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Abstract: In this paper, we prove the existence and uniqueness of solutions for a nonlocal, fourth-
order integro-differential equation that models electrostatic MEMS with parallel metallic plates by
exploiting a well-known implicit function theorem on the topological space framework. As the
diameter of the domain is fairly small (similar to the length of the device wafer, which is comparable
to the distance between the plates), the fringing field phenomenon can arise. Therefore, based on
the Pelesko–Driscoll theory, a term for the fringing field has been considered. The nonlocal model
obtained admits solutions, making these devices attractive for industrial applications whose intended
uses require reduced external voltages.

Keywords: electrostatic MEMS; fringing field; nonlinear elliptic models; fourth-order integro-
differential models; partial differential equations

1. Introduction

In recent years, scientific research has paid particular attention to the study of model
descriptions with different levels of accuracy and detail, and to the behavior of micro-
electro-mechanical systems (MEMSs) [1,2]. They are devices of various kinds (mechanical,
electrical, and electronic) integrated in a highly miniaturized form onto the same substrate
of semiconductor material (for example, silicon [3–5]) that combine the electrical properties
of the semiconductor with the opto-mechanical properties. These are therefore “intelligent”
systems that combine electrical [6], electronic [7], fluid management [8], optical [9], biologi-
cal [10], chemical [11], and mechanical [12] functions in small spaces, associating all the
possible management functions of a process to sensors and actuators [13].

Among them, electrostatic MEMSs with parallel metallic plates (one of which is fixed
and the other deformable when an external electrical voltage V is applied) stand out, as
they are versatile and easy to manufacture [1,2]. Many models have been formulated for
electrostatic MEMSs with parallel metallic plates considering all the physical-technical
specifications [1,2,13,14]. The physical-mathematical modeling of MEMS is particularly
useful since, on the one hand, it allows for the evaluation of the mechanical tension
states of the elements responsible for the deformation as a function of the intended use
of the device (and vice versa) [6], and on the other hand, it permits the carrying out of
predictive functionality tests which, when carried out on the real device, could lead to the
destruction of the device itself [15]. Furthermore, unlike the works known in the literature
concerning the physical-mathematical modeling of MEMS with parallel plates (according
to our knowledge) [1], it is necessary to take into account the phenomenon of the fringing
field, which is quite frequent in some industrial MEMS devices and whose main problem is
the excessive deformation of the deformable element, with the consequent risk of touching
the upper plate that would then cause unwanted electrostatic discharges; should these
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discharges be of strong intensity, this could lead to the destruction of the device [16]. In
the recent past, authors have been interested in physical-mathematical models for MEMS
membrane devices for industrial applications (where the amplitude of the electric field
has been shown to be locally proportional to the curvature of the membrane) in which
the effects of the fringing field were taken into account (see [6] and references within it).
The fringing field phenomenon, which is mainly dependent on the fact that the order of
amplitude of the length of the device is comparable to the order of magnitude of its width,
involves the bending of the lines of force of the electric field between the two plates near
the boundaries while they remain parallel as one moves inward [1,16]. Among them, the
fourth-order integro-differential model studied extensively in [14] stands out; it has led
to the achievement of interesting results with a global existence. However, the model
studied in [14], although mathematically interesting, is not very attractive for engineering
applications due to the mathematical formulation that characterizes it, which does not
reconcile with the physical behavior of some components of the device (see [1,2,13]).
Therefore, in this paper, starting with an adaptation of the model studied in [14] (so that it
is more adherent to the physics of industrially produced devices), we present a new general
N-dimensional model in which, by exploiting the Pelesko–Driscoll theory [17], the additive
term λδ|∇u(x)|2 represents the effect due to the fringing field. The model is the following:

∆2u(x) =
(

β
∫

Ω |∇u(x)|2dx + γ
)

∆u(x)+

+ λ f (x)

(1−u(x))2
(

1+χ
∫

Ω
dx

(1−u(x))

)2 + λδ|∇u(x)|2

u(x) = 0, ∇u(x) = 0 x ∈ ∂Ω,
0 < u(x) < 1 x ∈ Ω ⊂ RN , N < 4.

(1)

In (1), Ω is a smooth bounded domain, while the profile of the deflecting plate, u : Ω→ R, is
a smooth unknown function. Moreover, the dielectric properties of the material constituting
the plates of the MEMS are taken into account by a bounded function, f : Ω → R+.
Furthermore, λ is a positive parameter which represents the drop voltage between the
deflecting plate and the upper plate, and β, γ, and χ are a set of positive parameters
related to the stiffness of the deflecting plate, to the material deformation producing self-
stretching phenomena, to the tangential tension forces, and the nonlocal dependence of the
electrostatic potential on the solution due to any non-uniform electric charge distribution.
Finally, δ is a positive constant that weighs the effect due to the fringing field phenomenon.

In the past, many models considering the fringing field [6,17,18] have been proposed
and studied. However, they studied simplified versions of more complex analytical models
that did not fit in well with the demands of the industrial world.

Therefore, here, we propose the study of the global existence of (1), offering novel
insights of engineering interest.

The remainder of the paper is organized as follows. The following Section offers a
brief overview of the genesis of the mathematical model of the parallel plate MEMS device,
with particular reference to devices affected by the fringing field. Section 3 highlights some
advantages and disadvantages of the proposed model. Afterward (Section 4), the main
result presented in this paper, which concerns the global existence and uniqueness of (1),
is stated. Once the Existence and Uniqueness Theorem for the solution has been stated,
some physical-engineering considerations are highlighted in Section 5. Subsequently, a
well-known theorem on topological spaces is recalled while the proof of our main result is
detailed in Section 6. Finally, some conclusions and future perspectives are drawn.

