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Abstract

:

Prior research has shown how incorporating group theory into upper secondary school or undergraduate mathematics education may positively impact learners’ conceptual understanding of mathematics in general and algebraic concepts in particular. Despite a recently increasing number of empirical research into student learning of introductory group theory, the development of a concept inventory that allows for the valid assessment of a respective conceptual understanding constitutes a desideratum to date. In this article, we contribute to closing this gap: We present the development and evaluation of the Concept Inventory of Introductory Group Theory—the CI2GT. Its development is based on a modern mathematics education research perspective regarding students‘ conceptual mathematics understanding. For the evaluation of the CI2GT, we follow a contemporary conception of validity: We report on results from two consecutive studies to empirically justify that our concept inventory allows for a valid test score interpretation. On the one hand, we present   N = 9   experts‘ opinions on various aspects of our concept inventory. On the other hand, we administered the CI2GT to   N = 143   pre-service primary school teachers as a post-test after a two weeks course into introductory group theory. The data allow for a psychometric characterization of the instrument, both from classical and probabilistic test theory perspectives. It is shown that the CI2GT has good to excellent psychometric properties, and the data show a good fit to the Rasch model. This establishes a valuable new concept inventory for assessing students’ conceptual understanding of introductory group theory and, thus, may serve as a fruitful starting point for future research into student learning of abstract algebra.






Keywords:


algebra; groups; magmas; secondary school; mathematics education












1. Introduction


Prior studies have shown that including introductory group theory into mathematics education may have a positive impact on learners’ conceptual understanding of mathematics in general, and of algebraic concepts in particular [1,2,3,4,5,6]. However, learners also encounter hurdles when studying group theory, and students’ difficulties regarding concepts of group theory—and of abstract algebra in more general—have been explored in various research projects [7,8,9,10,11]. In recent years, the research focus has increasingly shifted towards a description of the students’ conceptual development when learning about group theory [12]. Understanding students’ learning progression about abstract algebra concepts, such as introductory group theory, can help in developing guidelines for the evidence-based construction of new or refinement of existing learning environments in the future.



The description of students’ learning processes regarding introductory group theory inter alia necessarily requires:




	
To adequately define what conceptual understanding of group theory means;



	
To operationalize this construct via test items leading to a concept inventory that allows for the valid investigation of students’ conceptual understanding of introductory group theory.








Substantial progress has already been made regarding the first desideratum (cf. [13]). For the second one, however, only one concept inventory has been developed so far—the Group Theory Concept Assessment or, in short, GTCA (cf. [14]). Since group theory is rich of different contents and appears in different contexts throughout a variety of mathematics and science courses, various concept inventories are required to adequately measure each subaspect. The GTCA focuses mainly on mathematics students in university and thus includes somewhat advanced notions not all group theory learners are exposed to. For example, secondary school students or primary school teachers only enter this area on a superficial level and never learn about normal subgroups. This is where this research project comes in: The aim of this study is to develop and evaluate a new concept inventory on introductory group theory—the CI2GT.




2. Literature Review


In this section we present the status quo of research regarding learning of group theory and locate our concept inventory within this body of work.



2.1. Conceputal Understanding of Group Theory


Conceptual understanding of introductory group theory comprises conceptual understanding of mathematics on the one hand and introductory group theory on the other hand. Regarding conceptual understanding, we follow Melhuish and conceive that




“[…] conceptual understanding reflects knowledge of concepts and linking relationships that are directly connected to (or logically necessitated by) the definition of a concept or meaning of a statement.”



[15] (p. 2)





This description is closely related to the one provided by Andamon:




“Conceptual mathematics understanding is a knowledge that involves thorough understanding of underlying and foundation concepts behind the algorithms performed in mathematics.”



[16] (p. 1)





Both views focus on the fundamental nature of the mathematical objects in contrast to the process-related understanding when dealing with them. Thus, the task at hand is to capture said nature and use it to adapt the conceptual understanding construct to group theory. In this regard, the procedure documented in the development of the GTCA can be used as a reference (cf. [14]). First and foremost a somewhat unique feature of group theory is the abstract nature of its concepts [17]. The magnitude of abstraction is further underpinned by Edwards and Ward [18] who distinguish between stipulated and extracted definitions. An extracted definition is a definition that is extracted from common usage of the object and a stipulated definition is independent of such exemplifications. In the literature the notions of group theory are seen as stipulated definitions [10,18] and instances of how mixing up those notions is tied to learning difficulties have been found using the examples of cyclical groups (cf. [19]) and binary operations (cf. [20]). In other words, conceptual understanding of group theory can be tested already by just simple aspects of introductory notions and definitions. For instance, groups are comprised of a set, a binary operation and some axioms—so three different subaspects need to be coordinated by learners in a meaningful way and failure of such a coordination has been documented in the literature, i.e., regarding cyclical groups [21].



In conclusion, these research results not only show how conceptual understanding is understood from a group theory perspective but they also provide fruitful insights into how items of a corresponding concept inventory can be developed, namely, by challenging aspects of fundamental definitions. As mentioned in Section 1, only one concept inventory for group theory has been developed so far—the GTCA. For literature on similar concept inventories, we refer the reader to [22] regarding the PCA (Precalculus Concept Assessment) and to [23] regarding the CCI (Calculus Concept Inventory). As mentioned in Section 1, in terms of group theory, the GTCA is aimed at university mathematics with extensive prior subject knowledge. However, there are many study courses where group theory is barely exceeding mere definitions—and without a mathematical profile of these courses, the notions are not linked with proofs or extensive exercises. This means, inter alia, that introductory topics such as cosets and kernels which are part of the GTCA are not always studied when working with group theory. Simply leaving out the respective items is not an option since they served as additional knowledge sources and are linked to the other items. Thus, a concept inventory is needed to assess the conceptual understanding of group theory for complete beginners and learners without extensive mathematical background. We will therefore present such an instrument in this article. In this respect, it is noteworthy that the author of the GTCA provided empirical evidence according to which conceptual understanding of introductory group theory can psychometrically be considered a one-dimensional construct [15] (p. 18).




