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Abstract: We constructed a summation–integral type operator based on the latest research in the
linear positive operators area. We establish some approximation properties for this new operator.
We highlight the qualitative part of the presented operator; we studied uniform convergence, a
Voronovskaja-type theorem, and a Grüss–Voronovskaja type result. Our subsequent study focuses
on a direct approximation theorem using the Ditzian–Totik modulus of smoothness and the order
of approximation for functions belonging to the Lipschitz-type space. For a complete image on
the quantitative estimations, we included the convergence rate for differential functions, whose
derivatives were of bounded variations. In the last section of the article, we present two graphs
illustrating the operator convergence.
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1. Introduction

The polynomial approximation of continuous functions represents an important part
of numerical analyses. It is based on a famous theorem, stated, proved, and published by
Karl Weierstrass in 1885. The result expresses the possibility of uniform approximation
for a continuous function f by polynomials, on a bounded and closed interval [a, b] of the
real axis, playing a fundamental role in the development of mathematical analyses. In
1912, Bernstein [1] constructed for the real-valued function φ : [0, 1]→ R the positive linear
operators

Bn(φ; u) =
n

∑
j=0

pn,j(u)φ
(

j
n

)
=

n

∑
j=0

(
n
j

)
uj(1− u)n−jφ

(
j
n

)
, (1)

as a remarkable tool for the proof of the Weierstrass approximation theorem. Bernstein
polynomials (1) ushered in a new era of the approximation theory, inspiring thousands
of interesting articles to date. Bernstein polynomials, together with Bézier curves, are
used in computer-aided geometric designs and other areas of computer science. Powerful
algorithms (i.e., due to their constructions and visualizations) are available in the literature.
Some generalizations (approximation of integrable functions, approximation of measurable
functions, degenerate Bernstein polynomials, classical Bernstein polynomials), as well as
many other applications of the Bernstein polynomials (1), can be consulted in the excellent
book [2]. An exceptional historical perspective is provided in [3] on the evolution of the
Bernstein polynomials. The construction of the approximation processes (of linear positive
operators) is in a continuous expansion, determined only by the versatility of the existing
functions. Consequently, there are dozens of operators in the literature; new operators can
be built, all with direct contributions to the uniform approximation of the function. An
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interesting new modification of the Bernstein operator was brought to light by Usta [4]; it
is given by

B∗n(φ; u) =
n

∑
j=0

p∗n,j(u)φ
(

j
n

)
, u ∈ (0, 1), (2)

where p∗n,j(u) =
1
n

(
n
j

)
(j − nu)2uj−1(1− u)n−j−1 are the fundamental polynomials. In

order to obtain an approximation process in the spaces of integrable functions on the
interval [0, 1], based on this new modification (2), for any non-negative fixed real parameter
α, we present the following Bernstein–Durrmeyer type operator

B∗n,α(φ; u) =
n

∑
j=0

p∗n,j(u)
∫ 1

0
Θn,α(s)φ(s)ds, (3)

where Θn,α(s) =
sjα(1− s)(n−j)α

β(jα + 1, (n− j)α + 1)
and β(jα + 1, (n− j)α + 1) are the Beta functions.

We should note that (3) is a summation–integral linear positive type operator and its
construction is based on many attempts to verify the hypotheses of an approximation
process. The aim of the present paper was to establish some approximation properties
of the Bernstein–Durrmeyer type operator (3). We highlight the qualitative part of the
presented operator, studying uniform convergence, a Voronovskaja-type theorem, and a
Grüss–Voronovskaja-type result. Our subsequent study focuses on a direct approximation
theorem using the Ditzian–Totik modulus of smoothness, on the order of approximation
for functions belonging to the Lipschitz-type space. For a complete image about the
quantitative estimations, we include the convergence rates for differential functions whose
derivatives were of bounded variations. In the last section of the article, we present two
graphs illustrating the operator convergence.

2. Auxiliary Results

Let N be the set of positive integers and N0 = N ∪ {0}. In this section, we present
some auxiliary results. Let I ⊂ R be a nonempty interval of the real axis. We consider
C(I) the space of all real-valued functions continuous on I, endowed with uniform norm
‖ f ‖ = supx∈I

∣∣ f (x)
∣∣. The mapping L : C(I)→ C(I) is called an operator. The operator L is

linear if L
(
α1 f1 + α2 f2

)
= α1L( f1) + α2L( f2), for f1, f2 ∈ C(I), α1, α2 ∈ R. The operator L

is positive if L( f1) ≥ 0, for any f ∈ C(I), f being positive. The next quantities represent
indispensable tools for the study of uniform approximation of the functions by linear
positive operators:

• The images of the monomials em(u) = um (called also Korovkin test functions) by
operator L, written L(em; u), for m ∈ N0.

