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Abstract

:

In this paper, we prove the Ulam stability of the Fréchet functional equation   f ( x + y + z ) + f ( x ) + f ( y ) + f ( z ) = f ( x + y ) + f ( y + z ) + f ( z + x )   arising from the characterization of inner product spaces and we determine its best Ulam constant. Using this result, we give a stability result for a pexiderized version of the Fréchet functional equation.
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1. Introduction and Preliminaries


An important problem in the study of normed spaces over the field  R  of real numbers or over the field  C  of complex numbers, is of deciding when the norm of the space is determined by an inner product. The best-known result on this direction is probably the Jordan and von Neumann theorem, which states that a normed space   ( X , ∥ · ∥ )   is an inner product space if, and only if, for every   x , y ∈ X   the following relation, called the parallelogram identity, holds:


    ∥ x + y ∥  2    + ∥ x − y ∥  2  =   2 ∥ x ∥  2  + 2   ∥ y ∥  2  .  



(1)




After Jordan and von Neumann characterization appeared a large variety of papers on this topic. Fréchet proved that a normed space   ( X , ∥ · ∥ )   is an inner product space if, and only if, the relation


    ∥ x + y + z ∥  2  +   ∥ x ∥  2  +   ∥ y ∥  2  +   ∥ z ∥  2  =   ∥ x + y ∥  2    + ∥ x + z ∥  2  +   ∥ y + z ∥  2   



(2)




holds for every   x , y , z ∈ X   (see [1]).



Many characterizations of inner product spaces among the normed spaces have been studied in the last years. We mention here the following papers [2,3,4,5].



All over this paper by   ( G , + )   we denote an Abelian group and by   ( X , ∥ · ∥ )   a Banach space over   K ∈ { R , C }  . The relations (1) and (2) lead to the study of the following functional equations


  f ( x + y ) + f ( x − y ) = 2 f ( x ) + 2 f ( y )  



(3)






  f ( x + y + z ) + f ( x ) + f ( y ) + f ( z ) = f ( x + y ) + f ( y + z ) + f ( z + x )  



(4)




where   f : G → X  , which are called the quadratic functional equation and the Fréchet functional equation, respectively. A function which satisfies the quadratic functional equation is called a quadratic function. Recall first some results on the set of solutions of the Equations (3) and (4).



Theorem 1

([6], p. 222). A function   f : G → X   satisfies the quadratic functional Equation (3) if, and only if, there exists a symmetric and bi-additive function   B : G × G → X  , such that


  f ( x ) = B ( x , x ) , ∀ x ∈ G .  













Remark that the previous theorem is formulated for functions   f : G → K  , but the proof holds also for functions   f : G → X   (see also [7]).



Theorem 2

([6], pp. 249–250). A function   f : G → X   satisfies the Fréchet functional Equation (4) if, and only if, there exists an additive function   A : G → X   and a symmetric and bi-additive function   B : G × G → X  , such that


  f ( x ) = A ( x ) + B ( x , x ) , ∀ x ∈ G .  













The goal of this paper is to prove the Ulam stability of the Fréchet functional equation and to find its best Ulam constant.



The starting point of the stability theory for functional equations was a problem formulated by S.M. Ulam in a talk given at Madison University, Wisconsin, in 1940, and it concerns approximate homomorphisms of a metric group. The first result of Ulam’s problem was given by D.H. Hyers in 1941 for the Cauchy functional equation and is contained in the next theorem.



Theorem 3

([7]). Let X be a normed space, Y a Banach space, and   f : X → Y  , such that


  ∥ f ( x + y ) − f ( x ) − f ( y ) ∥ ≤ δ  








for some   δ > 0   and for all   x , y ∈ X  . Then, the limit


  A  ( x )  =  lim  n → ∞    2  − n   f  (  2 n  x )   








exists for each   x ∈ X  , and   A : X → Y   is the unique additive function, such that


  ∥ f ( x ) − A ( x ) ∥ ≤ δ  








for any   x ∈ X  .





Recall also the result on the stability of the quadratic functional equation which will be used in our proofs.



Theorem 4

([8]). If   f : G → X   is a function which satisfies the relation


  ∥ f ( x + y ) + f ( x − y ) − 2 f ( x ) − 2 f ( y ) ∥ ≤ δ , ∀ x , y ∈ G ,  








for some   δ > 0  , then there exists a unique quadratic mapping   q : G → X  , such that


   ∥ f  ( x )  − q  ( x )  ∥  ≤  δ 2  , ∀ x ∈ G .  













