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Abstract: This article focuses on the study of redial displacement, the carrier density, the conductive
and thermodynamic temperatures and the stresses in a semiconductor medium with a spherical hole.
This study deals with photo-thermoelastic interactions in a semiconductor material containing a
spherical cavity. The new hyperbolic theory of two temperatures with one-time delay is used. The
internal surface of the cavity is constrained and the density of carriers is photogenerated by a heat
flux at the exponentially decreasing pulse boundaries. The analytical solutions by the eigenvalues
approach under the Laplace transformation approaches are used to obtain the solution of the problem
and the inversion of the Laplace transformations is performed numerically. Numerical results for
semiconductor materials are presented graphically and discussed to show the variations of physical
quantities under the present model.

Keywords: spherical cavity; thermal relaxation time; Laplace transforms; hyperbolic two-temperature;
eigenvalues approach

1. Introduction

The thermoelastic theory, which is the most common engineered structural material,
plays an important role in steel stresses analysis and applied mechanical sciences [1,2].
It can depict the solid mechanical behaviors of some popular elastic materials such as
wood, concrete and coal. However, it cannot depict the mechanical behavior of many
polymers and elastomer types of synthetic materials such as polyethylene. The temperature
increment of the body is not only caused by internal and external heating source, but also
by deformations of itself processed during the microinertia of the microelement.

In recent decades, thermoelastic theories have been developed by many authors.
Biot [3] has studied the coupling thermoelasticity model (CD model) when Fourier’s law
of thermal conduction suggested that it became convenient for modernistic engineering
applications, especially in cases of high temperatures. Lord et al. [4] (LS) have presented a
new model with one thermal relaxation time in the thermal conductivity relation (Fourier’s
law of heating conductivity) to overcome these contradictions. The thermoelastic theories
with the classic two temperatures are discussed by Williams and Gurtin [5] Chen and
Gurtin [6] and Chen et al. [7] by using another depending on the classic two tempera-
tures (the conductive temperature φ* and the thermodynamic temperature T*). Newly,
Youssef et al. [8] have studied a new theory in generalized thermoelastic theories by the
hyperbolic two-temperature model.

Taye et al. [9] have studied the hyperbolic two-temperature semiconductor ther-
moelastic wave caused by laser pulses. Saeed and Abbas [10] studied the hyperbolic
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two-temperature photothermal interaction in semiconducting mediums. Al-Lehaibi [11]
studied the diagonalizations approach to hyperbolic two-temperature thermoelastic solid
spheres under mechanical damage effects. Abbas et al. [12] discussed the hyperbolic
two-temperature photothermal interactions in semiconducting materials with cylindrical
holes. Ali et al. [13] have discussed the reflections of waves in a rotating semiconductor
nano-structure material during torsion-free boundary conditions. Lotfy et al. [14] have
investigated the response of Thomson and the magnetic impact of semiconductor material
due to laser pulses under photo-thermoelastic theory. Hobiny and Abbas [15] have studied
the photothermal interactions in a two-dimensional semiconductor plane under the GN
model. Lotfy et al. [16] have discussed the variable thermal conductive effect of a semicon-
ductor medium with cavities under the fractional-order magneto-photothermoelastic theory.
Alzahrani and Abbas [17] have investigated the photothermal and elastic interactions in a
semiconductor plane under Green and Naghdi type ii (GNii) dissipations. Lotfy et al. [18]
have discussed the Thomson and electromagnetic effects under the photothermal model of
rotator semiconductor materials. Yasein [19] has discussed the influences of variable heat
conduction of semiconductor mediums under photothermal model. Abbas and Hobiny [20]
have applied the finite difference scheme to investigate the photothermal interaction in
a semiconductor medium. Youssef and El-Bary [21] have discussed the characterizations
of the photothermal interaction of a semiconducting solid sphere caused by the fractional
deformations, the thermal delay times and various references temperature under Lord and
Shoulman’s theory. Lotfy et al. [22] have investigated the photothermal excitations process
with the hyperbolic two-temperature model for magneto–thermoelastic semiconductor
materials. Alshehri and Lotfy [23] studied the memory-dependent derivative (MDD) for
magneto–thermo–plasma semiconductor mediums due to laser pulses with a hyperbolic
two-temperature model. Kaur and Singh [24] investigated the plane waves in nonlocal
semiconductor rotating mediums with hall effects and fractional three-phase lag. Hobiny
and Abbas [25] have discussed the photothermal waves in unbounded semiconductor
mediums containing cylindrical holes. Youssef and El-Bary [26] have studied the effects
of the photothermal interactions under Lord-Shulman model on a visco-thermoelastic
semiconducting solid cylinder caused by rotational movement. Saeed et al. have studied
the thermoelastic with the photogenerated model of rotating micro stretch semiconductor
material under the effect of initial stress. Mahdy et al. [27] have investigated the variable
thermal conductivity during photo-thermoelastic models of semiconductor material un-
der a hyperbolic two-temperature model induced by laser pulses. Many authors [28–40]
used the numerical and analytical approaches to solve several problems of thermal and
elastic waves.

