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Abstract

:

The International Commission for the Study and Improvement of Mathematical Education (1950) was interested in updating and developing teaching resources to address the pedagogical problems of mathematics teaching in the mid-1950s. As a result of this concern, the First International Exhibition of Mathematical Teaching Material was held in Spain in 1957, an event that had great international repercussions. This work is situated in the field of the history of mathematics education, so the research method used is historical. The aim is to study those mathematical didactic models which, due to their dynamic and multipurpose nature, stood out at the Exhibition. The results show that these materials contributed favorably to the teaching of mathematics, as they made it possible to work on a wide variety of topics and provided numerous advantages over traditional material. The use of these models meant that the mathematical notions or ideas generally arose from the action that the child carried out with the material; they also made the student the main protagonist of their learning.
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1. Introduction


The International Commission for the Study and Improvement of Mathematics Teaching (CIEAEM) was created in 1950 with the goal of addressing problems encountered in teaching mathematics at the time, mainly in primary and secondary education. The CIEAEM was not linked to official institutions; it was created at the instigation of Caleb Gattegno, a professor at Teacher’s College, University of London, who was its secretary and animator until 1960. After the Second World War, international relations in the field of mathematics were not quickly re-established; it was not until 1953 that the ICMI meetings were resumed [1,2] (p. 32). Thus, in the years of its creation, the CIEAEM was a reference for mathematics education.



Lucienne Felix, a French secondary school teacher and disciple of Lebesgue, belonged to the CIEAEM from the beginning and wrote a report on its first 35 years [3]. It lists the themes of the 36 congresses held up to 1984. The first ten took place between 1950 and 1955; the eleventh was held in Madrid in 1957, together with an exhibition of didactic material for the teaching of mathematics, the study of which is the subject of this work. In the same year (1957), the USSR launched the first Sputnik, an event which led to an awareness of the importance of mathematics and science education and the need for reforms in these fields [1].



Among the members of the CIEAEM are key international players from different fields [1,2,3]: epistemologists and psychologists such as Jean Piaget and Ewart W. Beth; mathematicians such as Gustave Choquet, Jean Dieudonné, and André Lichnerowicz; and educators such as Caleb Gattegno, Emma Castelnuovo, and Willy Servais [4]. To bring about effective and fundamental reforms of the programs, methods, and approaches used in teaching mathematics, the Commission believed two things were necessary:




First, a deep understanding of mathematical structures; and second, which is no less important, knowledge of childhood intelligence and emotional developmental processes. The reason was not only to understand the origins of mathematical concepts and reasoning in their minds but also to consider the factors that attract and create interest so as to stimulate and encourage them [4] (p. 96).





In the early years, the commission’s meetings were rather informal and no minutes or reports were produced [3] (p. 17). However, two books were published, which can be related to the dual purpose of study and improvement of the Commission. In L’Enseignement des Mathematiques [5,6], its authors, members of the CIEAEM, deal with psychological, epistemological, mathematical, or pedagogical aspects that have an impact on the teaching of mathematics. The other book, Le materiel pour l’ensegneiment des mathematiques [7,8], “was strongly oriented towards classroom practices by presenting concrete materials for mathematics teaching” [9] (p. 3) and collected reflections on the meaning of the use of didactic materials as well as experiences and proposals from the authors on the elaboration and use of different materials. These are two lines that were maintained, with greater or lesser preponderance, throughout the history of the CIEAEM. One of the most important representatives of this second line over time was Emma Castelnuovo [9].



Didactic material was the subject addressed in the 11th CIEAEM Meeting and the First International Exhibition of Mathematics Teaching Material, held from the 21st to the 27th of April, 1957 in Madrid (Spain). Both events were held jointly, and the later received broad interest among the educational community given that it was “the first international event recorded in history on mathematics teaching material” [10] (p. 7).



Multiple foreign media sources—specializing in mathematics—reported on the event, such as the French journal Bulletin de l’Association des Professeurs de Mathematiques, the publication Mathematica & Paedagogia (associated with the Belgian Society of Math Teachers), the English newsletter Mathematics Teaching, and Archimede, an Italian journal [10,11]. The contribution of the journal Enseñanza Media stands out, which published the book El Material Didáctico Matemático Actual in 1958. Puig Adam was the author, and in it, he provided an extensive chronicle of the 11th CIEAEM meeting and the First International Exhibition of Mathematics Teaching Material [10].



