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Abstract: In this paper, exact solutions with a linear velocity field are sought for the gas dynamics
equations in the case of the special state equation and the state equation of a monatomic gas. These
state equations extend the transformation group admitted by the system to 12 and 14 parameters, re-
spectively. Invariant submodels of rank one are constructed from two three-dimensional subalgebras
of the corresponding Lie algebras, and exact solutions with a linear velocity field with inhomo-
geneous deformation are obtained. On the one hand of the special state equation, the submodel
describes an isochoric vortex motion of particles, isobaric along each world line and restricted by
a moving plane. The motions of particles occur along parabolas and along rays in parallel planes.
The spherical volume of particles turns into an ellipsoid at finite moments of time, and as time
tends to infinity, the particles end up on an infinite strip of finite width. On the other hand of the
state equation of a monatomic gas, the submodel describes vortex compaction to the origin and the
subsequent expansion of gas particles in half-spaces. The motion of any allocated volume of gas
retains a spherical shape. It is shown that for any positive moment of time, it is possible to choose
the radius of a spherical volume such that the characteristic conoid beginning from its center never
reaches particles outside this volume. As a result of the generalization of the solutions with a linear
velocity field, exact solutions of a wider class are obtained without conditions of invariance of density
and pressure with respect to the selected three-dimensional subalgebras.

Keywords: gas dynamics equations; state equation; monatomic gas; linear velocity field; inhomoge-
neous deformation; group analysis; exact solution

1. Introduction

Group analysis of differential equations is a powerful tool for obtaining exact solu-
tions to nonlinear differential equations [1,2]. The gas dynamics equations have been well
studied from the point of view of group analysis within the framework of the program “Sub-
models” [3]. This became possible thanks to the outstanding scientist Ovsyannikov, who
sparked interest in this field of research. As a result of the research, a group classification
with respect to the state equation was carried out, and optimal systems of subalgebras [4-9]
and submodels [10,11] were obtained for various state equations. In addition, many types
of motions were investigated, for example, barochronous [12] and isothermal [13], with a
linear velocity field [14-16]. In this paper, new exact solutions with a linear velocity field
are sought.

The motion of a continuous medium with a linear velocity field had been studied
since the XIX century by Dirichlet and Riemann [17,18]. In their works, they considered
motions with the homogeneous deformation of an incompressible fluid. It was assumed
that the liquid moves in a force field caused by the mutual attraction of particles according
to Newton’s law of universal gravitation. Ovsyannikov and Dyson [19,20] independently
showed that for a polytropic gas, the system of the gas dynamics equations is reduced to a
system of nine ordinary differential equations of the second order. Several first integrals of
the system were found. The development of the mathematical theory of these equations
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were obtained in the works of Andreev [21], Bogoyavlensky [22], Nemchinov [23], etc.
Some of the last works were [24-28]. The general form of the solution to the gas dynamics
equations with an arbitrary state equation with a linear velocity field with pressure and
density depending on time is determined by an autonomous system of ordinary differential
equations in [29]. In addition, there is the interesting paper where the author considers a
solution possessing linearity with respect to a part of the space coordinates (one or two
coordinates) [30].

In order to construct exact solutions, it is necessary to construct submodels, which are
the gas dynamics equations written in terms of invariants. The rank of the submodel is the
number of independent variables. In this paper, the gas dynamics equations are considered
in the case of the special state equation (a pressure equals to the sum of two arbitrary
functions of density and entropy) and in the case of the state equation of a monatomic
gas. 12-dimensional Lie algebra L, and the 14-dimensional Lie algebra L4 correspond
to the transformation groups admitted by the gas dynamics equations with specified
state equations. All subalgebras of these Lie algebras up to internal automorphisms were
listed in optimal systems of nonsimilar subalgebras [6,7]. The constructed submodels and
description of particle motion for small-dimensional subalgebras are given in [31-37]. In
order to construct submodels, two three-dimensional subalgebras are selected from the Lie
algebras L and L14, and invariant submodels of rank one are constructed. Exact solutions
of the gas dynamics equations with a linear velocity field are obtained from the submodels.
Particle motion is investigated for the obtained exact solutions.

A different approach is also used to obtain exact solutions. If, initially, for the gas
dynamics equations with an arbitrary state equation, a representation of the solution
with a linear velocity field is specified, then a classification of submodels according to
the state equations is obtained. In this paper, the submodel is selected which generalizes
representations of velocities of obtained invariant submodels for the two types of state
equations. Exact solutions are obtained and particle trajectories are plotted.