2.2. APOS Theory


A widely used framework for conceptual understanding of collegiate mathematics is presented by the APOS (Action, Process, Object, Schema) Theory, a constructivist theory developed by Dubinsky and McDonald [24] and based on Piaget.




“APOS Theory is principally a model for describing how mathematical concepts can be learned; it is a framework used to explain how individuals mentally construct their understandings of mathematical concepts. [⋯] Individuals make sense of mathematical concepts by building and using certain mental structures (or constructions) which are considered in APOS Theory to be stages in the learning of mathematical concepts.”



[25] (p. 17)





In this context, an Action is a transformation of a mathematical object that by the individual is perceived as essentially external, meaning that a step-by-step instruction is required. When such an action is repeated and reflected upon the learner can make an internal mental construction that no longer requires external stimuli. Such a mental construction is called Process, and such a process can be performed mentally without actually doing it. In other words, once internalized, the learners can manipulate mathematical objets in their minds. In a next step an Object is constructed from a process when the learner becomes aware of the process as a totality. In other words, the ideas are now internalized to a degree where they allow for a generalization which enables transfer of knowledge. Finally, a Schema for a mathematical object is a collection of all the related actions, processes, objects and other similar schemas. With this it becomes clear how to somewhat quantify conceptual understanding: One has to determine how many schemas need to be arranged in a meaningful way in order to make sense of the object.



For example, when understanding the concept of group operations, one needs to generalize the notion of binary operations. In a first step a student has to understand that a binary operation for a group is an associative map   f : M × M → M   for some set M and in a next step has to look at the properties implied by the group structure, meaning that the set M is required to have a neutral element with respect to f and moreover an inverse for each element. Thus, developing an item for each of those steps by adding more and more schemas allows a concept inventory to asses the stage of conceptual understanding the respondent is located in according to APOS Theory. We further illustrate this by presenting three example items from our concept inventory (cf. Table 1).



Table 1 shows that progressively more schemas are required to make sense of the problem. Accordingly, three different stages of conceptual understanding of group operations are measured. We will come back to these items in Section 6.2.3 when evaluating the concept inventory. In conclusion, we note how APOS Theory enables to track students’ progression as they construct conceptual understanding of a certain knowledge domain.





3. Objectives of This Study


The research objectives of this paper are threefold:




	1.

	
We aim at providing a new concept inventory to assess conceptual understanding of introductory group theory (for a proper definition of the target group cf. Section 4.1).




	2.

	
We present an in-depth psychometric characterization of the concept inventory both from the viewpoint of classical test theory as well as item response theory.




	3.

	
Lastly, an evidence-based argument for valid test score interpretation is to be established throughout the article.









For the last goal, our study is based on a validity concept by Messick [26]. We formulate an intended test score interpretation as well as assumptions this interpretation is based on (cf. [27,28]): As discussed in Section 2, we intend to interpret the test score as a measure of conceptual understanding of introductory group theory. The underlying assumptions this interpretation is based on are provided in Table 2 where we also assigned an analysis method to empirically verify each assumption. In summary, evidence-based justification of these assumptions allows for a valid test score interpretation.



The objectives of this study alongside Table 2 can be considered as a structurizing element of this paper. In a first step, we outline the details of the development process of our concept inventory CI2GT (cf. Section 4) and in the subsequent sections we present two consecutive studies dedicated to the empirical justification of the assumptions that our intended test score interpretation is based on.




4. Development of the CI2GT


In this section, we provide a detailed overview of the development process of our Concept Inventory for Introductory Group Theory CI2GT. Therefore, we follow the development process for new test instruments outlined in the literature (cf. [30]). Concept inventories offer a way to assess students’ conceptual knowledge with regard to a specific topic. A concept inventory is an “instrument designed to evaluate whether a person has an accurate and working knowledge of a concept or concepts” [31] (p. 1), mainly using single- or multiple-choice items, respectively. Concept inventories may be beneficial both for evaluating the effectiveness of a particular pedagogy and for assuring that students grasp the core concepts of a given domain (cf. [23]). Beyond this, concept inventories have been used for exploring student conceptions (cf. [32]) or to model areas of competence (cf. [23]).



4.1. Determining the Target Group and Test Objective


The primary target group are secondary school students. The secondary target group are university students in early stages of their academic studies of mathematics, e.g., pre-service mathematics teachers. The primary test objective is conceptual understanding of introductory aspects of group theory.




4.2. Description of Knowledge Domain


A detailed literature-based description of the knowledge domain of introductory aspects of group theory is not possible because there are no comparable concept inventories and the research of educational aspects of group theory is still in its infancy [1]. Consequently, it is not clear yet how to operationalize the construct conceptual understanding of introductory aspects of group theory in a theoretically based way. Thus, there is no standard procedure to approach such an area and we heavily leaned on two previous studies we conducted: Firstly, an extensive literature review revealed how the area of abstract algebra in general is sliced up in mathematics education research [1]. Secondly, first insights into learners’ cognitive processes when dealing with introductory aspects of group theory have been gained from a qualitative interview study [12]. The results of those two studies enabled a breakdown of the knowlege domain into six subareas:




	1.

