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Abstract: Homomorphic encryption with the ability to compute over encrypted data without access
to the secret key provides benefits for the secure and powerful computation, storage, and commu-
nication of resources in the cloud. One of its important applications is fast-growing robot control
systems for building lightweight, low-cost, smarter robots with intelligent brains consisting of data
centers, knowledge bases, task planners, deep learning, information processing, environment models,
communication support, synchronous map construction and positioning, etc. It enables robots to be
endowed with secure, powerful capabilities while reducing sizes and costs. Processing encrypted
information using homomorphic ciphers uses the sign function polynomial approximation, which is
a widely studied research field with many practical results. State-of-the-art works are mainly focused
on finding the polynomial of best approximation of the sign function (PBAS) with the improved
errors on the union of the intervals [—1, —e] U [¢, 1]. However, even though the existence of the single
PBAS with the minimum deviation is well known, its construction method on the complete interval
[—1,1] is still an open problem. In this paper, we provide the PBAS construction method on the
interval [—1,1], using as a norm the area between the sign function and the polynomial and showing
that for a polynomial degree n > 1, there is (1) unique PBAS of the odd sign function, (2) no PBAS of
the general form sign function if # is odd, and (3) an uncountable set of PBAS, if 1 is even.

Keywords: minimax approximate polynomial; Chebyshev polynomials of the second kind; Bernstein
polynomial; sign function

MSC: 90C23; 12-08

1. Introduction

Comparing numbers in a homomorphic cipher causes the problem of finding the
polynomial of best approximation of the sign function (PBAS). To approximate it, vari-
ous approaches are used: rational functions [1], Bernstein polynomials [2], Chebyshev
polynomials of the first kind [3,4], Fourier series expansions, artificial neural networks [5],
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least-squares [6-9], Newton—Raphson [10], etc. In these approaches, the noncontinuous
sign function is replaced by a continuous function s(x) equal to:

1ifx>e,
s(x) =4 %, ifxe[—eel
—1 otherwise

The main issue is that the approximation is considered on the union of two intervals
[—1, —€] U [¢, 1]. The smallest deviation of a polynomial from the sign function is used as a
measure of quality. However, this measure has a maximum error close to 0.5 in the zero
neighborhood regardless of the degree of the polynomial, which makes it inapplicable for
approximating a polynomial on the complete interval [—1, 1].

According to Chebyshev theory, there exists a single polynomial f(x) for continuous
function s(x) with the minimum deviation min n[1axu |s(x) — f(x)| [11], also known as

xe|—1,

minimax approximate polynomial or polynomial of best approximation.

The form of the minimax polynomial for the sign function approximation depends
on €. Various strategies for choosing € for polynomial approximate s(x) are proposed.
However, the problem of constructing PBAS remains open.

In this paper, we consider the classical definition of the sign function:

lif x>0,
sign(x) = Oif x=0,
—1lif x <O.

To construct the PBAS, we use the norm as the area between the sign function and the
polynomial f(x), determined by the following formula.

@I = [ 11 feldx+ [ 1= f@ldr= [+ fldxr [ - foo

This norm allows us to avoid dramatically increasing the least deviation of the polyno-
mial from the sign function as a result in the zero neighborhood.
Let us formulate the problem of the PBAS construction.

n . .
It is required to find the polynomial Q,(x) = Y. a4;x', where Vi = 0, n: a;x is the i-th
i=0

=
term, a; € R is a coefficient, x is a variable, and degQ,(x) < n.
It is formally defined as follows:

n n
O iy — A i
aVxl = A= inf a;x
| La’xl=a= inf ||} e

If Q,(x) exists, it is called the PBAS. In [11], p. 160, the theorem is proved that the
PBAS exists. However, the number of PBAS and their form remains open. In this paper, we
study these two problems.

The rest of the paper is organized as follows: Section 2 discusses the properties of
the norm, which are then used in the proof. Section 3 discusses approximation of the sign
function by Bernstein polynomials. It is shown that if n > 1 and Qy(x) is the PBAS, then
[1Qn(x)]| < 1. Section 4 discusses the PBAS properties. Section 5 discusses the number of
the PBAS odd functions. Section 6 investigates the problem of the existence of the PBAS of
general form. Section 7 contains a conclusion.

2. Norm and Its Properties

The section discusses the main properties of the norm used for the proof.

Property 1. If f(x) is an even function, then || f(x)|| > 2.
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Proof. Since f(x) is an even function, then f?l 11+ f(x)]dx = fol |1+ f(x)|dx; therefore:

If ()l = f01|11+ F)]dx + [y 11— f(x)|dx
= [ 11+ f(0)| + 1= f(x)|dx
considering that Vx € R: |1+ f(x)| 4+ |1 — f(x)| > 2, then

1
IFeol = [ 2x =2
The property is proven. [

Let us consider an example of calculating the norm for n = 0.

Example 1.
(a)  Calculate ||agl|; if |ag| <1, then f01|1 +ag|+ |1 —agldx = 2.
(b)  Calculate ||ag||; if |ag| > 1, then f01|1 +ag| + |1 — ag|dx = 2]ag| > 2.

From the data presented in Example 1, we can conclude that for n = 0, there is an uncountable
number of PBAS, and they are given by f(x) = ap, where |ag| < 1.

Property 2. If f(x) is an odd function, then || f(x)|| = 2 f01|1 — f(x)|dx.
Proof. Since f(x) is an odd function, then f?l 114 f(x)|dx = fol |1 — f(x)|dx; therefore:
1
IFl =2 [ 11 = f(x)ldx
The property is proven. U

Property 3. If f(x) = e(x) + o(x) is a general function, then || f(x)|| > |lo(x)||, where e(x) is
an even function and o(x) is an odd function.