2. Symmetries of Gas Dynamics Equations and Solutions with a Linear Velocity Field

We consider the gas dynamics equations as follows [38]:

i+ (it - V)it +p 'Vp =0,
pr+ (i - V)p+pV il =0, (1)
S+ (i-V)S=0 or pi+ (il - V)p+pa2V il =0,

where t and ¥ are independent variables; i/ is a velocity; p is a pressure; p is a density; and
S is an entropy, with an arbitrary state equation:

p=f(p,5) )

In Equation (1) in the Cartesian coordinate system, we have:
¥=xi+yj+zk, V =idx+joy+ko:, i =ui+oj+uwk,

where 7, j, and k is the orthonormal basis.
The sound velocity a. > 0 is defined by formula [38]:

d
a% = ?Z|S=const = fp(Pr S)- (3)

The gas dynamics Equation (1) with an arbitrary state Equation (2) are invariant under
the action Galilean group extended by uniform dilatation:
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X' = X + @ (space translations);

t' =t + ag (time translation);

¥ = OX,ii' = Oii,00T = E,det O = 1 (rotations); @)
X' =%+ tb,it’ = i + b (Galilean translations);

t' = ct, ¥’ = cX (uniform dilatation).

The transformation group (4) corresponds to an 11-dimensional Lie algebra L; with
the basis generators in the Cartesian coordinate system [3,39]:

X1=0x, Xa=09dy X3=0;
Xy =ty +0y, Xs5=13,+0dy, Xe=10;+ 0y,
X7 = yd; — 20y + 00y — W0y, Xg = 20y — X0, + WAy — Uy, (5)
X9 = xdy — ydyx +udy — 09y, Xig =04,
X11 = tdt + x0x + Y9y + 20-.

In the case of special state equation [3]:
p=flp) +h(S) ©6)
the group (4) also includes the following transformation:
p' = p + po (pressure translation). (7)
The Lie algebra L; is extended to a 12-dimensional Lie algebra L1, and the generator
Y1 =0y

is added to the basis generators of L1 (5). The Lie algebra L, decomposes into the direct
sum of two ideals L1, = L11 & Y.
In the case of a monatomic gas [3], we have the state equation:

p=f(S)p3. (8)

Remark 1. The system (1), (2) admits the equivalence transformation S’ = K(S), therefore, in
what follows, we will assume in (6), (8) instead of h(S), f(S) just S [40].

For the state Equation (8), the group (4) also includes the following transformations:

L, U . .
t=ct, il =—, p' = %, p = £5 (dilatations);
C1 C 1

o'=spp=gp =%
(dilatations of thermodynamic parameters of the gas); )
L R S e
1— ft’ 1— ft’ ’

o' = (1—ft)%p, p' = (1 — ft)°p (projective transformation);

and the Lie algebra Lq; is extended to a 14-dimensional Lie algebra Li4. In this case,
generators
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X1p = 1204 + tx0x + tydy + t20; + (x — tu)dy + (y — t0)dy + (z — tw)dp—

—3tpdp — 5tpdy,

(10)
X13 = t0t — udy — vdy — Wy — 309, — 5pdy,
are added to basis generators of L1; (5).
A solution with a linear velocity field has the form:

il = A(t)X + (1), (11)

where A(t) is matrix 3 x 3, and iiy(t) is a 3-dimensional vector. If ily = 0, then (11) is a
solution with uniform deformation. If iy # 0, then (11) is a solution with an inhomoge-
neous deformation. It is assumed that the state equation is (2). Many of the solutions with
a linear velocity field are obtained from invariants for 4-dimensional subalgebras. In [14], a
complete classification of submodels with a solution in the form of a linear velocity field
was carried out according to the types of state equations.

3. Exact Solutions of the Gas Dynamics Equations with Special State Equation

We consider the basis generators of a 3-dimensional subalgebra 3.36 from the optimal
system of nonsimilar subalgebras of Lie algebra L1, [6]:

Xl = ax/ X3 + X4 = az + tax + all/ (12)
aXp + bX3 + 7Yy = ady + bd; + 9y, a*+b* =1.

The coefficient  is equal to 1 in the case of Lie algebra L1, and equal to 0 in the case
of Lie algebra Lj;. For v = 0, we have the case of subalgebra 3.44 from Lq; [41].
The invariants of subalgebra (12) are as follows:

b
bout—y—z, v w p p—v%,a#O. (13)
The case a = 0 gives us a partially invariant submodel of rank 2 and defect 1.
Representation of the invariant solution from (13) has the form

w=w(t)— oy +z v=o(t), w=uw(t), p=plt)

y y ) (14)
P=P1(t)+7; 5=51(t)+75, y=0V1, a®2+b*=1.

Substituting (14) into (1) and (6), we obtain the invariant submodel:

The exact solution of the system of Equations (1) and (6) from (14) and (15) is:

b b (b
= y+z 5 -+ vo — Wy |+ up,
a 2apg a )
__ _ _ . TR Y S S
0= 200 t+ 0o, W wo, P Po, P r)/{;l + 2ﬂ2p0t a UOt Po, (16)
2
Sopfi L7

— =t + Sp.
a  2a2%p PRGN

On applying Galilean translations (4) with b= (—ug, —vp, —wp) and pressure transla-
tion (7) to the solution (16), we have that 1y = vy = wy = pg = 0.
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The motion of the particles is given by the following equation [38]:
Jx
dit‘ = (%, 1). (17)

Integral curves of the equation (17) are the world lines of particles in space R*(t, ¥),
the projection of which in R?(¥) are particle trajectories. From Equations (16) and (17),
world lines have the form:

x = (aC3 —bCo)t+aCq, y= —ﬁtz +aCy, z =aCs. (18)

From the generators of subalgebra (12) and Lie equations [1]

ox
oa = g(f), JZ|u:0 =X 19)
it follows that:
X=x+4¢;
X=x+nt, z=z+y, i=u-+my; (20)

y=y+al, z=z+bl, p=p+.