This paper is devoted to an investigation of the analytical solution of photothermal
interaction in semiconductor mediums with a spherical hole under the new hyperbolic of
two-temperatures thermoelasticity. The effects of the two-temperature parameter on the
redial displacement, the conductive and the thermodynamic temperatures, the stresses
and the carrier density distributions have been depicted graphically. This work supposes a
new consideration of the two types of temperature which depend on the acceleration of
the conductor and the thermal temperature. Taking into account the photo-thermoelastic
model coupled with the thermal and conductive temperatures is a significant phenomenon
and has great effects on the distributions of the quantities of field.

2. Basic Equations

In this article, theoretical dissuasions during the heating transport process when the
internal structures of the semiconductor are taken into consideration. The interactions
between the elastic and thermal waves of the plasma are generated under two temperatures
(both hyperbolic temperatures). The governing equations under the photothermal model
with the hyperbolic two temperatures in semiconductor medium can be given by [8,41,42]:
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The motion equations:

µui,jj + (µ + λ)uj,ij − γnN,i − γtT,i = ρ
∂2ui
∂t2 (1)

The coupling between thermoelastic and plasma wave are expressed by

DeN,jj −
N
τ
+

k
τ

T =
∂N
∂t

(2)

The heat conduction equation

Kφ,jj +
Eg

τ
N =

(
1 + τo

∂

∂t

)(
ρce

∂T
∂t

+ γtTo
∂uj,j

∂t

)
(3)

The new hyperbolic of two-temperature relation

..
φ−

..
T = aφ,jj (4)

The stress–strain relations can be given by

σij = µ
(
ui,j + uj,i

)
− (γnN + γtT − λuk,k)δij (5)

Let us consider a homogeneous and isotropic unbounded semiconducting medium
containing a spherical hole, whose states are presented in terms of the time t and the space
variable r which occupies the region R ≤ r < ∞ as in Figure 1. Only the redial displacement
ur = u(r, t) is nonvanishing due to symmetry, hence the Equations (1)–(5) can be rewritten
by:

(2µ + λ)

(
∂2u
∂r2 +

2
r

∂u
∂r
− u

r2

)
− γt

∂T
∂r
− γn

∂N
∂r

= ρ
∂2u
∂t2 , (6)

De

(
∂2N
∂r2 +

2
r

∂N
∂r

)
=

∂N
∂t
− k

τ
T +

N
τ

, (7)

K
(

∂2φ

∂r2 +
2
r

∂φ

∂r

)
+

Eg

τ
N =

(
1 + τo

∂

∂t

)(
ρce

∂T
∂t

+ γtTo
∂

∂t

(
∂u
∂r

+
2u
r

))
, (8)

∂2T
∂t2 =

∂2φ

∂t2 − a
(

∂2φ

∂r2 +
2
r

∂φ

∂r

)
, (9)

with
σrr = (λ + 2µ)

∂u
∂r

+ λ
2u
r
− γtT − γnN, (10)

σθθ = σφφ = (λ + 2µ)
u
r
+ λ

(
∂u
∂r

+
u
r

)
− γtT − γnN, (11)