Proof.
@I = [ [1+e(x) +o(x)ldx+ [ 1 e(x) ~ o)

Let x = —t, then:

T2+ e(x) +o(x)|dx = — [T +e(—t) +o(—t)|dt
= [J1+e(t) — o(t)|dt

Therefore,

1F ()] = /01|1 “e(x) —o(x)] + |1 + e(x) — o(x)[dx> /(;1|2—2'0(x)|dx = 2./0'1|1 ~o(x)|dx

According to Property 2 ||o(x)|| = 2 fol |1 —o(x)|dx, we find:

IF G = flo(x)]
The property is proven. [
Property 4.V ¢ € (0, %) :
. 1 1
1£(x) +g ()l = szcpllsinz(P ) +C°SZ‘PHCOSZ¢ 8]
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1+ f(x)

1= f(x) -

Proof. By the definition,

1560 +8Cll = [ 1+ £ + gl + [ 11— f(2) - g(0)

According to the basic trigonometric identity sin? ¢ + cos? ¢ = 1, then
g g y

+g¢(x)| = |sin24>+f( x) +cos?p+ g(x)| < [sin® ¢+ f(x)| + |cos? ¢ + g(x)]

= sin ¢‘1+Sm 75 flx )‘+COS ¢’1+COSZ¢~g(x)
g(x |_|Sm¢ f()+COS<P x)| < [sin® ¢ — fx)H\COS<P 8(x)]
= sin? 9|1 — b - f(x >]+cos P — ok 30|
Therefore:
1
1f(x) +g(x)| < 5— - (%) + cos® g(x)|l
n® ¢

The property is proven. [
Corollary 1. V ¢ € [0, 5] :

Isin? ¢ - £(x) + cos® ¢ - g(x)|| < sin® @ £ (x)[| + cos® plg(x)]-

Proof. According to Property 4V ¢ € (0, %) : ||sin?¢- f(x) +cos? ¢ - g(x)|| < sin ¢ f(x)||
+ cos? ¢[|g(x)||. Let us show that the inequality holds in the case ¢ = 0, then ||g(x)|| <
18 (x)|| in the case ¢ = 7, then [|f(x)|| < [If(x)]-

The corollary is proven. U
Corollary 2. If | £(x)]| = g(x)|| =, then ¥ ¢ [0, §] -

Isin? ¢ - f(x) + cos® ¢ g(x)[| < a

Proof. According to Corollary 1, we get:

Isin?¢ - f(x) +cos® ¢ g(x) ]| < sin’ || f (x) | + cos® plg(x)[|= a-sin* ¢ +a- cos’ ¢ = a

The corollary is proven. [

From Example 1, it follows that if n = 0, then there are infinitely many PBAS of the
zero degree. If f(x) = —1and g(x) = 1, then Qq(x) = sin® ¢ - f(x) 4 cos? ¢ - g(x) = cos2¢
defines every PBAS of degree zero.

Let us investigate the problem of the number of PBAS of degrees greater than or equal
to one.

3. Approximation of the Sign Function by Bernstein Polynomials

Let us apply the Bernstein polynomials for an approximation of the sign function

fu(x). )
folx) = 2n4—: 1 <2nn> 3 (1) 2i1+1 _ <Vll> 21 1)

i=0

Since the function f,(x) is odd, using Property 2, we can calculate || f,(x)|| using

| fu(x)] =2 fo |1 — fu(x)|dx. Let us calculate the value fo |1 — fu(x)|dx, proving the fol-
lowing statement.



Mathematics 2022, 10, 2006 50f 22

Statement 1.V 1 € Zy : [} |1 — fu(x)|dx = <2ﬁ’sz§4n (2:>

Proof. Since the Bernstein polynomials on the interval [—1,1] have the property that
VneZy,xe[-1,1]: |falx)] <1,

1 1
/0 |1—fn(x)|dx:/0 1— fu(x)dx

Substituting—instead of f,, (x)—expression (1), we find

i ot = 1= 258 (30 £ (- by (1) %

" 2n\ i n :
= (x - ( " ) Eo(il)l : (zi+1)1‘(2i+2) ' <l> ’x21+2>

" 2n\ & ] n
=1- 24'qul ( n > E (-1)" (2i+1)‘1(2i+2) ’ (Z>

=0

1 _ 1 _ 1
1) (2i42) . ZiF1 20427

1 B 2n+1 21\ & ;1 n\ 2n+1/2n P | n
/O 1= fulx)ldx =1- =22 (n>i2(_1) .2i+1.<i>+ = (n> (1) .2i+2.<i>
Substitute

0
ii;)(_l)i ' 21'11 ' (111) - Mﬁ)(_l)i'Ziiz ' (?) B 2n1+2

and we find:

We represent in the form 0

(2z‘+1)‘1(2i+2)

-

1

Hence,

The statement is proven. []

Corollary 3. Vn € Zy : || fu(x)]| < rnin(l, \/ﬁ)

Proof. Since f,(x) is an odd function, according to Property 2:

£l =2 [ 1~ f)lax

Letn>1:

2n+1 (2n\ _ 2 (2n 2
_o.,_ Tl il < —<
1falx)ll =2 (2n+2>4n(n)<4n(n)— TR

if n =0, then ||x|| = 1; therefore Vn € Z: || fu(x)| < 1.
The corollary is proven. [

From Property 1 and Corollary 3, we can conclude that if n > 1, the PBAS is not an
even function.

4. Properties of the PBAS

Since the polynomial Q,(x) is a continuous function on the interval [—1,1], accord-
ing to the Weierstrass theorem, it is bounded by this in interval and reaches the mini-
mum and maximum values—that is, there are x,;, xp1 € [—1,1] such that V x € [-1,1] :
Qu(xm) < Qu(x) < Qu(xm). Let us denote mg = Qu(xy) and Mg = Qu(xpm), and
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mg < Mg. Let us investigate the values of mg and Mg for the PBAS Q;, (x) The result is
presented in the form of the following lemma.

Lemma 1. If n > 1 and Qy(x) is the PBAS, then mg < —1and Mg > 1.

Proof. We split the two-dimensional space R? into subspaces using the curves mg = =+1
and Mg = =1 (see Figure 1).

Mo,
R R A
0+
Subspace 1: mg < Mg < —1,
14 £ Subspace 2: mg < —1 and — 1 < Mg < 1,
Subspace 3: —1 <mg < Mg < 1,
£ Subspace 4: Mg >1and — 1 <mg < 1,
1 Subspace 5: Mg = mg > 1,
Subspace 6: mg = —1 and —1 < Mg <1,
— Subspace 7: Mg =1and —1 <mg <1,
£ Subspace 8; mg < —1 and Mg > 1.

“1 0 ! me

Figure 1. The set of possible values mg and Mg.

In the following, we consider each subspace separately.

Subspace 1. Let us assume that PBAS Q,,(x) satisfies the condition: mg < Mg < —1
(see Figure 1, Subspace 1), then Vx € [—1,1] : Qu(x) < —1,1+ Qu(x) <0, 1 — Qu(x) > 0;
therefore:

1Qn(x) ]| = [°411 + Qu(x)dx + [ |1 — Qu(x)|dx
= fi)l —1 — Qu(x)dx + fol 1— Qu(x)dx = — fil Qu(x)dx > — f_ll —ldx =2

From Corollary 3, it follows that for n > 1 the PBAS has the property [|Q,(x)| < 1.
Therefore, we came to a contradiction and our assumption is not correct.