Applying the superposition of transformations (20) to Equation (18) with parameters
(: = —aCl, n= bCz —lZCg, g = —Cz,

we obtain: y
= =——+, z=0.
x=0y 2ap0" b4 (21)
The trajectories (21) describe Oy axis with y < 0 for a > 0. From this, we can reproduce
the following formulas using (20):

— Y —
x=nt+¢, y——%t +al, z=bl+9. (22)
Jacobian | = |0X/0Xy| [41] of transformation (22) is equal to a # 0, where Xy = (&, {, 7).
This means that the world lines of particles do not intersect. The vortex is & = (w, —

Uz, Uz — Wy, Ux — Uy) = (0,1,b/a) [38]. The motion of particles is vortex and is restricted by

moving planey = — ﬁtz for p > 0. The pressure is constant along the world line and

has the value p = (.
For n7 = 0, the trajectories (22) are rays. If the ¢ variable is eliminated in (22) for # # 0,
we obtain the following formulas of trajectories:

v(x =)

= . 23
20007 +al, z=bl+1 (23)

y=—
The trajectories (23) are parabolas in each plane z = const, in which the vertex of
the parabola is the point (¢, ag). The parabolas (22) are illustrated in the Figure 1. For
subalgebra 3.44 from L1, the world lines of particles are straight lines in a uniformly
moving coordinate system [41].
Let the formulas (22) satisfy the initial conditions

x(tg) = xo, y(to) = yo, z(to) = zo,
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where xp, o, zo are local Lagrangian coordinates. In this case, the formulas (22) have

the form:
bt? bt
x = Zof?yof,yzo t+xo—tozo+étoy0+720,
a 2a“po a 2apo (24)
rﬂz +vyo + ’Yt%
= - — z=2.
Y 2ap0 Yo apo’ 0

1
Figure 1. The trajectories (22) withy =1,a =1,b =0, py = 5 ¢=1231n=17¢=1 For
t = —1..0, the trajectories are indicated by a dotted line; for t = 0..1, the trajectories are indicated by a
solid line.

From now on, we make the following assumption: b = 0, then a = 1. Let the
particles (24) be on the sphere with radius r and centre (x1, y1, z1) at time t = fg:

(x0 = x1)* + (yo —1)* + (20 — 21)* = 1% (25)
We obtain from Equations (24) and (25) location of the particles

X242+ ((t—to)? +1)z2 — 2xz(t — ty) — 2x1x + Ay + Bz = C,

2 _ g2
A= ,Y(pOO) —211, B= 2x1(t—tg) — 223, (26)
2-8) P -8)?
C:rZ_xz—yz—zz—ir’Y( Ly — O
A Lo 4p5

Let us rotate the coordinate axes by the « angle
X =Xcosax —Zsinx, z = Xsina + Zcosa. (27)

After substituting (27) into (26), we find the angle « equating the coefficient at ¥z
to zero

1
= a = — arctan + zn, n e Z. (28)

tan2a =
t—tg 2 t—ty 2

1
If t — oo, then @ — 0. Let us choose & = 3 arctan ; from (28), then Equation (26)

may be written in the following form:
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AR+ Y2 + B122 + AyX + Byz + Ay = C,
Ay = (t —tg)?sin®a — (t — ty) sin2a + 1,
By = (t —tg)?cos®a + (t — tg) sin2a + 1,
Ay = Bsina — 2xq cos «,
By, = Bcoswa + 2xq sina; (29)
sina = i cosw = I~ to
f\/ t—to V(E—t)2 +4 f\/ V(E—t)2+4’
sin24 = ——, cos2ua = _tzh ,
(t—to) +4 \/( —to) +4
sinzazl—i, coszoc— + k.

2 2/(t—ty)2+4 2 2 /(t—t)2+4

From Equation (29), the canonical form of a second-order surface has the follow-

ing form:
e 2N (LA (5 B
2A1 Y 2 : 2By
+ =1

K K T x VY

A3 By A
K= C+4A1+4Bl+ i
Equation (30) defines the ellipsoid at ¢ # t( (Figure 2). Calculations by the MAPLE
computer mathematics system give us the following limits:

(30)

lim £:—l—oo, lim VK =7, lim 520,

t—oc0 1 t—oc0 t—oc0 31

Figure 2. (left) The motion of the particles volume (26) with x; = 0.1, y; = 0.1,z1 =01, r =1,
to = —2,00 = 1,7 =1;t = —2; —1 (grey sphere and ellipsoid); t = 0 (black ellipsoid); and t = 1;2;3
(red ellipsoids). (right) The motion of the particles volume (26) with x; = 0.1, y; = 0.1, z; = 4,
r=1,t=—-2,00=1,v=1,t= —2;,—1 (grey sphere and ellipsoid); ¢t = 0 (black ellipsoid); and
t =1,2;3;4 (red ellipsoids).

