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Abstract: In this paper, we define multi-fuzzy Banach algebra and then prove the stability of involu-
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Keywords: stability; multi fuzzy Banach algebra; fixed point theory

MSC: Primary 39B82; 34K36; Secondary 47B48; 47H10

1. Introduction

H. G. Dales and M. E. Polyakov introduced the concept of multi-normed space in
their article [1]. Multi normed space has a relation with ordered vector spaces and operator
spaces. Furthermore, this concept is somewhat similar to that of the operator sequence

af;)edcgtfgsr space. We have collected some properties of multi-normed spaces which will be used in

this article. We refer readers to [1-4] for more details.
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equations was raised with the important question of Ulam [5]. It is said that a functional
equation G is stable if each function g satisfying the equation G—approximately is near to
the true solution of G. D. H. Hyers developed Ulam'’s question and theorem [6]. He posed
Academic Editor: Hsien-Chung Wu the following theorem:

Suppose that U and V be Banach spaces and let p be a function from U to V such that
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for any u € U.
Mathematicians developed the results of the Hyers theorem. By changing the space,

the norm, the control function, and functional equation, they could prove more interesting
theorems [7-14]. For example, the Jenson functional equation or the integral and differential
equations were used instead of the functional equation (in the theorem) and the validity
distributed under the terms and  Of the theorem was proved. Now, we change the functional equation to a different lattice
conditions of the Creative Commons _functional equation and various control functions in the above theorem are replaced.
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(My)d(x,y) =0ifand only if x = y;
(Mp)d(x,y) =d(y,x), forall x,y € X;
(M3)d(x,z) <d(x,y) +d(y,z) forall x,y,z € X.

We now introduce one of the fundamental results of the fixed point theory.

Theorem 1 ([15,16]). Let (X, d) be a generalized complete metric space. Assume that G : X — X
is a strictly contractive operator with the Lipschitz constant L < 1. If there exists a non-negative
integer ng such that d(G™+1x, G"x) < oo for some x € X, then the following statements are held:
(i) The sequence {G"x} converges to a fixed point x of G;

(ii)  xq is the unique fixed point of Gin Y = {y € X|d(G"x,y) < oo},

(iii) Ify €Y, then

1
< .
d(y,x0) < 7—74(Gy,y)

Now, recall the notion of a multi-normed space from [1,4]. Let (E, ||.||) be a complex
normed space and let k € N. We denote by E¥, the linear space E @ ... @ E consisting of
k-tuples (x1, ..., x;), where x1, ..., x; € E. The linear operations on EF are defined coordinat-
wise. The zero element of either E or EX is denoted by 0. We denote by Ny the set {1,2, ..., k}
and by Gy the group of permutations on k symbols.

Definition 2. Let (E,||.||) be a complex (real) normed space. A multi-normed on {EX,K € N}
is a sequence {||.||x }xen of norms on EF(k € N) such that ||x||; = ||x||, for each x € E and the
following axioms are satisfied for each k € N with k > 2:

(N [[(xo1y, o Xo@) [k = 11 (x1, 0 x|k (0 € Gy x1, w0, X € E);

(N2) [[(aqx1, oo o pc) ||k < (maxien, |@i])]] (1, -0 x5) ||

(a1, .., 0 € C;x1,..., x € E);
(N3) [|(x1, s X1, 0) [ [k = 1 (%1, s k1) | [k-1 (%1, Xk1 € E);
(ND) [|(x1, oo X1, =) | [ = [[ (10 oo X)) -1 (%1, X1 € E).
In this case, we say that {(EX, ||.||x), k € N} is a multi-normed space.

Suppose that {(EX, ||.|[x), k € N} is a multi-normed space. The following properties
are almost immediate consequences of the axioms:

O )l =[xl (x € E);
(i) maxien,||xil| < [[(x1, 20 e < Ty 11x]| < kmaxien, ||x]|
(x1, ..., x; € E).
Applying (ii) one concludes that if (E, ||.||) is a Banach space, then (EX, ||.||¢) is a Banach
space for each k € N; in this case, {(E¥, ||.||x), k € N} is called a multi-Banach space.