Against this background, the question posed for this work was the study of the mathematical teaching models that were presented at the First International Exhibition of Mathematical Teaching Material, which was held in Madrid in 1957. In order to answer this question, this research aimed to identify and describe the mathematical models that were presented at the exhibition and which were cited in the reports on the exhibition, and to study some of the didactic applications that their creators devised for these materials.



It analyses the material culture of educational institutions, which has also been expressed as school materiality. This focus emerged from changes in the field of historiography brought about by interest in school culture [12], which produced a broadening in the field of history of education and the development of new problems, new sources to study them, and new survey instruments [13,14,15]. Notably, interest in studying teaching practices and what happens in classrooms increased; this aspect has been termed the “black box” of schools given its opaque nature and the difficulty in accessing teaching practices. One way to approach this black box is to study objects present in the classroom, “cultural artifacts that refer to things created by human beings (outside the classroom) that provide information about the culture of their creator and users” [16] (pp. 16–17).



Interest in material culture has resulted in research, specialized meetings, and numerous monographs in journals, such as the one from 2021 in the journal Educació i Història: Revista d’Història de l’Educació, dedicated to the “material change in the history of education” that included contributions by researchers from different countries: Spain, France, the UK, Italy, Brazil, and Greece. Related scientific societies have been created, such as the Spanish Society for the Study of Historical-Educational Heritage (SEPHE), created in 2004; the Iberoamerican Network for the Study and Dissemination of Historical-Educational Heritage (RIDPHE), created in 2008; and more recently, the Italian Society for the Study of Historical-Educational Heritage (SIPSE) created in 2018 [17]. The search for, conservation, and study of new sources boosted the creation of new school life museums and centers dedicated to the history of education [18], including some notable examples: the GHEMAT in Brazil, with a foundation related to the history of mathematics education [19]; the Guy Broussea Center for Mathematics Teaching Resources at the University Jaime I in Castellón (Spain), which houses the COREM archives (Centre d’Observation et de Recherche pour l’Enseignement des Mathematiques) [20]; and the Center for Studies on School Memory at the University of Murcia (Spain) [21].



In the field of mathematics education history, research on locating and using mathematics textbooks provides insight into the material culture of educational institutions; however, the most distinctive studies in this area focus on objects present in the classroom and their use. These questions also appear in broader studies such as Carrillo [22] or Sánchez-Jiménez [23], as well as inspiring research focused on what objects used in mathematics teaching and learning processes contributed to the history of mathematics education [24,25,26,27].




2. Materials and Methods


This study focuses on the history of mathematics education (HME), a sub-segment in the area of the history of education [28]; as a result, the historical method was used. As noted by Karp [29], research on the history of mathematics education “inevitably inherits techniques and methods developed in both mathematics education and history (including the history of science)”. Priority was given to consulting primary sources that addressed the event being analyzed.



Among the primary sources analyzed, emphasis was given to professional journals and methodological textbooks directed, generally, at high school teachers. Information about the exhibition has been found in the professional journals Enseñanza Media (a “didactic information” journal published by the Ministry of Education and aimed at secondary school teachers), Revista de Educación (a scientific publication of the Ministry of Education which aims to disseminate educational research and innovation both nationally and internationally), and Mathematica & Paedagogia (founded by Willy Servais, a member of the CIEAEM since the beginning and Gattegno’s successor in the direction; the voice of the Belgian Society of Mathematics Teachers) [30]. Mainly the following two types of document have been used: published chronicles about the meeting-exhibition, which allowed us to evaluate teachers’ opinions on the event at the time; and methodological articles that were published by various teachers who participated in the exhibition, in which they revealed—through model lessons—the teaching approaches for the mathematics material they had created.