2. Genesis of the Model with the Fringing Field

In its 3D representation, the MEMS device studied here represents an electrostatic-
elastic system consisting of two parallel plates of the same material with equal and finite
thickness. One of the plates, the fixed ground plate, is at reference electrical potential
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(V = 0), while the elastic plate, with supported boundary, deforms toward the fixed ground
plate without touching it (to avoid unwanted electrostatic discharges). Figure 1 depicts a
3D schematic of the MEMS device in which the lower plate (deformable) is represented in
its resting position.

Figure 1. 3D schematic of the MEMS device with parallel plates.

Therefore, the electrostatic potential, φ, as is known from classical electrostatics [1],
satisfies ∆φ = 0 (Laplace’s equation) everywhere between the plates and in the region
surrounding the device [1,19]. Modeling the deformable platelby exploiting the plate theory
in steady-state conditions (well-known in the literature [1,19]) and by indicating the load
function with F̃(x), u(x) satisfies the following equations:

K̃1(x)∆2u(x) = K̃2(x)∆u(x) + F̃(x), (2)

where K̃1(x) and K̃2(x) are specific weight functions defined below.

Remark 1. From a strictly engineering point of view, F̃(x) has a very important meaning because
locally, it establishes how the deformable plate is stressed when the external V is applied. In the
case under study, V determines an electrostatic field inside the device that locally generates an
electrostatic force, and consequently, electrostatic pressure that acts on the plate and deforms it
towards the upper one. This deformation, however, must be such as to avoid any contact between the
two plates (in order to avoid any unwanted electrostatic discharges). It follows that F̃(x) must be
closely related both to V (so that the deformation of the deformable plate can be controlled by V) and
to the dielectric, mechanical, and geometric properties of the deformable plate.

According to Remark 1, if d is the distance between the plates and L represents the
length of the device, and if T represents the mechanical tension of the deformable plate
at rest and ε0 is the permittivity of the free space, by exploiting the scaling operation to
achieve a dimensionless model, F̃(x) assumes the following form [1]:

F̃(x) =
λ f (x)

(1− u(x))2 , (3)

with

λ =
ε0V2L2

2d3T
(4)

which represents the tuning parameter of the device (because it is directly linked to V, T, L,
and d). Thus, (2) becomes:

K̃1(x)∆2u(x) = K̃2(x)∆u(x) +
λ f (x)

(1− u(x))2 . (5)
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Remark 2. Equation (3), by exploiting (5), is not able to electrically control the device because
industrially, V must be controlled to avoid the sudden elevation of the deformable plate [1]. For
example, a basic capacitive control device can be exploited to solve this problem.

According to Remark 2, a basic capacitive control device is constituted by a circuit
whose elements are the series of source voltage, Vs, the capacitance of the fixed series
capacitor, C f , and finally, the MEMS device can be exploited (see Figure 2).

Figure 2. The basic capacitive control circuit.

Therefore, exploiting the theory of electrical circuits, the voltage drop, V, across the
device becomes the following equation:

V =
Vs

1 + C
C f

(6)

where C is the capacitance of the MEMS device that is computable as follows:

C =
ε0

V

∫
Ω
∇φ · n̂dx ≈ ε0

V

∫
Ω

∂φ

∂z
dx ≈ ε0L2

d

∫
Ω

dx
(1− u(x))

. (7)

Therefore, (6) becomes the following:

V =
Vs

1 + ε0L2

C f d

∫
Ω

dx
(1−u(x))

(8)

and setting

χ =
ε0L2

C f d
(9)

Equation (6) is writable as follows:

V =
Vs

1 + χ
∫

Ω
dx

(1−u(x))

(10)

from which ( V
Vs

)2
=

1(
1 + χ

∫
Ω

dx
(1−u(x))

)2 . (11)
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Electrostatically,
(

V
Vs

)2
in (11) is the control action on the load; therefore, (3) becomes:

F̃(x) =
λ f (x)

(1− u(x))2

( V
Vs

)2
=

λ f (x)

(1− u(x))2
(

1 + χ
∫

Ω
dx

(1−u(x))

)2 . (12)

Finally, putting (12) into (2), one achieves the following equation:

K̃1(x)∆2u(x) = K̃2(x)∆u(x) +
λ f (x)

(1− u(x))2
(

1 + χ
∫

Ω
dx

(1−u(x))

)2 . (13)

Remark 3. χ, by definition, essentially depends on the calculation of the capacitance. Furthermore,
as proved in [1], χ ∈ [0, 1) because when χ→ 1−, the obvious bifurcation phenomena take place,
which, as is known, could cause phenomena of structural instability that bring about, in extreme
cases, the breakage of the device.

Remark 4. It is known that ∂u
∂x and ∂u

∂y represent the flexional curvatures, while ∂u
∂z represents

the torsional curvature [1]. Hence, ∆u, locally, consider all the curvatures. Moreover, since the
horizontal position of the plate is fixed on ∂Ω, a stretching phenomenon occurs. In this way, the
slab is anchored on the edges so that its deformation under the action of the external V necessarily
implies an increase in its surface. Therefore, in the hypothesis of elastic regimes of the deformation
plate, the elastic return force will be proportional to the surface increase, with consequent stretching
energy computable as follows [1]:

K̃2(x) = ES(u(x)) = β
∫

Ω
|∇u(x)|2dx. (14)

Moreover, if γ is the stretching parameter, we also need to consider the tangential tension forces so
that:

ES(u(x)) = β
∫

Ω
|∇u(x)|2dx + γ = K̃2(x). (15)

Finally, (13) can be written as follows:

K̃1(x)∆2u(x) =

(
β
∫

Ω
|∇u(x)|2dx + γ

)
∆u(x)+

+
λ f (x)

(1− u(x))2
(

1 + χ
∫

Ω
dx

(1−u(x))

)2 .
(16)

Remark 5. Usually, K̃1(x) assumes the following expression [1,19]:

K̃1(x) =
D

L2T
(17)

where D is the flexural rigidity of the material constituting the deformable plate. Experimentally,
for the most used materials in the industry, K̃1(x) ≈ 1.