Definition 3. Let (E, ||.||) be a normed algebra such that {(EX, ||.||) : k € N} is a multi-normed
space. Then {(EX,||.||) : k € N} is a multi-normed algebra if

[ (eryas e iy ) || < (11, oo ) kY1, oy e (VKEN X9, x5, 1, -, Yk € E).

Furthermore, the multi-normed algebra {(EX,||.||) : k € N} is a multi-Banach algebra if
{(EX,||.||) : k € N} is a multi-Banach space.

Definition 4 ([17]). Let X be a real vector space. A function N : X x R — [0,1] is called a fuzzy
normon X if forall x,y € Xandall s,t € R

(N1) N(x,t) =0, forall t <0;

(N2)x = 0ifand only if N(x,t) =1 forall t > 0;

(N3) N(cx, t) = N(x,‘—él) ifc #0;

(N))N(x +y,5+ ) = min{N(x,5), N(y, £));
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(N5) N(x,.) is a non-decreasing function of R and tlirn N(x,t) =1;
— 00
(Ng) For x # 0, N(x, .) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space.

Definition 5. Let (X, N) be a fuzzy normed vector space.
(1) Asequence {x,} in X is said to be convergent if there exists an x € X such that nh_r)r;o N(x, —

x,t) =1, Vt> 0. In this case, x is called the limit of the sequence {x, } and we denote it by

N — lim x, = x.
n—oo

(2) Asequence {x,} in X is called Cauchy if for each € > 0 and each t > 0 there exists an ny € N

such that for all n > ng and all p > 0, we have N(xn1p — xu,t) > 1 —¢€.
It is known that every convergent sequence in fuzzy normed space is Cauchy. If each Cauchy
sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy normed space is
called a fuzzy Banach space. We say that a mapping f : X — Y between fuzzy normed vector
spaces X and Y is continuous at a point xo € X if for each sequence {x, } converging to xq in X,
then the sequence { f (x)} converges to f(xo). If f : X — Y is continuous at each xo € X, then
f + X — Y is said to be continuous on X.

Definition 6 ([18]). Let X be an algebra and (X, N) a fuzzy normed space. The fuzzy normed
space (X, N) is called a fuzzy normed algebra if

N(xx',st) > N(x,s)N(x/,t) Vx,x' € X, s,teRT.
Complete fuzzy normed algebra is called a fuzzy Banach algebra.

Example 1. Every normed algebra (X, ||.||) defines a fuzzy normed algebra (X, N), where N is

defined by
t

£+ []x]]

This space is called the induced fuzzy normed algebra.

N(x,t) = Vxe X, Vt>0.

Now, we recall the notion of a multi-fuzzy normed space. The readers can consider [19]
for more details about the features of this space.

Definition 7. Let (E,N) be a fuzzy normed space. A multi-fuzzy norm on {EX,k € N} is a
sequence { Ny} such that Ni is a fuzzy norm on E¥  k € N, Ny(x,t) = N(x,t) for each x € E
and t € R and the following axioms are satisfied for each k € N with k > 2:
(F1) Ni((Xg(1), s Xo(k))s ) = Ni((x1, . Xk), 1)
(Vo € Gy, Vxi,..,xx €E, VteR);
(F2) Ni((a1xq, ..., axxg), t) > Ni(maxen, |a;|(x1, ..., Xk), )
(lel,...,ak e C, VX],...,Xk € E,Vt e R),’
(F3) Ni((x1, s Xk-1,0), 1) = N1 ((x1, 00 Xg—1), )
(Vx1,...,xk_1 € E, VteR);
(F4) Nk((xl, veer Xje—1, xk,l), t) = Nk,l((xl, ceey xk,l), t)
(Vxl,..., Xp_1 €E, Vte R)
In this case, we say that {(EF, Ni),k € N} is a multi-fuzzy normed space.

If (E,Ny) is a fuzzy Banach space, then {(E¥, N;),k € N} is a multi-fuzzy Banach
space (see [19]).
2. Main Result

We begin this section by introducing the notion of multi-fuzzy normed algebra. Then
we develop the subject of the article [20] in multi-fuzzy Banach algebras.
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Definition 8. Let (E, N) be a fuzzy normed algebra, and let {(E¥, Ny),k € N} be a multi-fuzzy
normed space. Then {(E¥, Ny), k € N} is a multi-fuzzy normed algebra if

Ni((x1y1, o XgYi), st) > Ni((x1, o0 X)), $)Ne (1, - i), £),

forallk € N, x1,..., X, Y1, ...,y € E and s,t € R*. Furthermore, the multi-fuzzy normed
algebra {(EF, Ni),k € N} is a multi-fuzzy Banach algebra if {(EX, Ny), k € N} is a multi-fuzzy
Banach space.