Subspace 2. Let us assume that the PBAS Q,(x) satisfies the condition: mg < —1
and —1 < Mg < 1 (see Figure 1, Subspace 2), then Vx € [-1,1] : 1— Qu(x) > 0 and
1—Qu(x) >0:

0 1
1Qu@)ll = [ 11+ Quix)ldx+ [ 1= Qu(x)ax
We calculate |Qy(x) + 1 — Mg|| and find
0 1
1Qu(x) + 1= Mol = [ 2+ Qulx) - Moldx+ | Mo ~ Qu(x)dx
We subtract from ||Qy(x)|| the value ||Q,(x) + 1 — Mg|| and find:

1Qn ()1 = 11Qu(x) +1 = M|l = [T+ Qu(x)] — |2+ Qu(x) — Mgldx +1— Mg
= f—01|1+QYl(x)| - |2+Qn(x) —MQ| -|-1 —MQdX



Mathematics 2022, 10, 2006 7 of 22

Considering that
Vx € [—1,0] : |24 Qu(x) — Mg| < |14 Qu(x)| + |1 — Mg| = |1+ Qu(x)| +1— Mg,

then
11+ Qu(x)] — |2+ Qu(x) = Mg|+1—Mg >0

Therefore, [|Qn(x) || — |Qn(x) +1 = Mg|[ = 0. Tf |Qn (x)[| = [[Qn(x) +1 = Mgl > 0,
then Qy(x) is not a PBAS, so [|Qu(x)[| — [|Qu(x) +1 — Mg| = 0; then, Vx € [-1,0] :
14+ Qu(x) > 0and

Qu)l = [ 1+ Qulldx+ [ 1= Quiriix =2+ [ Qu(e— [ Qulx
Let A = ﬁ > 1, then

Vxe [=1,00: AQu(x) + Ll 9 +1=2Qu(x) + A = A(Qu(x) +1) >0

1+
Ve [-1,0]:1—AQu(x) — }ﬁg AMg — AQu(x) = A(Mg — Qu(x)) >0

Therefore,

[AQu(x) + };MQ | =A 21+ Qu(x)dx + A [} Mg — Qu(x)dx

= A+ (14 Mg) + A (%) Qu(x)dx — f3 Qulx dx)—Z—f—/\(f Qu(x)dx — i Qu(x)dx)

since A > 11 [%) Qu(x)dx — [} Qu(x)dx < —1, then

A(/_Ol Qn(x)dx — /01 Qn (x)dx) < ./_01 Qn(x)dx — ./01 Qn(x)dx

Therefore,

IAQu(x) + 132 < 1

it means that Q,,(x) is not a PBAS. We came to a contradiction.

Subspace 3. Let us assume that the PBAS Q,(x) satisfies the condition:
-1 < mg < Mg < 1 (see Figure 1, Subspace 3), then Vx € [-1,1] : =1 < Qu(x) < 1,
14 Qu(x) >0, 1—Qyu(x) > 0. Let M = max( ) <1.If M =0, then Qu(x) =0
and ||Qn(x)|| = 2; from the other side, Vn > 1 : [|Q,(x)|| < 1. Therefore, we came to
a contradiction and M # 0. Let A = &; > land Vx € [-1,1] : =1 < AQu(x) < 1,
14+ AQu(x) >0, 1—AQyu(x) > 0. We calculate the value ||Q,(x)|| and find:

1Qu(x)ll = /_O1 1 +Qn<x)dx+/011 — Qulx)dx =2+ (/_01 Qu(x)dx — /01 Qn<x)dx>

Since, according to the conditions of Theorem 1 and Corollary 3,7 > Tand || Q. (x)| < 1.
Hence,

0 1
/1 Qn(x)dx 7/0 Qn(x)dx S 71
We calculate ||A - Qu(x)]| and find

1A Qu(x)]l :/011+A-Qn(x)dx—i—/ol1—A~Qn(x)dx=2+/\(/ol Qn(x)dx—/o1 Qn(x)dx>
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Since A > 1u [, Qu(x)dx — f; Qu(x)dx < —1,

</ Qn(x dx—/ Qn(x dx) L Qn(x)dx—/o1 Qn(x)dx

Therefore,

2+/\(/_01 Qn(x)dx—/ol Qn(x)dx> <24 (/_01 Qn(x)dx—/ol Qn(x)dx)

1A= Qu(¥)[| < [Qu ()]l

Therefore, we came to a contradiction and our assumption is not correct.
Subspace 4. Let us assume that the PBAS Qj(x) satisfies the condition: Mg > 1 and
—1 < mg < 1 (see Figure 1, Subspace 4).

and

Qe = [ 1+ Quladx + [ 1 - Qulo) i

we calculate ||Q(x) — 1 — mg|| and get

0 1
1Qu(x) =1 =mgll = [ Qu(x) = modx+ [[2=Qu(x) +moldx
we subtract from ||Q, (x)|| the value [|Q,(x) — 1 —mg| and get:

1Qu() = 1Qu(x) = 1= mgl| =1+ mg + 311 = Qu(x)| = [2— Qu(x) + moldx
= fO |1 - Q"(x>| - |2_ Qn(x> +mQ| +1 +dex

Considering that Vx € [0,1] : |2 — Qu(x) + mg| < |1 — Qu(x)|+ |1+ mg| = [1 — Qu(x)]
+ 1+ mgq, then Vx € [0, l] \1—Qn ) = 2= Qu(x) +mg| + 1+ mg > 0; therefore,

1Qu ()| = 1Qn(x) =1 = mqll = 0. T [ Qu(x)|| = |Qn(x) =1 = mgl| > 0, then Qn(x) is not
a PBAS, so [|Qu(x)[| — [|Qu(x) =1 =mg|| =0and Vx € [0,1] : 1 — Qu(x) > 0and

0 1
I =2+ [ Qu(w)dx— [ Qulx)dx
let A = =5~ 5> 1, then

V€ [<1,0]: AQu(x) = 1o + 1= AQu(¥) — Amg = A(Qu(x) = mg) >0
Vx e [0,1]: 1= AQu(x) + Tl = A = AQu(x) = A(1 = Qu(x)) = 0

Therefore,

1AQu(x) = T2l = A [% Qu(x) = mgdx + A fy 1= Qu(x)dx

=24 )»(fi)l Qu(x)dx — fol Qn(x)dx)

since A > 1 and f_Ol Qun(x fo Qn(x)dx < —1, then

(/_01 Qn(x)dx—/o1 Qn(x)dx) < /_Ol Qn(x)dx—/ol Qu(x)dx

Therefore,

1
IAQu(0) ~ 1l < Qn)
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it means that Q,(x) is not a PBAS. We came to a contradiction.