Finally, the model becomes:
∆2u(x) =

(
β
∫

Ω |∇u(x)|2dx + γ
)

∆u(x) + λ f (x)

(1−u(x))2
(

1+χ
∫

Ω
dx

(1−u(x))

)2

u(x) = 0, ∇u(x) = 0 x ∈ ∂Ω,
0 < u(x) < 1 x ∈ Ω ⊂ R3.

(18)
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In the past, (18) has been studied extensively, as evidenced by the numerous scientific works
published recently. In particular, global existence studies have been made for nonlocal
MEMSs modeled by (18), with particular reference to bifurcation problems (see [1,19] and
references therein).

Remark 6. The authors of [20] have proved that (18) admits the following N-dimensional general-
ization: 

∆2u(x) =
(

β
∫

Ω |∇u(x)|2dx + γ
)

∆u(x) + λ f (x)

(1−u(x))2
(

1+χ
∫

Ω
dx

(1−u(x))

)2

u(x) = 0, ∂u(x)
∂η = 0, x ∈ ∂Ω,

0 < u(x) < 1 x ∈ Ω ⊂ RN

(19)

According to our knowledge, (19) has not yet been studied, except in particular cases, which has led
to a considerable simplification of its formulation [1,19,20]. However, in [14], global existence was
investigated for nonlocal MEMSs whose generalized model was the following equation:

∆2u(x) =
(

β
∫

Ω |∇u(x)|2dx + γ
)

∆u(x) + λ f (x)

(1−u(x))σ

(
1+χ

∫
Ω

dx
(1−u(x))σ

)
u(x) = ∆u(x)− duν = 0, x ∈ ∂Ω, d ≥ 0
0 < u(x) < 1 x ∈ Ω ⊂ RN

σ ≥ 2

(20)

If one is interested in non-Coulomb potentials, in (20), σ > 2; otherwise, σ = 2 if the Coulombian
potential is considered. However, although σ > 2 is mathematically interesting, for electrostatic
MEMS, it assumes little interest (non-Coulomb potentials are very interesting when cosmic distances
are considered); thus, σ = 2 would be the obvious choice. Finally, it is worth nothing that (20),
although mathematically interesting, finds little practical application in industrial realities [1,19].

In both (19) and (20), no terms are present due to the fringing field. As is known, most
MEMS devices are characterized by an L/d ratio such that inside and near the boundaries,
the lines of force of the electric field bend. This electrostatic phenomenon, known as
the fringing field, is considerably attenuated in the central area of the device until it is
extinguished in the middle (for reasons of symmetry) [6,17]. According to the Pelesko–
Driscoll theory [17], the term that takes into account the effects of the fringing field is
writable as follows:

λF

(
u(x),

du(x)
dx

, δ, . . .

)
(21)

where F
(

u(x), du(x)
dx , δ, . . .

)
is a suitable bounded function that describes the effects due to

the fringing field close to the edges (canceling in the middle), and δ ≥ 0 is the factor that
weighs the effect due to the fringing field. Pelesko and Driscoll proved that (21) becomes
the following equation:

λδ|∇u(x)|2 (22)

which turned out to be additive, with the addend contained as a factor ∆u(x).
Therefore, according to Remark 6 and the Pelesko–Driscoll theory, (1) becomes the

physical-mathematical model for MEMSs with parallel plates that is closest to industrial
reality. Basically, the fringing field is an electrostatic phenomenon, according to which, due
to the effect of V, the bending of E occurs at the edges of the MEMS, while at its center, E
remains parallel. Under these conditions, the electrostatic capacity of the device undergoes
substantial variations and can be formulated using empirical formulations [1,19]. In the
recent past, many interesting results have been obtained regarding mathematical models
of MEMSs with fringing fields. However, they essentially concern studies carried out on
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simplified models ([18] and references therein) or those related to membrane devices ([6]
and references therein).

Remark 7. It is worth noting that this model, even if it represents a detailed physico-mathematical
description of the device under study, does not take into account all the physical phenomena that take
place in it (i.e., any additional non-linearities due to stress-excessive local mechanics, bifurcations,
. . . ). Thus, studying (1) automatically introduces an uncertainty that we, at the present stage, are
not able to quantify but will surely be the subject of intense study in the future.

3. Advantages and Disadvantages of the Model Under Study

The physico-mathematical model presented here, as is evident, has the undoubted ad-
vantage of taking into account many physical phenomena that occur inside an electrostatic
MEMS with parallel plates when an external electrical voltage V is applied. Particularly,
these advantages are listed below:

1. The model takes into account the effects due to the fringing field by means of an
additive term that depends on |∇u(x)|. This dependence is, from an engineering
point of view, very interesting since it allows for a consideration of the effects caused
by the fringing field by means of a term that can be easily implemented both via
software (for any numerical modeling) and via hardware. Furthermore, the presence
of λ allows these effects to be controllable in voltage.

2. Concerning the model under study, it is worth underlining the fact that scientific
results regarding the stability of its solutions are lacking. This could be dangerous if
the unstable solutions were profiles u(x) such that max{u(x)} would be close to the
upper plate, triggering probable electrostatic discharges. However, since the device
is controlled in voltage by (4) (and the model takes this into account through the
presence of λ in the individual addends), it will be the intended use of the device
to ensure that the electrostatic discharge effects are avoided. It follows that the
most suitable industrial applications for MEMS devices governed by the physical-
mathematical model under study are those for which the external voltages are reduced
(i.e., biomedical applications).

3. In industrial applications, MEMS devices can be subject to fatigue phenomena due to
the continuous use of the device, which subjects the deformable plate to continuous
raising and lowering, with the evident hyper-stress of this deformable element (such
as stiffness and self-stretching). Due to the presence of β and γ, the model presented
takes into account the effects caused by these phenomena, making this physico-
mathematical formulation more consistent with the physics of the devices.

