. mathematics

Article

Analytical Investigation of Fractional-Order Cahn-Hilliard and
Gardner Equations Using Two Novel Techniques

Mohammed Kbiri Alaoui !

check for
updates

Citation: Kbiri Alaoui, M.;
Nonlaopon, K.; Zidan, A.M.; Khan,
A.; Shah, R. Analytical Investigation
of Fractional-Order Cahn-Hilliard
and Gardner Equations Using Two
Novel Techniques. Mathematics 2022,
10,1643. https://doi.org/10.3390/
math10101643

Academic Editors: Somayeh
Mashayekhi, William S. Oates and

Ivanka M. Stamova

Received: 29 January 2022
Accepted: 29 April 2022
Published: 11 May 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

, Kamsing Nonlaopon %>*(, Ahmed M. Zidan !, Adnan Khan 3 and Rasool Shah 3

1 Department of Mathematics, College of Sciences, King Khalid University, Abha 61413, Saudi Arabia;
mka_la@yahoo.fr (M.K.A.); ahmoahmed@kku.edu.sa (A.M.Z.)

Department of Mathematics, Faculty of Science, Khon Kaen University, Khon Kaen 40002, Thailand
3 Department of Mathematics, Abdul Wali Khan University, Mardan 23200, Pakistan;
adnanmummand@gmail.com (A.K.); rasoolshahawkum@gmail.com (R.S.)

Correspondence: nkamsi@kku.ac.th

Abstract: In this paper, we used the natural decomposition approach with non-singular kernel
derivatives to find the solution to nonlinear fractional Gardner and Cahn-Hilliard equations arising
in fluid flow. The fractional derivative is considered an Atangana—Baleanu derivative in Caputo
manner (ABC) and Caputo—Fabrizio (CF) throughout this paper. We implement natural transform
with the aid of the suggested derivatives to obtain the solution of nonlinear fractional Gardner and
Cahn-Hilliard equations followed by inverse natural transform. To show the accuracy and validity
of the proposed methods, we focused on two nonlinear problems and compared it with the exact and
other method results. Additionally, the behavior of the results is demonstrated through tables and
figures that are in strong agreement with the exact solutions.

Keywords: Caputo-Fabrizio and Atangana—Baleanu operators; fractional Cahn-Hilliard equation;
fractional Gardner equation; Adomian decomposition method; natural transform
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1. Introduction

Fractional calculus (FC) is a subject that dates back to over 324 years, but it has
recently attracted the interest of many scientists and engineers working in a variety of
fields. Fractional calculus (FC) is the generic generalisation of integer-order calculus to
arbitrary-order integration and differentiation with non-integer order. Signal processing,
electronics, viscoelasticity, finance, chemistry, biology and dynamical systems are all ex-
amples of physical phenomena that can be modelled. Several researchers are working to
significantly progress and contribute to fractional calculus [1-5]. There are different kinds
of fractional derivatives such as Riemann-Liouville derivatives [6], Caputo derivatives [7],
Kolwankar-Gangal (K-G) derivatives [8], Cressons derivatives [9], Jumaries modified
Riemann-Liouville derivatives [10] and Chens fractal derivatives [11]. However, due to
the uniqueness of kernels, the above concept has a significant flaw. A change in the kernel
in the work of Atangana and Baleanu [12] appears to have addressed this issue. It is
claimed that some physics problems involving initial values provide better results and
have significant advantages over other fractional operators. One of the most essential
features of the new definition is that it uses a non-singular and non-local kernel in its
derivation [12]. Fractional differential equations have attracted special interest during the
past two decades owing to their ability to model many phenomena in different research
areas and engineering applications. Many physical applications in science and engineering
can be represented using fractional differential equation models, which are extremely useful
for a wide range of physical problems. Fractional linear and nonlinear PDEs are used to
represent these equations, and solving fractional differential equations is essential [13-21].
Nonlinear equations are used to describe the world’s most important processes. Finding
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the exact solution to nonlinear partial differential equations is still a major problem in
physics and applied mathematics, necessitating the use of various techniques to obtain at
innovative approximate or exact solutions. Many approximation and numerical techniques
have been used to solve fractional differential equations. Lately, many new approaches
to fractional differential equations have been proposed; a few of these methods are as
follows: the differential transform method (FDTM) [22], the iterative Laplace transform
method (ILTM) [23], the fractional Adomian decomposition method (FADM) [24], the
Elzaki transform decomposition method (ETDM) [25], the fractional variational iteration
method (FVIM) [26], the fractional homotopy perturbation method (FHPM) [27] and the
fractional natural decomposition method (FNDM) [28]. The main theme of the present
article is to solve nonlinear fractional Gardner and Cahn-Hilliard equations with the help
of one of the most effective approaches, named the natural decomposition method. Natural
decomposition methods avoid round off errors by not requiring prescriptive assumptions,
linearisation, discretisation, or perturbation.