Subspace 5. Let us assume that the PBAS Qj, (x) satisfies the condition: Mgy > mg > 1
(see Figure 1, Subspace 5); therefore, Vx € [-1,1] : Qu(x) > 1,
14+ Qu(x) >0,1 — Qu(x) < 0means

1Qu()[l = %511+ Qu(x)[dx + [ |1 — Qu(x)|dx
= f?l 1+ Qu(x)dx + fol Qu(x) —1dx = fil Qu(x)dx > f}l ldx =2

From Corollary 3, it follows that for n > 1, the PBAS has the property ||Qn(x)| < 1.
This means that we have come to a contradiction and our assumption is not correct.

Subspace 6. Let us assume that the PBAS Q, (x) satisfies the condition: mg = —1 and
—1 < Mg < 1 (see Figure 1, Subspace 6), then

1Qu(x)|| = /_01 1+ Qu(x)dx + /O1 1— Qu(x)dx=2+ /_01 Qu(x)dx — /01 Qu(x)dx

Let A = 1 M > 1, then

Vaxe[=1,0]: AQu(x) + 1ﬁ9+1_A+AQn(x) A1+ Qu(x)) >0
Vxe[0,1]: 1—AQu(x) — +M = AMg — AQu(x) = A(Mg — Qu(x)) >0

Therefore,

IAQu (x) + HMQ | = 2 A+ AQu(x)dx + [} AMg — AQy(x)dx
=2+ ([ Qux)dx - f) Qu(x)dx)

Therefore,

1AQn (x) +

This means that Q,(x) is not a PBAS.
Subspace 7. Let us assume that Q, (x) satisfies the condition: Mg = land —1 < mg < 1
(see Figure 1, Subspace 7). Then,

1Qu(x)] = /_ 1O+ [ 0udr=2+ [ Quldx— [ Qulxi

Let A = =5~ g > 1, then

Vxe[—1,0]: AQu(x) ”’"g +1 = AQu(x) — Amg = A(Qu(x) —mg) >0

Vxel[0,1]:1—AQu(x)+ 1*’”‘3 = A= AQu(x) = A(1— Qu(x)) >0

Therefore,

[AQn(x) — M )‘f Qun(x dex—i-)\fOll—Qn(x)dx
. + /\(ffl Qu(x)dx — [} Qs (x)dx)
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Since A > 1 and f?l Qu(x)dx — f01 Qu(x)dx < -1,

A(/Ol Qn(x)dx — /01 Qn(x)dx) < 701 Qu(x)dx — /01 Qn(x)dx

Therefore,

1+ mg

el < Q)
This means that Q,(x) is not a PBAS.
Subspace 8. Since in all seven cases we have come to a contradiction, if Q,(x) is a

PBAS, it satisfies the boundary conditions defining Subspace 8 (See, Figure 1).
Lemma 1 is proven. [

1AQn (x) —

Lemma 2. For n > 1, there exists the PBAS odd function QL (x).

Proof. The existence of the PBAS Q,(x) follows from Theorem [11] p. 160. Since for
n > 1, the PBAS Q,(x) is not an even function, so Qy(x) is either a general function or an
odd function.

Let us assume that Q,(x) is a general function; it can be represented in the form
Qu(x) = Q%(x) + QL(x), where QJ(x) is an even function and Q}(x) is an odd function.
It follows from Property 3 that ||Qn(x)|| > ||Q}(x)]|. Considering that Q,(x) is the PBAS,
1Qu(x)|| = [|Qk(x)||, so the odd function Q) (x) is the PBAS. Therefore, for any n > 1,
there is the PBAS Q;(x), which is an odd function.

Lemma 2 is proven. [J

Corollary 4. Let n > 1, Q} (x) be a PBAS odd function, Mg > 1, and mg < —1.

Proof. We assume that PBAS is the odd function Q}(x) and Mg = —mg = 1.

Let us consider the function R(x) = AQL(x), where A € R. Since Q}(x) is an odd
function, R(x) is also an odd function. We calculate ||Q} (x)|| and ||R(x)|| using Property 2
and find:

Q) =2 [ 1~ Qhxlaxl Rl =2 [ |1~ AQh(x)|ax

Let us show that there exists A > 1, for which the inequality ||QL(x)| > ||[R(x)]|
is satisfied.

/0'11 — Q! (x)dx > /01‘1 —/\Q,lq(x)‘dx/oll — Qb(x) = |1 = AQ}(x)]dx > 0

We denote as G a set of all x € [0, 1] for which the inequality 1 — AQJ(x) > 0 holds
and G_ for which the inequality 1 — AQJ(x) < 0 holds. We then find:
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J31—QL(x |1—AQ1 ydx—ngl —Qh(x dx+f2 QL(x) — AQ(x)dx
=(-1) le dx+f2 Qu(x) — AQ1<)
=(A-1) le dx+f2dx—fQ1 ) 4+ AQL(x)dx
= —1 le dx+2|G |— 1—1—2\ le

:)L<f QL (x dx—le dx>+2|G |—f0 Ql(x
G+

:A(folQ},(x 2an dx) +2|G- |—f0 Ql(x

> A 1 QL(x)dx — 2A|G_| +2|G— |—f0Qn x)dx = ( —1(f0Qn x)dx —2|G-|)
where |G_| is the length of the set G_.
We denote g(A) = {|G— HG_—{x|1—/\Q1( x) <0&0<x<1}}.

Sincen > 1and Vx € [0,1] : QL(x) <1,theng(1) =0and VA > 1: g(A) < 1.
Let us consider two cases.
Case 1: If Vx € [0,1] : QL(x) < 1, then there is such a number x, € [0,1] for

which Vx € [0,1] : Qk(x) < Q}(xa) = M{ holds. If M4 < 0, then [ 1— Q}(x)dx > 1;
therefore, ||Q}: (x)|| > 2 > 1s0 QL (x) is not the PBAS. If Mg, > 0, we choose as A the value
A= ML‘(’Q > 1, for which the inequality ||QL(x)|| > ||R(x)| holds, and Q}(x) is not a PBAS.