4. In industrial MEMS devices with parallel plates, once the plate deforms, the elec-
trostatic capacitance inside the device changes. It follows that this variation, from
the theory of electrostatics, must be dependent on the geometric parameters of the
device and on an additional electrostatic capacitance (i.e., C f ) that opposes the abrupt
variations of V. The model presented in this paper takes this important phenomenon
into account by means of the term weighted by χ.

5. The dielectric properties of the plates are also well-represented in the model by f (x),
which, for obvious physical reasons, is supposed to be bounded. Furthermore, f (x)
appears in the “capacitive” addend of the model where the dielectric properties of the
material constituting the plates of the device are actually involved.

However, the model has some obvious disadvantages, which can be summarized
as follows:

1. While λ is directly controllable by V (see (4) and the electrical circuit depicted in
Figure 2), concerning δ ∈ R+, nothing can be said about its possible limitations (as
obtained in the past for electrostatic MEMS membranes [6]). In other words, at present,
we are not able to control δ in order to weigh the effects caused by the fringing field in
a controlled way.
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2. Obviously, the model presented in this paper is static and has no dynamic component.
Therefore, at present, we are not able to evaluate u(x, t), with t being a time variable,
especially in transitory conditions (such as the start of the deformable plate).

3. The model presented in this paper does not allow for the explicit acquisition of u(x).
Therefore, we must be satisfied with the obtaining conditions that ensure the existence
and uniqueness of the solution. Obviously, suitable numerical techniques could be
used, which, when applied to the model under study, provide an approximate solu-
tion. However, it is worth noting that these approximate solutions could represent the
dreaded ghost solutions if they did not respect the conditions of existence and unique-
ness mentioned above. Therefore, it seems logical to perform an analytical study of
the model beforehand in order to obtain these conditions, leaving the acquisition of
the approximate solutions to future work.

4. Statement of the Global Existence Theorem

The results obtained in [20] concern the solution to the semilinear biharmonic equation
achieved when β = γ = χ = 0 in (1) with Dirichlet boundary conditions when Ω is a ball
of RN , N < 8. Moreover, we set the following:

G(β, γ, u(x)) =
(

β
∫

Ω |∇u(x)|2dx + γ
)

∆u(x)

g(χ, u(x)) =
(

1 + χ
∫

Ω
dx

(1−u(x))

)2

F(β, γ, χ, f , y(x), δ) =

= ∆2y(x)− G(β, γ, y(x))− λ f (x)
(1−y(x))2g(χ,y(x)) − λδ|∇y(x)|2.

(23)

Now, we present the our main result.

Theorem 1. Let us consider a smooth bounded domain Ω ⊂ RN , with N < 4 on which to consider
the problem (1). Moreover, let us consider f (x) ∈ L∞(Ω) and α, β, γ, χ > 0. Then, there exists
λ∗ 3′ ∀λ ∈ (0, λ∗), problem (1) has a solution u ∈ H4(Ω) with the diameter of Ω, dΩ , and
sufficiently small (dΩ � 1) and δ ∈ (0,+∞).

5. Some Physical Considerations on the Statement of Theorem 1

Theorem 1, besides having an undoubtedly mathematical meaning, has a strong
impact in practice. To verify this, let us analyze all assumptions.

1. Ω, which represents the deformable plate of most industrially produced devices and
has dimensions of the order of 10−6, takes place. Therefore, the diameter of the
domain can be considered as� 1.

2. Theorem 1 sets the restriction N < 4, which is a stronger restriction than N < 8
presented in [21]; it is natural to ask why this restriction is stronger than the one for
which the results proved in [21] have been obtained. In the proof of Theorem 1 (see
Section 6), the reason for this restriction will be clarified. However, we highlight that
this restriction really does not affect the validity of the work for the industry that
requires 3D representations.

3. The assumption f (x) ∈ L∞(Ω) requires that f (x) is a measurable function such that

|| f ||∞ = inf{S ≥ 0 : | f (x)| ≤ S a.e.}. (24)

Then, ∀x ∈ Ω (i.e., for each point of the deformable plate), | f (x)| ≤ S. Since f (x)
is the function holding the electromechanical properties of the material constituting
the plates, it is necessary that these properties can be measured. Furthermore, such
properties are positive and finite quantities for which (24) makes sense.

4. Theorem 1 states that ∃λ∗ 3′ ∀λ ∈ (0, λ∗), and problem (1) has a solution u ∈ H4(Ω).
The reason why λ must be less than λ∗ lies in the fact that λ, in industrial reality,
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represents the pull-in voltage, i.e., the value of λ such that no solution exists for any
λ ≥ λ∗.

5. Finally, Theorem 1 requires that u ∈ H4(Ω). In other words, u together with its
derivatives up to the fourth order must be continuous. Then, from the geometric
point of view, the higher order curvatures must remain continuous. This condition
physically translates into the fact that the lower plate, during the movement towards
the upper plate, must not undergo sudden deformations which would locally lead to
the creation of defects such as making the device useless.

Remark 8. We observe that Theorem 1 provides solutions for a fixed 0 < λ < λ∗ such that:

||uλ||∞ ≤ C < 1. (25)

Consequently, the smoothness of uλ follows the theory of elliptic regularity.

To prove Theorem 1, we exploit the main result on tolopological spaces proved in [22].