Due to Ulam’s problem and Hyers’ result, the stability of the functional equations is called today Ulam stability or Hyers–Ulam stability.



Definition 5.

The Equation (4) is called Ulam stable if there exists a constant   K ≥ 0   such that for every   ε > 0   and every function   f : G → X   satisfying the relation


   ‖ f ( x + y + z ) + f ( x ) + f ( y ) + f ( z ) − f ( x + y ) − f ( y + z ) − f ( z + x ) ‖ ≤ ε   



(5)




for all   x , y , z ∈ G ,   there exists a solution    f ˜  : G → X   of the Equation (4), such that


    ‖ f  ( x )  −   f ˜    ( x )  ‖ ≤ K ε , ∀ x ∈ G .    



(6)









A number   K ≥ 0   which satisfies (6) for some positive  ε  is called an Ulam constant of the Equation (4). Denote by   K F   the infimum of all Ulam constants of the Equation (4). Generally, the infimum of all Ulam constants of an equation is not an Ulam constant of that equation (see [9]), but if it is, then will call it the best Ulam constant of that equation. Interesting results on Ulam stability and hyperstability of the Fréchet equation and some generalizations of it were obtained in the papers [10,11,12,13,14,15]



In [10] the authors consider a very general equation that extends Cauchy, Jensen, Fréchet, and Popoviciu functional equation. Using the fixed point technique they obtain results on generalized Ulam stability for this equation. A result on the hyperstability of the classical Fréchet equation and, characterization of inner product spaces are given in [11]. Ulam stability of a Fréchet type functional equation with constant coefficients is studied in [13] by using the fixed point technique. In [15], Sikorska et al. give a result on Ulam stability for a functional equation in a single variable which leads to the stability of Drygas, Fréchet and some equations of Jensen type. Recent results on the best Ulam constant for some difference and differential equations are obtained by D.R. Anderson, M. Onitsuka [16,17,18].



In the second part of our work, we deal with Ulam stability of the generalized Fréchet equation (in Pexider sense)


  f ( x + y + z ) + f ( x ) + f ( y ) + f ( z ) = g ( x + y ) + h ( y + z ) + k ( z + x )  



(7)




where   f , g , h , k : G → X  .



A generalization of the Equation (4) was also considered by Kannappan in [4] where the author obtain a characterization of its solutions.



The Equation (7) is called Ulam stable if there exists some non-negative constants   L i  ,   1 ≤ i ≤ 4  , such that for every   ε > 0   and every   f , g , h , k : G → X   satisfying


  ∥ f ( x + y + z ) + f ( x ) + f ( y ) + f ( z ) − g ( x + y ) − h ( y + z ) − k ( z + x ) ∥ ≤ ε , ∀ x , y , z ∈ G  



(8)




there exists some functions    f 0  ,  g 0  ,  h 0  ,  k 0  : G → X   satisfying Equation (7), such that


       ∥ f  ( x )  −   f 0    ( x )  ∥ ≤   L 1  ε         ∥ g  ( x )  −   g 0    ( x )  ∥ ≤   L 2  ε         ∥ h  ( x )  −   h 0    ( x )  ∥ ≤   L 3  ε         ∥ k  ( x )  −   k 0    ( x )  ∥ ≤   L 4  ε      , ∀ x ∈ G .  



(9)




The functions   f , g , h   and k which satisfy (8) for some positive  ε  are called approximative solutions of the Equation (7), and    L 1  ,  L 2  ,  L 3  ,  L 4    are called Ulam constants of (7).




2. The Stability of the Fréchet Equation


The main result on Ulam stability of the Fréchet Equation (4) is contained in the next theorem.



Theorem 6.

Let G be an abelian group,   ( X , ∥ · ∥ )   a Banach space,   ε > 0  , and a function   f : G → X   satisfying (5). Then, there exists a unique solution   f ˜   of the Fréchet functional Equation (4), such that


    ‖ f  ( x )  −   f ˜    ( x )  ‖ ≤ ε , ∀ x ∈ G .    













Proof. 