Therefore, we came to a contradiction.
Case 2: If M; = 1, then g(A) is an increasing function; that is, ¢ > 1, for which the

inequality fo Ql(x)dx —2|G_| = 0 holds. Therefore, for any A € (1,¢), the following
inequality holds:
/ 1-Ql(x ‘1—/\Qn ‘dx>0

Therefore, we came to a contradiction. If Mg = 1and mg = —1, thenVn > 1: Q,lq(x),
which is not the PBAS.
The corollary is proven. [

5. The Number of PBAS Odd Functions

In Lemma 2, it is proved that for n > 1, the PBAS is an odd function, but the question
of their number remains open. The following theorem will answer this question.

Theorem 1. If n > 1, then there is only one odd function QJ(x) that is the PBAS. Depending on
the n, the function Q} (x) is determined as follows:

If n is odd, then
n+1 n+1 .
ol 2 a2 JT
2 — L
. H x* —sin” ;5
i7C A S A [
=1 SIN5Tg =1, i sin® 5 — sin” 5
and -
1
x)|| =2tan ———;
Q4 ()] = 2tan 57—
If n is even, then
n n
2 1 2 X2 — gin? L7
n+2
Qu(x) =x) —
~sin L% . o smz——az—]n
i=1 n+2 j=1, j#i n+2 2
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and

7T

Proof. Let us consider two cases.

Case 1. n1 is an odd number.

We consider the points 0 < x; < xp < ... < x, < lsuchthatVi =T,u: Q}(x;) = 1.
According to Corollary, 4 the value M(, satisfies the condition M¢, > 1. Considering that
the function Q}, (x) is an odd continuous function, then at least one point x; € [0,1] is such
that QL (x) = 1 exists.

Let us consider the question of the number of zeroes of the function F(x)
Since the function Q) (x) is an odd continuous function, then F(x) is an even function. The
number of zeroes of F(x) is less or equal to n — 1, of which non-negative numbers are
less than or equal to 2 1 . Therefore, the number of solutions to the equation Q}(x) = 1
satisfying the questlon x € (0,1] is less than or equal to 51 +1 = 2. Thatis, u < 1.

Let us consider the points 0 = yg < y; <y < ... < Yy < Yp41 = 1. In each of the

_ Qi (x;)
- dx

v—1 .
points ¥1,¥2, - .., Yo the value of the function f(x) = 1— Q) ;(x) = 1— ¥ ag1x% "1
i=0

changes its sign.

Iv HQZv 1 fO |1 o Ql ’dx _ fyz+1 f
17

:2‘2(—1)i+1P(y1-)+(— ) F(Yot1)

i=1

where F(x) = x — Y7~ 01 'Zié x2+2,

We calculate the values of the partial derivatives Vi = 1,v:

oF (yi) 2i+1 aﬂ21+1 yH T2
=1— A S
y; E Bit1Y; ; dy;  2i+2

Since 1 — Y7~ a21+1y12’+1 = 0 by the definition, then:

We calculate the values of the partial derivatives Vi # j:

AU = it

Iy, = dy; 242
The necessary condition for the value ||Q} ., (x)|| to be minimalis: Vi = 1,0 g—;? =0;
therefore,
X — 2k+2 -1
al, u +1°% dayes Y v dxay 1
oo 2y ()L B () E e L
ay; f) o ay; 2k+2 o ay; 2k+-2
v—1
_ 9911 ]+1 2k+2 v
__k*O By;r '2k+2<22( ) ] +( 1)

Solving the system g aI” = 0[12], we find that Vk = 0,0 — 1

v
Z ]+1 2k+2+( 1)2} =0
]:
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Considering that Vi =1,0: y; > 0; therefore, Vi=1,v: y; = sin 20+2 [12].
Using the Lagrange interpolation formula, we calculate the value Q3 (x), and we

find Q}, ,(x) = X0 Li(x) —

¢, Ii(x), where

W =TT 1] 2= ] U
1
VitV Yi Y =1 YiTY =Yty
Then,
v v X+y [4 x—y x+y [4 x—y;
Qo)=Y (5t I = el B ey
v i=1\j=1 yity; =1, j#i Yi—Yj =1, j#i Yi—Yyj j=1 yity;
oG oy & x Y (xty | XY
— ] ] Y ]
=r I 5= 1 gy (2%1 2y; )
i=1j=1, j#i =1 j#
% 4 v
1 xX—y xX+y;
=xLy I =y 1 55y
i=1"" j=1, j#i j=1, j#i
o
4 1 4 i
=x} Vi [ >

Let F(x) = Y7, 5ix? =Ql ,(x),so L isequal to

4 sin 17
L, = fol‘l - Q%v—l(x”dx = ;0(_1)1f a0 1-Qh, 4 (x)dx

smz +

=2 5 (~1)* sin T + (—1)° +2 ¥ (~1)F (sin 75 ) + (1) (1)
i=1 =]

We calculate the value 2} 77, (— 1)/F (sm 2£;+2) + (=1)""'F(1), and we obtain:

2 i( 1)]1:(51“ Zv+2) + (_1)v+1p(1) =2 i (_1)j i 2i 4 sin L 20+2 + (-1 )UH i 5

i=1 j=1 i=1 i=1
v a; 1
— ‘2 % (2 21( 1)/ / sin? 2v+2 + (1) )
i=1 ]:
Considering that (2) holds, ¥ i = To : 2Y7,(-1)sin? 27 + (—1)""!