Regarding the methodological textbooks analyzed, El Material Didáctico Matemático Actual [10] is noteworthy; its main objective was to disseminate what happened at the 11th CIEAEM meeting and the First International Exhibition of Mathematics Teaching Material. Also notable was the collective work of the CIEAEM, El material para la enseñanza de las matemáticas [8], which sought to study material intended for use in teaching mathematics and to bridge the gap in the teaching literature on this topic that existed at the time. Moreover, the publication of this book coincided with the 11th CIEAEM meeting, by design, as they both addressed the same topics [10].




3. Results


The 11th CIEAEM Meeting was held in conjunction with the 1st International Exhibition of Mathematical Educational Materials. For this reason, there was a considerably larger number of participants than at previous editions of the meeting. Nearly 50 foreign teachers attended the meeting in addition to nearly 200 Spanish teachers. Ten countries were represented at the meeting-exhibition, including the following individuals: from England, among others, professor Gattegno (from the Institute of Education at the University of London) and two members of the Mathematical Association (Fletcher and Harris); from France, Choquet, Walusinsky (from the Association of Professors), Biguenet, and Lucienne Félix; from Belgium, Servais (from the Association of Professors), Carleer, and Langer; from Italy, Castelnuovo and Campedelli (from the Teaching Center), Pescarini, Ragusa, and Gianarelli; from Germany, Wolf and Pauls; from Austria, Mr. Staber; from Portugal, Mr. Silva; from Yugoslavia, Mr Kurepa; from Uruguay, Mr. Galli; and from Switzerland, Nicolet, Schilt, and Roth [31]. From Spain, various teachers participated in representation of different educational centres (both official and unofficial), such as the mathematics catedráticos de instituto (in Spain, a catedrático de instituto is the highest rank a secondary school teacher can achieve.) Puig Adam (from the San Isidro of Madrid Secondary School), Pascual Ibarra (from the Valladolid Secondary School), Fernández de Trocóniz (from the girls’ Secondary School of Bilbao) and the primary school teacher María Dolores Puig Sabadell (from the Sacred Heart of Jesus Primary School in Valladolid) [10].



The opening session of the meeting-exhibition was held at San Isidro Secondary School, and Gustave Choquet (professor at the Faculty of Sciences at La Sorbonne and president of the Commission) presided over the ceremony. Together with him were Professor Gattegno, who acted as secretary at the meeting, and Puig Adam (professor of mathematics teaching at the University of Madrid and catedrático de instituto at the San Isidro Secondary School). Puig Adam was a member of the CIEAEM from 1955 and played a leading role in the decision to hold the meeting in Spain. The scheduled activities included scientific-teaching conferences, practical lessons, working seminars, showings of films on mathematics teaching, and visits to the exhibition [32].



The First International Exhibition of Mathematics Teaching Material was held in the galleries of the San Isidro Secondary School in Madrid. The material presented was classified into two groups based on its origin: foreign or domestic. The majority of the teaching materials from the first group came from Belgium, specifically, the Belgian Society of Mathematics Teachers. As for the second group, the contribution from the San Isidro Secondary School in Madrid represented a significant portion of the sample, and the largest part was created by Puig Adam. Mariano Fernández Gómez, a primary school teacher, who was very artful and taught at the intermediate school of this educational center, supported him in the creation of this material. Puig Adam noted that in the creation of these models, they had sought, principally, the following characteristics: “simplicity, a multipurpose nature, to provoke action, and real life application” [10] (p. 61).



In the months prior to the meeting, official Spanish organizations, such as the Center for Teaching Guidance (COD), encouraged mathematics teachers and catedráticos de instituto to participate in and submit their teaching models to the International Exhibition of Mathematics Teaching Material. On occasion, these calls were made through advertisements in professional journals that published material on events of this type. In the journal Enseñanza Media, it was noted that only novel materials that evinced quality and ingenuity would be considered. Another desirable characteristic was the multipurpose nature of the models submitted. To guide teachers in the creation of this type of teaching material, the COD suggested interested parties consult the book Didáctica matemática eurística [33], as they considered the examples in that work to be of sufficient inspiration for those who wished to participate in the exhibition [34].



The following is a description of the mathematical models that were presented at the exhibition and that were included in the reports on the exhibition, especially in the book written by Puig Adam [10], which is the most extensive report on the exhibition. The didactic applications proposed for them are also presented.