The Gardner equation [29] was developed from a combination of KdV and modified
KdV equations and is used to describe internal solitary waves in shallow water. Gardner’s
equation is widely applied in physics, including plasma physics, fluid physics and quantum
field theory [30,31]. In plasma and solid state [32], it also describes a diversity of wave
phenomena. The fractional Gardner (FG) equation has the following form:

B _ Y22 % E — <
Doc(y, ) +6(¢ — Y )a¢ 207 0, 0<p<1, (1)
where Y is a real constant. The wave function (¢, p) has the scaling variables space

(1) and time (), the terms ¢ g—i and 622—5] represent nonlinear wave steepening, and %
represents dispersive wave effects.

Cahn and Hilliard [33] introduced the Cahn-Hilliard equation in 1958 to describe the
process of phase separation of a binary alloy under the critical temperature. This equation
is important in a variety of remarkable scientific processes, including phase separation,
phase-ordering dynamics and spinodal decomposition [34,35]. We consider the fractional

Cahn-Hilliard (FCH) equation in this framework:

2 2 4
Dl 0)— 5o —605, ~(BE-DIE+EE =0 0<psl O

Different methodologies have been used to investigate the Gardner and Cahn-Hilliard
equations, such as (ADM) [36], the modified Kudryashov technique [37], the reduced dif-
ferential transform method [38], the residual power series method (RPSM) [39], (HPM) [40]
and many others. In this article, we implement the natural decomposition method to find
the solution of both equations.

The rest of the paper is organised as follows: some basic definitions of fractional
derivatives have been given in Section 2. The idea of using NTDM to solve partial differ-
ential equations with fractional order and non-singular definitions is given in Section 3.
In Section 4, we discuss the uniqueness and convergence of the results. In Section 5, a few
new exact solutions for the nonlinear fractional Gardner and Cahn-Hilliard equations are
extracted via NTDM to validate the approaches. Finally, a brief conclusion is provided in
the last section.

2. Basic Preliminaries

Fractional integrals and derivatives have a variety of definitions and properties. In this
section, we propose modifications to several basic fractional calculus definitions and
preliminaries that are used in this research.
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Definition 1. A real function j(x),x > 0, is said to be in the space Cy,, u € R, if there exists a real
number g > y such that j(x) = x9g(x), where g € C[0, 00), and it is said to be in the space C}’ if

j™ € Cy,meN.

Definition 2. For a function j € Cy, u > —1, the Riemann—Liouville integral for fractional-order
is defined as [41]

1 9
1j(8) = [ (@ = 0P j(u)du, >0, 9> 0.
1) =r(gy Jy @7 Gdn, 3
and 1°j(0) =j(8).
Definition 3. The fractional-order derivative for j(9) in Caputo sense is defined as [41]
) _ ) 1 ¢ —B-1:
D5j(8) = 1"PD"j(8) = g [0 =" P () @

form—1<pBp<m, méeN, 19>O,j€C;l”,y2—1.

Definition 4. The fractional-order derivative for j(9) in Caputo—Fabrizio manner is defined as [41]

Dhjo) = 1 L5 [Mexp (L) D, ®)

where 0 < B < 1and F(B) is a normalisation function with F(0) = F(1) = 1.

Definition 5. The fractional-order derivative for j(9) in term of Atangana—Baleanu Caputo is
given as [41]

Djie) = 25 [ ea( B2 ) D, ©

ZWI

where 0 < B < 1, where B(B) is a normalisation function and Eg(z) = Y3_, TnprT) 1 the
Mittag—Leffler function.

Definition 6. The natural transform of the function &(p) is defined by

e}

N(@(9) =U(w,v) = [ etvp)dp, @, e (~09,0). %

—00

The natural transformation of () for p € (0, c0) is defined as
N@G(p)H(p) =N =U" (w,v) = /0 e ¢ (vp)dp, w,v e (0,00). ®)
where H(p) is the Heaviside function.

Definition 7. The inverse natural transformation of the function ¢(w, v) can be written as
N U(w,v)] = &(p), Vo >0 )

Lemma 1. If Uy (w,v) and Uy (w, v) are the natural transformation of &1(p) and & (), respec-
tively, then

Nle18i(p) +c2éa(p)] = aN[G1(p)] + NG (p)] = cithi(w,v) + colp(w,v),  (10)

where c1 and cy are constants.
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Lemma 2. If the natural inverse transformation of ¢1(w, v) and &, (w, v) are &1(p) and & (p),
respectively, then

{N"Herth (w, v) + colha (w,v)] = ot N7t (@, 0)] + N7t (w,0)] = e181(p) + c282(p), (11)

where c1 and cy are constants.

Definition 8. The natural transformation of Df,@ (p) in Caputo manner is given as [41]

p 1

wobitol = (%) (Wil - (5 )eo) 12)

Definition 9. The natural transformation of Dg () in Caputo—Fabrizio manner is given as [41]

Df -t (LYo 13

NIDEE(9)] = 7550y (VW - (5 )2)) 3

Definition 10. The natural transformation of Dg (p) in Atangana—Baleanu Caputo manner is
given as [41]

1= = (- (o)
NDgE(p)] = 1= +B(L)F Ng(@)l = { 5 )¢(0) (14)

Here, M| is a normalisation function.

