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Abstract: We derive the solvability conditions and a formula of a general solution to a Sylvester-type
matrix equation over Hamilton quaternions. As an application, we investigate the necessary and
sufficient conditions for the solvability of the quaternion matrix equation, which involves 7-Hermicity.
We also provide an algorithm with a numerical example to illustrate the main results of this paper.
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1. Introduction
Let R stand for the real number field and

H = {ug + w1i + upj + uzkl|i? = j> = k* = ijk = —1, ug, uy, up, uz € R}.

H is called the Hamilton quaternion algebra, which is a non-commutative division ring.
Hamilton quaternions and Hermitian quaternion matrices have been utilized in statistics
of quaternion random signals [1], quaternion matrix optimization problems [2], signal and
color image processing, face recognition [3,4], and so on.

Sylvester and Sylvester-type matrix equations have a large number of applications in
different disciplines and fields. For example, the Sylvester matrix equation

A1X+XB = 1)
and the Sylvester-type matrix equation
A X+YB =C 2

have been applied in singular system control [5], system design [6], perturbation theory [7],
sensitivity analysis [8], Hy-optimal control [9], linear descriptor systems [10], and control
theory [11]. Roth [12] gave the Sylvester-type matrix Equation (2) for the first time over the
polynomial integral domain. Baksalary and Kala [13] established the solvability conditions
for Equation (2) and gave an expression of its general solution. In addition, Baksalary and
Kala [14] derived the necessary and sufficient conditions for a two-sided Sylvester-type
matrix equation

A11X1B11 + C11XpDy = Eqq 3)

to be consistent. Ozgﬁler [15] studied (3) over a principal ideal domain. Wang [16] investi-
gated (3) over an arbitrary regular ring with an identity element.

Due to the wide applications of quaternions, the investigations on Sylvester-type
matrix equations have been extended to H in the last decade (see, e.g., [17-24]). They are
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applied for signal processing, color-image processing, and maximal invariant semidefinite
or neutral subspaces, etc. (see, e.g., [25-28]). For instance, the general solution to Sylvester-
type matrix Equation (2) can be used in color-image processing. He [29] derived the matrix
Equation (2) as an essential finding. Roman [25] established the necessary and sufficient
conditions for Equation (1) to have a solution. Kychei [30] investigated Cramer’s rules
to drive the necessary and sufficient conditions for Equation (3) to be solvable. As an
extension of Equations (2) and (3), Wang and He [31] gave the solvability conditions and
the general solution to the Sylvester-type matrix equation

A1X1+ XoB1 + C3X3D3 + CyXyDy = Eq (4)

over the complex number field C, which can be generalized to H and applicable in some
Sylvester-type matrix equations over H (see, e.g., [29,32]).

We know that in system and control theory, the more unknown matrices that a matrix
equation has, the wider its application will be. Consequently, for the sake of developing
theoretical studies and the applications mentioned above of Sylvester-type matrix equation
and their generalizations, in this paper, we aim to establish some necessary and sufficient
conditions for the Sylvester-type matrix equation

A1X1+ XoB1 4+ A2Y1By + A3YoBs + AyY3By = B (5)

to have a solution in terms of the rank equalities and Moore-Penrose inverses of some
coefficient quaternion matrices in Equation (5) over H. We derive a formula of its general
solution when it is solvable. It is clear that Equation (5) provides a proper generalization of
Equation (4), and we carry out an algorithm with a numerical example to calculate the gen-
eral solution of Equation (5). As a special case of Equation (5), we also obtain the solvability
conditions and the general solution for the two-sided Sylvester-type matrix equation

A11Y1B11 + AnY2Boy + A33Y3Bzz = Th. (6)

To the best of our knowledge, so far, there has been little information on the solv-
ability conditions and an expression of the general solution to Equation (6) by using
generalized inverses.

As usual, we use A* to denote the conjugate transpose of A. Recall that a quaternion
matrix A, for 7 € {i,j,k}, is said to be 5-Hermitian if A = A", where A" = —yA*y [33].
For more properties and information on #*-quaternion matrices, we refer to [33]. We know
that 7-Hermitian matrices have some applications in linear modeling and statistics of
quaternion random signals [1,33]. As an application of Equation (5), we establish some
necessary and sufficient conditions for the quaternion matrix equation

ArXy+ (A X)T + AV AL + AsY, AL + AyYsAT =B @)

to be consistent. Moreover, we derive a formula of the general solution to Equation (7)
where B = B"',Y; = Yiﬂ* (i=1,3) over H.

The rest of this paper is organized as follows. In Section 2, we review some definitions
and lemmas. In Section 3, we establish some necessary and sufficient conditions for
Equation (5) to have a solution. In addition, we give an expression of its general solution to
Equation (5) when it is solvable. In Section 4, as an application of Equation (5), we consider
some solvability conditions and the general solution to Equation (7), where Y; = Yi”*
(i = 1,3). Finally, we give a brief conclusion to the paper in Section 5.

2. Preliminaries

Throughout this paper, H"*" stands for the space of all m x n matrices over H. The
symbol r(A) denotes the rank of A. I and 0 represent an identity matrix and a zero matrix
of appropriate sizes, respectively. In general, A" stands for the Moore-Penrose inverse
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of A € H'*¥, which is defined as the solution of AYA = A, YAY = Y, (AY)* = AY
and (YA)* = YA. Moreover, Ly = [ — AYAand Ry = [ — AA" represent two projectors
along A.

The following lemma is due to Marsaglia and Styan [34], which can be generalized
to HL

Lemma 1 ([34]). Let A € H"™*", B € H"*k, C € H*", D € W>*K and E € H'* be given.
Then, we have the following rank equality:

A B 0
A BL
r(REC OD) :r(g g 1(:;) —r(D) —r(E).