3.1. Examples of Dynamic and Multipurpose Teaching Models Presented at the First International Exhibition of Mathematics Teaching Material


Puig Adam believed that several proposals for teaching material presented at the exhibition for teaching mathematics were “interesting samples of effective, simple, and multipurpose materials” [10] (p. 64). He also noted that the effectiveness of these models was widely demonstrated in these areas of mathematics, and that, given their versatility, they were also appropriate for other mathematics content [35] (p. 245). In this section, we describe these materials, as well as some of the mathematics content that could be covered in the classroom using them, with special emphasis given to the 3D models designed by the mathematics catedráticos de instituto Puig Adam and Fernández de Trocóniz.



María Dolores Puig Sabadell, from the Sacred Heart of Valladolid School, designed a teaching aid, which she called a ‘mathematics board’. It consisted of a square board with circular holes, where different colored pieces, similar to those used to play checkers, could be inserted (Figure 1). In early 1959, Puig Sabadell published the article “Modelo multivalente para demostraciones de matematicas” in the journal Enseñanza Media. In this article, she described several classroom activities that could be performed with this device in the first sessions of high school mathematics classes, adequate for both arithmetic and geometry. The following are some examples of the arithmetic activities: demonstrate some of the formal properties of addition or multiplication (associative and commutative properties of addition, associative property of multiplication, etc.); interpret the product as a representation multiplication, etc.); interpret the product as a representation of a rectangle; and calculate the remainder of a square root as the difference between two consecutive square roots. Among the geometry activities were demonstrating that the areas of a parallelogram and a rectangle with the same base and height are equivalent, and deducing that the ratio of the areas of two similar figures is the square of their similarity ratio [36].



Another teaching aid that was positively evaluated by Puig Adam was the use of Cuisenaire rods (Figure 2); he believed that the use of colored number rods significantly improved the teaching of elemental arithmetic [10,35,37]. The aid consisted of prismatic rods that were 1 cm   2   and ranged from 1 to 10 centimeters in length. Moreover, the color of each rod varied in accordance with its length: white (1 cm); red (2 cm); light green (3 cm); pink (4 cm); yellow (5 cm); dark green (6 cm); black (7 cm); brown (8 cm); blue (9 cm); and orange (10 cm). This teaching method of Belgian origin transcended borders and was used by teachers in many different countries. Gattegno contributed significantly to the dissemination of this teaching aid. After meeting with Cuisenaire in Thuin, Belgium in the early 1950s, he dedicated the majority of his investigative efforts to studying how this material could be used to teach mathematics content beyond primary school levels [35].



According to Gattegno [38], the multipurpose nature of these rods contributed notably to their value as a teaching tool. This was attested to by the huge variety of mathematics topics that could be addressed using the rods: whole numbers and operations with whole numbers; fractions and operations with fractions; arithmetic and geometric progressions; combinatorics; the calculation of areas and volumes; and solving systems of equations. Below is an example where professor Gattegno shows how to use this teaching aid to find the value of two lengths (x and y), where their sum and difference is known (a system of two equations with two unknowns):




For instance, starting with an orange rod: it is equal to one black and one light green rod. However, the black rod is equal to one light green and one pink rod. As a result, the orange rod is equal to a pink rod and two light green rods, but the pink rod is also equal to the difference between the black and the light green rods, while the orange is their sum. With this information, we can pose the following question: If we have the orange and pink rods and we know that the orange rod is equal to the sum of two unknown rods and the pink rod is equal to the difference of those same two rods, what are the two rods? [38] (p. 218).





Another resource that contributed favorably to the study of mathematics, in this case—plane geometry, was the use of geometric mosaics and puzzles. The different actions that students could perform with this type of material (adjusting, connecting, etc.) were seen as a motivating element and suggestive of mathematics concepts [35]. An example of this type of material is the one that the catedrático de instituto Pascual Ibarra [39] created to study, heuristically, the similarity of triangles with students from the later years of secondary education (Figure 3).



