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Abstract: In the context of energy industry decentralization, electrical networks encounter deviations
of power quality indices (PQI), including violations of the sinusoidality of current and voltage signals,
which increase errors in the joint digital processing of spatially separated signals in digital devices.
This paper addresses specific features of using the concept of spatial coherence in the measurement
and digital processing of current and voltage signals. Methods for assessing the coherence of current
and voltage signals during synchronized measurements are considered for the case of PQI deviation.
The example of a double-ended transmission line fault location (hereafter, DTLFL) demonstrates
that the lower the cross-correlation coefficient, the higher the error and the lower the accuracy of
calculating the distance to the fault site. The nature of the influence of spatial coherence violations
on errors in DTLFL depends on the expression used to calculate the distance to the fault point. The
application of a normalized cross-correlation coefficient for finding errors in the digital processing
of current and voltage signals, in the case of spatial coherence violation, was substantiated. The
influence of interharmonics and noise on errors in DTLFL, in the case of violations of spatial coherence
of signals, was investigated. The magnitude of distortions and error in estimating the current and
voltage amplitude depends on the ratio between the amplitudes and phases of the fundamental
and distorting interharmonics. Filtration of the original and decimated signals based on the discrete
Fourier transform eliminates the noise components of the power frequency harmonics.

Keywords: spatial coherence; normalized cross-correlation coefficient; power quality indices;
synchronized measurements; double-ended transmission line fault location

MSC: 62N01; 62N02

1. Introduction

The concept of “coherence” is fundamental and is employed in various technical
applications related to fluctuating physical quantities. Coherence is used in systems for
diagnosing malfunctions of induction motors connected to networks through a frequency-
controlled drive [1]. It is also used in photoacoustic systems, to increase contrast and
image resolution [2] and to implement multichannel post-filtering [3]. At the same time,
“coherence” has specific features, depending on the applied problems, for example, in
determining wind loads on lattice frame structures [4], and in electrical networks.

The trend towards the decentralization of the energy industry leads to the massive
integration of heterogeneous distributed generation facilities [5], including those based on
gas turbine and gas reciprocating generating plants [6], renewable energy sources, and other
electrical equipment with elements of power electronics, into power systems [7]. These
significantly affect the steady-state conditions, nature and parameters of transient processes,
and power quality indices, including the sinusoidality of currents and voltages [8]. Scientific

Mathematics 2022, 10, 1768. https://doi.org/10.3390/math10101768 https://www.mdpi.com/journal/mathematics

https://doi.org/10.3390/math10101768
https://doi.org/10.3390/math10101768
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-5183-3040
https://orcid.org/0000-0003-0484-2857
https://doi.org/10.3390/math10101768
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10101768?type=check_update&version=2


Mathematics 2022, 10, 1768 2 of 15

articles pay special attention to assessing the impact of renewable energy sources, in
particular photovoltaic plants [9], on PQI, and the impact of PQI on the reliability of power
systems [10]. Therefore, the choice of an adequate approach for assessing the coherence of
current and voltage signals in synchronized measurements with deviating power quality
indices is of great importance.

Spatial coherence plays an important role when using arrays of spatially distributed
measurements of distorted current and voltage signals in the network branches and at
nodes. Coherence is widely used in the creation of synchronized phasor measurement
systems [11,12], relay protection devices [13], and monitoring and control systems [14].
If an array of measurements is considered a matrix of sampled values of a space–time
oscillogram, spatial coherence is used to build linear combinations from the spatial sam-
ples [15]. MUSIC and ESPRIT are commonly used algorithms for processing spatially
coherent signals [16,17].

Consider an array of synchronized current and voltage measurements at n points
of the electrical network with the help of n corresponding sensors constituting an n-
dimensional vector y(t) = {y(t, ζ1), y(t, ζ2), . . . , y(t, ζn)} of analytical signals, where the
points {ζ1, ζ2, . . . , ζn} represent spatial location of n sensors [18]. In general, signals can be
approximated as:

y(t) = A·s(t) + n(t), (1)

where A is a matrix of size n × d, and its columns {a(θi): i = 1, 2, . . . , d} are vectors related
with d signals [elements s(t)], which have a corresponding array {θi: i = 1, 2, . . . , d} of initial
phases; n(t) is an additive noise sensor.

The problem for discretized current and voltage signals becomes much more com-
plicated, since they are specified, not in an analytical form, but by corresponding vec-
tors of instantaneous values (or in a complex form), which are a set of samples over the
observation interval.