Lemma 2 ([35]). Let A € H™*" be given. Then,

(1) (AN = (AT, (A7) = (AT)

(2) r(A) =r(AT) = r(A") = r(ATAT) = r(AT AT).
(3) (La)" = —n(La)y = (La)" = Las = Ryye.

(4) (Ra)" = —n(Ra)y = (Ra)" = Ra- = L.

(5) (AAYT = (AN AT = (ATA)T = AT(AY).

(6) (ATA)T = AT (AN = (AA")T = (At)1A".

Lemma 3 ([16]). Let Aj;, Bj; and C; (i = 1,2) be given matrices with suitable sizes over H.
Ay = ApLa,,, T = Rp,,Bn, F = BnLt, G = Ry, Axn. Then, the following statements
are equivalent:

(1) The system

A1 X1Bi1 = Gy, ApX1Bpn =G 8)
has a solution.
2) . |
AiiAiiCiBiiBii = Ci (l =1, 2)
and
G(ALCoBY, — AY,C1BIF = 0.
(3)

r(Ai Gi) =r(Aq), V(f;) =7(Bi) (i =1,2),

11
A 0
_ (An
r A22 0 —Cz = T(A22> +7(B11, Bgz).
0 By Bx

Lemma 4 ([13]). Let A1, By and Cq be given matrices with suitable sizes. Then, the Sylvester-type
Equation (2) is solvable if and only if

Ra,CiLp, = 0.
In this case, the general solution to Equation (2) can be expressed as
X = AlC; — AU By + La, Us, Y = Ra,C1 B + A1 ATUL + UsRp,,

where Uy, Uy, and Uj are arbitrary matrices with appropriate sizes.
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Lemma 5 ([31]). Let A1, B1,Cs, D3, C4, Dy and E; be given matrices over H. Put

A =Rp,C3, B=D3Lp,, C=Ry,Cy, D= DyLp,,
E = Ry,E1Lp,, M= RoC, N = DLg, S = CLy.

Then, the following statements are equivalent:
(1) Equation (4) has a solution.

(2)

RymRAE =0, ELgLy =0, RAELp = 0, RgLg = 0.

(3)

E1 C4 C3 A1 B
r<Bl o o o)=rB)+r(Cy G A,

o o) (D
r| 23 =r| Dy | +r(A1),
D, 0 5
B 0 !
Ey G A
Dy
r[Dy 0 0| =r(Ay, C3)+7’<B >,
B 0 O 1
Ey C A
D3
r{D; O 0 | =r(A C4)+7’<B )
B 0 0 1

In this case, the general solution to Equation (4) can be expressed as

X1 = A}(E1 — C3X3D3 — C4X4Dy) — AT T/By + Lo, Ts,
Xy = RAl(El — C3X3D3 — C4X4D4)Bir + A1AIT7 + TSRBI/

X5 = ATEBT — ATCM'EB" — ATSC'ENTDB" — ATST,RyDB + LTy + T5Rp,

Xy = MTED" + STSCTEN' + LyyLsT; + Ly TRy + T3Rp,

where Ty, ..., Tg are arbitrary matrices with appropriate sizes over H.

3. Some Solvability Conditions and a Formula of the General Solution

In this section, we establish the solvability conditions and a formula of the general
solution to Equation (5). We begin with the following lemma, which is used to reach the

main results of this paper.

Lemma 6. Let A1, B11, C11, and D1y be given matrices with suitable sizes over H, A11La,, =0

and RBH By, = 0. Set
A1 = ApLy,, Cii = Co — Ap Al C1B}; Ba.

Then, the following statements are equivalent:
(1) The system (8) is consistent.

(2)
Ra,Ci =0, GiLp, =0 (i =1,2), R4, C11 = 0.
(3)

A ALCiBIB; = C; (i = 1,2), CiBi; By = A1 AL Co.

©)



Mathematics 2022, 10, 1758 50f 20

Cq 0 A1l
rf 0 —C Axp| = T(Azz) + 7(B11).
Biy Bn 0

In this case, the general solution to system (8) can be expressed as

X1 = A} C1Bf; + La, AL CoBY, + Lay, Vi + VaRp,, + Lay, VaRg,,, (10)
where Vy, Va, and V3 are arbitrary matrices with appropriate sizes over H.
Proof. (1) < (2) It follows from Lemma 3 that

G(A§2CZB§2 - AirlClBIl)F =0
&R, (A1 + Ap Al A, AL, CoBY, — AT C1BY By = 0
&R p, A Al A11 AL, CoBY, By — A AT C1Bf By = 0
& Rp, Ap Al A1 ALy Ay AS,CoBY,Byy — A A} C1Bf By = 0
&Ra, (Ap — A1) AYy A AL, CoBY, By — Ay A} C1Bf1Byy = 0
&Ry, Co — Ap AT C1Bf B = 0 ¢ Ry, Cy1 =0,

where G and F are given in Lemma 3.
(1) = (3) If the system (8) has a solution, then there exists a solution Xy such that

AnXoBi1 = C1, ApXoBxn = Co.
It is easy to show that
R4,Ci =0, CiLg, =0 (i =1,2).
Thus, A;ALC;BIB; = C; (i = 1,2). It follows from Rp,, By, = 0, A11L4,, = 0 that
C1BI By = A11XoB11B1Bx = A11X0Ba = A11A%, A XoBy = A1 ALCo.
(3) = (2) Since Ay — Ay = An Al Ajy and C B By, = A11A3,Cy, we have that

R4,Ci1 = Ry, Co — Ry, A AT, C1B By = Ry, Co — Ry, A A} A11 AL, Co
=Ry, Ca — Ra, (Axp — A1) AL,Co = Rp,Co — Rp, A A, Cr = 0.