Example 2. Every multi-Banach algebra {(EX,||.||c),k € N} defines a multi-fuzzy Banach
algebra {(EX, N),k € N}, where

t

= teRT, X1,...,Xx € E.
E [ (ens e 200 |k

Nk((xl, ey xk), t)

In this article, we assume that 1y is a natural number. We also assume that T'={z¢
C:lz] =1}and T} = {0 <0< %} Moreover, we suppose that (E, N) is fuzzy

m,

0
Banach algebra. For a given mapping f : E — E, we define

DMf(x,y):Zf(xJFZW)Jer(%)—f(Ax) Vx,y€E and VYA, yeC. (1)

Let us recall some of the necessary definitions.
Let A be an algebra over C. An involution on A is a mapping

*x:A—> A
ar—a*

such that

(i) (xa+ Bb)* = &a* + Bb* Va,b e A, Va,BeC;

(1) (ab)* =b*a* Va,b € A;

@ity a* =a Va € A.

1. A complex algebra with an involution is a x-algebra.

2. A C*-algebras is a (non-zero) Banach algebra with an involution, such that:

|la*a]| = [|a][?.

Definition 9. Let A be an x-algebra and (A, N) a fuzzy normed algebra. The fuzzy normed algebra
(A, N) is called a fuzzy normed x-algebra if

N(a*,t) = N(a,t) Vac A, VteR'.
A complete fuzzy normed x-algebra is called a fuzzy Banach *-algebra.

Definition 10. Let (A, N) be a fuzzy Banach x-algebra. Then (A, N) is called a fuzzy C*-algebra

if
N(a*a,st) = N(a*,s)N(a,t) Va€ A, Vs teRT.

Theorem 2. Let (E, N) be a fuzzy Banach algebra and {(EX, Ny.), k € N} be a multi-fuzzy Banach
algebra. In addition, suppose that 1 : E>* — [0, 00) is a given function and there exists a constant
L,0 < L <1, such that:

X X
Yoy ) < 295G 5 5, @
t

Ni((Dpq f(x1,¥1), DAy f(x2,Y2), o Daq f (X5, yk)) ) > F oty )

®)
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N ) = FFGe0) o f3i80) = FOFRO) 0 2 i, (@)
N = lim 27" f(2"(N = lim 27 £(2"%)) = ¥, ©

forall x1, ..., X, Y1, ., Yx € E,allt > 0andall A,y € ’]I‘li, then there exists a unique involution

H : E — E such that ’
H(x):=N — lgr1 27" f(2"x)
n o)

and
(1—1L)t

t+ Ltl)(xl, 0,.., xx, 0) ’

Ni((F (1) = H(x1), o f(30) = H2))8) 2 73 ©)

Also, if for all x1,...,xx € E and forall t > 0

> i ,
f+ l)b(xlr X1y eeer Xfey xk)

Ne((IN(f(x1), £) = N(xy, )]x, -, [N(f (), £) = N Qg £)] ), £) )

then (E, N) is a fuzzy Banach *-algebra.
Moreover, if for all x1,...,x; € E and forall s, t > 0

Ne((IN(f(x1)x1,8t) = N(f(x1),8)N(x1,£)]x1, ..., (8)

[N(f (xx) ks st) = N(f (), $)N (xi, )] xi) ) = P lp(xl,xtl,..., Xp, Xg)

then (E, N) is a fuzzy C*-algebra with involution x* = H(x) for all x € E.

Proof. Consider the set S := {g: E — E} and introduce the generalized metric on S.

d(g,h) = inf{d € [0,00] : N((g(x1) = h(x1), ..., g(xx) — h(xx)), 6t) > :

T t+ 1p(x1,0,..., Xk, 0) },

forall xq, ..., x; € E and t > 0. Where, as usual, inf @ = +co. It is easy to show that (S, d) is
complete (see [21]). Now, we define mappings | : S — S by

Jg(x) :== %g(Zx) Vx € E.