Thus, according to formulas (31), if t — oo, the ellipsoid (30) turns into the plane strip.

The volume of the ellipsoid (30) is V = gmﬁ att — oo.
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4. Exact Solutions of the Gas Dynamics Equations with Monatomic Gas State Equation

We consider the basis generators of 3-dimensional subalgebra 3.4* from the optimal
system of nonsimilar subalgebras of Lie algebra L4 for Equation (8) [42]:

—X3 + X5 = —0; + 1y + o,
a(Xo + Xg) + X7+ X190 + X2 =
= a(dy + 10, + 9) + Y0 — 20y + V9, — Wy + (1 + 12)0;+ (32)
+tx0y + tydy + t20; + (x — tu)dy + (y — tv)9y + (z — tw)dyy — 3tpd, — 5tpdy,
Xo + Xo + bX1q4 = 0y + 13z + 9y + b(09, + pd, — 3S9s).

Invariants have the following form:

2
B I 2yt +z( 1)
nEire ! (12+t ) 1+2 ot 1+ 7
2zt —y(t* —1 o3 y+tz
w—tv—l_’_—tz, p(1+t )2exp<b(aT— 1+t2) P
t
p(1+ tz)%exp <b(a1' - z:::;)), T = arctant.

The representation of the invariant solution is given as follows:

_ u(x) tx _uln) o)t +yt—z
Vit 1+t 1+ 2 ’
. wl(xl) +vl(x1)t+y+zt
B 1+ t2 ’ 39
= Lxl)sexp <b(—aT +7 i t;)),;? = Lx1)5exp <b(—aT +7 a ti)),
(1+12)2 L+t (1+12)2 L+t
2 ]/+ tz P1 (X1)
S = Sl(xl)exp<—b(—af+ )),Sl(xl) =t
3 1+ 01(x1)3
Substituting (33) in (1) and (8), we obtain the invariant submodel:
U U1y, + P _ —X1,
U101y, = 2wy — b1,
P1 (34)
ulwlxl = _Zvll

U101y, + P11y, = bp1(a —vy), .
ulSlxl = —gb51<€l - "01), S] = PlPl_g-
3 3
The system (34) has an integral pju;S; = <Zl> u; = Kp and admits reflection
1

a— —a,b— —b,v; — —v,w; = —wi.
If the condition u1 = 0 is satisfied, then there is a solution:

bpy Pix
b = = = = —, = —71,
a 0,u1 =0,01 =0,w 201 01 Y
where p1(x1) is an arbitrary function.
Let us distinguish among them solutions with a linear velocity field w; = — prlpl =
1X1
asxq + bs:
1)b=0,u1 =0, =0,w; =0,01 = — plxl; p1(xq) is arbitrary function, (35)

X1
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2)&20 bbs > 0,u; = 0,91 = 0,w = b3,
01 = poe ~ 1 %, p1= ZZBpOe_%x%; %)

3) a=0,a3 # 0,b(ﬂ3X1 + bg) > 0,u1 =0,v1 =0, w1 = azxy + b3,

%*l b 2 bbsy b (37)
p1 = polasx1 +b3|*3 e T, pp = WP0|113X1 +by| e

If u; # 0 and we assume iy = (u1,v1,w1) = (ayx1 + by, a2x1 + by, azx; + b3) with a
linear velocity field, then there are no solutions.
Solution (35) produces solution to the gas dynamics Equations (1) and (8):

tx yt—z _y+zt

iy Ty YT e
1 1(x1)
p: _ X1 3, — p = (38)
i+ T At
S=pp -3; ; p1(x1) is arbitrary function of x; = ad
V1i+t2

which was investigated in the work [43].

Analysis of the Exact Solution
Invariant solution (36) produces exact solution to the gas dynamics Equations (1) and (8):

g X 7]7yt—z—b3t wiy+zt+b3
1+ 1+bt2 S o
_ __Po X
a (1+ )3 p<1+t2( 4b3+y+tz)>'
2h 2 (39)
= 300 exp< b (—x—i-]/—l—tz))
b(l—th)% 1+12° 4b; !

2b _g 2b x2
— - (- + bb .
S = b 0 exp( (1 t2)( b +vy tz)>, 3 >0

2
The vortex is & = (wy — vz, Uy — Wy, Vx — Uy) = (th,O, 0). The motion of the
particles is vortex.
Equations (17) and (39) give the world lines:
( ) =x9V1+ £2,
y(t) = —(ba7T + z0)t + vo, (40)
( ) Yot + b3T + 2o,

which are space curves for xg # 0.
Here, x, 0, zo are the particle coordinates at the moment ¢t = 0 (the global Lagrange

coordinates). The Jacobian of transformation (40) is ] = (1 + tz) # 0. The motion of the
particles occurs without blow-up. The particles lying in the plane x = 0 do not leave it
(plane curves). The motion of particles occurs in half-spaces symmetrically relative to the
plane x = 0.