• The central moments of order m, L
(
(e1 − u)m; u

)
, for m ∈ N0.

Below, we present two results concerning the computations of the monomials images, as
well as the central moments by linear positive operator B∗n,α.

Lemma 1. The Bernstein–Durrmeyer-type operators (3) hold:
B∗n,α(e0; u) = 1; B∗n,α(e1; u) = (n−2)αu

αn+2 + α+1
αn+2 ;

B∗n,α(e2; u) = (n2−7n+6)α2u2

(αn+3)(αn+2) +
((5n−6)α2+(3n−6)α)u

(αn+3)(αn+2) + α2+3α+2
(αn+3)(αn+2) ;

B∗n,α(e3; u) = (n3−15n2+38n−24)α3u3

(αn+2)(αn+3)(αn+4) +
((12n2−48n+36)α3+(6n2−42n+36)α2)u2

(αn+2)(αn+3)(αn+4)

+
((13n−14)α3+(30n−36)α2+(11n−22)α)u

(αn+2)(αn+3)(αn+4) + α3+6α2+11α+6
(αn+2)(αn+3)(αn+4) ;

B∗n,α(e4; u) = (n4−26n3+131n2−226n+120)α4u4

(αn+2)(αn+3)(αn+4)(αn+5)

+
((22n3−186n2+404n−240)α4+(10n3−150n2+380n−240)α3)u3

(αn+2)(αn+3)(αn+4)(αn+5)
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+
((61n2−211n+150)α4+(120n2−480n+360)α3+(35n2−245n+210)α2)u2

(αn+2)(αn+3)(αn+4)(αn+5)

+
((29n−30)α4+(130n−140)α3+(175n−210)α2+(50n−100)α)u

(αn+2)(αn+3)(αn+4)(αn+5) + α4+10α3+35α2+50α+24
(αn+2)(αn+3)(αn+4)(αn+5) .

Proof. Achieving the presented results requires the ability to operate with different types
of mathematical software (Maple or Mathematica).

As for the central moments of the operators (3), for brevity, in the sequel, we will write
τn,α,m(u) = B∗n,α

(
(e1 − u)m; u

)
, with n ≥ 1, m ≥ 0 and u ∈ (0, 1).

Lemma 2. For the Bernstein–Durrmeyer-type operators (3), they hold:
τn,α,1(u) =

(1+α)(1−2u)
αn+2 ;

τn,α,2(u) =
((−3n+6)α2+(−n+12)α+6)u2

(αn+2)(αn+3) +
((3n−6)α2+(n−12)α−6)u

(αn+2)(αn+3) + α2+3α+2
(αn+2)(αn+3) ;

τn,α,4(u) =
((15n2−130n+120)α4+(18n2−436n+480)α3+(3n2−464n+720)α2+(−86n+480)α+120)u4

(αn+2)(αn+3)(αn+4)(αn+5)

+
((−30n2+260n−240)α4+(−36n2+872n−960)α3+(−6n2+928n−1440)α2+(172n−960)α−240)u3

(αn+2)(αn+3)(αn+4)(αn+5)

+
((15n2−155n+150)α4+(18n2−542n+640)α3+(3n2−595n+1050)α2+(−112n+800)α+240)u2

(αn+2)(αn+3)(αn+4)(αn+5)

+
((25n−30)α4+(106n−160)α3+(131n−330)α2+(26n−320)α−120)u

(αn+2)(αn+3)(αn+4)(αn+5) + α4+10α3+35α2+50α+24
(αn+2)(αn+3)(αn+4)(αn+5) .

Proof. We use the results in Lemma 1. Taking τn,α,m(u) = B∗n,α
(
(e1 − u)m; u

)
, for m = 1, 2,

and 4 into account, we obtain the desired equalities. The computations were performed
with Maple software.

Lemma 3. For every u ∈ (0, 1), applying the limit as n→ ∞, we have

lim
n→∞

n · τn,α,1(u) =
(1− 2u)(1 + α)

α
, lim

n→∞
n · τn,α,2(u) =

(1− u)u(1 + 3α)

α
,

lim
n→∞

n2 · τn,α,4(u) =
3(1− u)2u2(1 + 6α + 5α2)

α2 .

Proof. The equalities follow directly from Lemma 2, by applying the limit as n→ ∞.

Lemma 4. For n ∈ N, we have

B∗n,α

(
(e1 − u)2; u

)
≤ Yα · u(1− u)

αn + 2
,

where Yα is a positive constant depending on the non-negative fixed real parameter α.