6. Proof of Theorem 1

We propose to prove the existence and uniqueness of the solution of problem (1) by
applying the result in [22]. For this purpose, we need to introduce the following definitions.
As in [14], let us consider the following set:

X = R+ ×R+ ×R+ × { f ∈ L∞(Ω) : |x : f (x) > 0| 6= 0} (26)

Let us also consider the following set:

Y =

{
u ∈ H4(Ω) ∩ H1

0(Ω) : 0 < u < 1,
∫

Ω

dx
(1− u)16 < M, (27)

∫
Ω
|∇u|4dx < M2 and

∫
Ω
|∆u|2dx < M1, M, M1, M2 > 0

}
.

where M, M1, and M2 are suitable positive constants. Furthermore, we set the following:

Z = L2(Ω), B = ∆2, (28)

Moreover, we denote by x0 the element belonging to X:

x0 = (0, 0, 0, f0) (29)

and by y0 ∈ Y, the element is such that:

u0 = y0(0, 0, 0, f0) = y0(x0) (30)

where u0 is the solution of the following equation:
∆u0 = λ f0

(1−u0)2 + λδ|∇u0|2 on Ω

0 < u0 < 1
u0 = 0 on ∂Ω.

(31)

that exists, as proved in [18]. We observe in [18] that the proof has been obtained with
f0 = 1. Without losing the validity of the result, in this paper, we consider f0 ∈ L∞(Ω);
indeed, we can easily verify that the proof is identical.

Now, we prove here that the assumptions of the result in [22] are verified:
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- Assumption (i): Referring to Theorem 1 in [18], we know that a solution for (31) ex-
ists, and it is unique if ∀λ ≤ λ∗ = λ∗( f0, δ). Therefore, in our case, we can write the
following equation:

F(x0, u0) = 0. (32)

- Assumption (iv): This is also satisfied because B, as defined in (28), is injective on Y.
- Assumption (ii): We will verify that:

x → F(x, y0) (33)

is continuous at x0. In fact, considering that f carries the dielectric properties of the
material constituting the plates of the device, and δ (terms that weights the fringing field
phenomenon) is a positive constant that does not change, we can write the equation
as follows: ∫

Ω
|F(x, y0)− F(x0, y0)|2dx =

=
∫

Ω

∣∣∣∣∣(β
∫

Ω
|∇y0|2dx + γ

)
∆y0−

− λ f
(1− y0)2g(χ, y0)

+
λ f0

(1− y0)2 +

+λδ|∇y0|2 +
λ f0

(1− y0)2g(χ, y0)
−

−λδ|∇y0|2 −
λ f0

(1− y0)2g(χ, y0)

∣∣∣∣∣
2

dx ≤

≤ 2
∫

Ω

∣∣∣∣∣
(

β
∫

Ω
|∇y0|2dx + γ

)
∆y0

∣∣∣∣∣
2

+

+

∣∣∣∣∣ λ( f − f0)

(1− y0)2g(χ, y0)

∣∣∣∣∣
2

dx +

∣∣∣∣∣ λ f0

(1− y0)2g(χ, y0)

∣∣∣∣∣
2

≤

≤ 4β2
( ∫

Ω
|∇y0|2dx

)2 ∫
Ω
|∆y0|2dx + 4γ2

∫
Ω
|∆y0|2dx+

+4λ2|| f − f0||2∞,Ω

∫
Ω

1
(1− y0)2 dx+

+4|Ω|χ2|| f0||2∞,Ωλ2
∫

Ω

1
(1− y0)

dx.

(34)

Through this, (ii) is verified because as x → x0, f → f0, β = γ = χ = 0 (see (29)).
- Assumption (v): Taking into account that ∆2 is an isomorphism between H4(Ω) ∩ H1

0(Ω)
and L2(Ω), and because Y 6= ∅ is an open subset of H4(Ω) ∩ H1

0(Ω), by exploiting
Remark 8, we can verify that if I ⊂ Y is a neighborhood (open set) of y0 whose radius is σ,
B(I) is also a neighborhood (open set) of z0 = B(y0) whose radius is σ.

Indeed, by applying Sobolev’s immersion theorem because N < 4, we can write the
equation as follows:

H4(Ω) ↪→ C0(Ω). (35)

Let us now consider z = B(y), where y is an element of Y, with ||y− y0||H4(Ω) < σ; then if
we consider z ∈ B(Y), we have:

||z− z0||L2(Ω) = ||B(y)− B(y0)||L2(Ω) ≤ ||y− y0||H4(Ω) < σ. (36)

In other words, B(Y) is a neighborhood of z0.
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- Finally, we verify Assumption (iii). Without losing generality, we provide the proof for
k1 = 1; let us consider all the y1, y2 ∈ Y solutions of the problem,. Thus, we can write the
following equation:∫

Ω

∣∣∣B(y1)− B(y2)− (F((β, γ, χ, f , y1)− F(β, γ, χ, f , y2))
∣∣∣2dx =

=
∫

Ω

∣∣∣∣∣∆2y1 − ∆2y2 − ∆2y1 + G(β, γ, y1) +
λ f

(1− y1)2g(χ, y1)
+

+λδ|∇y1|2 + ∆2y2 − G(β, γ, y2)−
λ f

(1− y2)2g(χ, y2)
− λδ|∇y2|2

∣∣∣∣∣
2

dx ≤

≤ 2
∫

Ω

∣∣∣G(β, γ, y1)− G(β, γ, y2)
∣∣∣2dx︸ ︷︷ ︸

I1

+

+ 2λ2
∫

Ω
| f |2

∣∣∣∣∣ 1
(1− y1)2g(χ, y1)

− 1
(1− y2)2g(χ, y2)

∣∣∣∣∣
2

dx︸ ︷︷ ︸
I2

+ 2λ2δ2
∫

Ω

∣∣∣|∇y1|2 − |∇y2|2
∣∣∣2dx︸ ︷︷ ︸

I3

.

(37)

Now, we compute I1.