The typical approach to introducing the study of similarity at the end of high school using Thales’s theorem (Euclid’s Elements) presented serious teaching issues for students of this age, especially due to the difficulty students had in rationalizing the end result. To improve this situation, Pascual Ibarra based his proposal on a dynamic approach using four triangles made out of thin wooden board. As can be seen in Figure 4, the second triangle (b) is obtained by decomposing the first triangle (a) using its midsegments. Triangle (c) is found by dividing the first triangle into 16 triangles and triangle (d) is found by doing the same using nine triangles.



Some of the activities suggested in this lesson are described below:




1. Students are given four triangles (b). Describe these triangles. They are given triangle (a). They are asked to place the four triangles from (b) on (a). How much bigger is triangle (a) than one from (b)? Its area? Its sides?






2. The process is repeated with the 16 triangles (c) and triangle (a): How much bigger is triangle (a) than one from (b)? Its area? Its sides?






3. How much bigger is triangle (b) than one from (c)?






4. What do all these triangles have in common? Their shape. What about them is different? Their size [39] (p. 55).





Gattegno [38] also participated in the exhibition and presented his geoplane model. He believed that the majority of the fundamental content for Euclidean plane geometry could be addressed using his model. He pointed out that stretching rubber bands between the nails set in the geoplane model to represent geometric figures provided several benefits in comparison with the traditional method of using the blackboard to draw them:




The polygons were always clear, and this did not depend on the teacher’s artistic ability; since the geoplane was relatively small, it could be rotated to change the orientation of the figure, demonstrating that the properties of that figure were invariable regardless of movement in the plane; and students that used the geoplane model would create the habit of rotating it in order to view the figure from different angles [38] (p. 210).





Gattegno asserted that his model could be used in a wide variety of learning experiences and was viable for all levels of education. He grouped the types of lessons that could be taught with it into three categories: (a) those where the teacher used the geoplane model as a substitute for the chalkboard; (b) lessons where the students used the geoplane model individually to solve a specific problem; and (c) lessons where using the geoplane model allowed students to investigate all solutions until all possibilities had been exhausted. He believed that this last type of exercise contributed in the most profound manner to the “education of the mathematician located inside every student” [38] (p. 214).



Various teachers created different types of geospace models based on Gattegno’s geoplane model to address spatial geometry. This type of teaching aid consisted of a cube that allowed for the construction of different spacial figures inside it using string or rubber bands. Pescarini (from Italy) participated in the exhibition, presenting a geospace model constructed from clear plastic board (Figure 5). This had different orifices on the lateral faces and hooks on the base that facilitated illustrating spatial figures and their properties [10].



Another Italian submission was created by the School of Secondary Teaching in Rome, which participated by submitting a metallic geospace model (Figure 6) whose walls were formed of metal bars [10].



The Spanish proposals related to geospace models were submitted by the mathematics catedráticos de instituto, Puig Adam and Fernández de Trocóniz [10] (p. 62). According to Puig Adam, these models surpassed other geospace models on display at the exhibition due to their simplicity and versatility, as their structures, which could be dismantled, were made of hooks, and had barred walls, among other things, allowed for “the most ample variety of perspectives and uses”.




3.2. Puig Adam’s Geospace Model


Puig Adam believed that the new concept of teaching—student-centered spatial geometry—required updating mathematics models. Materials were needed that the students would use and which allowed them to “make” geometry, something Puig felt was impossible to do with the classical materials that he called “display case models”. Adam Puig’s geospace model (Figure 7) consisted of a box whose sides were made of thin, wooden slats. This allowed students to see the configurations represented inside the box from any perspective. Puig created various types of geospace model, some of which were made from solid boxes while others could be dismantled [10,40].



As for the other materials necessary to use the model, he stated that, while rubber bands (as in the case of the geoplane model) could be used, he preferred using twine because it allowed you to create spatial figures with many edges more quickly. He also suggested using rigid bars in combination with twine to introduce the concept of continuous variations. To demonstrate how to use the geospace model in the classroom, Puig Adam detailed various examples of how to address specific content from different course levels in high school. By way of example, he mentions the construction of a variable parallelepiped (Figure 8) using rubber bands placed on rigid bars [40]. He pointed out that after interacting with the model, several students were able to deduce the rule used to calculate the volume of the figure:




The parallelepiped starts as a right-angled rectangle; however, after first moving the rubber bands and later the rigid bars, it becomes oblique, with the base of a parallelogram. After each change to the figure, the students clearly see how the same volume that is removed from one side is added to the other. In this way, the total volume of the parallelepiped and the law which governs its calculation (base × height) is maintained [40] (p. 24).