	
Definitional fundamentals: Binary operations on arbitrary sets and properties of those operations such as associativity or closure.




	2.

	
The neutral element and inverses: Elements that emphasize certain properties of a binary operation, i.e., “reversing something”.




	3.

	
Cyclical and Dihedral groups: Groups that are generated by one or two elements and have a strong geometric connotation, i.e., rotating a regular n-gon.




	4.

	
Cayley Tables: Tables that contain every possible result of the binary operation and thus the entire information about the group.




	5.

	
Subgroups: Subsets of the underlying set that are groups themselves if equipped with the same operation.




	6.

	
Homomorphisms: Structure-preserving maps between groups that eventually allow to differentiate groups from a mathematical point of view.









To ensure content validity in an early stage of research, a blueprint according to Flateby [33] was developed as a guideline, since it “provides the necessary structure to foster validity” [33] (p. 8). A blueprint is a table containing the subareas of the knowledge domain as well as the competence levels they address—in this case copying, applying and transfer of strategies. Because such a table further specifies the developed items and their relations to the knowledge domain, a blueprint is sometimes also referred to as a table of item specifications.




4.3. Decision of Task Format


The decision of task format was based on economic reasons. For assessing conceptual understanding empirically, concept inventories mainly rely on single-choice or multiple-choice items (cf. [34]). For this test we decided to use a dichotomous single-choice variant with one point assigned to each item. However, this enables the participants to simply guess correctly if they do not know the answer which consequently leads to overestimating the participants understanding. For example, with a test consisting of 20 dichotomous single-choice items with three answers each completely guessing yields an expected score of   20 3  . Thus, the items were designed in a two-tier way. In the first tier, the participants selected exactly one of three options. In the second tier, the participants additionally rated their confidence with the answer given before on a five-point Rating scale (1 = I guessed, …, 5 = very sure). A point was assigned if the correct answer was chosen and the participant did not guess, meaning that 3 or higher had to be marked in the second tier. This design allows to minimize the effect of guessing on the one hand and on the other hand enables identifying student difficulties by investigating which incorrect answers were given confidently [35]. All items can be found in Appendix A.




4.4. Creating Appropriate Distractors


Because the concept inventory consists of single-choice items, the quality of the concept inventory is significantly determined by the quality of the distractors (cf. [36]). For the development of authentic distractors we relied on:




	
An extensive literature review on mathematics education research regarding teaching and learning of abstract algebra. (cf. [1])



	
An interview study which we conducted to collect students conceptions prior to test development (cf. [12]). For example, we found that the meaning of the symbol 0 usually becomes inflated in the context of neutral elements (cf. item 5) or that closure is a property often left unchecked (cf. item 3).








We will discuss the suitability of the developed distractors in more detail in Section 6.1 and Section 6.2.





5. Methods and Samples


As mentioned in Section 3, two studies have been conducted to provide an empirical basis for the research objectives:




	1.

	
An expert survey with   N = 9   experts from mathematics education research.




	2.

	
A quantitative evaluation with   N = 143   pre-service primary school teachers









The study design of both studies will be explained respectively in Section 5.1 and Section 5.2. An overview of the entire development process is illustrated in Figure 1.



5.1. Expert Survey: Study Design and Data Analysis


An expert survey was conducted in order to (a) check content validity, (b) collect expert’s opinions about the overall representativeness of the developed items, as well as (c) collect their judgements regarding all distractors.



5.1.1. Study Design


For each of the 20 items,   N = 9   experts from mathematics education and pure mathematics were asked to answer four questions on a 5-point Rating scale (  1 =   strongly disagree, …,   5 =   agree completely). The questions on the expert questionnaire remained the same for every item of the concept inventory (cf. Table 3) and the scale was adapted from [30]. In addition, an opportunity for free-response feedback was included.




5.1.2. Data Analysis


The expert ratings will be presented using Diverging Stacked Bar Charts (cf. [37]). For these charts, the bars from a stacked bar chart are aligned relative to the scale’s centre (0%). Agreement from the participants results in a shift to the right, and disagreement results in a shift to the left. In other words, the more area is covered in the right half of the chart, the more experts are agreeing with the statements from the questionnaire. To further increase the visual stimuli, we color coded the bars where green means agreement and red means disagreement (cf. Figures 3–6). In addition, to check whether the experts in general agree (voting 4 or 5) or not agree (voting 3 or lower) with the statements, we further divided the data into two categories and computed inter-rater reliability expressed by Fleiss’  κ . We interpreted Fleiss’  κ  according to [38], meaning that values between   0.6   and   0.8   indicate substantial agreement and values above   0.8   indicate almost perfect agreement.





5.2. Quantitative Evaluation: Study Design and Data Analysis


5.2.1. Study Design


After developing the 20 items’ corresponding distractors, the preliminary test version was completed by   N = 143   pre-service primary school teachers in their first semester of academic studies. None of the participants had any prior instruction in abstract algebra beyond school mathematics. Our concept inventory was administrated as a post-test after a two-week program where the students had been introduced to group theory.