3. Methodology

In this section, we presented the general methodology of natural transformation for
solving the equation given below [42,43]

DEE(p, 0) = LE(P, 0)) + N(E(W, ) + h(y, p) = M(, ), (15)
having initial condition
¢(¥,0) = o(y), (16)

with linear term £, nonlinear term N and the source term h(¢, ).

3.1. CaseI (NTDMckp) :

With the help of natural transform and Caputo—Fabrizio fractional derivative,
Equation (15) can be written as

1 o) _
p(B,v,w) (N[C(#J,@)] » ) NIM(y, p)], (17)
with

p(ﬁ,v,w):1_5+5(£). (18)

By taking the inverse natural transformation, Equation (17) can be written as

w

Ep o) = N (“”“’” T p(B, v, )N M(y, m). 19)
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Applying the Adomain decomposition, we have the solution in the infinite series form
for ¢(¢, p) given as

[e9)

S, p) = ) G, p), (20)
i=0
and N(¢(¢, p)) can be decomposed into
N(g(lpl @)) = Al(g()/rgl)/ (21)
i=0

where A; are called the Adomian polynomials. They can be computed according to a
simple rule:

1 4" 0k
m@N(tlzk:oe Ck)le=0

Substituting Equations (20) and (21) into (19), we have

Ay =

L (6) =N (B0 4 pip o i o))

. (22)
+N T (P(ﬁ, v,w)/\f[ L(©EGi(p.p)) + Ap )
i=0
From (22), we have,
0. =N (22 4y, T 0],
S (1,9) =N (p(B, v, INIL G, ) + Ao, )

i (¥, 0) =N (p(B, v, @NILEG(P,9)) + All), 1=1,2,3,---
Finally, using NTDMcp, we obtain the solution of (15) by substituting (23) into (20).
S (Wp) =36 (¥, 0) + 8T (9, 0) + 25 (W 0) + - (24)

3.2. Case Il (NTDMAB(j) :

With the help of natural transform and the Atangana—Baleanu fractional derivative,
Equation (15) can be written as

1 oW _
(B0, @) (N[g(l/’f )] w ) N[M(yp, )], (25)
with
_ AY:]
q(Bv,w) = W. (26)

Using the inverse natural transformation, Equation (25) can be written as

e 0) =N (2 4 g, 0. oMy, 0)] ). @)
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Adopting the Adomain decomposition as in the last case, we have

L (.0) =N (B8 4 a(p 0.0V w00

. 28)
+NT (11(5/ UIW)Nl L(EGi(p, 9)) + Ap )
i=0
From (22), we have
5,0 =N (B2 g(p, 0,0 Ty, 0)] ),

S, 0) =N a(B, v )N L (Go(p, 9)) + Adl), 9)

S, 0) =N (q(B, v, )NL(E (W, 0)) + Al]), 1=1,2,3,---.
Finally, using NTDM 4pc, we obtain the solution of (15) as in the last case,

G, 0) = S0P (0, 0) + S (9, 0) + 53 () + (30)

4. Convergence Analysis

Here, we discuss the uniqueness and convergence of NTDMcr and NTDM 4pc.

Theorem 1. Suppose that |£(8) — L&) < mlE — & and [N(@) = N(&)| < 72l
&*|, where & := &(p, p) and &* := &*(u, p) are two different function values and 71,7y, are
Lipschitz constants.

L and N are the operators defined in (15). Then, the problem (15) has a unique solution for
NTDMcr when 0 < (y1 +72)(1 = B+ Bp) < 1 forall p.

Proof. Let H = (C[J], ||.||) with the norm ||¢(gp)|| = max,c;|¢(p)| be the Banach space of
continuous function on the interval | = [0, T]. Let I : H — H be a nonlinear mapping, where

& =5+ N Hp(Bv, )N L& (1, ) + N(E (1 0))]), 1> 0.

[11(2) = 1E)|] < maxoe [N [p(B,v,@)NTL(E) = L)
+ p(B, 0, @)NN(E) = N(&)] ]
< maxger [N p(B, v, @)NTIE — &[]
+ 12N [p(B, v, ) NTIE - &[] G
< maxge (11 +72) [N p(B v, 0N [ = ]

< (n+72) [N p(B, v, @)N1E - &)

=M +72)1-p+pp)IE -7

Therefore, I is a contraction as 0 < (71 +72)(1 — B+ Bg) < 1. From the Banach fixed
point theorem, the result of (15) is unique. O

Theorem 2. Under the same hypothesis as in the last theorem, the problem in (15) has a unique

solution for NTDM ppc when 0 < (1 +72)(1 — B+ ﬁ%) < 1forall p.
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Proof. As in the last theorem, let H = (C[]],||.||) be the Banach space of a continuous
function on the interval . Let I : H — H be a nonlinear mapping, where

&y =5+ N Hp(B o, w)N[L(E (1 0)) + N(& (1, 9))]], 12> 0.