I1 =
∫

Ω
|G(β, γ, y1)− G(β, γ, y2)|2dx =

=
∫

Ω

∣∣∣∣∣
(

β
∫

Ω
|∇y1|2dx + γ

)
∆y1 −

(
β
∫

Ω
|∇y2|2dx + γ

)
∆y2

∣∣∣∣∣
2

dx ≤

≤ 2
∫

Ω

∣∣∣(β
∫

Ω
|∇y1|2dx + γ

)
(∆y1 − ∆y2)

∣∣∣2dx+

+2
∫

Ω

∣∣∣∆y2

(
β
∫

Ω
|∇y1|2dx + γ− β

∫
Ω
|∇y2|2dx− γ

)∣∣∣2dx ≤

≤ 2
(

β
∫

Ω
|∇y1|2dx + γ

)2 ∫
Ω
|∆y1 − ∆y2|2dx+

+2
( ∫

Ω
|∆y2|2dx

)
β2
( ∫

Ω
|∇(y1 − y2)||∇(y1 + y2)|dx

)2
≤

≤ 2
(

β
∫

Ω
|∇y1|2dx + γ

)2 ∫
Ω
|∆y1 − ∆y2|2dx+

+2
( ∫

Ω
|∆y2|2dx

)
β2
( ∫

Ω
|∇(y1 − y2)|2dx

)( ∫
Ω
|∇(y1 + y2)|2dx

)
≤

≤ C(M1, γ, β)d6
Ω

∫
Ω
|∆2(y1 − y2)|2dx.

(38)

Now, we compute I2.
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We can write the equation as follows:

I2 = 2
∫

Ω
λ2|| f ||2∞,Ω

∣∣∣∣∣ 1
(1− y1)2g(χ, y1)

− 1
(1− y2)2g(χ, y2)

∣∣∣∣∣
2

dx ≤

≤ 4λ2|| f ||2∞,Ω

∫
Ω

∣∣∣∣∣ 1
(1− y1)2g(χ, y1)

− 1
(1− y2)2g(χ, y1)

∣∣∣∣∣
2

dx+

+4λ2|| f ||2∞,Ω

∫
Ω

∣∣∣∣∣ 1
(1− y2)2g(χ, y1)

− 1
(1− y2)2g(χ, y2)

∣∣∣∣∣
2

dx ≤

≤ 4λ2|| f ||2∞,Ω

∫
Ω

∣∣∣∣∣ 1
(1− y1)2 −

1
(1− y2)2

∣∣∣∣∣
2

dx︸ ︷︷ ︸
I21

+

+ 4λ2χ2|| f ||2∞,Ω

∫
Ω

1
(1− y2)4

∣∣∣∣∣ 1(
1 + χ

∫
Ω

1
(1−y1)

dx
)2 −

1(
1 + χ

∫
Ω

1
(1−y2)

dx
)2

∣∣∣∣∣
2

dx

︸ ︷︷ ︸
I22

.

(39)

Let us now calculate I21.

I21 = 4λ2|| f ||2∞,Ω

∫
Ω

∣∣∣∣∣ 1
(1− y1)2 −

1
(1− y2)2

∣∣∣∣∣
2

dx =

= 4λ2|| f ||2∞,Ω

∫
Ω

(y1 − y2)
2((1− y1) + (1− y2))

2

(1− y1)4(1− y2)4 dx ≤

≤ 16λ2|| f ||2∞,Ωd∗2
∫

Ω

(y1 − y2)
2

(1− y1)4(1− y2)4 dx <

< 16λ2|| f ||2∞,Ω||y1 − y2||2∞,Ωd∗2
∫

Ω

1
(1− y1)4(1− y2)4 dx.

(40)

But being ∫
Ω

1
(1− y1)4(1− y2)4 dx ≤

≤
( ∫

Ω

1
(1− y1)8 dx

) 1
2
( ∫

Ω

1
(1− y2)8 dx

) 1
2

≤

≤
( ∫

Ω

1
(1− y1)16 dx

) 1
4

(dN
Ω)

1
4

( ∫
Ω

1
(1− y2)16 dx

) 1
4

(dN
Ω)

1
4 ,

(41)

I21 becomes

I21 = 16λ2d∗2|| f ||2∞,Ω M
1
2 (dN

Ω)
1
2 ||y1 − y2||2∞,Ω. (42)

Now, we calculate I22 (For this purpose, we exploit a2 − b2 < (2a− 2b)2).
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I22 = 4λ2χ2|| f ||2∞,Ω

∫
Ω

1
(1− y2)4

∣∣∣∣∣ 1(
1 + χ

∫
Ω

1
(1−y1)

dx
)2 −

1(
1 + χ

∫
Ω

1
(1−y2)

dx
)2

∣∣∣∣∣
2

dx ≤

≤ 4λ2χ2|| f ||2∞,Ω

∫
Ω

1
(1− y2)4

∣∣∣∣∣
(

2χ
∫

Ω

1
1− y2

dx− 2χ
∫

Ω

1
1− y1

dx

)2∣∣∣∣∣
2

dx ≤

≤ 64λ2χ6|| f ||2∞,Ω

∫
Ω

1
(1− y2)4 ||y2 − y1||4∞,Ω

∣∣∣∣∣
∫

Ω

1
(1− y2)(1− y1)

dx

∣∣∣∣∣
4

dx ≤

≤ 64λ2χ6|| f ||2∞,Ω

∫
Ω

1
(1− y2)4 ||y2 − y1||2∞,Ω

∣∣∣∣∣
∫

Ω

1
(1− y2)(1− y1)

dx

∣∣∣∣∣
4

dx ≤

≤ 64λ2χ6|| f ||2∞,Ω||y2 − y1||2∞,Ω M
1
8 d

13N
16

Ω

∫
Ω

1
(1− y2)4 dx ≤

≤ 64λ2χ6|| f ||2∞,Ω||y2 − y1||2∞,Ω M
3
8 d

25N
16

Ω

(43)

Therefore, taking into account both (42) and (43), (39) becomes the following equation:

I2 ≤ 16λ2|| f ||2∞,Ω M
1
2 (dN

Ω)
1
2 ||y1 − y2||2∞,Ωd∗2+

+64λ2χ6|| f ||2∞,Ω||y2 − y1||2∞,Ω M
3
8 d

25N
16

Ω =

= 16λ2|| f ||2∞,Ω M
3
8 (dN

Ω)
1
2

(
M

1
8 d∗2 + χ6

)
||y1 − y2||2∞,Ω

(44)