Figure 1. The sketch of a semiconductor medium with a spherical cavity.
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3. Initial and Boundary Conditions

The initial conditions are assumed to be homogeneous. The bounding internal surface
of the cavity have the boundary conditions as

u(R, t) = 0, (12)

− K
∂φ(r, t)

∂r

∣∣∣∣
r=R

= qo
t2e
− t

tp

16t2
p

, (13)

De
∂N(r, t)

∂r

∣∣∣∣
r=R

= so N(R, t) (14)

To obtain main fields in nondimensional forms, the nondimensional parameters
are taken (

r
◦
, u
◦)

= ηc(r, u) ,
(
σ
◦
rr, σ

◦
θθ

)
= (σrr ,σθθ)

λ+2µ , q
◦
o =

qo
ηcToK , a

◦
= a

c2 ,(
t
◦
, τ
◦
, τ
◦
o , t

◦
p

)
= ηc2(t, τ, τo, tp

)
, N

◦
= N

no
, φ
◦
= φ

To
, T

◦
= T

To
,

(15)

where η = ρce
K and c2 = λ+2µ

ρ .
Using the Equation (15) for the main basic formulations (neglecting the superscript ◦), yields:

∂2u
∂r2 +

2
r

∂u
∂r
− 2u

r2 − d1
∂T
∂r
− d2

∂N
∂r

=
∂2u
∂t2 , (16)

∂2N
∂r2 +

2
r

∂N
∂r

= d3
∂N
∂t

+
d3

τ
N − d4

τ
T, (17)

∂2φ

∂r2 +
2
r

∂φ

∂r
= −d5

τ
N +

(
1 + τo

∂

∂t

)(
∂T
∂t

+ d6
∂

∂t

(
∂u
∂r

+
2u
r

))
, (18)

∂2φ

∂t2 =
∂2T
∂t2 + a

(
∂2φ

∂r2 +
2
r

∂φ

∂r

)
, (19)

σrr =
∂u
∂r

+ d7
2u
r
− d1T − d2N, (20)

σθθ = d7
∂u
∂r

+ (1 + d7)
u
r
− d1T − d2N, (21)

u(R, t) = 0,
∂φ(r, t)

∂r

∣∣∣∣
r=R

= −qo
t2e
− t

tp

16t2
p

,
∂N(r, t)

∂r

∣∣∣∣
r=R

= d8N(R, t), (22)

where d1 = Toγt
λ+2µ , d2 = noγn

λ+2µ , d3 = 1
ηDe

, d4 = kTo
noηDe

, d5 =
noEg
ρceTo

, d6 = γt
ρce

, d7 = λ
λ+2µ ,

d8 = So
ηcDe

.

4. Laplace Transform

For G(r, t) function, the Laplace transforms can be defined as

G(r, s) = L[G(r, t)] =
∫ ∞

0
G(r, t)e−stdt (23)

Hence, the governing equations can be rewritten by

d2u
dr2 +

2
r

du
dr
− 2u

r2 − d1
dT
dr
− d2

dN
dr

= s2u, (24)

d2N
dr2 +

2
r

dN
dr

= d3

(
s +

1
τ

)
N − d4

τ
T, (25)
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d2φ

dr2 +
2
r

dφ

dr
= − d

τ
N + (1 + sτo)

(
sT + sd6

(
du
dr

+
2u
r

))
, (26)

φ = T +
a
s2

(
d2φ

dr2 +
2
r

dφ

dr

)
, (27)

σrr =
du
dr

+ d7
2u
r
− d1T − d2N, (28)

σθθ = d7
du
dr

+ (1 + d7)
u
r
− d1T − d2N, (29)

u(R, t) = 0,
dφ(r, t)

dr

∣∣∣∣
r=R

=
−qotp

8
(
stp + 1

)3 ,
dN(r, t)

dr

∣∣∣∣
r=R

= d8N(R, t), (30)