The velocity components (39) along world lines (40) are as follows:

u= o V= —29—b3T — —>_, w= + bs
Y A L B X LR

At t =0, we have if(xo; yo; 20) = (0; —z0; Yo + b3); at t — £o00, we have ii(xo; yo; 20) =
(£x0; —z0 F 3% Y0)-
We introduce new axes in the plane Oyz:

= y+zt . z—ty
vite T Vize
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which, at the time t = 0, coincide with the axes Oy and Oz (o = yo and 779 = zo,

respectively), and at any other time f, they are rotated by an angle T = arctan t counter-

clockwise relative to the axes Oy and Oz. If t — +oo, then § — *z,17 — Fy, T — £ 7.
Thus, the formulas (40) are given by:

x(t) = xpV1+ 12,
g(t) = GovV1+13, (41)
n(t) = (1o +b3t)V1+ 2

In the space (x, {, 1), trajectories (41) are plane curves. In polar coordinates x = r cos ¢,
¢ = rsin¢, Equations (41) have the following form:

r(t) = rgV1+ 12,
P(t) = o, (42)
n(t) = (1o +bst)V1+ 2

In the plane (r, 77), the trajectories (42) are given by the equation 7 = (170 =+ b3 arccos r—o) L,

Y/ r
0.5sign(t)b
which define the curves with oblique asymptotes 1, = o+ sr1gn( ) L. bssign(t)
0
at t — foo. If we consider the curve as r = (), then it has a derivative 7{7 = % =
t

rot

tno + b3 (1 + t7)
shown in the Figure 3.

and an extremum at t = 0 in the point (7o, 9). For any ¢y, its graph is

0—r—— T T T T
/1234—3 7 8 9 10

Figure 3. The trajectory (42) in the plane (r,n) atrg = 2,50 = 1,b3 = 1.

Thus, the motion of particles can be represented as a complex motion consisting
of the condensation of gas particles to the origin, followed by scattering and successive
(uneven) rotation in the plane Oyz by an angle 7r. Figure 4 represents the trajectories of the
same particles in spaces (x, &, ) (or (r,¢,7)) and (x,y,z), showing how the rotation of the
coordinate system around the axis Ox changes the trajectories particles motion.
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15

10

Figure 4. (left) The trajectories (41), (42) in the space (x,,7) at by = 2,t = 0..4 with coordinates
(x0;¥0520) = (1;1;1); (3;3;1); (5;5;1). (right) The trajectories (40) in the space (x,y,z) with the
same parameters.

If the particle has coordinates (x,gO S Yt ;zto) at the moment of time t = f(, then the
Equation (40) may be rewritten as follows:

x(t) — A,/l +t2,

\/1+1£3

Zty — yt[)to Yty + Ztoto

t) = —bat(t —19) — , 43
y() 3( 0) 1—|—t% 1—|—l% ( )
Yty + Ztyto Zty — Ytoto

z(t) = b3 (T — 7
(£) = bs(7 =) + 14 £ 14 £

If at t = t the particle with coordinates (xi,, yt,,2t,) is on a sphere with a center
(x1,y1,21) and radius Ry > 0

(xfg - x1)2 + (yt() - yl)z + (Zt() - Zl)z = R%/

then at time moment ¢, it will be on the sphere

2

2
X z1 — Y1t z1t
x— L IFE| 4+ (yabst(r—m)+ A0, Ao
2 1+¢ 1+¢
1+t 0 0 (44)
2
vi+zito, z1 =t R§ 2
z—b3(t—19) — t— = 1+,
+< (1) 1+ 1+ 1+t3( )
which has a radius \/RL\/ 1+ #2 and the center moves according to the law of motion (43).
1+13
The sound surface is given by the equation u? + v> + w?> = a2 [38]
1
(a% = ‘ZZ = fSIJ(lOf]f—Stz) from (3)) . It has the following form from (39):
2x2 1—12\? 2t \2  10b,
- b by—— ) = —2=. 45
1+t2+<y+31+t2) +(Z+ 31+t2> 3b (*5)
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1—t? 2t
For t # 0, Equation (45) defines an ellipsoid with a center <0; —bs r 7 —b3 i ) ,

2
one semiaxis is equal to me’;;i;t), and the other two semiaxes are equal to 1. = 71223 .
1063

For t = 0, Equation (45) defines a circular cylinder (y + b3)? 4 2% = =T with radius
rc and an axis parallel to the Ox, passing through a point (0; —b3;0).
For t — 400, Equation (45) defines a sphere x* + (y — b3)? + 22 = 106 with a center

(0,b3,0) and radius .. 3b

The motion of the volume of particles (44) has been considered. The surface of the
volume of particles (sphere) is the contact characteristic of the gas dynamics equations. For
a normal gas, the gas dynamics equations also have two sound characteristics C+.