5.2.2. Data Analysis: Classical Test Theory


In a next step, the psychometric descriptives in the sense of classical test theory are evaluated according to [39]. Here, we refer to the accepted tolerance range of   0.2   to   0.8   for item difficulty (cf. [40]) and values above   0.2   for discriminatory power (cf. [34]). For response distribution we refer to the accepted minimum value of   5 %   (cf. [30]). Furthermore, the reliability of the concept inventory was investigated using Guttmann’s Split-Half-Coefficient as well as Cronbach’s alpha as an estimator for internal consistency. For both coefficients, values above   0.7   are considered acceptable (cf. [41]). Regarding criterion validity, the students’ test score was correlated with the final exam score of an introductory mathematics course on linear algebra.




5.2.3. Data Analysis: Rasch Scaling


As a final analysis method, we leveraged Dichotomous Rasch Scaling to investigate the instruments’ construct validity. In this section we will briefly expound the general idea of this method and discuss the parameters we used to further classify our concept inventory.



The advantages of probabilistic test theory compared to classical test theory are well documented (cf. [42,43]). An important aspect of the Rasch model is that




“it is not just another statistical technique to apply to data, but it is a perspective as to what is measurement, why measurement matters and how to achieve better quality measurement in an educational setting.”



[44] (p. 1)





In contrast to classical test theory (CTT), the underlying assumption of Item Response Theory (IRT) is that each participant has an ability level that can be estimated and that this ability level determines the probability of this participant solving a given item. IRT then models the relationship between the ability level and individual item characteristics. The goal is to divorce these two concepts and thus allow to study the instruments’ items more independently of the sample which is a crucial aspect for test development [43].



The pre-conditions of Rasch Scaling (cf. [45]) were investigated by verifying that



	
Skewness and kurtosis of the items do not exceed the range of   − 2   to   + 2  ;



	
The items are locally independent;



	
Uni-dimensionality of the concept inventory can be assumed.






We used a dichotomous Rasch Model for which certain characteristics are studied. In a first step, the participants’ ability levels and the item difficulties are estimated. Then for each item a logit-function is fitted to the data—this yields an Item Characteristic Curve (ICC, cf. [46]) that contains the entire information of the item (cf. Figure 2). The x-axis measures the underlying ability level in Logits. The y-axis indicates the probability of solving an item and is scaled from 0 to 1.



The higher the estimated ability of the participant the higher the probability of solving the item. With a trait level of 1.13 Logits, for example, the probability of solving item 7 is 50%, indicated by the green line in Figure 2. Obviously, if less ability is required to obtain such a chance, the item is less difficult. Thus, the trait level that is necessary for a probability of 0.5 serves as a parameter to represent the items’ difficulty. In other words, the item difficulty of item 7 is 1.13 Logits.



The clarification as to how well the Rasch Scaling of an item fits is ascribed to the residuals of the ICC. An example is given in Figure 2. For item 7 of our concept inventory, we see that a person with a ability level of 0 Logits has a slightly lower probability to solve this item than estimated by the modeling curve, indicated by score residual y. This abberation is then used to calculate the goodness-of-fit parameters Outfit MNSQ and Infit MNSQ. For a proper statistical definition of these values, we refer the reader to [47]. Since the expected value of Outfit MNSQ is 1, any obtained value above this indicates unmodeled noise. Items with a high Outfit MNSQ represent underfit of the model to the data and therefore do not contribute much to estimating the latent trait. Any value below this indicates overfit and thus items with a low Outfit MNSQ are generally seen as unproblematic. However, they are likely to be redundant and can be dropped from the concept inventory [48]. The same holds for the Infit MNSQ. All parameters were computed using the software R (Version 4.1.2) and its packages TAM (Version 3.7-16) and eRm (Version 1.0-2). In the following we will abbreviate Infit MNSQ of item i with   v i   and Outfit MNSQ with   u i  , respectively.






6. Results


6.1. Results of the Expert Survey


The results of the expert survey are presented in Table 4, Table 5, Table 6 and Table 7. As mentioned in Section 5.1, the color coded feedback can quickly be checked with the Diverging Stacked Bar Charts (cf. Figure 3, Figure 4, Figure 5 and Figure 6).



Figure 3 shows the experts’ strong agreement regarding the items’ relevancy for learning about group theory. This result is important to assure content validity of the concept inventory. However, not only is it necessary for the items to assess relevant aspects about group theory in general, but they also need to adequately represent the knowledge domain of the teaching concept the test is based on. Thus, the experts also judged the fitting of the items to the knowledge domain, and the results are shown in Figure 4.



We see that the items assess crucial aspects of the knowledge domain according to experts, with items 7 and 19 having the lowest rating. However, both are still acceptable with a mean value of   3.0  , so we decided to keep them for didactic reasons: Item 7 serves as a link between group theory and school mathematics and thus allows to investigate potential connections. Item 19 is an inverse problem which in [12] was found to challenge learners in a different way. Together with the experts’ rating of the items’ relevance, the results substantiate the instruments’ content validity.



Figure 5 shows that the developed distractors for each item left a positive impression on the experts. Only item 1 stands out as two experts strongly disagreed with the authenticity of distractor 2. They remarked that associativity to some extend might also be described as a rule stating that, when composing three or more elements, the order does not matter—in other words, when looking at   a ∘ b ∘ c   the two expressions   a ∘ ( b ∘ c )   and   ( a ∘ b ) ∘ c   might be viewed as two different orders of composition. However, for content reasons, the item was retained.



Finally, we evaluate the clarity of task assignment (cf. Figure 6). Here, the experts unanimously agree that there is no ambiguitiy within the formulations for each item. Only the two critical voices regarding distractor 2 of item 1 carried over.