(2) < (4) It follows from Rp,, By = 0 and Aj1Ly,, = 0 that

1’(322, Bll) = T’(Bll), (ﬁ;) = T(Azz).
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By Lemma 1,

RA,','Ci =0& F(RA”CZ') =0& T(Ail', Ci) = V(Al',‘) (l = 1,2),

G
R4,Ci1 =04 1(Ry,Cr1) =0 1(Cpy, Ar) =71(Ar)

Cii  Axly
< r<RBHBzz 0 ") =r(AxnLay,) +7(Rp, Bn)

Co — ApAlC1Bi By Ay 0

CiLp, =0 r(CiLp,) =0 & r<Bl’i> =r(B;) (i=1,2),

A
=T 322 0 Bll =r <A11> + r(Bll/ Bzz)
0 Ay 0 2
Cy 0 A1q A
erl 0 —C Ap| = V<A“) +7(B11, Bx2) = r(A22) + r(B11).
22
Bi1 Bxn O

We now prove that X in (10) is the general solution of the system (8). We prove it in
two steps. We show that X; is a solution of system (8) in Step 1. In Step 2, if the system (8)
is consistent, then the general solution to system (8) can be expressed as (10).

Step 1. In this step, we show that Xj is a solution of system (8). Substituting X; in (10)
into the system (8) yields

A11X1B11 = A11XoB11, AnX1By = A»XoBoy, (11)

where Xy = ALCl BL + LAuA;zCZB;z' Since R4,,Cq = 0and C;Lp,, = 0, we have that

A11XoB11 = A1 Al C1BY, + La, A} A2 AY,C11BY,Bry

= A1 A},C1BY,Byy + A11La, ATC11 — Ra,, C11B,B1 = A AT, Ci BT, By

= _RAuClB-{lBll — ClLB11 +C =0Cq.

By
RB”BZZ = 0, RA22C22 = 0, C2L322 =0 and ClBirlez = A11A§2C2,

we have that

ApXoBy = Axn(A};C1BY, + La, A3,C2BY) By
= Ap A} C1Bf Boy + Ap A, CoBY,Boy — Ay Al Ay AY,CoBY, By
=C+ A22AI1C1 B‘ll-l Byy — A22A‘{1 ClBL By = Cs.
Thus, A11X1B11 = C1, ApX1By = Cy. X is a solution of system (8).
Step 2. In this step, we show that the general solution to the system (8) can be expressed

as (10). It is sufficient to show that for an arbitrary solution, say, Xg; of (8), Xo; can be
expressed in form (10). Put

Vi = X1 BnBl), V2 = X1, V3 = Xo1B11B];.
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It follows from By, = B11BI1B22 and Ay = A11A§2A22 that

Xy = A} C1BY; + La,, AL CoBYy + La,, Vi + VaRp,, + Lay, V3R,

= A}, C1B; + Lay, A3, CoBY) + Lay, Xo1B2BY, + Xo1Rp,, + Lay, Xo1B11B11 Ry,

= A},C1B;, + La,, A}, CoBY, + Xo1Bn B, — ALy Ay Xo1Bn B, + Xo1 — Xo1B11 Bl
+ Xo1B11Bf, Rp,, — A1 A11X01B11Bf1 Ry,

= A}1C1B]} + La,, A}, CoBY, — Xo1Rp,, BB, + Xo1 — Ay A2 Xo1 B2 BY,

— Al} A11X01B11B}; + Al A11 X01B11Bf B2 B,

= Xo1 + Afy A11X01B11Bf1 B2 BY, — Al A11 ALy A2o Xo1BoBY,

= Xo1 + Af} A11X01B22BY, — Al A11 Xo1B22BY, = Xo1.

Hence, Xj; can be expressed as (10). To sum up, (10) is the general solution of the
system (8). O

Now, we give the fundamental theorem of this paper.

Theorem 1. Let A;, B;, and B (i = 1,4) be given quaternion matrices with appropriate sizes over
HL. Set

Ra, Az = A11, Ra Az = A, Ra Ay = Ass, BoLp, = Bi1, BnLp,, = Ny,
BsLp, = Baz, BsLp, = B33, Ra, Ao = My, S1 = ApnLy,, RaBLp, = Th,
C = RpRa,,, Cp = CAszz, G = Ry Asz, C3 = Rp,,Azz, Cy = Aszg,

D = Lg,,Ln,, D1 = B33, D2 = B33Lp,,, D3 = B33Lp,,, D4y = B33D, (13)
E1 =CTy, E = Ra, T1Lpy,, E3 = Ra,,T1Lp,,, E4 = T1D,

(12)

R
Ci = (Lc,, Lc,), D11 = (R?)’ Ca = L¢,, D2z = Rp,, C33 = L,

3

(14)
D33 = Rp,, E11 = R¢,,C2, Ex2 = Re,,Css, Ess = DoLp,,, Es4 = D33lp,,,
M = Rg, Exn, N = Eg4Lg,;, F=F —F, E=Rc,,FLp,;, S = ExaLp,
Fi1 = Gy, Gi = Ey — GC{E\D{Dy, Fxp = Cylc,, Gy = Ey — CuCIE3D3 Dy, 5)
Fy = C{E\D} + L¢,CYEo DS, F = C3E3DY + L, CIE4DJ.
Then, the following statements are equivalent:
(1) Equation (5) is consistent.
(2)
Rc.E; =0, EiLp, =0 (i = 1,4), Rg,,ELE,, = 0. (16)
(3)
B Ay Ay Ay A\ _
T(Bl 0 0 0 0 ) = T’(Bl) +7’(A2, A3, A4, Al)r (17)
B Ay Ay A 5
r[Bs 0 0 0 |=r(Ay Ay A9) +r(B3), (18)
B 0 0 0 1