Puig Adam [40] believed that another advantage of this model, related to its simplicity, was the ability for students to build their own models using everyday objects (packing boxes, screws, rubber bands, twine, etc.). With the goal of promoting this practice, he provided teachers with the following guidelines:




Any packing box that was at least 25 cm long/tall will suffice. After removing one of the largest sides, which facilitates access to the interior of the box, attach a uniform array of screws on each of the remaining sides (or place them in specific locations if you wish to achieve spatial figures of a predetermined size). In this way, the entire interior surface of the box will be covered with a collection of points where we can connect rubber bands or twine that can just as easily represent lines in projection problems as they could represent the edges of a transparent polyhedron, appropriate for measured study [40] (p. 23).





To demonstrate the versatility of the model created by Puig Adam, two modifications the author pointed out are described. The first of these modified the geospace model to study descriptive geometry. It entails covering three of the faces (the bottom, the back, and one side) with cardboard. Puig indicated that this simple gesture allows you to project (using lights) figures constructed in the geospace model, and in this way bring the characteristics of the projections into being in front of the students [40] (p. 23). The second entails substituting the wooden slats on the geospace model for wire mesh (Figure 9). According to Puig Adam, this modification did not compromise visibility in the model and allowed the creation of warped and circumscribed curves, which revealed the intrinsic trihedron of a point on a curve [10,40].




3.3. Fernández de Trocóniz’s Geospace Model


Fernández de Trocóniz, mathematics catedrático de instituto at the girls’ Secondary School of Bilbao, also participated in the exhibition and presented a geospace model. This teaching aid was positively evaluated by important figures in the mathematics teaching community:




perfectly executed with a system of orifices and hooks located on three clear plastic plates and a collection of supplementary pieces that enable representation of the majority of the figures and shapes that constitute the content of current spatial geometry course [10] (p. 60).





This simple to construct geospace model was made from everyday objects (a box, two pieces of plastic, four stamped pieces as columns, knitting needles, elastic thread, etc.) and could be fully dismantled (Figure 10). Fernández de Trocóniz believed that the ability to accurately reproduce spatial figures contributed to overcoming some of the problems students typically encountered when studying three-dimensional space [41].




Students progress through plane geometry with definitions, problems, and theorems supported by the foundation of teaching aids that allow them to ‘authentically’ represent the figures and concepts they are dealing with. These aids are paper and a blackboard.






It is a very different thing when dealing with the third dimension. Representations are no longer ‘authentic’ for children. This is the start of a symbolism that, at first glance, is difficult to understand. We speak to them about right angles or perpendicular lines, and we draw oblique lines; we talk about equal segments, but the ones that we draw could not be more dissimilar; the same thing occurs with the polygons we draw when we talk about regular polygons, which could not be considered regular by any criteria. Children at this age find no help on the blackboard or on paper; we could almost say that, initially, these tools help them to fail [41] (p. 155).





Fernández de Trocóniz created several examples of how to use the model, such as the representation of a regular icosahedron and a regular octahedron, as well as the study of the equivalence of parallelepipeds (Figure 11). He did not feel, however, that the use of this model conflicted with teaching students how to graphically represent spatial elements. To the contrary, he believed it could be used as a corrective measure: “How instructive it will be to compare such disparate drawings obtained from different perspectives with the same figure!” [41] (p. 159).





4. Discussion


Since the 19th century, proposals for teaching mathematics have been made with the help of concrete models and other teaching materials that allow an intuitive approach to mathematics teaching. In this way,




Instead of prematurely confronting students with finalized mathematical structures or theorems, they first have to build an intuitive understanding of the basic mathematical ideas and properties by observing, manipulating, and constructing models. Only by perception and action, seen as inseparable parts of the mathematical activity itself, can students achieve higher levels of mathematical understanding [2] (p. 33).