[11(2) = 1(&)|] < maxe N [q(B, 0, 0)N[L(E) = £(E)]
+q(B,0,@NNE) - Nl
< maxger [N g(B,v,@)N & — ']
+ 1N (B v, N -] (32)
< maxger (1 +72) N (B0, 0)NE = &)
< (n+m2) [N meMNm ]

::(714_72>( ﬁ4_ﬁ ( ))Hg g H

,B+1

Therefore, I is a contraction as 0 < (71 + 72)(1 — B+ ﬁ%) < 1. From the Banach
fixed point theorem, the result of (15) is unique. O

Theorem 3. Suppose that L and N are Lipschitz functions as in the last theorems; then, the
NTDMcr result of (15) is convergent.

Proof. Let H be the Banach space defined before, and let &, = Y., &+(1, ©). To show that
¢m is a Cauchy sequence in H. Let

m
Hgm_gnH:maxpe” Z &), n=1,23,---
r=n+1

< maxgeg

N [P(ﬁ/ U/W)N[ ﬁ 1(5(@—1) + N(Cr—l))H ‘
r=n-+
m—1

= Mmax,ej

N [P(ﬁ/v/ww\f[ i (L(g,)+N(§r))] ’ (33)

r=n-+1

< maxpef N p(B, 0, @)N[(L(Em-1) — L(En-1) + N(Em-1) — N(&s-1))]]|
< mmaxper|NHp(B, 0, @)N[(L(En-1) — L(En-1))]]]

+ yamaxpe N p(B, v, @)N[(N(Gm-1) = N(§u-1))]]
= (11 +72) (1 =B+ B)|IGm-1— Cn-1ll

Letm = n+1, then

&1 — Eall < YNIGn — Gnall < VUIGn18n—2ll <--- < 2"151 = Goll, (34)
where v = (71 + 72)(1 — B+ Bp). Similarly, we have

||€m_€n||<H‘:n+l gn“+||‘:n+2§n+1||+"'+H‘§m_§m71||/
(V" " " T[E - ol (35)

1 m—n
<7 (S22l
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As0 < v <1,wehavel — 4™~ " < 1. Therefore,

,)/l’l
[18m — Cull < mmaxpe]Hng‘ (36)

Since ||&1]| < oo, [|&m — &n|| — 0 when n — oco. As a result, ¢, is a Cauchy sequence
in H, implying that the series ¢, is convergent. [J

Theorem 4. Suppose that £ and N are Lipschitz functions as in the last theorems; then, the
NTDM 4pc result of (15) is convergent.
Proof. Let & = Yy & (1, ©). To show that ¢, is a Cauchy sequence in H. Let

m

||€m_§n||:maxp€]| Z §r|/ n=123,---
r=n+1

< maxgeg

N71 |f7(ﬁ/ U/W)N[ i (ﬁ(grfl) + N(grl))‘|‘| ‘

r=n-+1

maxgej

m—1
R |

r=n-+1

max,er N (B, v, )N [(L(En-1) = L(En-1) + N(Em-1) = N(&n-1))]]|
rimaxe N Ha(B, v, @)N[(L(En-1) — L(En-1))]]|

+ romax e [N p(B, v, )N [(N(Gm-1) — N(&u-1))]]|

p
= (n1+ 1) (1= B+ Byl lEm1 — G

(37)

<
<

Let m = n + 1; then,
1801 = Call < 16w = Cuall < VMIGu-1 = Guall < - <"IG1 = Zoll,  (38)
where y = (11 +72)(1— B+ ‘Bﬁil)) Similarly, we have

1 = Eall < 1Znsr = Eall + 1wz = Gaall + -+ (1w — Emll,
< ("l - gl )

1 — =1
<9" <1Z’Y)||§1||'

As0 < v <1,wehavel — 4"~ " < 1. Therefore,

n
1Gm — Eull < ﬁ—vmaxpemcln. (40)

Since ||G1]| < oo, [|&m — &n|| — 0 when n — oo. As a result, ¢, is a Cauchy sequence
in H, implying that the series ¢, is convergent. [

5. Numerical Examples

In this section, we investigate the analytical solution of nonlinear fractional-order
Gardner and Cahn-Hilliard equations.