Proof. The second order central moment of the Bernstein–Durrmeyer type operator (3)
(see the result in Lemma 2), can be written in the following form

τn,α,2(u) = B∗n,α
(
(e1 − u)2; u

)
=

((−3n+6)α2+(−n+12)α+6)u2

(αn+2)(αn+3) +
((3n−6)α2+(n−12)α−6)u

(αn+2)(αn+3) + α2+3α+2
(αn+2)(αn+3)

=
((3n−6)α2+(n−12)α−6)u(1−u)

(αn+2)(αn+3) + α2+3α+2
(αn+2)(αn+3) =

(3α+1)u(1−u)
αn+2 +

α2+3α+2−
(

6α2+21α+9
)

u(1−u)
(αn+2)(αn+3)

≤ (3α+1)u(1−u)
αn+2 − 2α2+9α+1

4(αn+2)(αn+3) ≤
Yα ·u(1−u)

αn+2 ,

with Yα = 3α + 1 being a positive constant and 0 < 2α2+9α+1
4(αn+2)(αn+3) < 1.

The following result provides the simplest and strongest criteria for establishing
the convergence of a linear positive operator to the identity one. It was developed and
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demonstrated independently by three mathematicians: T. Popoviciu [5] in 1951, H. Bohman
[6] in 1952, and P.P. Korovkin [7] in 1953.

Theorem 1. Let
(

Ln
)

n∈N be a sequence of linear positive operators, such that Ln : C[a, b] →
C[a, b]. If

• Ln(e0; u) = 1 + vn(u),
• Ln(e1; u) = u + wn(u),
• Ln(e2; u) = u2 + zn(u),

such that lim
n→∞

vn(u) = lim
n→∞

wn(u) = lim
n
(u) = 0, then for any f ∈ C[a, b] and u ∈ [a, b],

lim
n→∞

Ln( f ; u) = f (u) uniformly on [a, b].

Remark 1. This classical result is known in the literature as Bohman–Korovkin’s theorem,
because Popoviciu’s contribution remained unknown for a long period of time.

The power of this qualitative result impressed many mathematicians and, hence, during the last
seventy years, a considerable amount of research extended this theorem in different directions.

3. Main Results

In the following, we present a series of qualitative and quantitative results, which
confirm that the linear positive operator (3) is an approximation process in the space of
integrable functions on [0, 1].

Theorem 2. If φ ∈ C(0, 1), then lim
n→∞

B∗n,α(φ; u) = φ(u) uniformly on (0, 1).

Proof. Taking the results presented in Lemma 1 into account, we have

B∗n,α(1; u)→ 1, B∗n,α(e1; u)→ u, B∗n,α(e2; u)→ u2, as n→ ∞ uniformly in (0, 1).

Next, applying Bohman–Korovkin–Popoviciu criterion (Theorem 1), it follows that

B∗n,α(φ; u)→ φ(u), as n→ ∞ uniformly on (0, 1).

Theorem 3. Let φ : (0, 1)→ R. If φ ∈ C2(0, 1), then

lim
n→∞

n
(
B∗n,α(φ; u)− φ(u)

)
=

(1− 2u)(1 + α)

α
φ′(u) +

(1− u)u(1 + 3α)

2α
φ′′(u). (4)

Proof. Using Taylor’s expansion of the function φ, we can write

φ(s) = φ(u) + φ′(u)(s− u) +
1
2

φ′′(u)(s− u)2 + v(s, u)(s− u)2, (5)

v(s, u) := v(s− u) being a bounded function, with lim
s→u

v(s, u) = 0. Applying the linear

operator B∗n,α to the relation (5), we have

B∗n,α(φ; u)− φ(u) = B∗n,α
(
(e1 − u); u

)
φ′(u) +

1
2
B∗n,α

(
(e1 − u)2; u

)
φ′′(u) + B∗n,α

(
v(s, u)(e1 − u)2; u

)
.

The Cauchy–Schwarz inequality for linear positive operators implies

n · B∗n,α
(
v(s, u)(s− u)2; u

)
≤
√
B∗n,α

(
v2(s, u); u

)
·
√

n2 · B∗n,α
(
(e1 − u)4; u

)
.
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Based on the uniform convergence proved in Theorem 2, we have lim
n→∞

B∗n,α
(
v2(s, u); u

)
=

v2(u, u) = 0, once v(s, u)→ 0 as s→ u. For every u ∈ (0, 1), we know from Lemma 3 that

lim
n→∞

n2 · B∗n,α

(
(e1 − u)4; u

)
=

3(1− u)2u2(1 + 6α + 5α2)
α2 .