As noted above, one of the topics of debate and investigation of the CIEAEM was the use of concrete models, teaching materials, or teaching aids [2] (p. 33). One of the two books published in the 1950s was devoted to teaching materials [7,8].



Puig Adam, as a member of the CIEAEM, was aware of the advances taking place in different countries in this regard and actively collaborated in disseminating novel teaching material among Spanish teachers. As proposed by him, the 11th CIEAEM meeting and the First International Exhibition of Mathematics Teaching Material was held in Madrid; Puig Adam was a prominent figure in these events as the key organizer. This meeting-exhibition had significant international impact and benefited from the participation of delegates from various countries who came to Madrid to present their proposals. These materials were characterized by their simplicity, multipurpose nature, call to action, and real-life application, and they sparked great interest when compared with stationary models.



Lucienne Felix [3] assessed the meeting and the exhibition in the following way:




This is a strangely provocative moment for teachers who are at once searching for, discovering, and experimenting with materials created by themselves or by other colleges or by their own students. One also becomes aware of the multivalence of some of these materials (p. 49).





Later on, he pointed out the role of these teaching materials when commenting on the conclusions of the meeting:




Our conclusions on this meeting: To help the acquisition of any mathematical concept one should avoid unprepared recourse to abstraction. An intuitive basis must be given. Abstract notions will be reached all the better if they have been freed from concrete situations (p. 50).





Puig Adam’s interest in these teaching materials is related to the defense and application of active teaching methods in mathematics throughout his professional career, specifically the heuristic method [33]. An example of this is that two of the rules on his ’List of Ten Rules for Secondary Mathematics Teaching’ reference the same: “V.- Teach by guiding creative activity and student discovery” and “VI.- Stimulate this activity by encouraging direct and functional interest in the object of knowledge” [42] (p. 130). This list of ten rules was used broadly for teaching activities by Spanish teachers [43] and was used as an example of the state of education in Spain at the 19th International Conference of Public Instruction celebrated in Geneva in 1956, together with other teaching models created by Puig Adam. This event was organized by UNESCO and the International Bureau of Education (IBE), which Piaget headed at the time; various countries (Spain, Belgium, Italy, Austria, the United States, France, etc.) participated, putting different aspects of their educational system on display (curricula, publications, advances in teaching methods, etc.) [44].



The large number of teaching models that Puig Adam presented at the exhibition, as a representative of the San Isidro Secondary School, testifies to the educational importance that teachers gave to mathematics materials. He believed that the use of dynamic models promoted learning that resulted from the child taking action and handling the material, and, more specifically, from considering those mathematical concepts that were not affected by movements (above all, if these transformations took place in a continuous context). The nature and versatility of the models examined in this study caused Puig Adam to consider them the most appropriate for modern teaching perspectives, in which the child was the center of the teaching–learning process. Furthermore, he inspired teachers to encourage their students to create new models and believed that designing such models trained the students in the functions of abstraction and concreteness, which are fundamental to learning mathematics. To build these models, he recommended using everyday objects (tape, rubber bands, boxes, etc.) because he believed that they resulted in a very simple model at a low cost. The use of models from daily life to teach mathematics was a recurring theme in the teaching proposals Puig Adam created, as he believed that “the most fertile and instructive source of mathematical models is daily life” [45] (p. 19). In the first educational writings he authored for secondary education, together with Julio Rey Pastor, he mentioned these items (boxes, bottles, knitting needles, folders, etc.) [46,47] and the majority of them continued to appear in later works and adaptations [33,35,45].



Puig Adam asserted that the use of building components and models that could be dismantled (rods, tokens, slats, mosaics, bars, etc.) strongly favored creative activity in children because these elements could typically be joined and interlock, which allowed them to be used in numerous activities and even facilitated learning how to use them during free play. This last point enabled teachers to steer students’ initial interest from simply handling the material (organizing them by length, building things with them, etc.) towards activities focused on mathematics content [10]. The aforementioned considerations on the use of models to teach mathematics substantiate some of the key conclusions from the CIEAEM meeting-exhibition. Interest was expressed in using models to build knowledge of abstract mathematical concepts and also to prevent the overuse of models that would limit the scope and characteristics of the mathematical concepts they refer to:




Avoid personal a priori reasoning in determining the effectiveness of a model; children are full of surprises and, ultimately, they are the ones that will make the final judgment on the model’s effectiveness. Do not use models where they seem unnecessary nor prolong their use beyond what is strictly essential. Make the jump to abstraction gradually by moving first from tangible and concrete ideas to concrete imaginable ones. Let the model perform its function as spontaneously as possible in dialog with the child, allowing the teacher to get used to to not interfering or forcing this interaction with the goal that the model not be just a simple means for transmission but rather a thought-provoking factor in knowledge acquisition and attainment [10] (pp. 28–29).