Example 1. Consider the FG equation

o) &3
DEe(y, o) +6<¢—Y2¢2>a§, + aig, —0 0<p<1, (41)
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with the initial source

&(p,0) = %+%tanh (%) 42)
With the help of natural transform, Equation (41) can be written as
B _ 9¢ 9¢ o’
NIDGE(Y, 9)] = —N{6(§alp —YZGZM)} —N{alpg}, (43)
Define the nonlinear operator as
1 _ B iy gy o
—NEW )] - FE(p,0) = N l - 6(% - YZ?w) - W} (44)
Upon simplifying, we have
_2lti ] ¥y| . Blw—Blw—p)) 9 gy _ oz
N o) =w? |5+ 3 tnh (3 )| + =55 le(galp_w Zalp)‘awi”]’ w

By the inverse NT, Equation (45) can be written as

89, 0) = | 5+ 5 tanh (M

(46)
—1| Blw = B(w = B)) 90 2200\ 95
+N l = N{_é(gfﬁP—YgalP)_WH'
Now, we implement NDMcp
The series form solution for the unknown function &(, p) is written as
Spp) =) &y, p) (47)

1=0

The nonlinear terms with the help of Adomian polynomials are represented by &Gy = 312 A,
and §2§¢ = Y.7° By, thus, with the help of these terms, Equation (46) can be rewritten as

ad 1 1
lgélﬂ(l/’/ p) = 55 tanh (%)

+ N [5(“’_ (2“’_[5»/\/{ ~6Y A +6Y2Y B - Zélwww}]'
w I=0 =0 I=0
Thus, upon comparing both sides of Equation (48), we have
1 1
Go(y,9) = 5+ tanh (¥),
sech? (%) (=14 (—4+3Y?) cosh(¢) + 3(—1 + Y?) sinh(¢))
—sech’ (¥ 3
&Y, ) = 64<2) (—24(~1+Y2) cosh (%) — 6(22 — 37Y? +15Y*) cosh (7"’)
+6(4—7Y2+3Y*4) cosh (57”’) +2(103 — 102Y?) sinh (%) — 3(43 — 74Y2 + 30Y4) (50)

sinh (374’) + (25 — 42Y2 + 18Y*) sinh (%P)) ((1-p)?+2801-p)p+ @)
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Continuing the same process, we can easily find the remaining components of ¢; for (I > 3).
Subsequently, we define the series form solutions as

CW#O—iEW%m—éd%@+é@wﬁ+@@m%%~,
=0

sech? (£) (=14 (=4 +3Y2) cosh(9) + 3(—1 + Y2) sinh())
9= () =L :

—sech’ (¥ (51)
Blp—1)+1)+ 86(264(2)(—24(—1 +Y?) cosh (%) —6(22 — 37Y2 + 15Y4)

cosh (371/’) +6(4 — 7Y% + 3Y4) cosh (57‘/’) +2(103 — 102Y2) sinh (%) —3(43 — 74Y2+
30Y*) sinh (371/’) + (25— 42Y2 + 18Y*) sinh (57‘/’)) (1= p)2+2p(1- prp+ @) TR

Now, we implement NDM gpc
The series form solution for the unknown function (¢, p) is written as

&g, ). (52)

[1e

S, p) =

=0

The nonlinear terms with the help of Adomian polynomials are represented by CCy = Y12 A
and &2y = Y2 By; thus, with the help of these terms Equation (46) can be rewritten as

o 11 P
;)Clﬂ(ll)/ p) = 5t Efanh <2>

(53)
B(wh B _ wh © o ©
+ N [U w “39; “ ))N{ ~6Y A +6Y2Y B - Z‘flwwwH-
w 1=0 1=0 1=0
Thus, upon comparing both sides of Equation (53), we have
R S
Sy p) = 5 +3tnh(3).
sech? (%) (—1+ (—4+3Y?) cosh(¢) + 3(—1 + Y?) sinh(¢)) Bb
—sech’ (¥
&y, o) = secé4<2> ( —24(—1+Y?) cosh (%) — 6(22 — 37Y2 + 15Y*) cosh (%‘P)
+6(4—7Y2+3Y4) cosh (57"’) +2(103 — 102Y?) sinh (%) — 3(43 — 74Y? + 30Y%) (55)

sinh (371”) + (25 — 42Y2 + 18Y*) sinh (57"’)) [% +2p(1— 5>r([§0j1) +(1- ﬁ)z],

Continuing the same process, we can easily find the remaining components of &; for (I > 3).
Subsequently, we define the series form solutions as
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o) = Y & 0) = S0 0) + 1 0) + B2 0) -,

I=0

sech? (%) (=14 (=4 +3Y?) cosh(1p) + 3(—1 + Y2) sinh(y))

1 1
2(,0) = 5+ 5 tann (§) + 5

—sech’ (£
<1ﬁ+ r(ﬁpﬂ )> + i <2) (—24(—1+Y2)cosh (%) — 6(22 — 37Y% + 15Y4)

B+1 64

cosh (31’) +6(4 — 7Y% + 3Y4) cosh (571/’) +2(103 — 102Y2) sinh (%) —3(43 — 74Y*+

2
4y iy (39 2 4y i (OF prp*P P
30Y*)sinh (=) + (25 - 42Y2 +18Y*) sinh (")) lF(ZﬁH) +2600- By +
(1-B2|+ -
If we set B = 1, we have the exact solution as
_ 11 y—p
S ) = 5 + 5 tanh (£52),
Example 2. Consider the FCH equation
B 9¢ g 2\ P8 9
Dpé‘(%p)—w—@w—(% _1)aTJZ+aT;4 =0, 0<p<1,
with initial source
_ v
¢(y,0) = tanh (\@),
With the help of natural transform, Equation (58) can be written as
p _ ] %] ag? 27C] 2]
NIDGS (Y, )] _N[BIIJ_ +6N ¥ +3N|& e 3N 392 N
Define the nonlinear operator as
1 2P BV R e N B
Upon simplifying, we have
2 v |, Blw—plw—p) foE 082 0% @C 9

Taking the inverse NT, Equation (62) can be written as

£(9,9) = tanh ( 5

w?