First, we prove that | is strictly contractive on S. Let g,/ € S be given such that
d(g,h) # +o0. Then for some € > 0

Ni((g(x1) = h(xk), -, 8 (xi) — h(xk)), €t) = t Vx1, .., X € E,Vt > 0.

—t+ tp(xl,O, ooy Xks 0)
If we replace xj in the above inequality with 2xy, for k = 1, ..., n, and make use of (2),
then we have

N((Jg(x1) = Jh(x1), -, Jg(xx) — Jh(xk)), Let) ©)
_ N((%g(2x1) _ %h(le),..., %g(Zxk) _ %h(Zxk)), Let)
= N((g(2x1) — h(2x1), ..., §(2x;) — h(2xy)),2Let)
> 2Lt
= 2Lt + (21, 0, -, 224, 0)
2Lt t
> =
~ 2Lt +2L(x1,0,...,x,,0)  t+1p(x1,0,...,x;,0)
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for all xq,...,xx € E and all + > 0. Therefore, using the definition of d metric, we can
conclude that d(Jg, Jh) < Le. This means that

d(Jg,Jh) < Ld(g,h) V¢, h € S.
Next, we assert that d(Jf, f) < co. Putting A = 1and y; = ... = y; = 0in (3), we get

Ne((3F20) ~ f(01), o f2) — £ (30, L)
= Ne((f(2x1) = 2 (x1), - F(255) — 2f (), 2L8)
S 2Lt
= 2Lt + (2x1,0, ..., 2, 0)
- 2Lt B t
= 2Lt +2LY(x1,0, ..., x,,0)  t+(x1,0,..., x,0)

for any x4, ..., x; € E, thatis

d(Jf,f) <L < oo. (10)

Now, it follows Theorem 1 that there exists a function H : E — E which is a fixed
point of |, i.e,

H(x) = %H(Zx),

such that lijn d(J"f,H) = 0. Therefore, it can be concluded that
n—oo

N — lim zif(znx) = H(x) Vx € E.

n—oo 2N

Then H € X*, which:
X*={geS:d(f,g) <oo}.
Again, by Theorem 1 and (10), we obtain

1 L
d(f,H) < ﬁd(]f/f) S

i.e, the inequality (6) is true for all x € E. Suppose A = ¢ = 1in (2), we have
Ne( @ () 2 () - 2 ),

2npn () 2 ) -2 @) 2 )

> f .
—t+ 1p(2”x1,2"y1, ey 20X, o, 2nyk)

Thus,

M((f”f@”(’“ﬁ”)) +27 (R ) - 272,

nrmns Xkt —npiany Xk — —n (N
2 g () 2 () - 2@ )

2"t
>
T 20 20 LM (X1, Y1, s Xy oo Vi)

—1 asn — oo,

for all x1,..xx, 1, ..., yx in E and for all ¢ > 0. Therefore

X1+ Y1
2

X1 — Y1
2

Ne((H ) + HE ) — B, HOEE) 4 HEE) — H(),0) = 1.
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By replacing x1, ..., xx with x and yy, ..., yx with y in the last inequality, we conclude

NHETY) +HESE) —Hx, 0 =1
We get
X+ X —
Hx) = HCE D) + B,
forallx,y € E. If y; = ... = yx = 0in (3), then we have
Ny ((rnx F" ) + 27 AF (2" ) — 27 F(A2"xy), ...y
27AF(2" Iy 427 A F (27 ) — Z”f(/\Z”xk)),Z”t>
t

> .

T t+19P(2"x,0, ..., 2", ..., 0)
Thus,

Nk ((Z”Kf(znlxl) + 2’”/_\f(2”’1x1) — Zinf()\szq), veey

27AF(2" M) + 27 A F (2" Mag) — 27 F(A2" ), t)

2"t

> —1 — 00,
= 20+ 20Lnp(x1, 0, ) gy o 0) asm e

for all x1, ..., xx € Eand t > 0, then

X1

N(2AH(Z) = H(Ax1), ., sz(%) “Hx)),t) =1,

Vxy,.,x €E, YAETY, Vt>0.

mo

By replacing x1, ..., xx with x in the last inequality, we conclude

N((Z/_\H(g) —H(Ax),t) =1 Va,.,xx€E, VYAET,, Vt>0.

nlo

It follows by the last equation and additivity of H that H(Ax) = AH(x), forall x € E
andallA € T, .

mo
We will use techniques [22] to continue proving. Now, we show that H is conjugate
linear. We have to show that H(ax) = aH(x) foralla € C, x € E. To thisend, leta € C.