According to the Sobolev immersion theorem (for details, see [23] p. 20 Theorem 3.1), and
since N ≤ 3, it follows that:

||y1 − y2||2∞,Ω ≤ C

(
1

(dΩ)
N
2
|y1 − y2|0,Ω+

+(dΩ)1− N
2 |y1 − y2|1,Ω + (dΩ)2− N

2 |y1 − y2|2,Ω

)2 (45)

in which C is a constant, and dΩ is the diameter of Ω. Moreover, by applying the Poincaré
inequality to (45), we can easily achieve the following equation:

||y1 − y2||2∞,Ω ≤ 3C(dΩ)4−N |y1 − y2|22,Ω. (46)

We observe that Ω is convex, so it is possible to apply the Miranda–Talenti inequality to (46),
thus obtaining the following:

||y1 − y2||2∞,Ω ≤ 9C(dΩ)4−N |∆(y1 − y2)|20,Ω. (47)

in which we have exploited both the Poincaré inequality and the fact that |∆ · |0,Ω is a norm
on H2 ∩ H1

0(Ω) that, as is known, is equivalent to the standard Sobolev’s norm [24]. We
also observe that by exploiting the Marcinkiewicz interpolation theorem [25], one obtains
the following for u ∈ H4 ∩ H1

0(Ω):∫
Ω
|∇u|2dx ≤ Cd2

Ω

∫
Ω
|∆u|2dx (48)

∫
Ω
|∆u|2dx ≤ Cd4

Ω

∫
Ω
|∆2u|2dx. (49)
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It is worth nothing that H4 ⊂ C0(Ω), and moreover, L∞ ⊂ L4. Therefore, we can apply
the same procedure as in the first case. Furthermore, H4,4 ⊂ H2,2, thus |y1 − y2|24,Ω can be
increased, exploiting the Sobolev immersion theorem.

From (38), (48), and (49), we obtain:∫
Ω
|G(β, γ, y1)− G(β, γ, y2)|2dx ≤

≤ 2
(

βCd2
Ω M1 + γ

)2
Cd4

Ω

( ∫
Ω
|∆2(y1 − y2)|2dx

)
+

+8Cd6
Ω M2

1β2
∫

Ω
|∆2(y1 − y2)|2dx.

(50)

Moreover, from (44), we can write the following equation:

I2 ≤ 64λ2|| f ||2∞,Ω M
3
8 d

N
2

Ω (d∗2M
1
8 + χ6)||y1 − y2||2∞,Ω =

= C(λ, χ, f , M)d6N+4
Ω

∫
Ω
|∆(y1 − y2)|2dx ≤

≤ C(λ, χ, M1)d6N+8
Ω

∫
Ω
|∆2(y1 − y2)|2dx.

(51)

Now, we compute I3.
Considering Theorem 3.1 in [23] (p. 20), and as N ≤ 3, it follows that H3,2 ⊂ C0(Ω),

from which we obtain the following:

I3 = 2λ2δ2
∫

Ω

∣∣∣|∇y2|2 − |∇y2|2
∣∣∣2dx =

= 2λ2δ2
∫

Ω

∣∣∣(|∇y1| − |∇y2|)2(|∇y1|+ |∇y2|)2
∣∣∣dx =

= 2λ2δ2
∫

Ω
|∇(y1 − y2)|2(|∇y1|+ |∇y2|)2dx ≤

≤ 2λ2δ2

( ∫
Ω
|∇(y1 − y2)|4dx

) 1
2
( ∫

Ω
|∇(y1 + y2)|4dx

) 1
2

≤

≤ 16λ2δ2

( ∫
Ω
|∇(y1 − y2)|4dx

) 1
2
( ∫

Ω
[|∇y1|4 + |∇y2|4]dx

) 1
2

≤

≤ 16Cλ2δ2M2

( ∫
Ω
|∇(y1 − y2)|4dx

) 1
2

.

(52)
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Applying Theorem 3.10 in [23] and the Marcinkiewicz interpolation theorem [26] from (52),
we can write the equation as follows:

I3 ≤ 16δ2λ2M2

(
||∇(y1 − y2)||4∞,Ω

) 1
2
(d

N
2

Ω )
1
2 ≤

≤ 16δ2λ2M2(dΩ)
N
2 ||∇(y1 − y2)||2∞,Ω ≤

≤ 16δ2λ2M2(dΩ)
N
2

(
1

(dΩ)
N
2
|∇(y1 − y2)|0,Ω + (dΩ)1− N

2 |∇(y1 − y2)|1,Ω+

+(dΩ)2− N
2 |∇(y1 − y2)|2,Ω

)2

≤

≤ 16δ2λ2M2d2(2− N
2 )

Ω (dΩ)
N
2 |∇(y1 − y2)|22,Ω ≤

≤ 16δ2λ2M2d2− N
2

Ω |∆(y1 − y2)|20,Ω =

= 16δ2λ2M2d6− N
2

Ω |∆2(y1 − y2)|20,Ω.

(53)

Finally, (37) becomes:∫
Ω

∣∣∣B(y1)− B(y2)− (F((β, γ, χ, f , y1)− F(β, γ, χ, f , y2))
∣∣∣2dx ≤

≤ C(β, λ, γ, δ, χ, M, M1, M2, f )d
N
2

Ω

∫
Ω

∣∣∣B(y1)− B(y2)
∣∣∣2dx.

(54)

Therefore, Assumption (iii) is also verified. In fact, as dΩ � 1, we set the following:

K2 = C(β, λ, γ, δ, χ, M, M1, M2, f )d
N
2

Ω < 1. (55)

Then, the proof is to be considered concluded.