Sl

o
Now, we apply NDMcr

>+N1 _ﬁ(w—ﬁ(w—ﬁ))N{BC%CaCZ%gﬁZC_332<§
o

o

The series form solution for the unknown function &(¢, p) is written as

[0}

Ep ) =Y G p)

1=0

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)
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The nonlinear terms with the help of Adomian polynomials are represented by @Cﬁ, =Y oA
&2 8yy = Y2 By, thus, with the help of these terms, Equation (63) can be rewritten as

agk

Cz(w,@)—tanh<%>+/\/‘llﬁ(w ﬁ(w 2 {sz¢+6ZAl+3ZBl Sivzw—
=

=0 65)
Ulwwww” :

Thus, upon comparing both sides of Equation (65), we have

¢o(¢, p) = tanh (\%),

(%)

7(,5(@ -1)+1)

2 2
E2(p, ) = — sech? (%) tanh (%) (1-p2+280-ppo+ £),

Continuing the same process, we can easily find the remaining components of &; for (I > 3).
Subsequently, we define the series form solutions as

0

e

Il
o

G1(y, p) = sech’

o) = Y&, 0) = Cold, 0) + E1(%,0) + Eal, ) +
1=0

3

= )+ seck? - — sech?
@(llﬂr@)—tanh(ﬁ)Jr h 7 (Blp—1)+1) h <

Sl

) tanh (j») (( ‘B)2+ (66)

Zﬁ(l—ﬁ)p+@)+---

Now, we apply NDM apc
The series form solution for the unknown function &(, p) is written as

Epo) = Y G, 0). (67)

1=0

The nonlinear terms with the help of Adomian polynomials are represented by Q'Ci =Y 0AL
&2 eypy = Lo By, thus, with the help of these terms, Equation (63) can be rewritten as

/8 ﬁ ﬁ_ /3 o (o] (¢S]
&y o) = [tanh (%)] N lv s Ll ))N{ Yo+ 6Y A+3Y) B
1=0 1=0 1=0

(68)
3 Vigy — ,;) Vtpyyy H :

™

Thus, upon comparing both sides of Equation (68), we have
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= ¥ sech> ~——~(1— S
C(lp,p)—tanh<ﬁ>+ h 7 (1 ’B+F(/3+1

2 2B B
— sech? (\%) tanh (\%) [1"(@;4—1) +2B(1— ﬁ)% +(1- /3)2} 4.

go(¥, p) = tanh ( )

K2
<ﬁ> BpP

_ 2 _
(o) =seck? 22 (1-p+ B8,

Sl

2,28 B
CZ(IPI p) = - Se(‘_'h2 (\%) tanh <\%> |:I_'(/;ép~|»1) 4—2’3(1 — IB)% + (1 _ 5)2

Continuing the same process, we can easily find the remaining components of &; for (I > 3).
Subsequently, we define the series form solutions as

S G 0) = G0, 0) + E1(Pr0) + E2(h )+

0

B

P ) > (69)

If we set B = 1, we obtain the exact solution:

&(p, ) = tanh ("’f{’) (70)

6. Results and Discussion

In this section, we present the numerical study of nonlinear fractional-order Gard-
ner and Cahn-Hilliard equations by implementing the natural transform decomposition
method. The graphical illustrations of the solutions are given in the figures and tables with
the aid of Maple. In Tables 1 and 2, we present the error analysis of the fractional Gardner
equation obtained with the help of the proposed method at different values of ¢ and p.
Furthermore, we show a comparative study of the obtained solution for the fractional
Gardner equation with RPS, g — HAM, FNDM, g — HATM, NTDMcr and NTDM spc
in terms of absolute error, which reveals that the suggested schemes are highly accurate
in comparison with these methods. Similarly Table 3 presents the error comparison for
the obtained results with the aid of the proposed methods for the corresponding equation,
while Table 4 shows the error comparison of fractional Cahn-Hilliard equation results
with RPS, g — HAM, FNDM, g — HATM, NTDMcr and NTDM 4pc. From these tables,
it is clear that the proposed methods are very effective and accurate compared with other
methods. Additionally, it is observed from the fractional-order solution that the solution
better reflects the exact solution as the value of o becomes closer to the integer order.
Figure 1 shows the nature of the exact and analytical solutions of the suggested methods.
The behavior of the proposed method solution at various fractional orders is shown in
Figure 2. The fractional-order 3D and 2D layout of problem 1 is seen in Figure 3, while
the absolute error graphical view the for corresponding equation obtained with the help
of proposed techniques is plotted in Figure 4. Figure 5 shows the behaviour of the exact
and natural decomposition technique results for problem 2, whereas Figure 6 illustrates the
behavior of the analytical solution at various fractional orders of . Figure 7 shows 3D and
2D solution graph for problem 2 at various fractional orders whereas, Figure 8 shows the
absolute error of problem 2.
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Figure 7. Behavior of the analytical solution at different values of 8 for problem 2.
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Table 1. Absolute error comparison of problem 1 at various fractional order of B.