. 0
If @ belongs to T!, then there exists 6 € [0,27] such that « = ¢i?. We set aq = e™, thus aq
belongs to T!; and H(ax) = H(a}"x) = &{°H(x) = aH(x).
mgy

If « belong to nT! = {nz; z € T!'} for some n € N, then by additivity of H,
H(ax) = &H(x) forall x € E.
Let t € (0,00) then by Archimedes property of C, there exists a positive real number n
such that the point (,0) lies in the interior of a circle with centre at origin and radius n.
Putting t := t + Vn? — t2i,tp ;== t — v/n? — t2i. Then we have t = # and t1,t, € nTh
It follows that

1+t

H(tx) = H(2

x) = %H(x) + %H(x) =IH(x)=tH(x) Vx€E.
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On the other hand, there exists € [0,27] such that a = |a|e®. It follows that
H(ax) = H(|ale®x) = |ale P H(x) = aH(x) Vx € E.

Hence, H : E — E is conjugate C-linear mapping. By (4)
N f @)~ 2 @) 22,

47" f(4"qyx) — Z_Hf(znyk)-z_”f(znxk))’4_nt)
t
> X
T t4 4’(2nx112"]/1/ cees 2nxk/ Znyk)
> t :
t+ 2010 (X1, Y1, o) Xk Vi)

thus
Ny ((4”f(4”x1y1) —27"f(2"y1).27" f(2"x1), e,

S ) — 27" F2) 27T F(2)), t)
4"t

> —1 asn — oo,
— 4nt 4+ 2nLnlp(xl/ Y1/ eees Xges yk)

forall x1, ..., Xk, y1, ..., yx € Eand all t > 0, so we have

Ne((H(x1y1) — H(y1)H(x1), ., H(xxyx) — H(ye) H(xi)), t) = 1
Vxl,...,xk,yl,...,yk € E,VtE>0

By replacing x1, ..., x; with x and yy, ..., yx with y in the last inequality, we conclude
N(H(xy) —H(y)H(x),t) =1 Vx,y € E, Vt>0

and therefore,
H(xy) =H(y)H(x) Vx,y€E.

On the other hand, by (5)

H(H(x)) = N — lim 27" f(2"(N — lim 27" f(2"x))) = x,

n—oo k—o0

for all x in E. Hence H : E — E is an involution satisfying (6).
In addition, we must prove the uniqueness of H. In fact, assume the existence of
another involution H' satisfies (6), hence H'(3;) = %H’ (x),V¥x € E, so we have

N((27"f(2"x1) —27"H'(2"x1),...,27 " f(2"x;) — 27"H' (2" x)), t)
= N((f(2"x1) — H'(2"x1), ..., f(2"xx) — H'(2"xy)), 2"t)
(1—L)2"t
>
= (1= L)2"t + Ly(2"x1,0, ..., 2"x, 0)
(1—L)2"t

= —1 — 0,
(1 L)2"t + 2L 1p(x1, 0,y x, 0) - o7

for all x,...,x; € E, t > 0, then

Ni((H(x1) — H'(x1),..., H(xx) = H'(x)),t) =1  Vxi,..,xx €E, Vt>0
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By replacing x1, ..., xx with x in the last inequality, we conclude
N(H(x)—H'(x),t)=1 Vx€E, Vt>0

Therefore, H(x) = H'(x) for all x € E. Now, suppose that H satisfies (7), then we have
N (([N(Z”f(Z”xl),Z”t) — N(x1,27")]x1, ...,

IN27"f(2"xg),27t) — N(xk,Z_”t)]xk),Z_”t)