Interim Conclusion on Expert Survey results


In summary, with the results of the expert survey we conclude that the items (a) comprise relevant aspects of group theory for learners, (b) adequately represent the knowledge domain, (c) have authentic distractors and (d) have clear task assignments. These results help to verify validity assumptions A1, A2 and A3 (cf. Table 2).





6.2. Results of the Quantitative Evaluation of the CI2GT


6.2.1. Psychometric Characterization Using Classical Test Theory


In this section we examine the results of the quantitative study from the viewpoint of classical test theory. The metrics reported in Table 9 refer to the 20 items developed for the preliminary test version.



With 20 dichotomous items, participants could score a maximum of 20 points. The students reached a mean score of   μ = 8.99   points with a standard deviation of   σ = 3.54   points, ranging from 2 points (three participants) to 18 points (1 participant) and are shown in Figure 7. Criterion validity was checked correlating the subjects’ test score to the result of the final exam of a mathematics introductory course (  r = 0.27  ,   p < 0.01  ), substantiating the validity assumption A4 (cf. Table 2).



The response distribution is presented in Table 8. The options have been swapped for this article so that answer 1 is always the correct answer and the order matches the one in the Appendix A. For the concept inventory itself, the implementation in Moodle randomized the order automatically. We see that only answer 3 of item 2 was selected by less than 5% of the participants, so generally no redesign of distractors is mandatory apart from that. However, items 8, 10 and 14 may be revisited at a later stage of the iterative re-design process. In total, we can observe that the distractors presented plausible answers that seemed correct but do not apply.



The item difficulties as well as their discriminatory power and the adjusted Cronbach’s    α n  ¯   are shown in Table 9. Here, by the adjusted Cronbach’s    α n  ¯   we mean the Cronbach’s  α  of the scale when item n is excluded.




6.2.2. Interim Conclusion on the Psychometric Characterization


Table 9 reveals that items 4, 6 and 13 have non-sufficient psychometric qualities. The poor item difficulty and discriminatory power of item 13 in conjunction with the fact that Cronbach’s alpha can be raised if this item is dropped made further investigation unnecessary—the item was excluded at this point. For items 4 and 6 we argue that the psychometric qualities are not as poor compared to item 13 and having more items is overall desirable in terms of content validity as long as Cronbach’s alpha does not decrease. After all, Table 8 shows that a seemingly problematic aspect is their difficulty and adjusting the distractors might save them. However, for reasons we will elaborate in Section 6.2.3 items of this difficulty are desired within the instrument and thus items 4 and 6 are retained. In addition, Items 1 and 2 also have non-sufficient discriminatory power. However, since they have good difficulties and Cronbach’s  α  is retained, we decided to keep them for content reasons. In conclusion, the quantitative evaluation suggests that item 13 is dropped and items 4 and 6 need to further be investigated.




6.2.3. Results of the Rasch Scaling


A dichotomous Rasch Model was justified by the data: The local independence was verified by checking the   Q 3   correlation matrix for values higher than 0.2 (cf. [49,50]). Furthermore, we used the R-package sirt (version 3.9-4) to confirm essential unidimensionalty of the concept inventory finding weighted indices DETECT   = − 0.141   (<  0.20  ), ASSI   = − 0.095   (<  0.25  ) and RATIO=  − 0.130   (<  0.36  ) [51]. Here, on a side note we want to allude to the earlier mentioned fact that the GTCA was found to be unidimensional as well (cf. Section 2). Lastly, the items’ kurtosis and skewness were checked where we refer to the criterion   − 2 <  Kurtosis ,   Skewness < 2   from [52]. To ensure this, items 4 and 6 should to be dropped (cf. Table 10). In conclusion all assumptions of the Rasch Scaling can be affirmed according to [53]. The WLE reliability was found to be   0.67   which exceeds the lower threshold of   0.5   [44]. Table 10 presents an overview of all parameters discussed in Section 5.2.3.



We observe that the item fit statistics are very close to the expected value of 1. For accepted ranges of the infit and outfit statistics we refer to   0.7 <  v i  ,  u i  < 1.3   by [44]. We see that this range holds for each item, indicating the items’ strong fit to the model. We observe ranges


  0.916 =  v 5  ≤  v i  ≤  v 2  = 1.072   and   0.875 =  u 5  ≤  u i  ≤  u 6  = 1.236 .  











The compact fit scattering is visualized in Figure 8.



To further examine the suitability of the items the relationship between the two estimated Rasch parameters (item difficulty and ability level) were investigated. The Item Characteristic Curves of all items on a common scale is shown in Figure 9.



The item difficulty ranges from   − 1.16   to   2.17   Logits with a mean value of   0.20   (cf. Table 10. A mean difficulty close to 0 reflects that the instrument in total is well balanced and the items are neither too difficult nor too easy. However, the ability variable within the sample ranged from   − 1.95   to   2.63   Logits, meaning that some participants are located at the lower level of the ability scale (<  − 1.16  ) which exceeded the item difficulty scale. Thus, in this area the concept inventory did not contain items to optimally record and differentiate between participants with different levels of competence. A deeper look into this descrepancy is enabled using a Wright-Map (cf. Figure 10). The Wright-Map shows that the outer areas of the trait scale are not populated densely and in the dense area the item difficulties correspond adequately. Merely for trait levels of roughly   − 1.5   and   + 1.5   Logits an item may be developed accordingly since participants with that ability level are expected in most samples and a small jump in difficulty can be observed between item 1 and item 4.