We consider the equations of sound characteristics [38]:

Cx : hy 4 uhy 4 vhy + wh; +a h%+h§+h§:0,

The equations of the bicharacteristics have the following form:

dax Vh
=it 4
ar V) (46)
dh;
d—;:—ﬁj-Vh:FaﬂVhL j=txy,z (47)
Equations (39) and (47) arrive at the following formulas:
b hyo P hy() — thy _ hyo + tl’lyo
x = s My = ——F 5 s z= T 5
VitR 1+t T+t (48)

Vho
V] = TR [Thol = i+ 1 12y

Equations (39), (46), and (48) give:

10b3 th Xt
x= [+ =2 (t—1)+ e 1+12,
V30 [Vl ite

t t — / hy,o —th
y= yto + Ozto + Oyto Zt() . bst(T B TO) + 12:3 40 z0 (T _ TO), (49)

1+ 1+1£ |Vho
Zty — oYty Yty + tozt, /10b3 thyO + hyo
= + t+b T—1) = — (T — Tp).
1+t% 1+t% 3( 0) 3p |Vh0| ( O)

Let us construct a characteristic conoid K(P) with a vertex P—a characteristic surface
formed by all the bicharacteristics coming out of a given point P(¥;,,tp). In order to
represent all such bicharacteristics, it is necessary to take into account the initial conditions
to the system (46), (47) [38]:

f(to) = ft()’ h](to) = hjo (] = t,x,y,z). (50)

In order to satisfy (50), it is necessary to make a replacement l1,y — hx94/1 + t(z) shyo —

hyo + tohzo; o — hzo — tohyo; [Vho| — [Vho|y/1+ t2 in (48), (49), but still, we exclude
hxo, hyo, 120, [ Vol from (49) and obtain the following equation:
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2

2
t t —
P -2 (y—y“’* o ft"t+b3t<r—ro>> +
fire 1+ + £ 61

2
Zty — oY, Yt 1 f0Zt, 10b3 ) )
zZ — — t—b3(T — T = —(1t—T19)°(1+¢).
+< 1+13 1+1 (7~ ) zp (T AEE)

The section of the conoid (51) by hyperplane t = const is a sphere in R3(¥), the
center of which moves according to the law of motion (43), and the radius is equal to
1003

3 (1+#2)|T — 0.
Att — oo, the sound velocity a, — 0 and sound characteristic tends to the contact
characteristic. Indeed, the conoid (51) tends to the sphere (44), which has a radius equal to

/10b
Rg = % (1+13)|5 — 1] Thus, for any moment of time ¢ > 0, the characteristic conoid

with a vertex P(X;,, tp) beginning from the center of a spherical volume with a radius

/100
Ry = % (1+ t3)|% — 1| never reaches particles outside this volume. Figure 5 shows

the propagation of a characteristic conoid (51) with a vertex P(¥;,, tp) and the motion of a
spherical volume of gas (44) with the center at the same point at t = ty and radius Ry.

40

'
[

20
x

40 30

Figure 5. The characteristic conoid (51) with a vertex P(2;2;1;1) is represented in green color, the

VAl
motion of the sphere (44) with center (x1,y1,21) = (2,2,1) and with the radius Ry = % attg =1

isred color; b3 = 1,b = 1;t = 1;4;15.

Depending on where the point P(¥y,, t) is located (in the subsonic region, on the
sound surface, or in the supersonic region), the sections of the characteristic conoid by
planes t = const are nested into each other, touch at the point, or intersect each other,
respectively (Figure 6).
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Figure 6. (left) The characteristic conoid with a vertex P(0;1; —1;1) in the subsonic region is rep-
resented at f = 1.2;1.6;2.0;2.5;3.0; b3 = 3,b = 1. (right) The characteristic conoid with a vertex
P(2;2;1;1) in the supersonic region is represented at t = 1.2;1.6;2.0;2.5;3.0; b3 = 3,b = 1.

At t = const, the pressure and density have the same values on parabolic cylinders.

5. Generalization of Exact Solutions of the Gas Dynamics Equations with a Linear
Velocity Field

We consider the solution of the gas dynamics equations with a linear velocity field (11).
Let us substitute the velocity representation (11) into the gas dynamics Equations (1) and (2)
and express the time derivative and the gradient of the pressure function. On equating the
shifted derivatives, we obtain a classifying relation for the matrix B = A’ + A% Matrix B
is decomposed into the sum of symmetric S and antisymmetric parts. We obtain one or
another submodel, depending on the rank of the matrix S. It is shown in [14] that there are
11 such submodels. Let us choose one of them so that the state Equations (6) and (8) satisfy
the state equation of the selected submodel:

S'+28A=(1—-9)StrA, A/ + A2=S, S=5T,
7+ ATG+ Silg = (1 — 7)Ttr A, il + Ailp = 7,
o= zefftrAdtR/(I)’

[= (- 8% +25 - X)e (I-n) [ wAdt o [ 7. Ge—(1-7) [ rAdtgy

(52)

1— o7
p=p"ho(S)+ Py vp,

where 7, Py are arbitrary constants; R, hg are arbitrary function; trA is matrix trace A.

