Y(w _ omalr
Sl (i)~ ¥()| < ()

where 551’2/ ¢ (w) is given by Theorem 3.
Proof. Suppose ¥ € Lip%’t( X)- Now, we first verify that the Theorem 5 holds for xy = 1.

Therefore, for any 1, pp > 0, it is easy to find that (p;w? + ppw +t)~V2 < (pw? +
tow) /2. By taking into account the Cauchy-Schwarz inequality, then it is easy to write

IS (Frw) =¥ (w)| < [S,7%0 ([¥(H) = ¥(w);w)| + ¥ (w)[S,, (Lw) —1]

<S”’ ( |t—w| w)
mq,g 2 17
(M w? + ppw + t)2

< K(w? + pow) V280 (|t — w];w)

1/2
K + i) 28 (- w)%w)| 2.
Therefore, we conclude that statement is valid for y = 1.
Next, we want to verify that the statement is also true whenever x € (0,1). We apply
here the monotonicity property to the operators 551]; ¢ and use Holder’s inequality. Thus,
we find that

S;‘;qé(‘}’;w)—‘?(w)‘ < st (%) — ¥(w)|;w)
< (Spne (¥ - ¥l Fu) ) (sh )

Shi c((t—=w)%5w) | §

= K{ tj—ylw2+y2w }

X
2

< lC(mwermw)*X/z{sz((t_ w)iw) }

Thus, the statement is true for all 0 < x < 1. This completes the proof. [

We obtain another local approximation result for the operators SH ! by use of the

Lipschitz maximal function. Suppose the class of all Lipschitz-type max1ma1 functions
¥ € C[0,1] given by

[¥(t) - ¥(w)|

e (bwep) ®

wy(Y;w) = sup
t#w, t€[0,1]

where 0 < x < 1 (see [34]).
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Theorem 6. Let ¥ € C[0,1] and w € [0,1]. Then, Sflnvq ¢ verifies the property

‘s’” (Fw) - ‘I’(w)‘ < (5’” g(w)) %w;(‘l’;w),

m,q, m,q,

where wy (Y;w) is defined by Equation (8) and 5512&(10) is same as in Theorem 3.

Proof. It follows from the Holder inequality that

S (Liw) =¥ (w)| < S5 (¥(1) = ¥(w)[;w)
< wi(Yw) | Sfr:;,é(“ —w|%;w)
wv 2777( wv 2 %
* . , . ’ .
< wp(Bw)(shh (w)) T (Shh (1t = wf5w))
X

— . Hv 2, 2
— W) (Smlqlé((t — w) w)) ,

which gives the desired result. [J

v
4. Rate of Convergence of S * 0l
This section gives the rate of convergence for our new operators S;T; ¢ defined by

Equation (3) with the help of following definitions.
Suppose C2[0,1] = {¥ € C[0,1] : ¥/,¥" € C[0,1]}. For ¥ € C[0,1] and any 6* > 0,
Peetre’s K-functional is defined as
Ko(¥:6%) = inf (5" [¥" | ) + ¥ ~ @ o) : © € [0,1] . ©)
From [35], for any ¥ € C[0, 1], for an absolute constant C > 0, we have
K> (¥;6*) < Cuws(F; V6%), (10)

where w, (¥; V%) denotes the second-order modulus of smoothness, given by

wy(¥;Vé*) = sup sup  |[¥(w+2u) —2¥(w+u) +¥(w)|.
0<p<v/3* ww+2u€(0,1]

Note that the usual modulus of continuity is

w(¥;6") = sup sup  |Y(w+pu)—¥(w)l
0<pu<o* w,w+uel0,1]

Theorem 7. By letting¥ € C[0,1], then

SZ};/Q.(‘EIE’;w)—‘I’(w)‘ < 46|y

, , 2
forw € [0,1], where (551;,€(w) =g g((t —w) ;w).