B A; As A B
B, 0 0 0 |=r(As Ay A1)+r<BZ>, (19)
B 0 0 0 !
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@

B As A
B, 0 0 B2
r| 22 =7| By | +1r(As, A), (20)
Bs 0 0 B
B, 0 0 !
B Ay A; A B
r{B, 0 0 o =1(Ay, A, A1)+r<B4>, (21)
B, 0 0 !
B Ay A
By 0 0
T B4 0 0 T(B4>+1’ AQ, Al/ (22)
0
Ay
0
0
0

- T(B4> +r AS/ Al s (23)

A
0
0
Bi 0
B A
B, 0 gz
r|Bs 0| =r|.2]+rA), (24)
By
B, 0 5
B; 0 !
B A A, 0 0 0 A
Bs 0 0 0 0 0 0
B1 0 0 0 0 0 0
r| O 0 0 —B A3 Al A4 (25)
0 0 0 B O 0 0
0 0 0 B 0 0 0
B, 0 0 B, 0 0 0
B; 0
B, 0
Ay A, 0 0 A4)
=r| 0 By|+r .
0 Bf (0 0 A; A Ag
By By
Proof. (1) < (2) Equation (5) can be written as
A1 Xy + X3By = B — (A2Y1Ba + A3Y2B3 + A4Y3By). (26)

Clearly, Equation (5) is solvable if and only if Equation (26) has a solution. By Lemma 4,
Equation (26) is consistent if and only if there exist Y; (i = 1,3) in Equation (26) such that

RAl [B - (AzYle + A3Y>B3 + A4Y3B4)]L31 =0, (27)

ie.,

A1Y1Bi1 + AYaBy + A33Y3Bss = Th, (28)
where A;;, B;;(i = 1,3), and Tj are defined by (12). In addition, when Equation (26) has a
solution, we get the following;:

X1 = A{(B — AY1By — A3Y,Bs — A4Y334) - AIUlBl + La, U,

Xo = Ry, (B — A)Y1By — A3Y2Bs — A4Y3B4) B} + A1 ATU; + UsRp,,
where U; (i = 1,3) are any matrices with appropriate dimensions over H. Hence, Equation (26)

has a solution if and only if there exist Y; (i = 1,3) in Equation (26) such that Equation (28)
is solvable. According to Equation (28), we have that

A1Y1B11 + AnY2Byn = Ty — Az3Y3B33. (29)
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Hence, Equation (28) is consistent if and only if Equation (29) is solvable. It follows from
Lemma 5 that Equation (29) has a solution if and only if there exists Y3 in Equation (29)
such that

Ry, R, (A33Y3Bsz — Th) =0, Ra,, (Tt — As3Y3Bs3)Lg,, =0,

(30)
Ra,, (T1 — A33Y3B33)Lp, =0, (Ty — A33Y3Bs3)Lp,, Ly, =0,

ie.,
C1Y3Dq1 = Eq, CyY3Dy = Ep, C3Y3D3 = E3, C4Y3Dy = Ey, (31)

where C;, D;, E; (i = 1,4) are defined by (13). When Equation (29) is solvable, we have that

Y, = Al TBf, — Al ApuMITBY, — AT, S, A, TN By, BT,

- Al S UsRp;, ByBl, + La,,Us + UsRp,,,

Y, = M{TBY, + S1S1 A, TNT + Ly, Ls, Uy + UsRp,, + Lag, UsRy,,
where A;;, B;; (i = 1,3), M1, Ny, S1, T; are defined by (12), T = Ty — A33Y3B33 and

U; (j = 4,8) are any matrices with the appropriate dimensions over H.
It is easy to infer that

CiLc, =0, Rp,D2 =0, G3L¢, =0, Rp,Dy = 0. (32)
Thus, according to Lemma 6, we have that the system (31) is consistent if and only if

R¢E; =0, EiLp, =0(i=1,2,3,4), Rp,,G1 =0, R, G, = 0. (33)
In this case, the general solution to system (31) can be expressed as

Y3 = Fi + Lc,Vi + VaRp, + Lc, V3Rp,, (34)

Y3 = F, — Lc,W1 — WaRp, — L, W3Rp,, (35)

where Fy, F, are defined by (15) and V;, W; (i = 1,3) are any matrices with the appropriate
dimensions over H. Thus, system (31) has a solution if and only if (33) holds and there exist
Vi, W; (i = 1,3) such that (34) equals to (35), namely

V; R
(Lc,, Le,) (Wll) + (Va, Wp) (Rgl) + Lc, V3Rp, + Lc,WsRp, = F,

3
ie.,
V
Cn <Wl1> + (Vo, Wp) D11 + C V3D 4 C33W3D33 = F, (36)

where F, C;; and D;; (i = 1,3) are defined by (14). It follows from Lemma 5 that Equation (36)
has a solution if and only if

RmRg,E =0, ELg,;Ly =0, RgELg, =0, Rg,,ELg,, = 0. (37)

In this case, the general solution to Equation (36) can be expressed as

Vi = (I, 0) [CL(F — CpV3Dyy — C33W3Ds3) — Cf Ui Dy + Ly, U12},

Wi = (0, In) {CL(F — C2uV3Dyy — C33W3Ds33) — CiyUy Dyq + Ly, Ulz} ,
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0
Wy = {ch (F — CnV3Dyy — C33W3D33) Dy + C11Cly Uy + UZlRDH} <In>'
1% —[R (F — CppV3Day — C33W3D33) DYy + C1q(Ci1) Uy + Uy R ](”
2 — C1p 22 V31222 33VV3L33 11 11\~11 11 2113Dqy 0
V3 = Ef,FEL; — E}, EppM'FEY, — EX, SE3,FNTEy El,
— Ef,SU3 RNEuEY; + Lg, Usy + Uss Ry,
W5 = M'FE}, + STSEL FN' + LyLsUs + LyUsi Ry — UsaRE,,,