The paper presents an approach for assessing the spatial coherence of current and
voltage signals in electrical networks, with the example of two-ended power line fault
location. The well-known fault location methods implemented in industrially produced
devices for power line fault location do not factor in the coherence of spatially separated
signals. This leads to significant errors in calculating the distances to fault points in the
case of PQI deviation from the standard values, which increases the time it takes for the
operational and repair personnel of electrical networks to locate the power line faults and
the time of the power supply disruption for consumers.

This is the first time the normalized cross-correlation coefficient has been used to
calculate the distances to the fault sites in power transmission lines, which significantly
reduces errors and improves the accuracy of the calculation.

The modeling results proved that the errors in calculations carried out for the power
line fault location according to the method proposed in this paper do not exceed 0.2% of the
length of the power line. The errors in the calculations made by other known methods can
account for several percent of the length of the power line, depending on the voltage class.

The method proposed makes it possible to factor in the complex effect of all PQI
deviations using the value of the normalized coefficient of mutual correlation of current
and voltage signals. Therefore, even significant PQI deviations will not lead to an increase
in the DTLFL calculation error.

This paper aims to substantiate the necessity of using the normalized cross-
correlation coefficient to find errors in the digital processing of current and voltage
signals in digital devices.

2. Proposed Method for Assessing Spatial Coherence of Current and Voltage Signals
in Electrical Networks

Accurate location of a transmission line fault is a complex and significant problem to
solve [19]. Its solution makes it possible to considerably reduce the time of fault location in
the operating transmission line and the period of emergency recovery work [20,21].
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Fault location methods are divided into topographic and remote. Topographic meth-
ods involve finding faults in power transmission lines directly during the movement of
the repair team along the route of the line. Remote fault location methods suggests using
instruments and devices installed at substations and determining the distance to the fault
point in the power transmission line using calculation methods [22].

Various fault location methods use transient or steady-state parameters, depending on
the type of analyzed information from oscillograms of emergency processes. The methods
using transient parameters include, for example, high-frequency fault location methods,
while those employing steady-state parameters include low-frequency remote fault location
methods [23]. The current and voltage measurements obtained from one or more end of the
power transmission line [24] act as an emergency parameters database of the algorithms for
fault location in the power transmission line. Depending on the number of measurement
points, the fault location methods can be divided into single-ended, double-ended, and
multi-ended (centralized).

It is essential for the entities operating power transmission lines to determine with
maximum accuracy both the fault site and the power transmission line area to be examined
by maintenance personnel, which depends on the magnitude of fault location errors [25].

The spatial coherence feature has not been used to date by any manufacturer of devices
for power line fault location and has not been considered in scientific papers addressing
fault location in power lines.

It is worth noting that the spatial coherence of current and voltage signals can be
neglected in the case of single-ended fault location of power transmission lines, but it is
effective to consider it in the cases of double-ended or multi-ended (given power trans-
mission line branches) measurements of currents and voltages, which are used in the joint
digital processing of spatially separated signals.

We will consider the case of comparing two sampled voltage signals. Assume that x(t)
and y(t) represent the measurement of single signals u(t, ζ) at two different spatial points
ζ1 and ζ2:

x(t) = u(t, ζ1), y(t) = u(t, ζ2). (2)

In a more general case, x(t) and y(t) can represent samples u(t, ζ) at two different points
in space at different time instants:

x(t) = u(t− t1, ζ1), y(t) = u(t− t2, ζ2). (3)

Let us determine the mutual coherence between two space–time oscillograms x(t, ζ)
and y(t, ζ).

Let us switch to complex sampled voltage signals with a sampling rate fD = 1/TD,
observed on the time interval of N (k = 0, . . . , N − 1) samples, excluding index ζ. Synchro-
nized presentation of voltage signals with a PQI deviation corresponds to the expressions:

x(k, ψ1) = υ1(k)·cos(2π f0kTD + ϕ1(k) + ψ1), (4)

y(k, ψ2) = υ2(k)·cos(2π f0kTD + ϕ2(k) + ψ2), (5)

where ϕ1(k) and ϕ2(k) are changes in discrete phase-type distribution, ψ1 and ψ2 are initial
phases of voltage signals, and f 0 is power frequency.