Hence, it follows that
n · B∗n,α

(
v(s, u)(e1 − u)2; u

)
= 0.

The results proved in Lemma 3:

lim
n→∞

nB∗n,α(e1 − u; u) =
(1− 2u)(1 + α)

α
, lim

n→∞
nB∗n,α

(
(e1 − u)2; u

)
=

(1− u)u(1 + 3α)

α
,

leads us to

lim
n→∞

n
(
B∗n,α(φ; u)− φ(u)

)
=

(1− 2u)(1 + α)

α
φ′(u) +

(1− u)u(1 + 3α)

2α
φ′′(u).

We present a Grüss–Voronovskaja-type result for the Bernstein–Durrmeyer-type operators.

Theorem 4. Let φ, g : (0, 1)→ R. If φ, g ∈ C2(0, 1), then

lim
n→∞

n ·
(
B∗n,α((φg); u)−B∗n,α(φ; u) · B∗n,α(g; u)

)
= φ′(u) · g′(u) (1− u)u(1 + 3α)

α
.

Proof. The following relation holds

B∗n,α(φg; u)−B∗n,α(φ; u) · B∗n,α(g; u) = B∗n,α(φg; u)−φ(u)g(u)−(φg)′(u)τn,α,1(u)−
1
2
(φg)′′(u)τn,α,2(u)

−g(u)
(
B∗n,α(φ; u)− φ(u)− φ′(u)τn,α,1(u)−

1
2

φ′′(u)τn,α,2(u)
)

−B∗n,α(φ; u)
(
B∗n,α(g; u)− g(u)− g′(u)τn,α,1(u)−

1
2

g′′(u)τn,α,2(u)
)

+
1
2

τn,α,2(u)
(
φ(u)g′′(u) + 2φ′(u)g′(u)− g′′(u)B∗n,α(φ; u)

)
+ τn,α,1(u)

(
φ(u)g′(u)− g′(u)B∗n,α(φ; u)

)
.

Next, using the uniform convergence from Theorem 2, the Voronovskaja-type theorem
from Theorem 3, and the results presented in Lemma 3, we have

lim
n→∞

n
{
B∗n,α(φg; u)−B∗n,α(φ; u)B∗n,α(g; u)

}
= lim

n→∞
nφ′(u)g′(u)τn,α,2(u)

+ lim
n→∞

1
2

ng′′(u)
(
φ(u)−B∗n,α(φ; u)

)
τn,α,2(u) + lim

n→∞
ng′(u)

(
φ(u)−B∗n,α(φ; u)

)
τn,α,1(u)

= φ′(u)g′(u)
(1− u)u(1 + 3α)

α
.
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In order to present some quantitative estimates of the Bernstein–Durrmeyer type
operators, we recall the definitions of the Ditzian–Totik first order modulus of smoothness
and the appropriate K-functional, taken from [8]. Let ϑ(u) =

√
u(1− u) and φ ∈ C(0, 1).

The first order modulus of smoothness is

ωϑ(φ, δ) = sup
0<h≤s

sup
u±(h/2)ϑ(u)∈(0,1)

{∣∣∣∣φ(u +
hϑ(u)

2

)
− φ

(
u− hϑ(u)

2

)∣∣∣∣, δ > 0
}

and the appropriate K-functional is defined by

Kϑ(φ, δ) = inf
g∈Wϑ

{‖φ− g‖+ δ‖ϑg′‖+ δ2‖g′‖} (δ > 0),

where Wϑ = {g : g ∈ ACloc, ‖ϑg′‖ < ∞, ‖g′‖ < ∞} and ‖ · ‖ is the uniform norm on C(0, 1).
It is known (from Theorem 3.1.2, [8]) that Kϑ(φ, δ) ∼ ωϑ(φ, δ), which means that there
exists a constant M > 0, such that

M−1ωϑ(φ, δ) ≤ Kϑ(φ, δ) ≤ Mωϑ(φ, δ). (6)

We establish the order of approximation with the aid of the Ditzian–Totik modulus of
smoothness.

Theorem 5. If φ ∈ C(0, 1) and ϑ(u) =
√

u(1− u), then

∣∣B∗n,α(φ; u)− φ(u)
∣∣ ≤ C ·ωϑ

(
φ,

√
Yα

αn + 2

)
,

with Yα being defined in the Lemma 4 and C is a positive constant.