I>,

where Uy, Uyp, Upy, Usy, Usp, Usz, Uy, and Uy are any matrices with the suitable di-
mensions over H. M, E, N, S, Cy1, D11, and E;; (i = 1,4) are defined by (14), m is the
column number of A4 and 7 is the row number of B;. We summarize up that (28) has a
solution if and only if (33) and (37) hold. Hence, Equation (5) is solvable if and only if (33)

and (37) hold.

In fact, RC2E2 =0, ElLD1 =0= RF11G1 =0 RC4E4 =0, E3LD3 =0= RF22G2 =0
RC3E3 =0, ElLD] =0= RMREHE =0 RC4E4 =0, ElLD1 =0= ELE33LN = 0;

Rc,E4 =0, E3Lp, = 0= Rgy,ELE,, = 0. The specific proof is as follows.

Firstly, we prove that Rc,E; = 0, E{Lp, = 0= Rf,,G1 = 0; Rc,E4 =0, E3gLp, = 0=

Rf,, Gy = 0. It follows from Lemma 1 and elementary transformations that
RC1 E] =0& I’(El, C]) = T(Cl) = T(CTl, CA33) = V(CA33) =
r(Th, Asz, A1, Am) =1(Ass, A, Ax),
T Az An

Re,Ey =06 1(Ey, C) =1(Cy) &1 =r(As3, A1) +r(Bxn),
By 0 0

T A A
Re,E3 =04 r(E3, C3) =71(C3) & V(Blll 033 022) =r1(Asz3, Ap) +71(B11),
T; Az B
Re,E4 =0 1(Ey, Cy) =7(Cy) & 7| By 0 | =r(Ass) + r(B“),
By 0 22
E T A A
EiLp, =0« 7(D11> < 7(3313 011 022) =r1(Aq1, Ap) +1(Bss),
E, T An Bas
EZLDZ 70<:>1’(D ) :r(Dz) & 1| Bss 0 :T(Bzz) +T(A11),
2 By O
Es T, Ax Bas
E3LD3 :0<:>1’(D3> :T(D3) & r| Bss 0 :T(BH) +I’(A22),
B11 0
T:
E4 3313 B3
E4lp, =0« r(D4> =r(Dy) &r By |~ r| By |-
B By
20

It follows from Lemma 6 and (32) that Rr, G; = 0 and Rf,, G, = 0 are equivalent to

EE 0 G c
rlo —-E G| = r(cl) +7(Dy, Dy),
Dy D, 0 2

E; 0 GCs C
r{ O —E4 C4 = V(CB) + 7’(D3, D4).
Dy Dy O 4

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)
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According to Lemma 1, we have that
(46)
Tl 0 0 A11 Azz 0
0 -T1 Ay O 0 An | _ (0 A Axn O B3
“M By 0 0 o0 0o 0] Nas o o ay) "o
0 By 0 0 0 0 (48)
Tl All A22 0 0 0
By 0 0 0 0 0| (A3 An 0 0 Bss
S0 0 0 T, An Al T r( 0 0 An An) T\ 0

0 0 0 By 0 0

Thus, it follows from (48) that (46) holds when (39) and (42) hold. Similarly, if (41) and (44)

hold, then (47) holds.

Secondly, we prove that Rc,E3 = 0, E;Lp, = 0= RyRg,E =0; Rc,E4 =0, E1Lp, =
0 = ELg,, Ly = 0; Rc,E4 = 0, EoLp, = 0 = Rg,,ELg,; = 0. According to Lemma 5

and (32), we have that (37) are equivalent to

F Lc
r RD1
Rp. 0 0

3

F Lc

Rp. 0 0

3

respectively. By Lemma 1, we have that

(49)
F I I 0 0
I 0 0 Dy 0
sr|I 0 0 0 Ds —rG %1
0CG 0 0 ©0
0 0 C3 0 0

Similarly, we can show that (50)-(52) are equivalent to

FLe L,
r{Rp, 0O 0 | =r(Le,, Le,) +7
Rp, 0 0
F Lg L
r RDZ 0 0

I
[()))+V Cl
3 0

sr|l 0 —Ej Cg) = r(?) + (D1, D3).
3

E 0 G c
rl 0 —Ey G :r<cl>+r(D1, Dy),
4

D Dy O

E> 0 G C

r 0 —E3 C3 = 7‘( ) +7’(D2, D3),
Cs

D, D; O

G

|

(49)

(50)

(51)

(52)

(53)

(54)

(55)
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E, 0 G C
r{ O —E4 C4 = 1’<C2> + F(Dz, D4). (56)
D, D, 0 4

Substituting C;, D;, and E; (i = 1,3) in (13) into the rank equality (53) and by Lemma 1,
we have that

(53)
n 0 0 Ay Ap O
0 T, A 0 0 Apn| (0 Ay An 0 By 0
“M By 0 0 o 0o 0] as 0 0 Aan)T"l0 By
0 By O 0 0 0 (57)
T, Ay Ap O 0 0
By 0 0 0 0 0| (An An 0 0 Bss 0
T 0 0 0 T, Ap Ay _r(o 0 An An) Lo By
O 0 0 By 0 0

Hence, it follows from (40) and (42) that (57) holds. Similarly, we can prove that when (41), (42)

hold and (41), (43) hold, we can get that (54) and (56) hold, respectively. Thus, Equation (28)
has a solution if and only if (16) holds. That is to say, Equation (5) has a solution if and only
if (16) holds.