B =04

B =06

B=08

B =1(NTDMcr)

ﬂ = l(NTDMAgc)

0.01

2.478508 x 1072
2.405852 x 1072
2.290932 x 1072
2.1419859 x 102
1.9687746 x 1072

1.238910 x10~2
1.202592 x10~2
1.145148 x1072
1.070696 x10~2
9.841145 x 1073

2.477395 x1073
2.404771 x1073
2.289902 x 1073
2.141023 x1073
1.967890 x 1073

1.000000 x10~10
2.000000 x10~10
4.000000 x10~10
4.000000 x10~10
4.000000 x10~10

1.000000 x 1010
2.000000 x 1010
4.000000 x 1010
4.000000 x 10710
4.000000 x 10710

0.02

2481072 x1072
2.408340 x 102
2.293301 x 102
2.144201 x 102
1.970810 x 1072

1.239979 %1072
1.203630 x 1072
1.146136 x10~2
1.071619 x10~2
9.849635 x 1073

2479251 x1073
2.406573 x1072
2.291618 x103
2142627 x1073
1.969363 x 1073

5.000000 x 1010
1.000000 x10~?
1.400000 %10~
1.700000 x10~?
1.800000 x 10~

5.000000 x 1010
1.000000 x 10~
1.400000 x 10~
1.700000 x10~°
1.800000 x 10~

0.03

2.483378 x 1072
2410579 x 102
2.295433 x 102
2.146194 x1072
1.972642 %1072

1.240957 x10~2
1.204579 %1072
1.147039 %1072
1.072464 x10~2
9.857396 x 1073

2.480968 x 103
2.408239 x 1073
2293204 x1072
2.144109 x10~3
1.970725 x1073

1.100000 x10~?
2.100000 x10~?
2.900000 x10~?
3.700000 x10~?
4.000000 x10~°

1.100000 x10~%
2.100000 x10~°
2.900000 x10~°
3.700000 x10~?
4.000000 x10~°

0.04

2.485524 x 102
2.412662 x1072
2297416 x 102
2.148048 x 102
1.974347 x10~2

1.241876 x10~2
1.205471 x10~2
1.147889 %1072
1.073258 x 102
9.864694 x 1073

2.482596 x 103
2.409818 x10~3
2294707 x1073
2.145513 x 103
1.972016 x10~3

2.000000 x10~?
3.800000 x10~?
5.300000 x10~?
6.500000 x10~?
7.200000 x10~°

2.000000 x10~°
3.800000 x10~°
5.300000 x10~°
6.500000 x10~7
7.200000 x 107

0.05

2.487555 x 1072
2.414633 x 102
2.299293 x 102
2.149803 x 102
1.975959 x 1072

1.242752 %1072
1.206321 x10~2
1.148699 x10~2
1.074015 %1072
9.871653 x1073

2484156 x1072
2.411331 x1073
2.296147 x1073
2.146859 x 1073
1.973252 x10~2

3.100000 x10~?
5.900000 x10~?
8.300000 x10~?
1.030000 %10~
1.130000 %10~

3.100000 x 10~
5.900000 x10~°
8.300000 x 107
1.030000 x10~°
1.130000 x10~°

Table 2. Error comparison among RPS, g — HAM,FNDM,q — HATM, NDMcr and NDM 4pc for

problem 1 at § = 1.

RPS

|g — HAM|

|FNDM]|

|g — HATM)|

INTDMck|

|[INTDMapc|

1.66002 x10~*
1.62707 x10~*
1.56257 x10~*
1.46917 x10~*
1.35064 x10~*

1.66002 x10~*
1.62707 x10~*
1.56257 x10~*
1.46917 x10~*
1.35064 x10~*

9.95627 x10~7
2.61331 x107°
412217 x107°
5.46303 x107°
6.58827 x10°

9.95627 x10~7
2.61331 x10~°
412217 x107°
5.46303 x107°©
6.58827 x107°

2.48000 x10~8
4.92000 x10~8
7.26000 x10~8
9.47000 x10~8
1.15000 x10~7

2.48000 x10~8
4.92000 x10~8
7.26000 x10~8
9.47000 x10~8
1.15000 x10~7

Table 3. Absolute error comparison of problem 2 at various fractional orders of f.