6.2.4. Interim Conclusion on the Rasch Scaling


Finally, we want to come back to Table 1 to show how the logit scale may be interpreted. The anchored example items showed a progression in the sense of APOS Theory and their difficulties react accordingly; item 2 has a difficulty of   − 1.16  , item 5 has a difficulty of   0.41   and item 6 has a difficulty of   2.17   (cf. Table 11, Table 12 and Table 13).



More precisely, adding the schema of neutral elements responded in a difficulty shift of   1.5   Logits and adding the schema of inverses added another   1.8   Logits on top of it. We want to refrain from generalizing those findings but the results of the Rasch Scaling indicate that going up on the ability scale by   1.5   units roughly equivalates to the student constructing another schema for group operations. This means that students on the lower end of the ability level spectrum are still stuck in the first phase of constructing conceptual understanding of this mathematical notion while students near trait level 0 already successfully established more than one schema and students on the upper end have reached a high conceptual understanding enriched by a variety of schemas. This substantiates how APOS Theory may serve as a tool to calibrate the scale of this concept inventory.



Overall, we infer that the dichotomous Rasch Model fits the data very well and the items very precisely measure various levels of a latent ability which was interpreted as conceptual understanding of introductory aspects of group theory (cf. Section 2 and Section 4.1). This concludes the investigation of construct validity and thus the verification of validity assumption A1 (cf. Table 2).






7. Discussion


The measurement of conceptual understanding via concept inventories has a long tradition in mathematics education research. However,




“it is not sufficient for developers to create tools to measure conceptual understanding; educators must also evaluate the extend to which these tools are valid and reliable indicators of student understanding.”



[34] (p. 455)





Thus, in the development of the CI2GT a quantitative pilot study with   N = 143   students as well as an expert survey and an acceptance survey (cf. [12]) have been conducted in addition to an extensive literature research (cf. [1]). These studies combined allow to substantiate reliability and validity claims. Moreover, within the course of these studies, three items have been revealed to be of problematic psychometric quality—namely, items 4, 6 and 13. However, we argue that developing a concept inventory is not just about crunching numbers. One also has to take into account how severely standardized ranges are violated by certain items and whether they represent a relevant aspect of the construct that is to be measured. In the case of items 4 and 6, we see that difficulty and discriminatory power differ by just   0.06  –  0.08   from usually accepted ranges and they do not negatively interfere with Cronbach’s  α . In other words, the question arises whether it is worth to have two outliers in the scale and in return receive an overall larger scale and more items to work with. We answer this question by referring to the Rasch scaling. Figure 10 has shown a substantial benefit of having items with difficulty greater than 2 in the concept inventory and both items 4 and 6 precisely measure at the upper end of the ability scale. In addition, as discussed in Section 2.2 and Section 6.2.3, item 6 can be used to calibrate the scale. Thus, it can be summarized that items 4 and 6 serve a didactical purpose and in this aspect enrich the concept inventory more than the small deviation from accepted ranges might hurt it. This is underpinned by a judgment scheme for concept inventories developed by Jorion et al. [34] where such outlier items are taken into account when judging the quality of a concept inventory (cf. Table 14).



Regarding item 13, however, the psychometric properties have shown to be too poor. We therefore decided to drop it entirely, leaving us with a new concept inventory for introductory group theory—the CI2GT—consisting of 19 items with an internal consistency of   α = 0.71   and a Guttman’s Split-Half Coefficient of   0.71   (cf. [54]). As mentioned above, for a final judgement of the instrument as a whole, Jorion et al. [34] provide a categorial judgement scheme and assignment rules. We adapted their table by replacing the judgement of a confirmatory factor analysis by a judgement of Rasch Scaling in accordance to [44,53] (cf. Table 14), extending the already existing judgement row for IRT. We conclude with the observation that the quality of the CI2GT ranges from average to excellent.




8. Conclusions


In this article we reported on the development of the CI2GT. This development process was based on contemporary views of conceptual understanding of introductory group theory from literature. This allowed to implement an intended test score interpretation of the CI2GT as a measure of this latent construct. We further provided insights into all steps of a comprehensive evaluation of the concept inventory using a variety of surveys and methods, ranging from qualitative studies with individual learners and experts to a quantitative study and modeling via Rasch scaling. Viewpoints of classical test theory were merged with viewpoints of probabilistic test theory.



However, one should also keep in mind the limitations of this concept inventory. As mentioned in Section 1, group theory as a mathematical model of symmetry is a large field with numerous different applications both in mathematics and non-mathematics science. Consequently, many researchers and educators find different aspects of it important or emphasize different notions. A literature review and an expert survey can only do this many-sidedness justice to a certain extend. We therefore want to stress the link between the CI2GT and the subaspects represented by its items. On the other hand, the instrument is to be refined by future studies to steadily increase the accuracy at which conceptual understanding of group theory is measured. This illustrates how developing a concept inventory is an on-going iterative process of evaluation and refinement (cf. Figure 1).