(2 (-1 1) sin¥ 2@_7:2 + (_1)0) =0, then

2 i(—l)jF (sin 22'f2> +(=1)""'F(x) =0

j=1

and

+(=1)°

1 o ; i-m
b= [1-0} dx =2) (-1)"si
o= | 1= Qb1 ()[ex LD sin

If v is even, then

v/2 1_1 v/2 :
IU—ZZsm 7 +2 ZZsm
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2t in
20+2

Using the formula sin(a — ) = sina cos f — sin  cos, where & =
B = 5>, we have

v/2 1) v/2
2 sin { 2v+2 = 2 (Sm 941 €08 355 — SN 575 COs v+1)
0/2 v/2

= Cos 20+2 Z sin v+1 — sin 2v+2 Z cos v+1

sm(n+1) and Zn sinix — cos %7cos(n+%)

Since 1 cosix =
2 +Z =1 Zsmix ZSin%x

([13] p. 2), where

n=gy Zand x = U—H,wehave:

: v 1 T . v 1\ =n
% Sln(§+§) o+1 1 1 1% 17T cos 2v+2 COS(Z +2)v+ COS#
Cos ——=_-—/——>—2) sin =
: T P T : T
o ot 1 2sin 575 2 2singts 2 = vt 1 2sin 50 2sin 505
Therefore,
T T 2 2 T T
L—ofeos T . w2 4 T 1 1)) cosxmm 1= &5 B T8I 2t COSypm
v = - T - T - T = . T : T
2'0 + 2 2 sin 2042 ZU + 2\ 2 sin 20+2 2 sin 2042 sin 2042 sin 20+2

Using the basic trigonometric identities cos? 2« + sin?2a = 1 and 1 — cos 2a = 2sin?«,
sin2x = 2sin & cos &, where o« = ﬁ we obtain:

T 2 T
[ 1—cos—2v+2 B 2 sin’ o B
7 sinsfs  2sin $25 cos 22 tan 4v 44
2012 Tot4 o4

If v is odd, then

. N _ . . _ 217 _
Uﬁmg the formula sin(a — ) = sina cos B — sin Bcosa, where &« = 555 = 75 and
B = 55, we have
v+1 szrl
Z sm 2v+2 = 21 (sm 77T COS 2U+2 — sin 2U+2 cos v+1)
o+l m
T e
=CO0S 555 ), Singiy — sm2v+2 Z coserl
i=1
Since Y, sinix = cos §—cos(n+3 ) [13] p. 2, where n = 2t and x = we find:
i=1 = 2sin lx p- < =72 S}

T v+1 T T P
€08 22 COS( + ) ol _ COSmia — cos(7 + 20+2)

. . T
Zslnm Zslnm

v+1

Z sin

= v+ 1
According to the reduction formula Cos( + 5 +2) —sin 7 +2, we have:

_ COS 3 +2 + sin 50073 +2
2sin m

»
N in
Z; Sin =g
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i 1
Using the formula 7+ Y1l cosix = % [13] p. 2, where n = ”%1 and x = 77

we find:

o+l X : v+l 1 T .
2 in Sm( > +2)v+1 1 sin(5+55) 1
s T : T
v+1 ZSlnm 2 Zslnm 2

According to the reduction formula sin (% + 525 ) = cos 5/, we obtain:

1

<
+

D+

in  cosyiz 1
O°0F1 T 2singl, 2
1 U+ SiN 55

cos 2 COS( -1

Since ) /! ; sinix = 2)x [13] p. 2, where n = “= and x = ;7 we find:

251n2x

-1 . T v=1 4 1\ 7w

£ i _ oo ) ot cos gy — cos(f - o)
sin = =

4 v+1

s T s T
Zsmm Zslnm

According to the reduction formula cos (% — 52) = sin 5, we find:

—1
S ; T gin
Y sin _ COSpq3 —SMgpig
s 7T
= v+ 1 2sin 50

Therefore,

_ . 0Smmtsin gty cos 2v+2 _1
I, =2 (cos TR 2sin 0, sin 2v+2 2sin 5 = 2

T H T
_ZCOS Zorz SNz 4 _ 1-cos e t
2sin 52 sin 5~ = tan 4v+4
20+2 20+2

Therefore, Vv € N : [|Q}, ;(x)| = 2L, = 2tan ;5.
Since Vo € N : I,_1 > I, then the smallest value ||Q} ;(x)| at the maximum v,
considering thatv < u < 1 thenv = ! and 20 +2 = n + 3.

Case 2. If n is an even number, then the result is obtained similarly to case 1, except
v=%and20+2 =n+2.
The theorem is proved. [

From Theorem 1, it follows that for n > 1, there is a unique odd function that is the
PBAS, which is constructed using the Lagrange interpolation formula, and the interpolation
nodes are an alternative to Chebyshev for Chebyshev polynomials of the second kind.

Example 2. Construct the PBAS for n = 3 and n = 4, which are odd functions.
Solution

If n = 3, then, according to Theorem 1, the PBAS is given by the following formula:

2 2 2 2 j1
1 . 1 x?—sin® L~
X)) =X - -
Q3( ) igl sin 7% ]:11,_1]751- s1n2%7sm2%T
2 a2 T 2 a2 T
_ 1, _X—sin®% 1, _x—sin®® \ _ 0,243 1232 VBY_ 4/3-12,3 , 9-V3
_x<sin7g sngfsm2% +sin% sngmnzg) —ZX( 2x T+ 6 +

2 2 2 2 )7
1 xX“ — sin 4+/3 — 12 9—4/3
Qi(x) =x) — — = V3 x4 \fx

5
i=1sin gt ;7 Gy sin? BE — sin? LT 3 3
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Let us pay attention to the fact that Q% (x) = Q}(x). This fact can be generalized: if n is even
and n > 2, then QL (x) = QL (x).

6. The Number of PBAS of the Neither Function
Let us investigate the problem of the existence of PBAS Q,(x).

Theorem 2. If n > 1, then the following statements are true:

1. If nis an odd number, then there is no PBAS Qp(x).
2. If nis an even number, then there is an infinite number of PBAS Qy(x).

Proof. From Theorem 1, it follows that there is a unique odd function QJ (x) that is a PBAS.
Let us show that there exists an even function Q) (x) # 0, such that: ||Q,(x) = QL(x)||. For
this, we calculate || Q, (x)|| — ||Qh(x) || and find:

1Qu ()~ Q) = [ 1~ @) — Q)] + 1+ Ghx) — Qhw)| 21— @l (o)

where Q,(x) = Q%(x) + QL (x), QY (x) is an even function, and Q} (x) is an odd function.
1Qn(x)| — ||QL(x)]l is equal to zero only if the condition
Vx € [0,1]:]1—Q%(x) — Qh(x)| + |1+ QY (x) — QL (x)| = 2|1 = QL(x)| =0
holds, equlvalent to:

1—-Qh(x) — Qu(x) ig' & Qu(x) =1 < Qn(x) <1-Qu(x)

Vx €[0,1]nQp(x) <1: {1+Q2(x) — 8;<x> >

and

1  [1-Q(x) = Qu(x) <0, 1 0 1
Vx €10,1]uQ,(x) >1: {1+Q2(x) ~0l(x) < 0; < 1-0,(x) <Qh(x) <Qu(x) —

Therefore: Vx € [0,1] : —|1 — QL(x)| < Q%(x) < [1 - QL(x)|.