(2) < (3) We prove the equivalence in two parts. In the first part, we want to show
that (38) to (45) are equivalent to (17) to (24), respectively. In the second part, we want to
show that (55) is equivalent to (25).

Part 1. We want to show that (38) to (45) are equivalent to (17) to (24), respectively. It
follows from Lemma 1 and elementary operations to (38) that

(38) <> r(Ra,BLp,,, Ra, A4, Ra, Ay, Ra,A3) = 1(Ra,As, Ra Az, Ra Az)
B A, Ay As A
o r(31 :

o 0 0
Similarly, we can show that (39) to (41) are equivalent to (18) to (20), respectively. Now,
we turn to prove that (42) is equivalent to (19). It follows from the Lemma 1 and elementary
transformations that

) =1(Ag, Az, A3, A1) +1(B1) & (17).

RA BLB RA Az RA A3
(42) < r< B;LBI 1 ) ) = r(Ra, A2, Ra, As) +7(BsLg,)
B A, A; A 5
er[By 0 0 0| =r(Ay A3, Ay) +r<B4> = (21).
B 0 0 0 1

Similarly, we can show that (43) to (45) are equivalent to (22) to (24). Hence, (38) to
(45) are equivalent to (17) to (24), respectively.

Part 2. We want to show that (55) < (25). It follows from Lemma 1 and elementary
operations to (55) that

(55)
RAll Ty LBzz 0 RAH Aszz
R A
=T 0 _RAzz TlLBll RA22A33 =T (RjnAiz> + r(BSSLBzzf B33L311)
BssLp, BssLp, 0 2
Ty 0 A1l 0 Asz
0 -T 0 Ay Asz Byo 0
&7r| By 0 0 0 0 |=r|l0 By|+ r(A(;l AO 233)
0 By 0 0 0 Bs; Bss 2 0%
B33 B33 0 0 0
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B; 0
0 B Ay 0 Ay Ay O
T g‘ll 304 +r(o Ay A, 0 A1>
0 B
0 A 0 Ay A O
0 -B 0 Ay Ay 0 A
B, 0 0 0 0 0 0
=r/0 B, 0 0 0 0 0]|<e@.
By, B, 0 0 0 0 0
Bb 0 0 0 0 0 0
0 B 0 0 0 0 0

Hence, (38) to (45) and (55) are equivalent to (17) to (25), respectively. O

Next, we give the formula of general solution to matrix Equation (5) by using Moore—
Penrose. According to Theorem 1, we get the following theorem:

Theorem 2. Let matrix Equation (5) be solvable. Then, the general solution to matrix Equation (5)
can be expressed as

X1 = A} (B — A)Y1By — A3Y2Bs — AsY3By) — AJUiBy + Lg, Uy,

Xy = Ra, (B — AyY1By — A3YaBs — AgY3By)Bf + A1 ATUL + UsRp,,

Y= AIlTBirl - A11A22MITBL - AESlAEzTNfBzzBL

— Af,S1U4RN, BB}y + La,, Us + UsRp,,,

Y, = M{TBY, + S1S1 AL TN + Ly, Ls, U7 + UgRp,, + Lag, UsRy,,

Y3 = Fy + Le,Vi + VaRp, + L, V3Rp,, or Y3 = Fy — Le,W; — WaRp, — Le,W3Rp,,

where T = Ty — A33Y3Bs3, U;(i = 1,8) are arbitrary matrices with appropriate sizes over H,

Vi = (In, 0) [C]1(F — C22V3Da — C3sWsDs3) — ClyUn Duy + L, Una),

W1 = (0, In) {CL(F — CpV3Dyy — C33W3Ds3) — Cfy Ui Dy + Ly, Ulz} ,

0
W, = [Rcll (F — CpV3Dpp — C33W3D33) DIy + Ci1Cly Uiy + UleDH} (In)'

I
V) = {Rcll(F — C»V3Dyy — C33W3Ds33) DYy + C1i Ch Uy + UZlRDn} ( ”>,

0

V3 = E\ FEL; — Ef, EnM'FEY; — E, SES, FNTEyEY; — Ef, SUs  RNEgsEd; + Lg, Usp + UssREs,,
Ws = M'FE}, + STSEL FN' + LyLsUss + LyUsi Ry — UsRg,,,

Uy, Usp, Upy, Usy, Usp, Uss, Uy, and Uy are arbitrary matrices with appropriate sizes over H,
m is the column number of A4 and n is the row number of By.

Algorithm with a Numerical Example

In this section, we give Algorithm 1 with a numerical example to illustrate the
main results.

Algorithm 1 Algorithm for computing the general solution of Equation (5)

(1) Input the quaternion matrices A;, B; (i = 1,4) and B with conformable shapes.
(2) Compute all matrices given by (12)—(15).

(3) Check equalities in (16) or (17)—(25). If not, it returns inconsistent.