The discrete phase-type distribution ϕ1(k) and ϕ2(k) correspond to the discrepancy of
the electromotive force (EMF) of power sources, for example, at the ends of a short-circuited
power transmission line (Figure 1). In the case of the unsynchronized representation of
signals, discrete delays are introduced into Expressions (4) and (5).
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Complex vectors (amplitudes) for Expressions (4) and (5) of signals x(k, ψ1) and y(k, ψ2)
take the form:

υ1(k, ψ1) = υ1(k)ejϕ1(k)ejψ1 = υ1(k)e
jψ1 , (6)

υ2(k, ψ2) = υ2(k)ejϕ2(k)ejψ2 = υ2(k)e
jψ2 , (7)

where υ1(k) = υ1(k, 0), υ2(k) = υ2(k, 0).
Let us determine the correlation coefficient between discrete signals over an observa-

tion interval of N samples:

R(ψ1, ψ2) =
N−1
∑

k=0
x(k, ψ1)·y(k, ψ2) =

=
N−1
∑

k=0
Re[υ1(k, ψ1)e2π f0kTD ]Re[υ2(k, ψ2)e2π f0kTD ].

(8)

We write the real part of the number in the form Re
[
q
]
=
(

q + q∗
)

/2, then Expression
(8) can be represented as:

1
4

N−1
∑

k=0

{[
υ1(k, ψ1)e2π f0kTD + υ1

∗(k, ψ1)e−2π f0kTD
]
·

·
[
υ2(k, ψ2)e2π f0kTD + υ2

∗(k, ψ2)e−2π f0kTD
]}

=

= 1
4

N−1
∑

k=0

[
υ1(k, ψ1)υ2(k, ψ2)e4π f0kTD + υ1

∗(k, ψ1)·υ2
∗(k, ψ2)e−4π f0kTD

]
+

+ 1
4

N−1
∑

k=0
[υ1(k, ψ1)υ2

∗(k, ψ2) + υ1
∗(k, ψ1)υ2(k, ψ2)] =

= 1
2

N−1
∑

k=0
Re[υ1(k, ψ1)υ2(k, ψ2)e4π f0kTD + 1

2

N−1
∑

k=0
Re[υ1(k, ψ1)υ2

∗(k, ψ2)].

(9)

The first group sum in equality (9) can be neglected, since it corresponds to the
summation of instantaneous values of a relatively rapidly oscillating function [26]. Then,
the final relationship for the complex correlation coefficient takes the form:

R(ψ1, ψ2) =
1
2

N−1

∑
k=0

Re[υ1(k, ψ1)·υ2
∗(k, ψ2)] =

1
2

Re
[
ρ(ψ1, ψ2)

]
. (10)

In Expression (10), the complex correlation coefficient of the envelopes ρ is equal to

ρ(ψ1, ψ2) =
N−1

∑
k=0

υ1(k, ψ1)·υ2
∗(k, ψ2) = ej(ψ1−ψ2)

N−1

∑
k=0

υ1(k)υ2
∗(k) = ρej(ψ1−ψ2), (11)
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where

ρ = ρ(0, 0) =
N−1

∑
k=0

υ1(k)υ2
∗(k) = ρejβ, (12)

while ρ and β are the absolute value and argument of the correlation coefficient.
Using the introduced notation, we transform (10) into the equality

R(ψ1, ψ2) =
1
2

ρ·cos(β + ψ1 − ψ2). (13)

Analysis of Expression (13) shows that, due to phase uncertainty, the correlation
coefficient is an undefined value, which does not allow it to be used to compare the
considered signals. However, the absolute value of the correlation coefficient is independent
of angles ψ1 and ψ2:

∣∣∣ρ(ψ1, ψ2)
∣∣∣ = ρ =

∣∣∣∣∣N−1

∑
k=0

υ1(k, ψ1)υ2
∗(k, ψ2)

∣∣∣∣∣ =
∣∣∣∣∣N−1

∑
k=0

υ1(k)υ2
∗(k)

∣∣∣∣∣. (14)

Therefore, it can be used to assess the correspondence (degree of similarity) of discrete
signals to each other.

Let us define a set of processing operations, to form an absolute value of the correlation
coefficient. Assume that the discrete signal x(k) is a reference and known in advance:

x(k) = x(k, 0) = υ1(k)·cos(2π f0kTD + ϕ1(k)). (15)

Since the correlation coefficient depends on the difference between the initial phases
of analyzed signals, in the general case, one can choose a zero initial phase (ψ1 = 0) of
signal x(k). Then the expression for the absolute value of the correlation coefficient will
take the form: ∣∣∣ρ(ψ1, ψ2)

∣∣∣ = ρ =

√[
Re
(

ρ(0, ψ2)
)]2

+ [Im
(

ρ(0, ψ2)
)
]2. (16)

Let us determine the real part of the complex correlation coefficient:

Re
[
ρ(0, ψ2)