Since Q} (x;) is an odd-function PBAS, it follows from Theorem 1 that there are points
x1,%2,...,%; € (0,1] such that Vi = 1,u : Q}(x;) = 1. Since Q}(x;) is an odd-function
PBAS, it follows from the proof of Theorem 1 that if n is an odd number, then u = ”Zil
Otherwise, u = 7.

Substituting x1, X, .. ., X, into the inequalities — |1 — Q}, (x)| < QY (x) < |1 — Q}(x)|
wefindVi = 1,u : 0 < Qg(xi) < 0; therefore, the necessary condltlon isVi =1,u :
Q%x;) = 0. Since the function QJ(x) is an even function, Vi = 1,u : Q' (—~x;) = 0;
therefore, QY (x) is divisible by the polynomial [T}"_; (x> — x?) and degQY(x) > 2u. Let us
consider two cases.

Case 1. If 1 is an odd number, then degQ%(x) > 2u = n + 1. Therefore, there is no
even polynomial satisfying the condition degQ%(x) < n. Hence, if 1 is an odd number,
there is no PBAS that is a function of general form.

Case 2. If n is an even number, then degQ?,(x) > 2u = n. From the other side,
degQV (x) < n; therefore, degQY(x) = n. To construct the polynomial QY (x) we consider
the polynomial of the form:

Qu(x) —

Il = e T

where Vi = @ Tx = smn—+2

We consider the equation Q}(x) —1 =0, Vi = E : QL (x;) — 1 = 0; therefore, accord-
ing to Rolle’s theorem, in each of the intervals (x;, x;,1), at least one point &; € ( x;,xj11 )
exists for which F(¢;) = 0, where F(x) = (Q"(X) DI de’x(x) and i € 1,5 — 1. Since

QL (x) is an odd function, F(x) is an even funct1on, therefore, Vi € 1,4 —1: F(—¢;) = 0.




Mathematics 2022, 10, 2006

17 of 22

Considering that degF(x) = n — 2, then, according to the main theorem of algebra, the
equation F(x) = 0 over the field of real numbers can have at most # — 2 roots—considering
their multiplicity—so £¢; are roots of multiplicity one. Since £¢; are roots of multiplicity

one, the function F(x) passing through +¢; changes its sign; therefore, (—oo, —C%_1>,
(“y1 =42 ) (“0 =81 ) (618 @8 ) (EGy-28yn ), (841 +o0)

are the intervals of the increase or decrease in the function Q},(x). Therefore, the equation
QL(x) —1 = 0 has at most one solution for each of the intervals. Taking into account

that the intervals (—¢1,¢1 ), (61,82), .-, <§%_2, Q’%_l ), (6%_1,4—00 ), solutions of the
equation Q,l1 (x) —1 = 0 are respectively x1, xp, ..., Xn; therefore, i > 0 does not exist, and
Vi=12%:¢#xand QL(y) —1=0.

Let us show that x; is a root of multiplicity one of the equation Ql(x) =1 =0. We
suppose that there exists k, for which x; is a root of multiplicity greater than one of
QL (x) — 1 = 0; therefore, x; is also a root of the equation Vi = 1, 5 —1:+£¢ and x.

Provided that degF(x) = n — 2, we have come to a contradiction. Therefore x; is
a root of multiplicity one of the equation Q}(x) — 1 = 0, so if there exists 7 € R for
which the condition Z,(y) = 0 is satisfied, then v < 0 and one of the two conditions
Vx>0:Zy(x) >00rVx >0:Z,(x) <0hold.

541

Since Z,(0) = Qj’(o)fl = (_122 , then if 7 is an even number, then Vx > 0 :
H,‘zzl (—xi) Hi2:1 Xi

Zn(x) < 0, otherwise Vx > 0: Z,(x) > 0.

Let us consider the function R, (x), given by the following formula:

Rn(x) — Znim

-SN\:

(x +x))

j=1

The function R,(x) is continuous on the interval [O 1]. According to the Weier-
strass theorem, it is bounded; that is, there exist xX, xR € [0, 1] such that Vx € [0,1] :
Ry (xR) < R(x) < Ry(x§;). Considering that Vx € [0,1] : 2 (x4 xj) > 0, we find
that if 4 is even number, then R, (x}) < R, (x§;) < 0. Otherw1se O < Ry (xR) < Ry (xF)).
If 5 is even number, T = —R, (xf/[) otherwise, T = R, (xX) and we find the function
Q(x) = TH”/Z( x?) satisfying Vx € [0,1] : —|1— QL (x)| < Q%(x) < [1—Q}(x)].
Since Qu(x) = QY(x) + QL(x), it follows from Corollary 2 that V¢ € [ %] :osin?¢ -
Qu(x) + cos?¢- Qk(x) = QL(x), 50 Qgu(x) = sin® ¢ - Qu(x) + cos? ¢ - QL (x) is the PBAS
and Qg (x) = sin?¢ - Qu(x) + cos? ¢ - QL(x) = sin®¢ - Q%(x) + QL (x). Itis also worth
noting that Q,(x) = —Q(x) + Q}(x) is a PBAS, so Q, ,(x) = sin®¢ - Q,(x) + cos? ¢ -
Ql(x) = —sin®¢ - QY (x) + QL (x) is the PBAS.

The theorem is proven. J

Example 3. Construct the general form PBAS for n = 4.
Solution follows from Example 2 that Q}(x) = 4\f 12,3 1 92 ‘fx Calculating Z4(x),

we have
_ Q-1 4/3-12 4v3
e

We calculate Ry (x) and find:

Zy(x) B 4\@%12 _43ﬁ _%‘/é(x%—%)—él(x—i-@)_ % 4
(e (8) () (Ee8)  (rh)(Ee)  wed v
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We calculate the derivative of the function Ry(x) and find:

dRy(x) A L4
T 3+ f) (x+d)

Since there are no critical points on the segment [0, 1], the function Ry(x) takes the maximum
and minimum values at the ends of the segment. If we calculate R4(0) and R4(1), respectively, we
have: Ry(0) = —2° and

4/3-12 43 16
Ry(1) = > L=
(1+%)(1+§> 6-+33
_ _16
Therefore, T = TN and

1 3 3 u
Qg,u:“<x2_4><x2_4):”( - +16>:”' 3;(3;)

where p is any number satisfying the condition y € [—, ], and Us(x) is a Chebyshev polynomial of
the second kind. Thus, the PBAS has the form Qy,,,(x) = pxt + 4‘[ 12,3 —ux®+ 973\63( + %y.