Proof. Using the relation g(s) = g(u) +
∫ s

u
g′(w)dw and the fact that Bernstein–Durrmeyer

type operators (3) preserve constants (see Lemma 1), we may write

∣∣B∗n,α(g; u)− g(u)
∣∣ = ∣∣∣∣B∗n,α

( ∫ s

u
g′(w)dw; u

)∣∣∣∣. (7)

For any u, s ∈ (0, 1), we have∣∣∣∣ ∫ s

u
g′(w)dw

∣∣∣∣ ≤ ‖ϑg′‖ ·
∣∣∣∣ ∫ s

u

1
ϑ(w)

dw
∣∣∣∣. (8)

Therefore,

∣∣∣∣∫ s

u

1
ϑ(w)

dw
∣∣∣∣ =

∣∣∣∣∣
∫ s

u

1√
w(1− w)

dw

∣∣∣∣∣ ≤
∣∣∣∣∫ s

u

(
1√
w

+
1√

1− w

)
dw
∣∣∣∣ ≤ 2

(∣∣√s−
√

u
∣∣+ ∣∣∣√1− s−

√
1− u

∣∣∣)
= 2|s− u|

(
1√

s +
√

u
+

1√
1− s +

√
1− u

)
< 2|s− u|

(
1√
u
+

1√
1− u

)
≤ 2
√

2 |s− u|
ϑ(u)

. (9)

Combining (7)–(9) and applying the Cauchy–Schwarz inequality for linear positive opera-
tors, we have

∣∣B∗n,α(g; u)− g(u)
∣∣ < 2

√
2‖ϑg′‖ϑ−1(u)B∗n,α(|e1 − u|; u) ≤ 2

√
2‖ϑg′‖ϑ−1(u)

(
B∗n,α

(
(e1 − u)2; u

))1/2

.
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Using the result presented in the Lemma 4, we have

∣∣B∗n,α(g; u)− g(u)
∣∣ < C ·

√
Yα

αn + 2
‖ϑg′‖. (10)

It is clear that

∣∣B∗n,α(φ)− φ
∣∣ ≤ ∣∣B∗n,α(φ− g; u)

∣∣+ |φ− g|+
∣∣B∗n,α(g; u)− g(u)

∣∣ ≤ C ·
(
‖φ− g‖+

√
Yα

αn + 2
‖ϑg′‖

)
,

where the relation (10) is used. Taking infimum on the right-hand side of the above relation
over all g ∈Wϑ, we may write

∣∣B∗n,α(φ; u)− φ(u)
∣∣ ≤ C · Kϑ

(
φ;

√
Yα

αn + 2

)
. (11)

Taking Kϑ(φ, s) ∼ ωϑ(φ, s) into account, we have the desired estimate.

Let us consider the Lipschitz-type space defined as:

Lip(κ1,κ2)
M (σ) :=

{
φ ∈ C(0, 1) : |φ(s)− φ(u)| ≤ M

|s− u|σ

(s + κ1u2 + κ2u)
σ
2

, s ∈ (0, 1), u ∈ (0, 1)

}
, with 0 < σ ≤ 1.

Theorem 6. If φ ∈ Lip(κ1,κ2)
M (σ), then

∣∣B∗n,α(φ; u)− φ(u)
∣∣ ≤ M ·

(
τn,α,2(u)

κ1u2 + κ2u

)σ/2

.

Proof. Using Hölder’s inequality with p = 2
σ and q = 2

2−σ , for 0 < σ ≤ 1 we show that

∣∣B∗n,α(φ; u)− φ(u)
∣∣ ≤ n

∑
j=0

p∗n,j(u)
∫ 1

0
|φ(s)− φ(u)|Θn,α(s)ds ≤

n

∑
j=0

p∗n,j(u)
(∫ 1

0
|φ(s)− φ(u)|

2
σ Θn,α(s)ds

) σ
2

≤
(

n

∑
j=0

p∗n,j(u)
∫ 1

0
|φ(s)− φ(u)|

2
σ Θn,α(s)ds

) σ
2

·
(

n

∑
j=0

p∗n,j(u)
∫ 1

0
Θn,α(s)ds

) 2−σ
2

=

(
n

∑
j=0

p∗n,j(u)
∫ 1

0
|φ(s)− φ(u)|

2
σ Θn,α(s)ds

) σ
2

≤ M

(
n

∑
j=0

p∗n,j(u)
∫ 1

0

(s− u)2

(s + κ1u2 + κ2u)
Θn,α(s)ds

) σ
2

≤ M

(κ1u2 + κ2u)
σ
2

(
n

∑
j=0

p∗n,j(u)
∫ 1

0
(s− u)2Θn,α(s)ds

) σ
2

=
M

(κ1u2 + κ2u)
σ
2
B∗n,α

(
(e1 − u)2; u

) σ
2

=
M

(κ1u2 + κ2u)
σ
2
(τn,α,2(u))

σ
2 .