]
= 2R(0, ψ2) = 2

N−1

∑
k=0

x(k)y(k, ψ2). (17)

To estimate the imaginary part of the complex correlation coefficient, we take ψ1 = −π/2

R
(
−π

2 , ψ2
)
= 1

2 Re
[
ρ
(
−π

2 , ψ2
)]

= 1
2 Re

[
ρe−jψ2 e−

jπ
2

]
=

= 1
2 Re

[
−jρe−jψ2

]
= 1

2 Re
(
−jρ(0, ψ2)

)
= 1

2 Im
(

ρ(0, ψ2)
)

,
(18)

where

Im
(

ρ(0, ψ2)
)
= 2R

(
−π

2
, ψ2

)
= 2 ∑N−1

k=0

[
x
(

k,−π

2

)
·y(k, ψ2)

]
= 2 ∑N−1

k=0 [xs(k)·y(k, ψ2)],

and
xs(k) = x

(
k,−π

2
)
= υ1(k)cos

(
2π f0kTD + ϕ1(k)− π

2
)
=

= υ1(k)sin(2π f0kTD + ϕ1(k)).
(19)

Analysis of the expressions shows that the structure of the device for calculating
the absolute value of the correlation coefficient is similar to that of the device for digital
quadrature processing applied in digital relay protection [27,28].
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3. Influence of Spatial Coherence of Current and Voltage Signals on the Accuracy of
Double-Ended Fault Location in Power Transmission Lines
3.1. Determination of the Value of the Complex Correlation Coefficient

Current and voltage signals in electrical networks can be affected by distorting inter-
ference components [29]. Assume that signal y(k, ψ2) is distorted by discrete-time white
noise n(k) with a constant spectral power density N0/2 [26]:

yn(k, ψ2) = A·y(k, ψ2) + n(k), (20)

where y(k, ψ2) is determined according to (5), A and ψ2 are parameters of signal y(k, ψ2).
Signals x(k) and xs(k) are determined using Expressions (15) and (19) to calculate

the complex correlation coefficient. Note that the discrete random signal yn(k, ψ2) corre-
sponds to the random process with Gaussian distribution and mathematical expectation
M[yn(k, ψ2)] = y(k, ψ2).

With the chosen notations, the real and imaginary components of the complex corre-
lation coefficient at a discrete time instant k are determined using the following random
variables:

wR = Re
[
ρ(0, ψ2)

]
= 2

N−1

∑
k=0

x(k)yn(k, ψ2), (21)

wI = Im
[
ρ(0, ψ2)

]
= 2

N−1

∑
k=0

xs(k)yn(k, ψ2). (22)

Normal distributions of variables wR and wI correspond to the expressions:

pwR(s) =
1

σwR
√

2π
e−(s−mwR)

2/2·σ2
wR , (23)

pwI(s) =
1

σwI
√

2π
e−(s−mwI)

2/2·σ2
wI , (24)

where mwR, mwI and σ2
wR, σ2

wI are mathematical expectations and variances of random
variables wR and wI.

Mathematical expectations mwR, mwI of random variables wR and wI are the results of
transformations:

mwR = 2
N−1

∑
k=0

x(k)yn(k, ψ2) = 2A·Rxy, (25)

mwI = 2
N−1

∑
k=0

xs(k)yn(k, ψ2) = 2A·Rxsy. (26)

We obtain additional expressions for mathematical expectations:

mwR= A·ρ·cos (β− ψ2),
mwI = A·ρ·sin (β− ψ2),

(27)

where ρ and β are determined from equality (12).
We obtain variances of random values wR and wI subject to the equality of energies of

signals x(k) and xs(k). Due to the identity of the calculations, we determine variance σ2
wR

only for signal wR, given that value σ2
wR is determined by discrete noise component n(k) of

process yn(k, ψ2) (20):

σ 2
wR = D{wR} = M

{
[2

N−1
∑

k=0
x(k)n(k)]

2
}

= 4M

{
N−1
∑

k1=0
x(k1)n(k1)

N−1
∑

k2=0
x(k2)n(k2)

}
=

= 4M

{
N−1
∑

k2=0

N−1
∑

k1=0
n(k1)n(k2) x(k1)x(k2)

}
= 4

N−1
∑

k2=0

N−1
∑

k1=0
M[n(k1)n(k2)]x(k1)x(k2).