Remark 9. We observe that K2 < 1 makes sense because dΩ � 1. Thus, d
N
2

Ω � 1. Therefore,
from (55), it follows that:

k2 = C(β, λ, γ, δ, χ, M, M1, M2, f ) < d−
N
2

Ω . (56)

As dΩ � 1, then d−
N
2

Ω � 1. This means that:

K2 ∈ [0, d−
N
2

Ω ) (57)

where [0, d−
N
2

Ω ) represents a rather wide range of values. In other words, it is reasonable to think
that there are many devices whose deformable plate constituent electromechanical parameters (β, γ,
χ, f ), together with the operating circuit conditions (λ and δ), match the condition (56).

7. Possible Intended Uses of the MEMS Device Under Study

The device studied here does not require particular precautions for its construction
and therefore its industrial production, in our opinion, would be characterized by rather
low costs. Furthermore, as mentioned in Section 3, the MEMS device studied in this paper
can be used in all those industrial applications where the operating voltage V is reduced.
Then, the most suitable uses for this device are, for example, biomedical applications
where the required V values are usually limited. Among them the micropumps stand out,
which are used for the intravenous administration of drugs, which, as is known, require
microdevices equipped with mobile elements. Moreover, the device studied here could
be used in precision surgical microsystems: by correctly applying sequential actuation
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to the electrostatic clamps, the deformable plate would help create the movement. Ob-
viously, the actual quantification of V will be decisive in order to select the most correct
intended use. It is worth noting that the variety of parallel plate MEMS devices is wide
and ever increasing. In addition, an ever-increasing number of MEMS devices is being
incorporated into functional systems. Diversity, cost, and compatibility with integrated
circuit manufacturing technologies determine their dominant presence on the market. We
also observed that MEMS devices include both electronic and mechanical parts. However,
most of the acceptance tests are electronic, so one of the greatest difficulties associated
with this technology is represented by mechanical testing. We observe that electrostatic
MEMS sensors use small mechanical and electrical components integrated into a single
chip by combining microelectronics with the mechanics of micro sensors. In recent years,
this technology has seen strong growth, with numerous companies producing devices and
development tools used in the most varied of fields such as information, robotics, and
electronics. A field of application, for example, could be in metropolitan areas, particularly
in the Smart Cities field, which has already begun to decline in multiple IoT applications.

8. Conclusions

In the present work, a new nonlocal physico-mathematical model for electrostatic
MEMS devices with parallel metal plates has been proposed and studied, and in which an
additive term for the fringing field has been obtained by the Pelesko–Driscoll approach.
The model obtained, controlled in external voltage by means of a capacitive control circuit,
takes into account the effects resulting from the fringing field by means of an addend that
can be easily implemented both via software and hardware, making the model complete
and attractive for any industrial application. In addition, given the presence of some
specific parameters, the model takes into account both the effects due to any problems of
stiffness and self-stretching of the deformable element, and any sudden excesses in tension,
proposing the device under study for possible use in the biomecal and robotics fields where
the intended application requires a voltage that is limited in amplitude. The model obtained,
even if complete, does not allow for the explicit acquisition of its solutions (profiles of the
deformable plate) for which we have worked, analytically demonstrating that it admits a
single solution. Thus, we obtained analytical conditions that, if verified by any approximate
numerical solutions, the latter would not represent ghost solutions. Furthermore, the fact
of having proved that the model admits a unique solution demonstrates that for each value
of external V (with limited amplitude), there is one and only one position for the deformed
plate, making this model attractive for any industrial applications (in biomedical and
robotic equipment). Particularly, it has been proved that the model admits unique nonlocal
solutions using a well-known result proved in the framework of topological spaces. The
results obtained, being valid for N < 4, are also valid for thin dielectric layers where they
are generally representable in one-dimensional geometries (N = 1) in which the fringing
field effects are very relevant.

9. Some Future Perspectives

We observe that the proposed model, relative to δ that weighs the effects due to
the fringing field phenomenon, is not explicitly controllable in voltage, so it would be
advisable to study the control problem in the future as well to avoid the possible triggering
of discharges in the dielectric. Furthermore, with regard to industrial production, before
implementing a device in hardware, its software design is required through the use of
suitable numerical techniques. So, in the near future, it would be advisable to study
the proposed model with numerical techniques in order to obtain approximate solutions
that satisfy the conditions of existence and uniqueness obtained in this paper (avoiding
any ghost solutions). Moreover, there is no doubt that the proposed model requires a
dynamic upgrade in order to obtain the conditions of existence and uniqueness of the
deforming plate profile that are also dependent on time, making the device attractive for
all those industrial applications in which timing represents a decisive action. Finally, it
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is worth noting that the model presented here, although very close to the physical reality
of electrostatic MEMS with parallel plates, is extremely complex. As such, it does not
allow for routine analytical studies to be performed on it. Then, there would be a need
to implement some simplifications in the geometry of the device so that the model that
would be obtained (simpler than the starting model) could be studied mathematically. But
in this case, the results obtained are unlikely to agree with any experimental data. Hence,
experience suggests that we could only take advantage of any qualitative indications of the
behavior of the MEMS device characterized by the simplifications mentioned above.
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Abbreviations
The following abbreviations are used in this manuscript:

MEMS micro-electro-mechanical systems
V electrostatic potential
λ drop-in voltage
δ the real parameter that weighs the effect of the fringing field
Ω smooth bounded domain
u unknown profile of the deflecting plate
f bounded functions related to the dielectric properties of the plates
K̃1(x), K̃2(x) specific weight functions
d distance between the plates in the MEMS
L the length of the MEMS
T the mechanical tension of the deformable plate at rest
ε0 the permittivity of free space
F̃(x) load function
Vs source voltage
C f the capacitance of the fixed series capacitor
C the capacitance of the MEMS device
χ the dimensionless parameter that weighs the capacitance of the MEMS
Es(u(x)) stretching energy
γ stretching parameter
D flexural rigidity
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