(4) Else, compute X; Y](z =12,j=1,3).
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Example 1. Consider the matrix Equation (5). Put

i 0 0 i 0 0 0 0 1 i

Al_(o 0)'31_(0 0)’A2_<i o>'32_<0 i)’A3_<0 0)'
(1 (1 Kk (0 0 (3 i1
B=(o o) 4= (0 o) B=(x 5)5=(5 '3

Computation directly yields

B A, A3 Ay A
1’( 2 3 4 1) = T’(B1) JrT(Az, Ag, A4, Al) = 3,

BL 0 0 0 O
B A, Ay A 5
r[By 0 0 0] =r(Ay Ay A1)+r<B3>:4,
B 0 0 0 1
B A; As A 5
r[B, 0 0 0 |=r(A; A A1)+r<32>=4,
B 0 0 0 !
B A, A
B, 0 0 By
r| 22 =r[Bs| +r(Ay A1) =3,
B; 0 0 5
B 0 0 1
B A, A; A 5
r[Bs 0 0 0| =r(A Az A1)+7<B4>:4,
B 0 0 0 1
B A A
B; 0 O Bs
r 3 =7r| By +Y(A2, Al) =3,
B, 0 0 5
B 0 0 1
B A; A
B, 0 0 By
r| 22 =r| By | +r(As, A1) =3,
B, 0 0 5
B 0 O 1
B A
B, 0 gz
r|Bs 0 | =r|.2]|+rA1)=3
By
By 0 5
B; 0 !
B Ay Ay, 0 0 0 Ay
B, 0 0 O 0 O O By 0
BL 0O 0 0 0 0 O B, 0
rflo o o -B A; A, A|l=rl0 B +r<‘?)2 ‘?)1 X X 24)_7.
0 0 0 B 0O 0 O 0 B 3 A1 s4
0 0 0 B, 0 0 O By By
B, 0 0 B 0 0 0

All rank equalities in (17) to (25) hold. Hence, according to Theorem 1, Equation (5) has a
solution. Moreover, by Theorem 2, we have that

1 i 1 j i ik i
%= (o o) = (o b= (o o) =0 o) =l 0)
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Remark 1. Chu et al. gave potential applications of the maximal and minimal ranks in the
discipline of control theory (e.g., [36-38]). We may consider the rank bounds of the general solution
of Equation (5).

4. The General Solution to Equation with #-Hermicity

In this section, as an application of (5), we establish some necessary and sufficient
conditions for quaternion matrix Equation (7) to have a solution and derive a formula of its
general solution involving 7-Hermicity.

Theorem 3. Let A; (i = 1,4) and B be given matrices with suitable sizes over H, B = B"". Set

Ra Ay = A1, Ry As = Apa, Ry Ag = Ags, RayAsp = My, 51 = AxnLy,
Ra,B(Ra,)" =Ti, C = Ry,Ra,, C1 = CAzs, Co = Ry, Az,
C3 = Ra,Ass, Co = Ass, E1 =CTy, Ey = R, T1(Ray,)" , E3 = Rap, Ti(Ra,)", Es = T1CT,
Ci1 = (Lgy Le,)s Coo = Ley, C33 = Le,, Ei1 = Ry, Coa, E2p = Ry, Cas,
M = Rg, Ex, N = (Rg,,En)", F=F —F, E=Rc,F(Rc,,)", S = ExnLy,
Fiy = GlLc,, Gy = By — GCHE (C1)TC, Fyp = Cylc,, Gy = E4 — C4CYEs(CY )T,
F = CIE (C] )t + L, CEER(CT )Y, Fy = CEES(CY )t + Le, CEES(CT )Y
Then, the following statements are equivalent:

(1) Equation (7) is consistent.
(2) Rg,E; =0 (i = 1,4), Rg,, E(Rg,)T =0.

B A, As A, A
* = A A/A/A/A 7
7<A¥ 0o 0 0 o0 r(A1) +1(Az, Az, Ay, Ay)

rlA 0 0 0| =r(Ay As, A1) +r(As, A1),

rlAT 0 0 0| =r(Ay Ay, A1) +1(As, Ay),

r AZ* 0 0 0| =r(Az Ay Ay)+1(Ay A1),

B 0 A 0 Ay A O
0 —-B 0 Ay Ay 0 A
Al 0 0 0 0 0 0
o A 0o 0o 0 0 0 _Zr(A2 0 Ay A 0).
Al A 0 0 0 0 O
Al 0o 0 0 0 0 0
0o Al 0 o 0 0 0
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In this case, the general solution to Equation (7) can be expressed as

2 7 1 2 7 - 2 7 2 7
Xp = Al(C1 — AN A — AV, A — AYGAL ) + La Uy,

Xy = Ry, (C1 — A AL — A3V, AL — A3 AT ) (AT 4+ A ATU + UsR

X X M) N+ ) Yt (W)

7
Al

Y1 = AL T(AL)T — Al ApMIT(A})T — AU AL T(M])T (ASL)T + L, Us + U6RA;/1*/
Y2 = MIT(AR)" + STSLART(MD) + Lot Ls, Uy + UsR y + Loty UsR -,

Ys=F +L,Vi + VaR .y + Le, VaR e, or Ys=F —Le,W — WaR - — L, WsR
4 2

' a
where T = Ty — Az Y3(As3)",

Vi = (I, 0) [c{l(F — CV5CY; — C3WaCyp) — CiUnCYy + Ly, UlZ}f

Wi = (0, In) | C11 (F = CoaVaCli — CaaWaCly) — Chum Cly + Ly, Una |,

* * * * 0
W, = [RC“ (F — CpV3Chy — CsW3Clh ) (C)T + Cii Cfy Uy + u21Lgu] <1n>’

* * * * I
Vp = {ch (F — C2V3Cly — C3sW3C2, ) (C1 )T + CruCly U + UzlLZH} (g)

Vs = E} F(E))t — Efy EnM'F(E},)t — Ef, SELFNTE], (EL,)'
+ eyt /N
— Eq1SUs RNEjy (B )" + Lgy Uz + UssL,,
W3 = MTF(E])t + SYSELFNT + LyLsUs + LyUsi Ry — UL},
Uy, Uip, Upy, Uz, Usp, Usz, Uy, and Uy are any matrices with suitable dimensions over H.