(28)
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Considering that white noise is δ, i.e., a correlated random process, the mathematical
expectation corresponds to the correlation function of the noise process n(k):

M[n(k1)·n(k2)] =
N0

2
δ(k2 − k1). (29)

Obtain variance of signal wR:

σ2
wR = 4N0

2

N−1
∑

k1=0
x(k1)

N−1
∑

k2=0
δ(k2 − k1)·x(k2) =

= 2N0
N−1
∑

k1=0
x(k1)x(k2) = 2N0E,

(30)

where E is the energy of the quadrature component signal in the calculation of the complex
correlation coefficient.

The cross-correlation coefficient of random variables wR and wI corresponds to
the expression:

RwRwI = M{(wR −mwR)·(wI −mwI)} =

= 4M

{
N−1
∑

k1=0
x(k1)n(k1)

N−1
∑

k2=0
xs(k2)·n(k2)

}
=

= 4
N−1
∑

k2=0

N−1
∑

k1=0
M{n(k1)n(k2)} x(k1)xs(k2).

(31)

Based on the previously introduced transformations, we obtain:

RwRwI = 2N0 ∑N−1
k1=0 x(k1)xs(k2) = 2N0Rxxs. (32)

Bearing in mind Expression (32), we have:

RwRwI = 2N0Rxxs = 2N0·E·cos
(
−π

2

)
= 0. (33)

Hence it follows that wR and wI are orthogonal and uncorrelated.
The absolute value of the complex correlation coefficient is obtained by performing

operations of linear and nonlinear processing of random variables distributed as per the
normal distribution (23) and (24). In this case, the probability density takes a form according
to the generalized Rayleigh law [26]:

p
(

ρ) =
(

ρ/σ2
)

e−(ρ
2+m2)/2σ2

I0(m ·
ρ

σ2

)
, (34)

where I0(·) is a zero-order Bessel function of the first kind; m =
√

m2
wR + m2

wI .

3.2. Description of Fault Location in the Power Transmission Line

Fast fault location in 110–220 kV power transmission lines is a crucial objective for
power grid companies. The overall time of emergency-related restoration work largely
depends on the accuracy of DTLFL [30]. Devices for DTLFL that use calculation methods
based on the emergency operating parameters (currents and voltages of individual phases
and their components measured during a short circuit) have found widespread use [31–33].

The power transmission line fault location devices of various manufacturers imple-
ment algorithms for calculating the distance to the fault site [34]. We consider an example
of a double-ended transmission line fault location (Figure 1), which does not require
synchronized phasor measurements for operation [35].
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The distance to the fault location is calculated using measurements of the absolute
values of the currents and voltages at the ends of the power transmission line I′, I”, U′, U”,
and relationships:

I′·n·zL + U′ = USC,
I ′′ (1− n)zL + U′′ = USC.

(35)

where ZL is the impedance of the power transmission line.
Given that the distance to the fault (SC point) is equal to lSC = n·L, and equating

relationships (35) with each other, we arrive at the expression:

lSC =
U′′ −U′ + I ′′ ·L·zL

(I′ + I ′′ )zL
, (36)

where L is the length of the power transmission line.
Expression (36) holds for the components of both negative and zero sequences.
We will consider an example of a fault in a 220 kV power transmission line with

L = 120 km. A calculation using Expression (36) was performed using the zero sequence
components, and zL = z0 = 3·0.426 = 1.278 Ohm/km. The recorded values of the current
and voltage amplitudes were: I′ = 2.0 kA, I” = 0.56 kA, U′ = 40 kV, U” = 28 kV.

The above example employs the parameters of emergency conditions (currents and
voltages on one of the power line phases at the moment of short circuit), which were
actually measured from both ends (at substations) of a real power line.

Then we obtain the distance to the fault site in the power transmission line:

lSC = U′′−U′+I′′ ·L·zL
(I′+I′′ )zL

=

= 28−40+0.56·120·1.278
(2.0+0.56)·1.278 = 22.582 km.

(37)

Let us assess the influence of spatial coherence on the DTLFL accuracy. We will
sequentially and analytically set expressions for currents and voltages in combination with
the impact of the following distorting factors:

• additive current and voltage components in the form of interharmonics of various
intensities and spectral ranges;

• a component in the form of white noise in the analyzed frequency spectrum.

The accuracy of the digital processing of signals of the DTLFL should be assessed
using the absolute value of the discrete correlation coefficient, which characterizes the
signal sinusoidality violation. For the assessment, we assume that a pair of random signals
are coherent if the absolute value of the correlation coefficient |ρ| = 1, and incoherent if
|ρ| = 0 [36].

We investigate the deviation of the calculated fault location in the power transmission
line due to the violations of the sinusoidality of signals I”, U”, and estimate the error
in DTLFL.