Theorem 7. If φ ∈ C1(0, 1), then

∣∣B∗n,α(φ; u)− φ(u)
∣∣ ≤ ∣∣∣∣ 1− 2u

nα + 2

∣∣∣∣ · |φ′(u)|+ 2
√

τn,α,2(u) ·ω
(

φ′,
√

τn,α,2(u)
)

. (12)

Proof. For any s, u ∈ (0, 1), we can write

φ(s)− φ(u) = φ′(u)(s− u) +
∫ s

u

(
φ′(w)− φ′(u)

)
dw.



Mathematics 2022, 10, 1876 8 of 13

Applying B∗n,α(·; u) on both sides of the above relation, we have

B∗n,α
(
φ(s)− φ(u); u

)
= φ′(u)B∗n,α(e1 − u; u) + B∗n,α

(∫ s

u

(
φ′(w)− φ′(u)

)
dw; u

)
Using the well-known inequality of modulus of continuity |φ(s) − φ(u)| ≤
ω(φ, δ)

(
|s−u|

δ + 1
)

, δ > 0, yields

∣∣∣∣∫ s

u

(
φ′(w)− φ′(u)

)
dw
∣∣∣∣ ≤ ω(φ′, δ)

(
(s− u)2

δ
+ |s− u|

)
.

Therefore,

∣∣B∗n,α(φ; u)− φ(u)
∣∣ ≤ |φ′(u)| · |B∗n,α(e1 − u; u)|+ ω(φ′, δ)

(
1
δ
B∗n,α

(
(e1 − u)2; u

)
+ B∗n,α(|e1 − u|; u)

)
.

Applying the Cauchy–Schwarz inequality for linear positive operators, we have

∣∣B∗n,α(φ; u)− φ(u)
∣∣ ≤ |φ′(u)| · |B∗n,α(e1 − u; u)|+ ω(φ′, δ)

(
1
δ

√
B∗n,α

(
(e1 − u)2; u

)
+ 1
)√
B∗n,α

(
(e1 − u)2; u

)
.

Choosing δ =
√

τn,α,2(u), the desired result follows.

Let DBV(0, 1) be the class of all absolutely continuous functions defined on (0, 1),
whose derivatives have bounded variation on (0, 1). If φ ∈ DBV(0, 1), then

φ(u) =
∫ x

0
g(s)ds + φ(0),

where g ∈ BV(0, 1), which means that g is a function with a bounded variation on (0, 1).
Moreover, the operators B∗n,αφ admit the integral representation

B∗n,α(φ; u) =
∫ 1

0
Vn,α(u, s)φ(s)ds, (13)

where the kernel Vn,α(u, s) is given by Vn,α(u, s) = ∑n
j=0 p∗n,j(u)Θn,α(s).

Lemma 5. For a fixed u ∈ (0, 1) and sufficiently large n, it follows

(i) ηn,α(u, y) =
∫ y

0
Vn,α(u, s)ds ≤ Yα

αn + 2
· u(1− u)
(u− y)2 , 0 ≤ y < u,

(ii) 1− ηn,α(u, z) =
∫ 1

z
Vn,α(u, s)ds ≤ Yα

αn + 2
· u(1− u)
(z− u)2 , u < z < 1.

Proof. (i) Using the result from Lemma 4, we have

ηn,α(u, y) =

y∫
0

Vn,α(u, s)ds ≤
∫ y

0

(
u− s
u− y

)2

Vn,α(u, s)ds =
B∗n,α

(
(e1 − u)2; u

)
(u− y)2 ≤ Yα

αn + 2
· u(1− u)
(u− y)2 .

(ii) The proof’s argumentation is similar to (i); hence, the details are omitted.



Mathematics 2022, 10, 1876 9 of 13

Theorem 8. Let φ ∈ DBV(0, 1). If u ∈ (0, 1) and n is sufficiently large, then

∣∣B∗n,α(φ; u)− φ(u)
∣∣ ≤ 1− 2u

αn + 2
·
∣∣φ′(u+) + φ′(u−)

∣∣
2

+

√
Yα · u(1− u)

αn + 2
·
∣∣φ′(u+)− φ′(u−)

∣∣
2

+
Yα(1− u)

αn + 2

[
√

n]

∑
j=1

u∨
u−(u/j)

(φ′u) +
u√
n

u∨
u−(u/

√
n)

(φ′u)

+
Yαu

αn + 2

[
√

n]

∑
j=1

u+((1−u)/j)∨
u

(φ′u) +
(1− u)√

n

u+((1−u)/
√

n)∨
u

(φ′u),

where
d∨
c
(φ′u) denotes the total variation of φ′u on [c, d] and φ′u is defined by

φ′u(s) =


φ′(s)− φ′(u−), 0 ≤ s < u

0, s = u
φ′(s)− φ′(u+), u < s < 1.