> t ,
—t4+ 1p(2”x1,2"x1, ey 21X, ZnXk)

thus,

Ne((IN@"F(2"31), ) — N(x1, )]0, o
[IN(27"f(2"xk), ) — N(xx, t)]xg), t)
2

> — 1 asn — oo,
— 2nt 4+ Z”L’“tp(xl, X1, eeer Xy Xk)

for all xq, ..., x; € E and t > 0, therefore

Ni(([N(H (x1), ) = N(x1, £)]x1, oo [N (H (%), £) = N (%, £)]x), ) = 1

forall xq, ..., x; € Eand t > 0. Putting x; = ... = x} := x in the above equality, we get
N([N(H(x),t) = N(x,t)]x,t)=1 Vx€E, t>0
= [N(H(x),t) = N(x,t)]x=0 VxeE t>0
= N(H(x),t) = N(x,t) =0 VxeE, t>0

Therefore, N(H(x),t) = N(x,t) and (E, N) is a fuzzy Banach *-algebra. Finally, we assume
that H satisfies (8). Then we have

Ne(([N(27"f (2% )2, 27 2st) — N(27"f(2"x1),27"s)N (x1,27"t)]x1, ...,
[N f(2"x) x5, 27 2"st) — N(27"£(2"x;),27"s)N (3, 27 ") ] i), 27"t
> f .

4+ p(27xq, 2%, o, 20X, e, 210X

Thus,

Ne((IN(27"f(2"x1)x1,8t) — N(27" f(2"x1),8)N (%1, £)]x1, ..,
[N(@27" f(2"xx)xp, st) — N(27" f(2"xx), s) N (x¢, £)]x¢), 1)

< 2"t '

T2 20 LMP(Xq, X1, ey Xy ooy Xi)

Again, similarly to the above it can be concluded
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((IN(H(x1)x1,5t) = N(H(x1), )N (x1, £)]x1, ..,

(H(xg)xg,st) — N(H(xg),s)N(xg, £)]xg), £) =1 Vxq,.,xx €E, st>0
— N([N(H(x)x,st) — N(H(x),s)N(x,t)]x,t) =1 Vx€E, st>0

= [N(H(x)x,st) — N(H(x),s)N(x,t )]x =0 Vx€E s5,t>0

= N(H(x)x,t) — N(H(x),s)N(x,t) = Vx€E, st>0.

Tz

Therefore, N(H(x)x,st) = N(H(x),s)N(x,t), then E is a C*-algebra with involution x* =
H(x), forallx € E. O

Theorem 3. Let (E, N) be a fuzzy Banach algebra and {(EX, Ny.), k € N} be a multi-fuzzy Banach
algebra. In addition, suppose that 1 : E** — [0, c0) is a given function and there exists a constant
LO0<L< %, such that

1p(x1,y1,...,xk,yk) < %¢(2x1,2y1,...,2xk,2yk), (11)

t
Ni((Daqf(x1,91), Day f(x2,¥2), s Do f (Xk, Y1), 1) > T TR Y (12)
N((F ) = FOF 1) o 380 = FOF(R0) 0 2 g (19
N - lim 2"f(27"(N — lim 2"f(27"x))) = x, (14)

forall x1, ..., X, Y1, ., Yx € E,allt > 0andall A,y € ’]I‘l, then there exists a unique involution

H : E — E such that ’
H(x):= N — lim 2"f(27"x)

and
N((£(38) = HO0) oo 05— HOO)0) > =y 09
Further, if for all x1, ..., x; € E and for all t > 0
Ne((IN(f (x1), 8) = NCex, )], o, IN(f (), £) = NCxie )]0, 1) 2 5 w(xl,xtl, ) (16)
then (E, N) is a fuzzy Banach s-algebra.
Moreover, if for all x1, ..., x. € E and for all s, > 0
N (([N(f(x1)x1,5t) = N(f (x1),5)N(x1,£)]x1, ., (17)

t
[N(f (xx)xx,st) — N(f(xx),8)N(xx, £)]x5), £) > Fr o0, )

then (E, N) is a fuzzy C*-algebra with involution x* = H(x) for all x € E.

Proof. Let (S, d) be the complete generalized metric space defined in the proof of Theorem 2.
Consider the linear mapping | : S — S by

Jg(x) :== Zg(g) Vx € E.