5.1. Generalization of Exact Solution of the Gas Dynamics Equations with Special State Equation

We consider an invariant solution (14) for the velocity components from subalgebra
3.36 (12), then matrix A and vector iiy from (11) have the form:

0 —= 1 uy(t)
A= 0 Oa K ilp = Ul(t)
0O 0 0 wl(t)

The state equation from (52) at y — 0 tends to:
p= ho(S) —Poll’lp. (53)

Since S = A’ + A% = 0, substituting the matrix A into the differential equations of
the submodel (52), the differential equation for the matrix S is fulfilled. After substituting
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the matrices A and S into the differential equation for vector iy (t) from (52), we obtain a
system of six-order differential equations for unknown functions w1 (t), v1(t), wy(t):

b
uf — Evll +w) =0,
b b?
1 /
v] —-01+ =01 —-—w; =0,
17 01T 50— W
/! ! b
wy +up — Em—i—wl =0.
The solution of the last system has the form:

1/. 8 _ N _ _ Uog
= ——5 |t g + (tios — ﬂbum)z + (o5 — Hoza”)t | + -

v = —Eﬁoaﬁ (um - buo4> t+ g — Eﬁos wy = 1(u04t + ﬁosﬁ +M05>
a2 >’ 2 a a2 az >’ a 2 !
where w1, U, Uo3, Upa, Ugs, Uoe are arbitrary constants; 13 = bty — 3.

Let us write the components of the velocity vector using the last formulas for 11, vy,
and wj (14) and apply the Galilean translations with b= (tigea !, —tigsba=2, psa~ ') and
dilatation from (4) with ¢ = a:

B [y o\
— 4z — by —fgp— — [ 2% _ by | = 4 7t
u=az—"0oy— sy <a u01>2+u03,
_ 2 [ b_ _
v:—bu03§+ oy — —Tog |t + o2, (54)

2
w = Upyt + ﬂﬁogi.

The density function from the formulas (52) has the form:
p=2R(I), (55)
where variable I has the form:
. by o L9
I = —2upzx — 2 E(ﬂuog,t + Upg) — Uo1 |y + 2(atigzt + Ups)z — 7t +
4 1 _ _ _ _ _ _ b_
+§%(abu01 - 1/[04)t3 — (M%B — bzuéz + u%4 + (1/{01 — uu04)2) 22— (56)
_(_ b_
—2ug | U1 — Ztos |t

We need to solve the system of differential equations for the function p from the gas
dynamics equations in order to define the function of pressure:

Vp = —p(S+7), -
pt = p(AX +ilp) - (S% + ) — paZ(p, p)trA.

Substituting the known function p, matrix S, and vector 7 into the first equation in (57),

we obtain:
Vp = —2R’(I)z7

or
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The integration one of the two last differential equations gives us the form of the
pressure:

p=—R(I) +Po(t), (58)

where P, is an arbitrary function. Without loss of generality, we can assume in (58) that
Po(t) is equal to zero because after substituting (58) in the second differential equation
from (57), we find that p,(f) is constant 7. Then, the pressure (58) has the form:

p = —R(I). (59)

Thus, the solution of the gas dynamics Equations (1) with the state Equation (53) is
given by the formulas (54), (55), (56), and (59).

Remark 2. The solution (54), (55), (56), and (59) coincides with the solution (16) after using
uniform dilatation from (4) with ¢ = a and if Uy = —’ypal, Uy = Upg = Ugg = Uz = 0,
R(I) =271pol, and Py = 0.

The world lines of gas particles (17) are defined from solution (54):

1703t2
X = — 2 +(ﬂZo—by0)t+X0,
i b2
= —b—2£ + (1l — L Hoa) 5 + toat + Yo, (60)
=M Bup

6 2

where xg, Yo, and zg are global Lagrangian coordinates. The Jacobian | = [0X/dXy| [41] of
transformations (60) is equal to 1, where Xy = (xo, Yo, 20). This fact means that the motion
of particles does not have singularities. Trajectories of the gas particles (60) are built in
the Figure 7.