The sinusoidal signal model for current I′ and voltage U′, with respect to which the
correlation coefficient is calculated, will be taken in the form:

x(n) = |X|cos(2π f0nTD + ϕ), (38)

With time sequences of discrete signal samples.
The parameters taken to form the discrete values of current i′(n) and voltage u′(n) are

I′ = 1A; U′ = 100 V; f 0 = 50 Hz; TD = 1/(f 0·N) s; N = 80; ϕ = 0 rad.
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4. Investigation of the Influence of Interharmonics and Noise on Errors in DTLFL, in
the Case of Violations of the Spatial Coherence of Signals

Assume the additive model for distorted current I” and voltage U” of the form:

x(n) = |X|cos(2π f0nTD + ϕ) +
M

∑
j=1

∣∣Xj
∣∣cos

(
2π f jnTD + ϕj

)
, (39)

where M is the number of interharmonics in a spectrum of the sinusoidal signal of current I”
or voltage U”; |Xj|, fj, ϕj are the amplitude, frequency, and phase of the j-th interharmonic
component, respectively.

For simplicity of modeling and analysis of results, we will choose that the current I”
and voltage U” are distorted by three interhamonics (M = 3, Expression (39)) at frequencies
f 1 = 75 Hz; f 2 = 125 Hz, and f 3 = 175 Hz. In doing so, we investigate the effect of rela-
tionships between amplitudes |Xj| and phases ϕj of interharmonics on the correlation
coefficient of signals and the respective errors in DTLFL.

Let for the amplitudes and phases of the interharmonics, being parts of the discrete
values of current i′(n) and voltage u′(n), there be the following relationship |Xi1| = 0.15·I”;
|Xi2| = 0.1·I”; |Xi3| = 0.15·I”; |Xu1| = 0.1·U”; |Xu2| = 0.15·U”; |Xu3| = 0.1·U”; ϕi1 = 0 rad;
ϕi2 = (π/6) rad; ϕi3 = (π/4) rad; ϕu1 = (−π/6) rad; ϕu2 = (−π/4) rad; ϕu3 = 0 rad. Oscillo-
grams of current and voltage corresponding to the specified amplitude–phase relationships
of sinusoidal signals of current i′(n) and voltage u′(n) are presented in Figure 2. Modeling
was carried out in Mathcad software.
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Figure 2. Sinusoidal signals distorted by interharmonics: (a) current; (b) voltage. Figure 2. Sinusoidal signals distorted by interharmonics: (a) current; (b) voltage.
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We estimate the amplitudes of current I” and voltage U” by simulating the filtering
process with the measuring element of the device for DTLFL, by performing a discrete
Fourier transform (DFT) for the distorted harmonics of current and voltage at power
frequency (Figure 2):

Si = 2
N

N−1
∑

n=0
I ′′ [cos(2π f0nTD) + 0.15cos(2π f1nTD + ϕi1)+

+0.1cos(2π f2nTD + ϕi2) + 0.15cos(2π f3nTD + ϕi3)]e−j2πn/N =

2
N

N−1
∑

n=0
0.56·103[cos(2π f0nTD) + 0.15cos(2π f1nTD + 0)+

+0.1cos
(
2π f2nTD + π

6
)
+ 0.15cos

(
2π f3nTD + π

4
)
]e−j2πn/N .

(40)

Su = 2
N

N−1
∑

n=0
U′′ [cos(2π f0nTD) + 0.1cos(2π f1nTD + ϕu1)+

+0.15cos(2π f2nTD + ϕu2) + 0.1cos(2π f3nTD + ϕu3)]e−j2πn/N =

= 2
N

N−1
∑

n=0
28·103[cos(2π f0nTD) + 0.1cos

(
2π f1nTD − π

6
)
+

+0.15cos
(
2π f2nTD − π

4
)
+ 0.1cos(2π f3nTD + 0)]e−j2πn/N .

(41)

The results of the modeling (calculations) with the use of (40), (41) show that the am-
plitudes of the measured fundamental harmonic of current i”(n) and voltage u”(n) signals
(Figure 2) correspond to the values Im” = |Si| = 0.547 kA and Um” = |Su| = 30.223 kV.
Thus, the DFT of a distorted sinusoidal power-frequency signal did not completely filter out
the set of interharmonics and led to a distortion of the estimation results for the parameters
of current I” and voltage U”. The magnitude of distortion and error in estimating the
current and voltage amplitude depends on the relationship between the amplitudes and
phases of the fundamental and distorting interharmonics [37].