m,q,

Proof. For ¥ € C[0,1] and w € [0, 1], we define the auxiliary operators TZ; ;as

Tge(Fiw) = S (Frw) + ¥ (w) — ‘Y(S%,C(“w))‘ (D
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Take ¥ =Y, = t fori = 0,1. Then, we can verify that Tf,;; g(‘I’o; w)=1:
Tf;qg(‘l’l;w) = qug(Tlr w) + Sivqg(t'w) = w.
and Tf; ', g( — w;w) = 0. From the Taylor series expression, we know the equality

O(t) = O(w) + (t — w)® (w +/ 00" (x)dy, © € C2[0,1]. (12)

Applying TZ ng to Equation (12) gives

Tﬂg(@;w) -0(w) = O'(w )T,Zgg( —w;w) + Tf’;gg(/z:(t —x)@”()()dx;w)

which gives

T (@) ~Ow)| <

S}lV ( )
m,q,¢ ,
/w (s (Gw) —x) @ (dx|. (13)
A simple calculation yields
t
[ =00 (x| < (- wple]
and Y
S“/ (tw)
¢
L (e (0) = )@ ()| < (Sl (t50) = w) @]
Thus, Equation (13) becomes
2
T (©;w) — O(w)| < {smg(( —w)5w) + (Sh (hw) —w) }”Q"II.
We deduce from Equation (3) that
Thus, this yields
T (Ew)| < Sk (Ew)| + ¥ (@) + [¥(shh (5w)| <3l a9

It follows from Equations (11) and (14) that
sht (Hw) - ¥ ‘ ’Tﬂgqf—@;w)—(‘f—@)(w)]

+‘Tf:1;€ ®'W)—®(w)’+“¥( (antﬂ(t w))‘
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< 4¥-0| —|—w<‘F st (tw) — w)

ot w0+ (st w) - ) Her.

By letting infg 2( ;) and using Equation (9), then we arrive at

2
55124’( )+ (Sﬁ{qg(t;w)—W)

v
S 4

mag(

Yiw) - ¥(w)| < 4|

KV .
(‘1’ qué(t,w) - w)
Thus, we obtain our desired inequality: [

Corollary 1. Let ¥ € C[0,1]. Then, the inequality

‘%Zg() (Sit;g(t'w)—w)z
2

Sf’nzg(‘l’;w)—‘}’(w)’ < Cwsy ‘F;\/

(‘Y an’qg(t;w) - w)

holds for any w € [0, 1], where C is a positive constant.

Proof. The proof follows from Theorem 7 and the inequality in Equation (10). O

5. Conclusions

In our discussion, we defined the Stancu-type modification of g-Bernstein-Kantorovich
positive linear operators involving Bézier bases &, ¢(w;q,{) (£ :=0,1,...,m). We discussed
certain approximation results for the operators, namely the uniform convergence, local
approximation, rate of Convergence, as well as some other related results.

In the case of 4y = v = 0, the operators S” (‘1I w) become Ky, 47 (Y;w) ((Z,9)-
Bernstein—Kantorovich operators) [30]. In addltlon 1f { =0, then S” (‘Y w) becomes

ag- Bernstem—KantorOVlch operator [36]. If g = 1, together with above assumptlons (ie.,
u=v=__=0),then s ", g(‘Y' w) becomes a classical Bernstein—-Kantorovich operator [37].

Furthermore, the choice of 4 = v = 0and g = 1in §*" (¥;w) gives ngllg(‘l’; w), which

(Y¥; w) is a non-trivial modifica-

a6
was studied in [24]. Consequently, we conclude that an Py
tion of certain widely studied operators and therefore our approximation results too.

The detailed description of the application of Bernstein-type operators has been pre-
sented by Occorsio and Russo [38], wherein they constructed a stable and convergent
cubature rule by means of their Bernstein operators and obtained the solutions of Fred-
holm integral equations with the help of the Nystrém method, which was based on the
aforementioned cubature rule. Based on the above observation, we suggest the application
of our Stancu-type ((, q)-Bernstein-Kantorovich operators in this study to find the solution
of the Fredholm and Volterra integral equations for researchers who are working on linking
these two theories.
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