Putting A =1and y; = ... = yx = 01in (12), we have

)= F)b) > :

Ne(2F(5) = Flx1), s 2 90 0,2 0)’

=R
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forall x1,..x; € Eand all t > 0. Therefore d(Jf, f) < 1 and thus

1
dF,H) <

which implies that the inequality (15) holds. The rest of the proof is similar to the proof of
Theorem 2. [

Corollary 1. Let (E,N) be a fuzzy Banach algebra and {(EX,Ny),k € N} be a multi-fuzzy

Banach algebra. In addition, let p € (0,1) and 6 € [0,00) be real numbers. Suppose that

f: E — Ewith f(1) = 1, satisfies satisfying

> — ,
6025 ([l [P+ yilI7)

Ni((Daq f(x1,91), Day f(x2,¥2), s Do f (Xk, Y1), 1)

2 k t 7
t+0 Ly (|7 + [yl [P)
N — lim 275 f(2K(N — lim 27%f(2kx))) = x,
k—o0 k—o0

Ne((f(xay1) = f(y1) f(x1), s f (i) = f(yr) f(xx)), 1)

forall xq, ..., %k, y1,...,Yx € E,allt > 0andall A,y € Ti. Then there exists a unigue involution

H : E — E such that , ’
H(x) := N — lim ?f(ka)

k—o0

and

(1—2r 1)t
(1—2r- D)4 201055 [P

Ni((f (1) = H(x1), - f (xx) = H(xx)), ) >

Further, if

> —
F+20 T [lll?

Ni((IN(f (x1), ) = N(xo, £)]x, o, [N(f (), £) = N Qs £)] ), £)

forall xq,...,x, € E and forall t > 0, then (E, N) is a fuzzy Banach x-algebra.
Moreover, if

Ne((IN(f(x1)x1,8t) = N(f(x1),8)N(x1,t)]x1, ...,

INCF ()2 58) — NCF(x), 9N (i £)]3), ) :

2 k 7
E+2035 |[xl[P

for all x1,...,x, € E and for all s,t > 0, then (E,N) is a fuzzy C*-algebra with involution
x* = H(x) forall x € E.

Proof. It follows from Theorem 2 by putting

k
YL, y1, - i y) = 0 ) [l P+ lyilP),
i=1

forall xq, ..., Xk, Y1, ...,y € Eand L = -1 0O
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Corollary 2. Let (E,N) be a fuzzy Banach algebra and {(EX,Ny),k € N} be a multi-fuzzy
Banach algebra. In addition, let p € (0,1) and 6 € [0,00) be real numbers. Suppose that
f+ E — Ewith f(1) = 1, satisfies
t
Z k k 7
025 Yy |yl
Z k tk 4
b+ 025 Ny |yl

Ni((Daqy f(x1,¥1), Daq f(x2,Y2), s Dan f (X1, 1)), 1)

Ne((f(xay1) = f(y1) f(x1), s f(xxyi) — f(yr) f(x5)), 1)
N — lim 27K f(2(N - Jim 27k f(2%x))) = x,

for all x1, ..., %, Y1,...,yx € E, allt > 0and all A,y € "Jl"i. Then f is an involution on E.
mo

Moreover, if

N(INCF (), £) = N, Dt ey [INCF (30, 6) = Nt 0, 1) 2 ——— -,
£+ O(2E [l 17)

forall xq,...,xx € Eand forall t > 0, then (E, N) is a fuzzy Banach x-algebra.
Furthermore, if

Ne((IN(f(x1)x1,8t) = N(f(x1),8)N(x1,£)]x1, ..,

[N (F ()2, 5) — N(F(x), 5)N (g, £)]xi), ) > d

2/
E+ (S []xi]]7)

for all x1,...,x, € E and for all s,t > 0, then (E,N) is a fuzzy C*-algebra with involution
x* = H(x) forall x € E.

Proof. We put
k &k
(X1, Y1, 0 X yi) = 0) Y [|xiyj| P

i=1j=1
forall x1,..., xg, y1, ..., yx € Eand L = 22P=1in Theorem 2, and then, as a result, the sentence
is obtained. [

3. Conclusions

We define multi-fuzzy Banach algebra and then prove the Hyers—-Ulam-Rassias sta-
bility of involution on multi-fuzzy Banach algebra by fixed point method and find some
conditions for which a multi-Banach algebra with approximate involution is a C*-algebra.
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