Most importantly, however, the instrument shall be used to empirically investigate the learning and conceptual understanding of group theory, enriching this emerging research field which is still largely unexplored. For example, it may serve as a tool to inquire quality of instructions by measuring differences in conceptual understanding for treatment and comparison classes in parallel settings. In the future, we will use this concept inventory to complement already existing insights into learning of group theory from qualitative studies with insights from quantitative studies. In other words, the CI2GT offers a multitude of opportunities to facilitate future research into educational aspects of group theory.
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Figure 1. Overview of the development of our concept inventory. The acceptance survey can be found in [1]. The curved grey arrows indicate the cyclical nature of the revision process—revising a concept inventory is an on-going iterative process. 
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Figure 2. Example of an Item Characteristic Curve for item 7 of our inventory. The data line is black and the estimated ICC based on this data is blue. The green dotted line indicates the item’ difficulty. 
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Figure 3. Diverging Stacked Bar Chart for the experts’ ratings on the statement “The content of this item is relevant for learning about group theory” (  κ = 0.67  ). 
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Figure 4. Diverging Stacked Bar Chart for the experts’ ratings on the statement “This item assesses a crucial aspect of the knowledge domain” (  κ = 0.74  ). 
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Figure 5. Diverging Stacked Bar Chart for the experts’ ratings on the statement “This item’s distractors are authentic” (  κ = 0.70  ). 
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Figure 6. Diverging Stacked Bar Chart for the experts’ ratings on the statement “The formulation of task assignment is clear and unambiguous” (  κ = 0.82  ). 
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Figure 7. Histogram (left) and Boxplot (right) of the students’ test score. 
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Figure 8. Infit MNSQ (blue cross) and Outfit MNSQ (green circle) for the concept inventory where item 13 has been dropped. 
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Figure 9. The Item Characteristic Curves of all 17 items of our concept inventory on a common scale. The central bandwidth is   3.33   Logits. The dark blue outlier still indicating moderate solving probability for low trait levels belongs to item 2. As seen in Figure 10, more items of simmilar difficulty are desirable for the sample. The difficulty gap on the upper end of the scale is observed by the outliers in dark green which belong to items 4 and 6. 
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Figure 10. Wright-Map of the piloting sample for our concept inventory. 
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Table 1. Three example items of our concept inventory and the corresponding schemas according to APOS Theory. The complete instrument can be found in the Appendix A.






Table 1. Three example items of our concept inventory and the corresponding schemas according to APOS Theory. The complete instrument can be found in the Appendix A.





	Item No.
	Description
	Schemas
	Number of Schemas





	2
	Assessing whether a binary operation on M is a map   f : M × M → M  , a map   f : M → M × M  

or a map   f : M × M → M  .
	binary operations
	1



	5
	Finding the neutral element of 🟉 where   🟉 : Z × Z → Z   such that   a 🟉 b : = a + b − 5  .
	binary operations,

identity element
	2



	6
	Finding the inverse of   x ∈ Q \ { 0 }   with respect to • where   • : Q \ { 0 } × Q \ { 0 } → Q \ { 0 }   such that   a • b : =   a · b  7   .
	binary operations,

identity element,

inverse element
	3










[image: Table] 





Table 2. Assumptions upon which our intended test score interpretation is based (cf. [29]) and how they were substantiated empirically.
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	Assumptions
	Analysis Method





	A1: The items adequately represent the one-dimensional construct conceptual understanding of introductory group theory
	Rasch analysis (cf. Section 5.2.3 and Section 6.2.3), Expert Survey (cf. Section 5.1 and Section 6.1).



	A2: The items are unambiguous and the instructions are clear from a mathematical and didactical point of view
	Expert survey



	A3: The items and distractors are authentic
	Response distribution (cf. Section 6.2), Expert Survey



	A4: The construct is distinguishable from different or similar constructs
	Correlation analysis (cf. Section 6.2)
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Table 3. Item battery from the expert survey. X ranged from 1 to 20 and represented the item that is referred to in the middle column.
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	X.1
	The content of this item is relevant for learning about group theory.
	□1
	□2
	□3
	□4
	□5



	X.2
	This item assesses a crucial aspect of the knowledge domain.
	□1
	□2
	□3
	□4
	□5



	X.3
	The item’s distractors are authentic.
	□1
	□2
	□3
	□4
	□5



	X.4
	The formulation of task assignment is clear and unambiguous.
	□1
	□2
	□3
	□4
	□5
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Table 4. Mean values  μ  and standard deviations  σ  of the experts’ responses for all 20 items.
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“The content of this item is relevant for learning about group theory”






	

	
  μ  

	
  σ  

	

	
  μ  

	
  σ  




	
Item 1

	
4.4

	
0.7

	
Item 11

	
4.2

	
0.7




	
Item 2

	
4.3

	
0.9

	
Item 12

	
4.3

	
0.9




	
Item 3

	
4.7

	
0.5

	
Item 13

	
3.4

	
0.9




	
Item 4

	
4.9

	
0.3

	
Item 14

	
3.4

	
0.9




	
Item 5

	
4.1

	
0.8

	
Item 15

	
3.4

	
0.9




	
Item 6

	
4.1

	
0.8

	
Item 16

	
3.4

	
0.9




	
Item 7

	
3.7

	
1.1

	
Item 17

	
4.1

	
0.8




	
Item 8

	
4.1

	
0.6

	
Item 18

	
4.3

	
0.7




	
Item 9

	
4.6

	
0.7

	
Item 19

	
3.1

	
1.0




	
Item 10

	
4.4

	
0.7

	
Item 20

	
4.3

	
0.5
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Table 5. Mean values  μ  and standard deviations  σ  of the experts’ responses for all 20 items.
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“This item assesses a crucial aspect of the knowledge domain”






	

	
  μ  

	
  σ  

	