Proposals for active teaching that would lead pupils to construct knowledge through observation and experimentation are characteristic of the new schools movement that developed between 1889 and 1940, as reflected in the Principles of New Education formulated by Ferrière [48]. It should be noted that some of the leading members of the ICIEAEM had been associated with the new schools movement and with the teaching materials created in that field. For example, Piaget used the school Maison des Petits, attached to the J.J. Rousseau Institute in Geneva, for his studies on the development of children’s thinking. In this school, children carried out activities in a fairly free way with material created by the teachers Audemars and Lefendel [49,50]. For her part, Emma Castelnuovo maintained contact over the years with the Decroly School, through Libois, who attached great importance to mathematical modeling by both teachers and pupils and organized several exhibitions of such material in Brussels [2] (p. 19); Castelnuovo was inspired by this experience to hold similar exhibitions in Italy, which he recorded in his work Matematica nella realtat [51].



As Roberts points out [24] (p. 565), “The employment of tools to assist teaching and learning of mathematics in fact has a history long predating electronic technology, and some of them have been proclaimed as revolutionary”.




5. Conclusions


In conclusion, as we have seen, models of different mathematical concepts, mainly geometrical ones, have been commercialized since the end of the 19th century [1]. At the level of international meetings, Ruthven [52] has shown that the interest in technologies that could enable intuitive and experimental teaching of mathematics was already evident at the ICMI in 1912 and has continued since. The creation of new materials adapted to classroom conditions involved people connected with the CIEAEM, such as Emma Castelnuovo, Caleb Gattegno, who created software for learning numeracy, or Emma Castelnuovo’s collaborator, Mario Barra, who is currently studying the use of Dynamic Geometry Software in the teaching of mathematics [53]. The manipulative teaching materials created active learning environments and prepared the conditions for the school use of mathematical technology [1,52].



Finally, this paper shows the variety and relevance of the mathematical models that were presented at the exhibition and their link to active mathematics teaching approaches up to the present day.
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Figure 1. Puig Sabadell’s ‘mathematics board’ [10] (p. 121). 
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Figure 2. Professor Gattegno explaining how to use Cuisenaire rods to the Spanish Director General of Primary Education (Joaquín Tena) and other participants at the 11th CIEAEM meeting [10] (p. 99). 






Figure 2. Professor Gattegno explaining how to use Cuisenaire rods to the Spanish Director General of Primary Education (Joaquín Tena) and other participants at the 11th CIEAEM meeting [10] (p. 99).



[image: Education 13 00265 g002]







[image: Education 13 00265 g003 550] 





Figure 3. Material provided by José Ramón Pascual Ibarra [10] (p. 107). 
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Figure 4. Material given to students during a lesson with J.R. Pascual [39] (p. 55). 
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Figure 5. Pescarini’s geospace model [10] (p. 79). 
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Figure 6. Metallic geospace model from the School of Secondary Teaching in Rome [10] (p. 79). 
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Figure 7. Several geospace models designed by Puig Adam [10] (p. 114). 
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Figure 8. Representation of a parallelepiped in Puig Adam’s geospace model [10] (p. 115). 
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Figure 9. Geospace model created by Puig Adam using wire mesh [10] (p. 114). 
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Figure 10. Fernández de Trocóniz showing how his geospace model works at the exhibition of teaching material [10] (p. 107). 
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Figure 11. (a) Representation of a regular icosahedron and a regular octahedron in Fernández de Trocóniz’s geospace model. (b) Equivalence of parallelepipeds in Fernández de Trocóniz’s geospace model [41] (pp. 155–156). 
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