Figure 7. The trajectories (60) with parametersa =1, b = 0,5y =1,i =1.4,x0 =1,2,3;y0 =29 =1,
and t = —3..3.
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5.2. Generalization of Exact Solution of the Gas Dynamics Equations with State Equation of the
Monatomic Gas

We consider the representation of invariant solution (33) for subalgebra 3.4* (32) when
the functions 17, v1, and w; are linear

up= =X o =Y =B Ly,
V1+£2 ’ V1+£2 ’ V1+£2 ’

where a1, a, a3, by, by, and b3 are arbitrary constants. Then, matrix A and iy from submodel
(52) have the form:

a; +t 0 b1
1+¢2 Vit
ap — ast t . 1 . bzl—_‘_tbtg
A=lasepn 142 1| ™= Sp (61)
as + apt 1 t bs + byt
(1+12)%2 1+ 141+ 1+ 12
The state equation from (52) with ¢ = g, Py = Ois equal to p = p°/3hy(S). Matrix
A’ + A? has the form:
2
a1 00
1+ t2%2
—2ast + axay — 2a3 — azast
IoA2 _ 2 241 3 — a3y
A+ A2 = P 00
2ay — 2ast + aza; + axat 0 0
(1+12)5/2

From the symmetry condition of the matrix A’ + A2, we obtain that ay = a3 = 0. After
substituting matrices S and A into the submodel Equation (52), we obtain a relation from
which it follows that a; = 0.

Next, we substitute the known matrices into a vector differential equation for vector
ifg from the submodel (52). The vector form iij is taken from (61). From the three obtained
relations, we find that b; = 0 and b, and b3 are arbitrary constants. The components of the
velocity vector have the form:

i _Hy—b3)—z+Db y+b3+t(z+by)
Ty 0T 1+#2 U= 1+ t2 (62)
Let us define the type of density function from (52). We receive:
2R'(I)
= 63
where )
[— X —4y(b3+tb2)2—4z(b3t—b2). (64)
14+t
From (57), we obtain the pressure
R(I) _
p= “atepn + Po(t)-

Function 7, (t) is defined from the second Equation (57), where a2(p,p) = 3pp~
from (3). As a result, the pressure function is:
R(I)

p=- (1 + t2)5/2‘ (65)
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Thus, the solution of the gas dynamics Equations (1) with the state Equation (8) is
given by the formulas (62), (63), (64), and (65).

Remark 3. The solution (62), (63), (64), and (65) coincides with the solution (38) if by = bz =0,
R(I) = —p(x1), I = 22

Remark 4. The solution (62), (63), (64), and (65) coincides with the solution (39) if b, = O,
R(I) = —%poe’ﬁ’.

Remark 5. The solution (62), (63), (64), and (65) does not coincide with the solution (33), (37)
because the matrix B = A’ + A% has an antisymmetrical part which contradicts the formulas (52).

The world lines of gas particles (17) are defined from solution (62):

x=xoV1+ 12, y=(by—th3)T — 2ot + o,
z = (thy + b3)T + yot + 2o,

(66)

where x, o, and zg are global Lagrangian coordinates.

The Jacobian | = |0%/0%| [41] of transformations (66) is equal to (1 + t?) 2 # 0. At
the initial moment of time ¢ = 0, the gas particle is located at the point with coordinates
(x0,Y0,z0)- The trajectories of the gas particles (66) are built in the Figure 8.

-
T.-.H

1
‘Ir“ll"

|
—
|

1
L
J“l’“..,,

]
0 18 16 14 12 10 & 6 4 2
x

Figure 8. The trajectories (66) are represented with by, = —5, b3 = 2, (x9,y0,20) = (1,1,1); (3,3,1);
(5,5,1), and t = 0..4.

6. Conclusions

In this work, the gas dynamics equations have been considered in the case of the state
equation of a monatomic gas and the special state equation (a pressure equals to the sum
of two arbitrary functions of density and entropy). One three-dimensional subalgebra has
been selected for each specified state equation. Invariant submodels of rank one have been
constructed for them, and exact solutions with a linear velocity field with inhomogeneous
deformation have been obtained.

In the case of the special state equation, the submodel describes the isochoric motion
of particles with constant pressure along each world line. The motion is vortex, limited
by a moving plane. The motion of particles occurs along parabolas and along rays in
parallel planes. The motion of the particles volume in the case of the subalgebra without
one parameter is considered. The spherical volume of particles turns into an ellipsoid at
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finite moments of time, and as time tends to infinity, the particles end up on an infinite
strip with a width equals to the diameter of the original sphere.

In the case of the state equation of a monatomic gas, the submodel describes a complex
vortex condensation (compaction) to the origin and subsequent expansion of gas particles
in half-spaces relative to the plane x = 0. The motion of any allocated spherical volume
of gas retains a spherical shape and expands (narrows) for t > 0 (for ¢ < 0). An equation
defining a characteristic conoid with an arbitrary vertex in Ry is obtained. Its projection
into R3 at each moment of time gives the equation of the sphere. It is shown that for any
point R3 at time t = ¢y > 0, it is possible to obtain a radius of the sphere depending on t.
The perturbation coming from the center does not reach the particles outside this sphere.

The obtained exact solutions with a linear velocity field are generalized if the represen-
tations for the velocities are chosen according to the considered invariant solutions. From
the previously performed classification of submodels, a submodel with a state equation
including the above is selected. As a result, exact solutions of a wider class have been
obtained, since density and pressure may not be invariant with respect to the generators of
the selected three-dimensional subalgebras.
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