Suppose that   f : G → X   satisfies (5) and denote


  φ ( x , y , z ) : = f ( x + y + z ) + f ( x ) + f ( y ) + f ( z ) − f ( x + y ) − f ( y + z ) − f ( z + x ) , ∀ x , y , z ∈ G .  



(10)







Then,


  ‖ φ ( x , y , z ) ‖ ≤ ε , ∀ x , y , z ∈ G .  



(11)







Let   z = − x − y , x , y ∈ G   in (10). Then,


  f ( 0 ) + f ( x ) + f ( y ) + f ( − x − y ) − f ( x + y ) − f ( − y ) − f ( − x ) = φ ( x , y , − x − y )  








and denoting


  a ( x ) : = f ( x ) − f ( − x ) , x ∈ G ,  



(12)




it follows   a ( x ) + a ( y ) − a ( x + y ) + f ( 0 ) = φ ( x , y , − x − y )  .



Therefore, if   A ( x ) = a ( x ) + f ( 0 )  ,   x ∈ G ,   we obtain


  A ( x + y ) − A ( x ) − A ( y ) = − φ ( x , y , − x − y ) , x , y ∈ G .  











Taking into account (11) we obtain


  ‖ A ( x + y ) − A ( x ) − A ( y ) ‖ ≤ ε , x , y ∈ G .  











Using Theorem 3 we conclude that there exists a unique additive function    A ˜  : G → X  , such that


   ‖ A  ( x )  −   A ˜    ( x )  ‖ ≤ ε , ∀ x ∈ G .   



(13)







Let now   z = − y   in (10). Then,


  2 f ( x ) + f ( y ) + f ( − y ) − f ( x + y ) − f ( 0 ) − f ( x − y ) = φ ( x , y , − y )  











Replace x by   − x   in previous relation to obtain


  2 f ( − x ) + f ( y ) + f ( − y ) − f ( − x + y ) − f ( 0 ) − f ( − x − y ) = φ ( − x , y , − y ) .  











Adding the last two relations we obtain


     2 f ( x ) + 2 f ( − x ) +     2 f ( y ) + 2 f ( − y ) − f ( x + y ) − f ( − x − y ) −        − f ( x − y ) − f ( − x + y ) − 2 f ( 0 ) = φ ( x , y , − y ) + φ ( − x , y , − y ) .     



(14)







We denote


  q ( x ) = f ( x ) + f ( − x ) , ∀ x ∈ G .  



(15)







Then, from (14) and (15) we obtain


  2 q ( x ) + 2 q ( y ) − q ( x + y ) − q ( x − y ) − 2 f ( 0 ) = φ ( x , y , − y ) + φ ( − x , y , − y ) .  








Let   Q ( x ) = q ( x ) − f ( 0 ) , x ∈ G  . It follows


  2 Q ( x ) + 2 Q ( y ) − Q ( x + y ) − Q ( x − y ) = φ ( x , y , − y ) + φ ( − x , y , − y ) , ∀ x , y ∈ G .  








which leads to


  ‖ 2 Q ( x ) + 2 Q ( y ) − Q ( x + y ) − Q ( x − y ) ‖ = ‖ φ ( x , y , − y ) + φ ( − x , y , − y ) ‖ ≤ 2 ε ,  








for all   x , y ∈ G .  



Then, according to Theorem 4, we conclude that there exists a unique quadratic mapping    Q ˜  : G → X  , such that


   ‖ Q  ( x )  −   Q ˜    ( x )  ‖ ≤ ε , ∀ x ∈ G .   



(16)







From (12) and (15) we obtain


  f  ( x )  =   a ( x ) + q ( x )  2  =   A ( x ) + Q ( x )  2  .  











Let    f ˜   ( x )  =    A ˜   ( x )  +  Q ˜   ( x )   2   ,   ∀ x ∈ G  .



Then,   f ˜   is a solution of Fréchet functional equation, since   A ˜   and   Q ˜   are solutions of Fréchet functional equation and


      ∥ f  ( x )  −   f ˜    ( x )  ∥      =    Q  ( x )  −  Q ˜   ( x )   2  +   A  ( x )  −  A ˜   ( x )   2            ≤  1 2   ‖ Q  ( x )  −   Q ˜    ( x )  ‖ +   1 2   ‖ A  ( x )  −  A ˜   ( x )  ‖           ≤  ε 2  +  ε 2  = ε , ∀ x ∈ G .     








So, the existence of the function   f ˜   is proved.