B =04

B=06

B=08

B =1(NTDMcr)

B =1(NTDMagc)

0.01

6.843036 x 102
6.362177 x10~2
5.705894 x 102
4.954728 x 102
4.183562 x 1072

1.383664 x 102
1.300789 x10~2
1.178846 x10~2
1.033387 %102
8.798218 x 1073

6.927804 x10~3
6.521729 x10~3
5.917824 x1073
5.193500 x 103
4.426079 x103

2.223097 x10-10
3.938473 x10°10
5.391620 x 10710
5.664495 x 10710
5.873327 x10~10

2223097 x10~10
3.938473 x 10710
5.391620 x 10710
5.664495 x 10710
5.873327 x10~10

0.02

6.849818 x 102
6.368210 x102
5.711074 x 102
4.959041 x 102
4.187066 x 102

1.384696 x 102
1.301721 x1072
1.179659 %102
1.034074 x10~2
8.803879 x 103

6.932795 x1073
6.526244 x1073
5.921768 x10~3
5.196840 x 102
4.428836 x103

7.708391 x 1010
1.487289 x10~?
1.900548 x10~°
2.161298 x10~°
2.265400 x10~°

7.708391 x10~10
1.487289 x10~°
1.900548 x10~°
2.161298 x10~°
2.265400 x10~°

0.03

6.855899 x 102
6.373601 x102
5.715685 x 102
4962867 x 1072
4190163 x 102

1.385645 x 1072
1.302575 x10~2
1.180401 x10~2
1.034700 %1072
8.809018 x 103

6.937398 x1073
6.530395 x 1073
5.925381 x 103
5.199890 x 1072
4.431346 x1073

1.845587 x10~°
3.480376 x10~°
4.484208 x10~°
4.984595 x 1077
5.034164 x10~°

1.845587 x 10~
3.480376 x10~°
4.484208 x10~°
4.984595 x 1077
5.034164 x10~°

0.04

6.861545 x 1072
6.378593 x 1072
5.719942 x 102
4.966389 x1072
4.193007 x102

1.386540 x 1072
1.303379 %1072
1.181098 x10~2
1.035285 x 1072
8.813821 x 1073

6.941751 x10~3
6.534311 x1073
5.928781 x 103
5.202754 x1073
4.433698 x1073

3.246556 x10~°
6.072957 x10~Y
7.889992 x10~°
8.836192 x 10~
8.993703 x 10~

3.246556 x1077
6.072957 x 10~
7.889992 x 1077
8.836192 x10~°
8.993703 x 10~

0.05

6.866877 x10~2
6.383297 x10~2
5.723945 x 1072
4.969693 x 1072
4.195668 x 1072

1.387396 x 102
1.304147 %1072
1.181762 x 1072
1.035842 x10~2
8.818376 x 1073

6.945918 x10~3
6.538053 x10~°
5.932024 x1073
5.205480 x 1073
4.435932 x1073

5.073744 x10~°
9.365133 x 1077
1.231800 x 1078
1.381618 x10~8
1.404396 %1078

5.073744 x10~°
9.365133 x10~°
1.231800 x10~8
1.381618 x10~8
1.404396 %1078
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Table 4. Error comparison among RPS, g — HAM,FNDM,q — HATM, NDMcr and NDM 45 for
problem 2 at § = 1.

RPS

l|g — HAM| |[ENDM| | — HATM| INTDMck| INTDMpc|

255541 x10~° 2.55541 x107° 7.55258 x10° 7.55258 x10~° 420818 x10~8 4.20818 x10~8
4.15291 x10~° 4.15291 x107° 1.27010 x107° 1.27010 x 10> 8.15279 x10~8 8.15279 x10~8
5.42246 x10~° 5.42246 x107° 1.68403 x107° 1.68403 x10~° 1.17804 x10~7 1.17804 x10~7
6.28898 x10° 6.28898 x107° 1.97175 x10~° 1.97175 x10~° 1.49799 x10~7 1.49799 x10~7
6.72637 x107° 6.72637 x107° 212349 x107° 2.12349 x10~° 1.76464 x1077 1.76464 x1077
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7. Conclusions

In this article, we implemented the natural decomposition method with the aid of two
different fractional derivatives to find the solution of nonlinear fractional Gardner and Cahn-
Hilliard equations. To demonstrate the validity of the suggested technique, we implement
it to solve two nonlinear problems. The implementation of the proposed methods show
that the schemes are extremely efficient in finding smooth solutions to specified equations.
The convergence of the suggested method was shown analytically and graphically when
applied to fractional-order Gardner and Cahn-Hilliard equations, indicating the method’s
stability and effectiveness. By demonstrating specific cases, the physical and geometrical
interpretations have been demonstrated, and their graphs indicate the exact solutions within
certain approximation errors. As the value of the fractional-order derivatives approaches
1, the approximation solution converges to the exact solution, according to the results.
The solution graphs and tables for each problem shown confirmed that the method had
good agreement with the exact result of the problem. The proposed method gives a solution
in the form of a series with high accuracy and minimal calculations. Finally, we conclude
that the suggested methods are very efficient and accurate, which can be utilised to study
any nonlinear problems that arise in complex phenomena.
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