Proof. It is easy to show that (7) has a solution if and only if the following matrix equation
has a solution:

MK+ 3AT + VAL + AL AL + ABAL = B. (58)
If (7) has a solution, say, (X1, Y1, Y2, Y3), then
(X1, X, Vi, Vo, Ya) i= (X1, X[, 1, Yo, Ya)
is a solution of (58). Conversely, if (58) has a solution, say
(X1, X2, V1, Yo, Ys).

It is easy to show that (7) has a solution

X+ (X)) i+ M) Y+ (BT ﬁ+<y§>v*>
2 ! 2 ! 2 ! 2 )

(X1, Y1, Yo, Y3) = <

O

Letting A7 and B; vanish in Theorem 1, it yields to the following result.
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Corollary 1. Let Aj;, B;; (i = 1,3), and T; be given matrices with appropriate sizes over H. Set

My = Ry, A2z, Ny = BolLp,,, S1 = AxnLyy,,
C =Ry Rp,,, Cp = CAzz, Cp = Ray Asz, C3 = Ra,, Azs, Cyp = Ass,
D = Lg,,Ln,, D1 = B33, D2 = Bs3Lp,,, D3 = B33Lp,,, D4y = B33D,
Ey =CTy, E2 = Rp,, T1Lp,,, E3 = Ray,T1Lp,,, E4 = T1D,
R
Ci1 = (Lc,s Le,), D1 = <Rgl)’ Cxn = L¢,, D2z = Rp,, C33 = L,
3
D33 = Rp,, E11 = R¢,,C2, Ex2 = R, Cs3, Ess3 = DoLp,,, Esq = D33lp,,,
M = Rg, Ep, N = EylLg,,, F=F —F, E=Rc,FLp,,, S = ExLy,
Fi1 = CyL¢,, Gi = Ey — CaC{ErD{Dy, Fap = CyLe,, Gy = Ey — C4CiE3D3Dy,
Fy = C{E\D} + Le,CYEoDS, F, = CYE3DY + L, CIE4D}.
Then, the following statements are equivalent:
(1) Equation (6) is consistent.
(2) Re,E; =0, E;Lp, = 0 (i = 1,4), R, ELE,, = 0.

(3)
r(Ti, An, A, Az) = 1(A11, Axn, Asz),
Ty B
B 1 T, Ay A
rl o =r B |, (] 222 — r(An, Ax) +7(Bs),
B» Bsz 0 0
B B33
33

T A A
r(lez 011 033) =r(An, Asz) +1(Bx),

Ty Aszs
T A A B
(! 3 T22) — (A, Ap) +r(Bu), r| B 0 | =r( 1) +r(As),
By 0 O
Ty 0 A1 0 Aszz

0 —-T; 0 Ay As By O
r|Byn 0 0 0 O0 |=rl0 Bp +r<A81 AO ﬁ“),
0 By 0O 0 0 Bs; Bas 2 4%
B33 B33 0 0 0
Ti Axn B T An B
r{Bn 0 | = <BH) +7r(Ap), | B 0 | = V<B33) +71(A1n)
333 0 33 B22 0 22

In this case, the general solution to Equation (6) can be expressed as

Y; = Al TBf, — AT, ApuMITBY, — AT, S, A, TN By B,

— A} S1U4RN, BBY) + Ly, Us + UgRp,,,

Y, = M{TB, + S1S1 AL TN + Ly, Ls, U7 + UgRp,, + Lar, UsRy,,

Ys = F + Lc,Vi + VaRp, + Lc, V3Rp,, or Y3 = F, — L, Wy — W2Rp, — Lc;W3Rp,,

where T = Ty — As3Y3Bs3, U;(i = 1, ..., 8) are any matrices with suitable dimensions over H,

Vi = (I, 0) [CL(F — CV3Dyy — C33W3D33) — CH Uy Dy + L, Ulz],

Wi = (0, In) [Ch(F — CppV3Dyy — C33W3D33) — Cfy U1 Dig + Ly, Ulz} ,
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0
W, = [RCH (F — CpV3Dpp — C33W3D33) Dy + C11Cfy Unp + U21RDH] <I ),
n

I
V) = [Rc” (F — CppV3D2 — C33W3D33) Dy + C11Cly Uy + UZlRDn} ((;1) ,

V3 = ES FEY, — EX ExM'FEY, — EX, SEL,FNVE, EYy — EX, SUs  RNEgyESs + L, Usp + UssRE,,,
Ws = MYFE}, + STSEL,FNT + Ly LsUy + LUz Ry — UgoRg,,,

Uy, Upp, Usy, Uy, Usp, Uss, Uyy, and Uy, are any matrices with suitable dimensions over H.

5. Conclusions

We have established the solvability conditions and an exact formula of a general
solution to quaternion matrix Equation (5). As an application of Equation (5), we also have
established some necessary and sufficient conditions for Equation (7) to have a solution
and derived a formula of its general solution involving #-Hermicity. The quaternion matrix
Equation (5) plays a key role in studying the solvability conditions and general solutions
of other types of matrix equations. For example, we can use the results on Equation (5) to
investigate the solvability conditions and the general solution of the following system of
quaternion matrix equations

ApYh1 = Cy, 1By = Dy,
A3Yy = G5, Y2B3 = Ds,
AgYs = Cy, Y3By = Dy,
Gi1Y1H1 + GY)Hy, + G3Y3H; =G
where Y7, Y, and Y3 are unknown quaternion matrices and the others are given.
It is worth mentioning that the main results of (5) are available over not only R and C

but also any division ring. Moreover, inspired by [39], we can investigate Equation (5) in
tensor form.
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