Finally, we prove the uniqueness of   f ˜  . Suppose that for a function   f : G → X   satisfying (5) there exist two solutions    f 1  ,  f 2  : G → X   of the Fréchet functional equation,    f 1  ≠  f 2   , such that


   ∥ f  ( x )  −   f i    ( x )  ∥ ≤ ε , x ∈ G , i ∈  { 1 , 2 }  .   








Then,


   ∥   f 1   ( x )  −  f 2    ( x )  ∥ ≤ ∥   f 1    ( x )  − f  ( x )  ∥ + ∥ f  ( x )  −   f 2    ( x )  ∥ ≤ 2 ε , ∀ x ∈ G .   











The function    f 1  −  f 2    is also a solution of the Fréchet functional equation, so there exists an additive function   A : G → X   and a bi-additive and symmetric function   B : G × G → X  , such that


   f 1   ( x )  −  f 2   ( x )  = A  ( x )  + B  ( x , x )  , ∀ x ∈ G .  








Let    x 0  ∈ G   be such that    f 1   (  x 0  )  ≠  f 2   (  x 0  )   . Then, for every   n ∈ N   we obtain


   f 1   ( n  x 0  )  −  f 2   ( n  x 0  )  = n A  (  x 0  )  +  n 2  B  (  x 0  ,  x 0  )   








and


   ∥ n A   (  x 0  )  +  n 2  B  (  x 0  ,  x 0  )   ∥ ≤ 2 ε .   



(17)




If   B (  x 0  ,  x 0  ) ≠ 0   then (17) can be rewritten as


   n 2   ∥  1 n  A  (  x 0  )  + B  (  x 0  ,  x 0  )  ∥  ≤ 2 ε .  



(18)




Therefore letting   n ⟶ ∞   in (18) it follows   + ∞ ≤ 2 ε  , a contradiction.



If   B (  x 0  ,  x 0  ) = 0  , then   A (  x 0  ) ≠ 0  , and the relation (17) becomes


  n ∥ A (  x 0  ) ∥ ≤ 2 ε  








and similarly, if   n ⟶ ∞   we obtain   + ∞ ≤ 2 ε  , a contradiction. We conclude that    f 1  =  f 2    and the theorem is proved.



□





Example 7.

Let   ε > 0   and   u ∈ X  ,   | | u | | ≤ 1  . Then,   f : G → X ,     f ( x ) = ε u  ,   ∀ x ∈ G  , is an approximate solution of the Equation (4). The unique solution    f ˜  : G → X   of the Equation (4) satisfying    | | f  ( x )   −  f ˜   ( x )   | |  ≤ ε  ,   ∀ x ∈ G  , is    f ˜   ( x )  = 0  ,   ∀ x ∈ G  , according to Theorem 6.





Theorem 8.

The best Ulam constant of the Fréchet functional equation is    K F  = 1  .





Proof. 

From Theorem 6 it follows that the Fréchet equation is stable with the Ulam constant   K = 1  . Suppose that (4) admits an Ulam constant    K 0  < 1  . Let   ε > 0  ,   u ∈ X  ,   ∥ u ∥ = 1   and consider the constant function   f : G → X  ,   f ( x ) = ε u  ,   x ∈ G  . Then


  ∥ f ( x + y + z ) + f ( x ) + f ( y ) + f ( z ) − f ( x + y ) − f ( y + z ) − f ( z + x ) ∥ = ε , x , y , z ∈ G ,  








so, in view of Ulam stability of (4) with the constant   K 0  , there exists a solution    f ˜  : G → X   of the Equation (4) and


   ∥ f  ( x )  −   f ˜    ( x )  ∥ ≤   K 0  ε , ∀ x ∈ G .  








Then,


   ∥   f ˜    ( x )  ∥ ≤ ∥   f ˜    ( x )  − f  ( x )  ∥ + ∥ f  ( x )  ∥  ≤  (  K 0  + 1 )  ε , ∀ x ∈ G ,  



(19)




hence   f ˜   is bounded. On the other hand   f ˜   has the form


   f ˜   ( x )  = A  ( x )  + B  ( x , x )  , ∀ x ∈ G ,  








where   A : G → X   is additive and   B : G × G → X   is symmetric and bi-additive. The following relation holds:


   f ˜   ( n x )  = n A  ( x )  +  n 2  B  ( x , x )  , ∀ n ∈ N , ∀ x ∈ G .  