Differentiating Equations (24)–(26) with respect to r and using Equation (27), yields:

d2u
dr2 +

2
r

du
dr
− 2u

r2 = x11u + x12
dN
dr

+ x13
dφ

dr
, (31)

d2

dr2

(
dN
dr

)
+

2
r

d
dr

(
dN
dr

)
− 2

r2

(
dN
dr

)
= x21u + x22

dN
dr

+ x23
dφ

dr
, (32)

d2

dr2

(
dφ

dr

)
+

2
r

d
dr

(
dφ

dr

)
− 2

r2

(
dφ

dr

)
= x31u + x32

dN
dr

+ x33
dφ

dr
, (33)

where

x11 =
(

s2 − d1x31
a
s2

)
, x12 =

(
d2 − d1x32

a
s2

)
, x13 = d1

(
1− a

s2 x33

)
x21 = d4

τ
a
s2 x31, x22 =

(
d3

(
s + 1

τ

)
+ d4

τ
a
s2 x32

)
, x23 = d4

τ

(
a
s2 x33 − 1

)
x31 = d6s3(1+sτo)(

1+s(1+sτo)(1+d6d1)
a

s2

) , x32 =

(
d2s(1+sτo)d6−

d5
τ

)
(

1+s(1+sτo)(1+d6d1)
a

s2

) , x33 = s(1+sτo)(1+d6d1)(
1+s(1+sτo)(1+d6d1)

a
s2

) .

Now, it is possible to obtain the solution of the Equations (31)–(33) by the eigenvalues
approaches as in [43–47]. The vectors matrix of Equations (31)–(33) can be given by

DV = XV, (34)

where D = d2

dr2 +
2
r

d
dr −

2
r2 , V =

[
u dN

dr
dφ
dr

]T
and X =

 x11 x12 x13
x21 x22 x23
x31 x32 x33

.

The characteristic formulation of matrix X is defined by

m3 −m2(x33 + x22 + x11) + m(x11x33 − x13x31 − x21x12 − x22x33 + x11x22) + x13x22x31 + x12x21x33

−x12x23x31 − x13x21x32 + x12x23x32 − x12x22x33 = 0
(35)

The three roots of Equation (35) are the eigenvalue of matrix X, which is presented by
m1, m2, m3. Thus, the corresponding eigenvector Y is determined by:

Y =

 (x22 −m)x13 − x12x23
x23(x11 −m)− x13x21

x22(m− x11) + x12x21 + mx11 −m2

, (36)

The solutions of Equation (34) which are bounded as r → ∞ are expressed as

V(r, s) = ∑3
i=1 BiXir−1/2K3/2(sir), (37)
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where K3/2 is the modified of Bessel’s function of order 3
2 and ni =

√
mi, B1, B2 and B3 are

constants that can be computed by using the boundary conditions of the problem. Thus,
the variables solutions along r and s can be expressed by

u(r, s) = ∑3
i=1 AiUir−1/2K3/2(nir), (38)

N(r, s) = −∑3
i=1 Ai Nir−1/2K1/2(nir), (39)

φ(r, s) = −∑3
i=1 AiTir−1/2K1/2(nir), (40)

T(r, s) = −∑3
i=1 Ai

Ti

(
1− a

s2 n2
i

)
r1/2ni

K1/2(nir), (41)

Finally, Stehfest’s [48] numerical inversion approach was used as in [49] to obtain the
numerical inversions of the physical quantities.

5. Numerical Result and Discussion

To theoretically study the results obtained, the physical constants and the physical
properties of silicon as an elastic semiconductor material are used. The constants of silicon
(Si) are used to perform the numerical simulations and discuss the calculation results; the
constants of Si can be given by [50]:

λ = 3.64× 1010 (N)
(

m−2
)

, τ = 5× 10−5 (s), no = 1020
(

m−3
)

, so = 2 (m)
(

s−1
)

, To = 300 (K),

µ = 5.46× 1010 (N)
(

m−2
)

, αt = 3× 10−6
(

K−1
)

, dn = −9× 10−31
(

m3
)

, tp = 0.5, τo = 0.05,

ρ = 2330 (kg)
(

m−3
)

, ce = 695 (J)
(

kg−1
)(

K−1
)

, Eg = 1.11 (eV), De = 2.510−3
(

m2
)(

s−1
)

.