The violations of the spatial coherence of currents and voltages are assessed using the
absolute value of the correlation coefficient (Expression (14)). We use its normalized value,
which in practical calculations for the sets of instantaneous values of currents and voltages
i′(n), i”(n), u′(n), u”(n) takes the form:

∣∣ρ[x′(n), x′′ (n)
]∣∣ = |Rx′x′′ |√

R x′x′ Rx′′ x′′
, (42)

where

Rx′x′′ =
1
N

N

∑
s=1

x′(n)·x′ ′∗(n). (43)

Given the obtained values Im” and Um”, we calculate an error in the double-ended
power transmission line fault location under a violated spatial coherence of the current and
voltage signals. We substitute amplitudes Im” and Um” into Expression (36) to calculate
the distance to the fault site in a power transmission line (Figure 1):

lmSC = U′′−U′+I′′ ·L·zL
(I′+I′′ )·zL

=

= 30.223 –40+0.547·120·1.278
(2.0+0.547)·1.278 = 22.772 km.

(44)

We determine the error in the DTLFL, caused by violations of spatial coherence, in
the form:

∆ = lSC − lmSC, (45)

Its value for the considered example of combinations of interharmonic parameters is
equal to ∆ = −0.19 km or 0.16% (calculation 1 in Table 1).
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Table 1. Errors in power line fault location in the case of a violated spatial coherence of the current and voltage signals.

Calculation
Options

Amplitude–Phase Relationships of Current and
Voltage Interharmonics

Normalized
Current (Voltage)

Correlation
Coefficient

Error in Power Line Fault
Location ∆ under Violated

Spatial Coherence|Xi1|
(I”)

|Xi2|
(I”)

|Xi3|
(I”) ϕi1 ϕi2 ϕi3

|Xu1|
(U”)

|Xu2|
(U”)

|Xu3|
(U”) ϕu1 ϕu2 ϕu3

1. 0.15 0.1 0.15 0 π/6 π/4 0.1 0.15 0.1 −π/6 −π/4 0 0.973
(0.985)

−0.19 km
(0.16%)

2. 0.15 0.15 0.15 π π π 0.15 0.15 0.15 −π −π −π 0.967
(0.967)

0.176 km
(0.15%)

3. 0.15 0.15 0.15 π π π 0.15 0.15 0.15 0 0 0 0.967
(0.969)

−0.0165 km
(0.014%)

4. 0.15 0.15 0.15 0 0 0 0.15 0.15 0.15 0 0 0 0.969
(0.969)

−0.491 km
(0.41%)

5. 0.15 0.15 0.15 π/2 π/2 π/2 0.15 0.15 0.15 0 0 0 0.977
(0.969)

4.063 km
(3.39%)

6. 0.15 0.15 0.15 −π/2 −π/2 −π/2 0.15 0.15 0.15 0 0 0 0.989
(0.969)

−4.011 km
(3.34%)

7. 0.1 0.1 0.1 −π/2 −π/2 −π/2 0.1 0.1 0.1 0 0 0 0.995
(0.986)

−2.701 km
(2.25%)

8. 0.1 0.1 0.1 −π/2 −π/2 −π/2 0.1 0.1 0.1 π/2 π/2 π/2 0.995
(0.991)

−1.567 km
(1.31%)

9. 0.1 0. 0.1 −π/2 −π/2 −π/2 0.1 0.1 0.1 3π/2 3π/2 3π/2 0.995
(0.995)

−3.67 km
(3.06%)

10. 0.1 0.1 0.1 −π/2 −π −3π/2 0.1 0.1 0.1 3π/2 3π/2 3π/2 0.988
(0.995)

−2.21 km
(1.84%)
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Table 1 shows the results of the simulation modeling and calculation of the double-
ended fault location errors for various amplitude–phase relationships of the current and
voltage interharmonics.

The modeling results show that the error in the calculations of the power line fault
location according to the proposed method, given the normalized cross-correlation coeffi-
cient, does not exceed 0.2% of the length of the power transmission line. The errors in the
calculations by other known methods can reach several percent of the length of the power
line, depending on the voltage classes (Table 1).