(20)







Then, from (19) and (20) we obtain


   | | n A  ( x )   +  n 2  B  ( x , x )   | |  ≤  (  K 0  + 1 )  ε , ∀ n ∈ N , ∀ x ∈ G ,  








which leads to   A ( x ) = 0   and   B ( x , x ) = 0   for all   x ∈ G .   (see the proof of uniqueness in Theorem 6.)



It follows that    f ˜  = 0  , so (19) becomes   ε ≤  K 0  ε ⟺ 1 ≤  K 0   , which is a contradiction. □






3. Stability of a Generalized Fréchet Functional Equation


In this section, we prove the Ulam stability of the generalized Fréchet Equation (7). First, we deal with the inhomogeneous generalized Fréchet equation


  f ( x + y + z ) + f ( x ) + f ( y ) + f ( z ) = g ( x + y ) + h ( y + z ) + k ( z + x ) + U ( x , y , z )  



(21)




where   U : G × G × G → X   is a given function.



We introduce the functions   V : G → X   and   W : G × G × G → X   given by


  V  ( x )  =  1 2   U ( 0 , 0 , 0 ) − U ( x , 0 , 0 ) − U ( 0 , x , 0 ) − U ( 0 , 0 , x )  , ∀ x ∈ G  








and


     W  ( x , y , z )  =  1 2  (     U ( y + z , 0 , 0 ) + U ( 0 , z + x , 0 ) + U ( 0 , 0 , x + y )          − U ( x + y , 0 , 0 ) − U ( z + x , 0 , 0 ) − U ( 0 , y + z , 0 )          − U ( 0 , x + y , 0 ) − U ( 0 , 0 , z + x ) − U ( 0 , 0 , y + z ) ) , ∀ x , y , z ∈ G .     











In the next lemma we give a representation for the solutions of the Equation (21).



Lemma 9.

Suppose that   f , g , h , k : G → X   satisfy the Equation (21). Then, f is the solution of the functional equation


      f ( x + y + z ) + f ( x ) + f ( y ) + f ( z )     − f ( x + y ) − f ( y + z ) − f ( z + x )          = U  ( x , y , z )  + W  ( x , y , z )  + f  ( 0 )  +  1 2  U  ( 0 , 0 , 0 )       



(22)




and


       g ( x ) = f ( x ) + V ( x ) + U ( 0 , 0 , x ) + g ( 0 ) − f ( 0 )       h ( x ) = f ( x ) + V ( x ) + U ( x , 0 , 0 ) + h ( 0 ) − f ( 0 )       k ( x ) = f ( x ) + V ( x ) + U ( 0 , x , 0 ) + k ( 0 ) − f ( 0 )     , ∀ x ∈ G .   



(23)









Proof. 

Putting   x = y = 0   in Equation (21) we obtain


  2 f ( z ) + 2 f ( 0 ) − g ( 0 ) − h ( z ) − k ( z ) = U ( 0 , 0 , z ) , ∀ z ∈ G .  



(24)




Taking   z = x   in (24) we obtain


  2 f ( x ) + 2 f ( 0 ) − g ( 0 ) − h ( x ) − k ( x ) = U ( 0 , 0 , x ) , x ∈ G .  



(25)




Analogously we obtain


      2 f ( x ) + 2 f ( 0 ) − g ( x ) − h ( x ) − k ( 0 ) = U ( 0 , x , 0 )       2 f ( x ) + 2 f ( 0 ) − g ( x ) − h ( 0 ) − k ( x ) = U ( x , 0 , 0 )     , x ∈ G  



(26)




Adding the relations (25) and (26) and dividing by 2 we obtain


     3 f ( x ) + 3 f ( 0 ) − g ( x ) − h ( x ) − k ( x )     −   g ( 0 ) + h ( 0 ) + k ( 0 )  2           =   U ( x , 0 , 0 ) + U ( 0 , x , 0 ) + U ( 0 , 0 , x )  2      



(27)




for all   x ∈ G  .



From (25) and (27) we obtain


  g  ( x )  = f  ( x )  + f  ( 0 )  +   g ( 0 ) − h ( 0 ) − k ( 0 )  2  −   U ( x , 0 , 0 ) + U ( 0 , x , 0 ) − U ( 0 , 0 , x )  2  .  