Based on the above set of parameters, the calculations of physical quantities along
the redial distance r for the new hyperbolic two-temperature theory and the classical
two-temperature theory are introduced in Figures 2–7. The numerical computations are
carried out when using the above set of constants of the field distributions as (thermal
waves (thermodynamical temperature distributions), the redial displacement distribution
(strain wave), the redial and hoop stress which depict the mechanical waves distributions
and the carrier density distributions (plasma waves). Figure 2 explains the variations in
carrier density along the radial distance r. It is clear that it starts with its maximum values
at the internal surface of cavity r = R then it progressively decreases with the rise in r until
it reaches zero. Figure 3 shows the thermodynamic temperature variation along r. It is
seen that the thermodynamic temperature begins from the maximum values at the internal
surface of cavity r = R and reduces with the rise in the redial distance r until it reaches
zero value. Figure 4 displays the conductive temperature variation via the redial distance r.
It is noticed that it has ultimate values at the inner surface of the spherical hole r = R; after
that it decreases gradually with the rise in r to reach zero. Figure 5 displays the variation in
radial displacement via the redial distance r. It is seen that the radial displacement starts
from zero values, which accept the boundary conditions, then the radial displacement
progressively increases up to peak values and then decreases again to reach zero. Figure 6
shows the variation in radial stress with respect to the radial distance r. The curves start
from negative values and then the magnitude increases with the increase in redial distance
up to peak values which near the cavity surface and then decrease again to reach zero.
Figure 7 displays the variations in hoop stress along the redial distance r. It is clear that
the magnitudes of hoop stress begin from the maximum values at the inner surface of the
spherical cavity decreases rapidly after that as r rises to reach a value of zero. Finally, in
comparisons between the results, one can conclude that the using new hyperbolic two-
temperature photo-thermoelastic model has an important influence on the field quantities
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distributions. According to the numerical results, this new theory of photo-thermoelasticity
offers finite speeds of propagation of photo-thermoelastic and mechanical waves.

Figure 2. The carrier density variations versus the redial distance.

Figure 3. The thermodynamic temperature variations along the redial distance.
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Figure 4. The conductive temperature variations versus the redial distance.

Figure 5. The displacement variations versus the redial distance.
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Figure 6. The radial stress variations versus the redial distance.

Figure 7. The hoop stress variations versus the redial distance.

6. Conclusions

In this work, the coupling of the thermoelastic and plasma waves in semiconductor
materials have been studied under hyperbolic two-temperature theory. The analytical
expressions for the temperatures, the carrier density, the displacement and the stress in
the materials are presented. By the study of the results and the comparison, one can con-
clude that considering the photothermal theory coupled with the thermal and conductive
temperatures is an important phenomenon and has great effects on the distributions of the
quantities of field. As stated by the numerical results, the new model of photothermoelas-
ticity offers a finite velocity of propagation of photo-thermoelastic and mechanical waves.
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Nomenclature

t the time, s
To the reference temperature, K
T = T∗ − To, T∗ the temperature variation, K
ui the displacement components, m
ρ the material density, kg·m−3

k = ∂no/∂T the coupling parameter of thermal activation, m−3·K−1

ce the specific heating at constant strain, J·kg−1·K−1

γn = (2µ + 3λ)dn, dn the coefficient of electronic deformation, m3

τ the lifetime of photogenerated carrier, s
γt = (3λ + 2µ)αt, αt the linear thermal expansion coefficient, K−1

N = n− no, no the carrier concentration at equilibrium, m−3

σij the stress components, N·m−2

K the thermal conductivity, W·m−1·K−1

λ, µ the Lame’s constants, N·m−2

De the coefficient of carrier diffusions, m2·s−1

τo the thermal relaxation time, s
qo constant, W·m−2

tp the characteristic time of pulsing heat flux, s
sb the recombination speed on the surface, m·s−1

R the internal redial of cavity, m
a the parameter of two-temperature model, m2·s−2
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