The analysis of modeling and calculating errors in double-ended transmission line
fault location with various amplitude–phase relationships of the current and voltage
interharmonics has shown the following:

• errors in DTLFL depend on violations of sinusoidality of current and voltage signals,
and the amplitude–phase relationships of interharmonics that are part of the distorted
signals. The amplitude–phase relationships of interharmonics can both decrease and
increase the values of the amplitudes of current I” and voltage U”. With the same
amplitude relationships, changes in the phase ratios lead to significant differences in
errors in DTLFL. A 1.5-fold decline in the amplitudes of interharmonics at the same
phase relationships results in a disproportionate decrease in the error in DTLFL;

• the discrete Fourier transform, in measuring elements of digital devices, provides
complete suppression of multiple harmonics. However, when analyzing the spatial
coherence of discrete currents and voltages, one should take into account the influ-
ence of interharmonics, the aperiodic component, and noise on the process of digital
signal processing;

• the cross-correlation coefficient can be chosen as a numerical characteristic that makes
it possible to estimate the magnitude of the distortion of the current and voltage signals
of power frequency and to characterize a violation of spatial coherence. The smaller
the cross-correlation coefficient, the greater the error in DTLFL will be;

• the nature of the influence of violations of spatial coherence on errors in DTLFL
depends on the expression used to calculate the distance to the site of a power line
fault. Consequently, different algorithms designed for DTLFL have their own inherent
robustness to violations of spatial coherence.

Let us investigate the effect of noise on the errors in DTLFL in the case of a violation of
spatial coherence of current and voltage signals. We take a mathematical model of current
and voltage signals, in the form of a mixture of signal x(n) (Expression (38)) and noise
distortions in the analyzed frequency band (Figure 3):

xx(n) = x(n) + g(n), (46)

where g(n) are random instantaneous values of the noise component.
The results of modeling (calculations) showed that DFT filtering of the original and dec-

imated signals effectively eliminates noise components from the power frequency harmonic.
Deviations of the estimates of current I” and voltage U” amplitudes depend on the

noise intensity, but account for no more than a few percent, which is within the permissible
measurement error. Calculation of the normalized cross-correlation coefficient for signals,
distorted and undistorted by noise, has shown that its value is close to unity.
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5. Conclusions

Joint digital processing of spatially separated signals should factor in spatial co-
herence, to minimize errors in estimating the parameters of currents and voltages of
power frequency.

A normalized cross-correlation coefficient is appropriate for determining the extent of
the current and voltage sinusoidality distortion due to violations of spatial coherence.

The example of a DTLFL indicated that the smaller the cross-correlation coefficient (a
significant change in spatial coherence of sinusoidal signals), the higher the error and the
lower the accuracy of calculating the distance to the fault site.

The nature of the influence of spatial coherence violations on the errors in DTLFL
depends on the expression used to calculate the distance to the fault point, which is why
various algorithms designed to detect fault location in power transmission lines have their
own inherent robustness to violations of spatial coherence.

The modeling results showed that the error in the calculations of the power line
fault location according to the proposed method, given a normalized cross-correlation
coefficient, does not exceed 0.2% of the length of the power transmission line. The errors
in the calculations by other known methods can reach several percent of the length of the
power line, depending on the voltage classes of the line.

Author Contributions: Conceptualization, P.I. and A.K.; methodology, S.F.; software, P.I.; validation,
K.S. and S.F.; formal analysis, A.K.; data curation, K.S.; writing—original draft preparation, P.I.;
writing—review and editing, K.S.; visualization, P.I.; supervision, A.K.; project administration, S.F.
All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Informed consent was obtained from all subjects involved in the study.

Data Availability Statement: Data sharing not applicable. No new data were created or analyzed in
this study. Data sharing is not applicable to this article.

Conflicts of Interest: The authors declare no conflict of interest. The funders had no role in the design
of the study; in the collection, analyses, or interpretation of data; in the writing of the manuscript, or
in the decision to publish the results.



Mathematics 2022, 10, 1768 14 of 15

Nomenclature

fD sampling frequency
TD sampling time (step)
f 0 power frequency of the network
|Xj|, fj, ϕj amplitude, frequency and phase of the j-th interharmonic component
N observation interval
P absolute value of the correlation coefficient
B argument of the correlation coefficient
yn discrete random signal
mwR, mwI mathematical expectations of random variables wR and wI
σ2

wR, σ2
wI variances of random variables wR and wI

δ white noise
E signal energy
I0(·) zero-order Bessel function of the first kind
I′, U′ measured current and voltage magnitudes at the beginning of the power line
I”, U” measured current and voltage magnitudes at the end of the power line
Im, Um current and voltage magnitudes obtained by simulation modeling
L power transmission line length
z0 zero sequence resistance of the power line
USC phase voltage at the fault site
lSC distance to the short circuit site
M number of interharmonics in the spectrum of a sinusoidal current or voltage signal
g(n) random instantaneous values of a noise component
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