Putting   z = 0   in (24) we obtain


  4 f ( 0 ) = g ( 0 ) + h ( 0 ) + k ( 0 ) + U ( 0 , 0 , 0 ) .  



(28)




Taking into account (28) and the definition of the function V we obtain


  g ( x ) = f ( x ) + V ( x ) + U ( 0 , 0 , x ) + g ( 0 ) − f ( 0 ) .  








Similarly, we obtain


  h ( x ) = f ( x ) + V ( x ) + U ( x , 0 , 0 ) + h ( 0 ) − f ( 0 ) ,  










  k ( x ) = f ( x ) + V ( x ) + U ( 0 , x , 0 ) + k ( 0 ) − f ( 0 ) ,  








for all   x ∈ G  .



Replacing   g , h , k   in (21) we obtain


     f ( x + y + z ) + f ( x ) + f ( z ) =     f ( x + y ) + f ( y + z ) + f ( z + x ) + V ( x + y ) + V ( y + z )          + V ( z + x ) + U ( 0 , 0 , x + y ) + U ( y + z , 0 , 0 ) + U ( 0 , z + x , 0 )          + g ( 0 ) + h ( 0 ) + k ( 0 ) − 3 f ( 0 ) .     








Taking into account the definition of W and V, and the relation (28) we obtain


     f ( x + y + z ) + f ( x ) +     f ( y ) + f ( z ) − f ( x + y ) − f ( y + z ) − f ( z + x )          = U  ( x , y , z )  + W  ( x , y , z )  + F  ( 0 )  +  1 2  U  ( 0 , 0 , 0 )  , ∀ x , y , z ∈ G .     











□





From Lemma 9 we obtain a representation of the solutions of the Equation (7).



Theorem 10.

Let   f , g , h , k : G → X  . Then,   f , g , h , k   satisfy the generalized Fréchet equation (7) if and only if there exists   a , b , c ∈ X   and a solution    f ˜  : G → X   of the Fréchet functional equation, i.e.,


    f ˜   ( x + y + z )  +  f ˜   ( x )  +  f ˜   ( y )  +  f ˜   ( z )  =  f ˜   ( x + y )  +  f ˜   ( y + z )  +  f ˜   ( z + x )  , x , y , z ∈ G   



(29)




such that


       f ( x ) =      f ˜   ( x )  +   a + b + c  4        g ( x ) =      f ˜   ( x )  + a       h ( x ) =      f ˜   ( x )  + b       k ( x ) =      f ˜   ( x )  + c     , ∀ x ∈ G .   



(30)









Proof. 

“⇒” Suppose that   f , g , h , k   satisfy (7). For   U ( x , y , z ) = 0  ,   ∀ x , y , z ∈ G   in Lemma 9 it follows that f is a solution of the equation


  f ( x + y + z ) + f ( x ) + f ( y ) + f ( z ) = f ( x + y ) + f ( y + z ) + f ( z + x ) + f ( 0 ) .  








Define    f ˜   ( x )  = f  ( x )  − f  ( 0 )   ,   ∀ x ∈ G  . Then   f ˜   satisfies (29) and the relations (30) are obtained from (23) if we consider   a = g ( 0 ) , b = h ( 0 ) , c = k ( 0 )  .



“⇐” Suppose now that   f , g , h , k   are defined by (30), where   f ˜   is a solution of the Fréchet functional Equation (4). Then,   f , g , h , k   satisfy the Equation (7).



□





The main result on Ulam stability for equation (7) is given in the next theorem.



Theorem 11.

Let   ε > 0   and suppose   f , g , h , k : G → X   satisfy (8), i.e.,


   ∥ f ( x + y + z ) + f ( x ) + f ( y ) + f ( z ) − g ( x + y ) − h ( y + z ) − k ( z + x ) ∥ ≤ ε , ∀ x , y , z ∈ G .   








Then, there exists    f 0  ,  g 0  ,  h 0  ,  k 0  : G → X   satisfying (7), such that


        ∥ f  ( x )  −   f 0    ( x )  ∥ ≤ 6 ε          ∥ g  ( x )  −   g 0    ( x )  ∥ ≤ 9 ε          ∥ h  ( x )  −   h 0    ( x )  ∥ ≤ 9 ε          ∥ k  ( x )  −   k 0    ( x )  ∥ ≤ 9 ε       , ∀ x ∈ G .   