Lemma 3. If n is an even number, then

. T 3 ' LT (-1)2 7"
Vi=1,= | | (sm — sin? ) =
2 22
20 ]:l j#i 2 n+2 2+” - sin nl+7£

Proof. As Vx,y € R :sin? x — sin? y = sin(x — y) - sin(x + y), then

n/2 . . S
n; = H sin(l_‘_])nsin(Z L

i nt2 n+2
Consider two cases.
Case1: If i = % then
11 ny 1V ,I;Isanrz
wy = sin (5+)) sin (5-1) _J
=1 n+2 n+2 szn+4
Because H” 1 sm% = %, we have
An — n—+2
2 Dngin? nz—fz
Case 2. If i # J then
5 n
1 i 2 n
W= e sin sin
' sin 2T gin 7 H +2H n+2

n+2 n+2 j=i— n j=1
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. . (n+2+4j)m .
Because sin ;/ 5 = —sin~— 5, we obtain
( 1)%*1’ (n+2+1)
_ (n424))7
W = — sin sin
! sin —ﬁ’ﬁ sin 175 j 127 T on2 H n+2
n_ +1
(71)2 i n
e H sin
sin n’ﬁ sin 7% =t it n+2 n+2
n_ 1
_1)2 i n-+ .
= (=1) IT sin L5
s 20T i DT o (2+1+1)n =1 2
SIN 3,57 SIN 5757 SIN ~=—75
w
n+1 7T 2 . 7+1+1 7T . 2i.
As *1 sin 14+2 = gnﬁl, sin % = cos 375, and 2 - cos ;75 - sin ;75 = sin 57,
(-pE o
M= i
sin® 28T n+2

n+2

Lemma 3 is proven. UJ

Theorem 3. If n is an even number, then PBAS is defined as

Quun(x #H( ?) + Qi(x),

_2nt s
where p € [—7,7], x; = sin ;-55, and T = 25 tan 5.

Proof. Using the theorem on the expansion of rational functions in the case of different

roots [14], we represent R, (x) as partial fraction decomposition:

7 (x n/2 b;
R'Vl(x):n/Z n( ) :Zx_'_]x,/
[1(x+x) J=1 /
j=1

whereVj =1, 7 : bj € R. Therefore, we have

n/2 n/2
)=) b J] (x+x)
=1 i=1,i#
Calculating the values of Z,(x) at the point x = —x;, we obtain:
n/2
Zn(=xj) = by (xi = x))
i=1,i]
On the other hand, Z,(x) %‘2@‘) L hence
ITZ; (x—x;)
-2 LET 2
Zn(—%j) = ————— = (12—
DI () T ()
. ) — T2 AR =5 2 :
Since Z, (—xj) = b [T}~ Lidj (xi —xj) = (=1) e ]+Xi),1t follows that
nq 1 1
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Using Lemma 3, we find

Therefore,

o 2 : p
— (— . . 1y ._ 2. — (—_1)\2 . .
Rao) = (0F 2 Tt = (0 B e

NI=

Calculating ﬂ%x), we have

Let us show that Vx € [0,1] : de”ijgx) # 0. Using the corollary of the Cauchy-Schwarz

inequality (Y14 uvi)* < ( " 1 0i) (20, u?v;), we have

(b]go xijxf ) : (b]go bj) (hjg) (x jjxj)z) (b]go xijxi ) = (b]go bj) (b,;) (x —fjx]-)2>

Therefore,
bj 2 bj 2
(Zb]->0 Ty ) _ bj (ij<0 Ty ) _ bj
. = 27 _ = 2
Z;h,->0 b] bj>0 (x + x]-) ij<0 b] bj<0 (x + x]-)

Let us add two inequalities:

b \? b \?
(Zhj>0 Ty ) (ij<o x5 ) _ w2 p

+ =
L;>0bj — Li<0Dj = (x+ xj)2
( b; 2 bj 2
Zb»>0 X+x: ) ().._.:bv<0 XFx; ) b;
. j j ] j n/2 i
As Vx € [0,1] : RS e b 0 and Toab > 0 then i 7(x+xi)2 > 0.

j
Therefore, “R2) does not change sign on the interval [0, 1]. The minimum and maximum
of the function R, (x) will be reached at the ends of the interval. Let us calculate the value

of the function R, (x) at the points x = 0 and x = 1:

. ont2 n/2 j ) a  nt2 n/2 j )
=(=1)2. - — x? =(=1)2 . - L
Ry (0) = (~1) Hz];( 1)/ (1= 2)Ru(1) = (-1) 72 5 (x—?)
Considering that
n/2 i -1 -1 n/2 n/2 -1 n/2 1 n/2 X -1 n/2
Z(_l)]:LrZ(_l)]xj:( ) b T (_1)]x2:( ) )
— 2 ~ 2 2 2n+4 = J 2
j=1 j=1 j=1
we have
on+1 1 on+1 T
. 2 .
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AsV¥n >2and |n]; =0: |R,(0)| > |Ry(1)], considering Theorem 2, we obtain

n+1

2 T
T=Ra(D) =g tan g g

The theorem is proven. U

7. Conclusions

Homomorphic encryption enables the computing of encrypted data without access
to the secret key. It has become a promising mechanism for the secure computation, stor-
age, and communication of confidential data in cloud services [15]. Practical scenarios
include robot control systems, machine learning models, image processing, and many
others [6-10,16-18]. A challenge of processing encrypted information is finding a crypto-
graphically compatible sign function approximation.

State-of-the-art works have mainly focused on constructing the polynomial of best
approximation of the sign function (PBAS) on the union of the intervals [—1, —e] U [¢, 1].
In this paper, we provide a construction of the PBAS on the complete interval [—1,1] and
prove that:

If n = 0, then PBAS has the form Q,(x) = ag, where |ag|< 1.

If n > 1, then there is a unique PBAS odd function, which can be calculated using the
zeros of the Chebyshev polynomial of the second kind.

If n > 1 and # is an odd number, then there are no PBAS of the general form.

If n > 1 and #n is an even number, then there is an uncountable set of PBAS of the
general form.

Future studies include assessing the accuracy and efficiency of PBAS on real systems,
e.g., over privacy-preserving neural networks with homomorphic encryption, where the
non-linear activation function is replaced with a PBAS to operate with encrypted data.
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