(14)

Proof. Since B∗n,α(1; u) = 1, using (13), for every u ∈ (0, 1) we may write

B∗n,α(φ; u)− φ(u) =
∫ 1

0
Vn,α(u, s)(φ(s)− φ(u))ds =

∫ 1

0
Vn,α(u, s)

(∫ s

u
φ′(w)dw

)
ds. (15)

If φ ∈ DBV(0, 1), then using (14) we have

φ′(w) =φ′u(w) +
1
2
(φ′(u+) + φ′(u−)) + 1

2
(φ′(u+)− φ′(u−))sgn(w− u)

+ δu(w)[φ′(w)− 1
2
(φ′(u+) + φ′(u−))], (16)

with

δu(w) =

{
1 , w = u
0 , w 6= u.

Therefore, ∫ 1

0

( ∫ s

u

(
φ′(w)− 1

2
(φ′(u+) + φ′(u−))

)
δu(w)dw

)
Vn,α(u, s)ds = 0.

By (13) and simple calculations we find

∫ 1

0

( ∫ s

u

1
2
(φ′(u+) + φ′(u−))dw

)
Vn,α(u, s)ds =

1
2
(φ′(u+) + φ′(u−))

∫ 1

0
(s− u)Vn,α(u, s)ds

=
1
2
(φ′(u+) + φ′(u−))B∗n,α(e1 − u; u)

and

∣∣∣∣∫ 1

0
Vn,α(u, s)

( ∫ s

u

1
2
(φ′(u+)− φ′(u−))sgn(w− u)dw

)
ds
∣∣∣∣ ≤ 1

2

∣∣φ′(u+)− φ′(u−)
∣∣ ∫ 1

0
|s− u|Vn,α(u, s)ds

≤ 1
2

∣∣φ′(u+)− φ′(u−)
∣∣B∗n,α

(
|e1 − u|; u

)
≤ 1

2

∣∣φ′(u+)− φ′(u−)
∣∣(B∗n,α

(
(e1 − u)2; u

))1/2

.

Using Lemma 4 and the relations (15), (16), we have
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∣∣B∗n,α(φ; u)− φ(u)
∣∣ ≤1

2
|φ′(u+)− φ′(u−)|

√
Yαu(1− u)
(2 + nα)

+

∣∣∣∣ ∫ u

0

(∫ s

u
φ′u(w)dw

)
Vn,α(u, s)ds

+
∫ 1

u

(∫ s

u
φ′u(w)dw

)
Vn,α(u, s)ds

∣∣∣∣. (17)

Let

Sn,α(φ
′
u, u) =

∫ u

0

(∫ s

u
φ′u(w)dw

)
Vn,α(u, s)ds and Tn,α(φ

′
u, u) =

∫ 1

u

(∫ s

u
φ′u(w)dw

)
Vn,α(u, s)ds.

To complete the proof, it is sufficient to determine the terms Sn,α(φ′u, u) and Tn,α(φ′u, u).
Since

∫ d
c dsηn,α(u, s) ≤ 1 for all [c, d] ⊆ (0, 1), applying the integration by parts and

Lemma 5 with y = u− (u/
√

n), we have

∣∣Sn,α(φ
′
u, u)

∣∣ = ∣∣∣∣ ∫ u

0

(∫ s

u
φ′u(w)dw

)
dsηn,α(u, s)

∣∣∣∣ = ∣∣∣∣ ∫ u

0
ηn,α(u, s)φ′u(s)ds

∣∣∣∣
≤
( ∫ y

0
+
∫ u

y

)
|φ′u(s)| |ηn,α(u, s)|ds ≤ Yαu(1− u)

αn + 2

∫ y

0

u∨
s
(φ′u)(u− s)−2ds +

∫ u

y

u∨
s
(φ′u)ds

≤ Yαu(1− u)
αn + 2

∫ u−(u/
√

n)

0

u∨
s
(φ′u)(u− s)−2ds +

u√
n

u∨
u−(u/

√
n)

(φ′u).