Proof. 

Suppose that   f , g , h , k : G → X   satisfy (8) and let


  U ( x , y , z ) : = f ( x + y + z ) + f ( x ) + f ( y ) + f ( z ) − g ( x + y ) − h ( y + z ) − k ( z + x )  








for all   x , y , z ∈ G .  



Then,   f , g , h , k   satisfy (22) and (23).



Let    f ˜  : G → X  ,    f ˜   ( x )  = f  ( x )  − α  ,   ∀ x ∈ G  , where   α = f  ( 0 )  +  1 2  U  ( 0 , 0 , 0 )  .   Then   f ˜   satisfies the equation


   f ˜   ( x + y + z )  +  f ˜   ( x )  +  f ˜   ( y )  +  f ˜   ( z )  −  f ˜   ( x + y )  −  f ˜   ( y + z )  −  f ˜   ( z + x )  = U  ( x , y , z )  + W  ( x , y , z )   








according to (22), therefore


      ∥   f ˜   ( x + y + z )  +  f ˜   ( x )  +  f ˜   ( y )  +  f ˜   ( z )  −      f ˜   ( x + y )  −  f ˜   ( y + z )  −  f ˜    ( z + x )  ∥           ≤ ∥ U ( x , y , z ) ∥ + ∥ W ( x , y , z ) ∥          ≤ ε +   9 ε  2  =   11 ε  2  , ∀ x , y , z ∈ G .     








Taking into account the Ulam stability of Fréchet functional equation (4), it follows that there exists a solution    f 0  ˜   of the Fréchet equation, such that


   ∥   f ˜   ( x )  −   f 0  ˜    ( x )  ∥ ≤    11 ε  2  , x ∈ G .  








Let


       f 0   ( x )  =   f 0  ˜   ( x )  + f  ( 0 )         g 0   ( x )  =   f 0  ˜   ( x )  + g  ( 0 )         h 0   ( x )  =   f 0  ˜   ( x )  + h  ( 0 )         k 0   ( x )  =   f 0  ˜   ( x )  + k  ( 0 )      , ∀ x ∈ G .  








We obtain


      ∥ f  ( x )  −   f 0    ( x )  ∥       = ∥   f ˜   ( x )  + α −   f 0  ˜    ( x )  − f  ( 0 )  ∥            = ∥   f ˜   ( x )  −   f 0  ˜   ( x )  +  1 2   U  ( 0 , 0 , 0 )  ∥            ≤ ∥   f ˜   ( x )  −   f 0  ˜    ( x )  ∥ +   1 2   ∥ U  ( 0 , 0 , 0 )  | |           ≤  11 2  ε +  ε 2  = 6 ε , ∀ x ∈ G .     








and


      ∥ g  ( x )  −   g 0    ( x )  ∥       = ∥   f ˜   ( x )  + α + V  ( x )  + U  ( 0 , 0 , x )  + g  ( 0 )  − f  ( 0 )  −   f 0  ˜    ( x )  − g  ( 0 )  ∥            = ∥   f ˜   ( x )  −   f 0  ˜    ( x )  ∥ + ∥ V  ( x )  ∥ + ∥ U  ( 0 , 0 , x )  ∥ + ∥   1 2   U  ( 0 , 0 , 0 )  ∥           ≤  11 2  ε +  1 2  · 4 ε + ε +  ε 2           = 9 ε , ∀ x ∈ G .     








Analogously


   ∥ h  ( x )  −   h 0    ( x )  ∥ ≤ 9 ε ,   










   ∥ k  ( x )  −   k 0    ( x )  ∥ ≤ 9 ε ,   








for all   x ∈ G  . The theorem is proved. □






4. Conclusions


In this paper, we give a stability result in Ulam sense for the Fréchet functional equation and we obtain the best Ulam constant. This result is applied to obtain the Ulam stability for a generalized Fréchet functional equation. Even there are many results on Ulam stability or generalized Ulam stability for equations of Fréchet type, there is no result on the best Ulam constant for the classical Fréchet equation, as far as we know. We think that the result on the stability for the Pexider version of the Fréchet equation is also new in the literature. Since we use the best Ulam constant of the Fréchet equation to obtain the stability of its Pexider version we obtain sharp estimates of the difference between the approximate and the exact solution.
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