By the substitution of w = u/(u− s), we have

Yαu(1− u)
αn + 2

∫ u−(u/
√

n)

0
(u− s)−2

u∨
s
(φ′u)ds =

Yα(1− u)
αn + 2

∫ √n

1

u∨
u−(u/w)

(φ′u)dw

≤ Yα(1− u)
αn + 2

[
√

n]

∑
j=1

∫ j+1

j

u∨
u−(u/w)

(φ′u)dw ≤ Yα(1− u)
αn + 2

[
√

n]

∑
j=1

u∨
u−(u/j)

(φ′u).

Thus,

|Sn,α(φ
′
u, u)| ≤ Yα(1− u)

αn + 2

[
√

n]

∑
j=1

u∨
u−(u/j)

(φ′u) +
u√
n

u∨
u−(u/

√
n)

(φ′u). (18)

Using the integration by parts and Lemma 5 with z = u + ((1− u)/
√

n), we can write
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|Tn,α(φ
′
u, u)| =

∣∣∣∣ ∫ 1

u

(∫ s

u
φ′u(w)dw

)
Vn,α(u, s)ds

∣∣∣∣
=

∣∣∣∣ ∫ z

u

(∫ s

u
φ′u(w)dw

)
ds(1− ηn,α(u, s)) +

∫ 1

z

(∫ s

u
φ′u(w)dw

)
ds(1− ηn,α(u, s))

∣∣∣∣
=

∣∣∣∣[ ∫ t

u
f ′u(w)(1− ηn,α(u, s))dw

]z

u
−
∫ z

u
φ′u(s)(1− ηn,α(u, s))ds +

∫ 1

z

(∫ s

u
φ′u(w)dw

)
ds(1− ηn,α(u, s))

∣∣∣∣
=

∣∣∣∣ ∫ z

u
f ′u(w)dw(1− ηn,α(u, z))−

∫ z

u
φ′u(s)(1− ηn,α(u, s))ds +

[ ∫ s

u
φ′u(w)dw(1− ηn,α(u, s))

]1

z

−
∫ 1

z
φ′u(s)(1− ηn,α(u, s))ds

∣∣∣∣
=

∣∣∣∣ ∫ z

u
φ′u(s)(1− ηn,α(u, s))ds +

∫ 1

z
φ′u(s)(1− ηn,α(u, s))ds

∣∣∣∣
≤ Yαu(1− u)

(2 + nα)

∫ 1

z

s∨
u
(φ′u)(s− u)−2ds +

∫ z

u

s∨
u
(φ′u)ds

=
Yαu(1− u)
(2 + nα)

∫ 1

u+((1−u)/
√

n)

s∨
u
(φ′u)(s− u)−2ds +

(1− u)√
n

u+((1−u)/
√

n)∨
u

(φ′u).

By the substitution of v = (1− u)/(s− u), we have

∣∣Tn,α(φ
′
u, u)

∣∣ ≤ Yαu(1− u)
αn + 2

∫ √n

1

u+((1−u)/v)∨
u

(φ′u)(1− u)−1dv +
(1− u)√

n

u+((1−u)/
√

n)∨
u

(φ′u)

≤ Yαu
αn + 2

[
√

n]

∑
j=1

∫ j+1

j

u+((1−u)/v)∨
u

(φ′u)dv +
(1− u)√

n

u+((1−u)/
√

n)∨
u

(φ′u)

=
Yαu

αn + 2

[
√

n]

∑
j=1

u+((1−u)/j)∨
u

(φ′u) +
(1− u)√

n

u+((1−u))/
√

n∨
u

(φ′u). (19)

Combining (17)–(19), we obtain the desired relation.

4. Numerical Examples

Example 1. Figure 1 illustrates the convergence of the Bernstein–Durrmeyer type operators

B∗n,α(φ; u) to the function φ(u) =
u5

10
· sin

(
8u2), for various nodes, and a fixed parameter α.
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Figure 1. Approximation process.

Example 2. Figure 2 illustrates the convergence of the Bernstein–Durrmeyer type operators

B∗n,α(φ; u) to the function φ(u) =
1

12
+ u5 − u7 · cos

(
2u3

5

)
, for various parameters, and a fixed

number of nodes.

Figure 2. Approximation process.

5. Conclusions

In this paper, we introduced a summation–integral linear positive-type operator. Any
research related to the approximation of functions by linear positive operators involves
highlighting two distinct parts. We proved the uniform convergence of the operators as well
as a Voronovskaja-type theorem and Grüss–Voronovskaja-type results, which belong to the
qualitative side. To obtain a complete picture of the quantitative estimates, we pointed out
the orders of approximation of the new linear positive operators, using the Ditzian–Totik
modulus of smoothness, as well as the convergence rate for differential functions whose
derivatives were of bounded variations.
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