	
  μ  

	
  σ  




	
Item 1

	
4.5

	
0.8

	
Item 11

	
4.2

	
0.8




	
Item 2

	
4.3

	
0.7

	
Item 12

	
4.4

	
0.7




	
Item 3

	
4.7

	
0.5

	
Item 13

	
3.9

	
1.0




	
Item 4

	
4.7

	
0.7

	
Item 14

	
3.9

	
1.0




	
Item 5

	
4.1

	
1.2

	
Item 15

	
3.9

	
1.0




	
Item 6

	
4.2

	
1.1

	
Item 16

	
3.9

	
1.1




	
Item 7

	
3.0

	
1.4

	
Item 17

	
4.2

	
0.7




	
Item 8

	
4.0

	
0.8

	
Item 18

	
4.6

	
0.5




	
Item 9

	
4.7

	
0.5

	
Item 19

	
3.0

	
0.9




	
Item 10

	
4.2

	
1.0

	
Item 20

	
4.1

	
0.8
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Table 6. Mean values  μ  and standard deviations  σ  of the experts’ responses for all 20 items.
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“The item’s distractors are authentic”






	

	
  μ  

	
  σ  

	

	
  μ  

	
  σ  




	
Item 1

	
3.2

	
1.5

	
Item 11

	
4.9

	
0.3




	
Item 2

	
4.8

	
0.4

	
Item 12

	
4.9

	
0.3




	
Item 3

	
4.7

	
0.7

	
Item 13

	
4.0

	
1.4




	
Item 4

	
4.2

	
1.1

	
Item 14

	
4.3

	
0.9




	
Item 5

	
4.7

	
0.7

	
Item 15

	
4.4

	
0.7




	
Item 6

	
4.4

	
1.0

	
Item 16

	
4.8

	
0.4




	
Item 7

	
4.3

	
0.7

	
Item 17

	
3.9

	
1.2




	
Item 8

	
4.1

	
1.0

	
Item 18

	
4.4

	
0.7




	
Item 9

	
3.6

	
1.3

	
Item 19

	
4.3

	
0.9




	
Item 10

	
4.6

	
0.7

	
Item 20

	
4.4

	
1.0
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Table 7. Mean values  μ  and standard deviations  σ  of the experts’ responses for all 20 items.
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“The formulation of task assignment is clear and unambiguous”






	

	
  μ  

	
  σ  

	

	
  μ  

	
  σ  




	
Item 1

	
3.7

	
1.7

	
Item 11

	
4.4

	
1.3




	
Item 2

	
4.9

	
0.3

	
Item 12

	
5.0

	
0.0




	
Item 3

	
5.0

	
0.0

	
Item 13

	
4.0

	
1.1




	
Item 4

	
5.0

	
0.0

	
Item 14

	
4.4

	
1.1




	
Item 5

	
5.0

	
0.0

	
Item 15

	
4.4

	
1.1




	
Item 6

	
5.0

	
0.0

	
Item 16

	
4.8

	
0.4




	
Item 7

	
4.9

	
0.3

	
Item 17

	
4.4

	
0.9




	
Item 8

	
4.3

	
1.5

	
Item 18

	
4.4

	
1.3




	
Item 9

	
4.2

	
1.1

	
Item 19

	
4.9

	
0.4




	
Item 10

	
4.6

	
1.0

	
Item 20

	
4.6

	
1.3
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Table 8. Distribution of the participants’ responses.
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	Answer Option 1
	Answer Option 2
	Answer Option 3





	Item 1
	0.27
	0.66
	0.07



	Item 2
	0.81
	0.15
	0.04



	Item 3
	0.63
	0.18
	0.19



	Item 4
	0.17
	0.10
	0.73



	Item 5
	0.53
	0.33
	0.14



	Item 6
	0.34
	0.15
	0.52



	Item 7
	0.33
	0.36
	0.31



	Item 8
	0.71
	0.23
	0.06



	Item 9
	0.45
	0.22
	0.34



	Item 10
	0.72
	0.22
	0.06



	Item 11
	0.62
	0.19
	0.19



	Item 12
	0.38
	0.13
	0.50



	Item 13
	0.18
	0.62
	0.20



	Item 14
	0.49
	0.46
	0.05



	Item 15
	0.69
	0.20
	0.10



	Item 16
	0.80
	0.10
	0.10



	Item 17
	0.73
	0.09
	0.18



	Item 18
	0.52
	0.22
	0.27



	Item 19
	0.65
	0.18
	0.17



	Item 20
	0.66
	0.10
	0.24
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Table 9. Psychometric properties of each item.






Table 9. Psychometric properties of each item.











	
	Item Difficulty P
	Discriminatory Power D
	Adjusted Cronbach’s Alpha     α n  ¯   





	Item 1
	0.27
	0.13
	0.70



	Item 2
	0.73
	0.13
	0.70



	Item 3
	0.58
	0.21
	0.70



	Item 4
	0.14
	0.18
	0.70



	Item 5
	0.41
	0.45
	0.67



	Item 6
	0.13
	0.12
	0.70



	Item 7
	0.27
	0.30
	0.69



	Item 8
	0.59
	0.34
	0.68



	Item 9
	0.45
	0.35
	0.68



	Item 10
	0.66
	0.26
	0.69



	Item 11
	0.60
	0.30
	0.69



	Item 12
	0.34
	0.28
	0.69



	Item 13
	0.10
	0.01
	0.71



	Item 14
	0.28
	0.20
	0.70



	Item 15
	0.55
	0.34
	0.68



	Item 16
	0.69
	0.26
	0.69



	Item 17
	0.62
	0.43
	0.67



	Item 18
	0.38
	0.33
	0.68



	Item 19
	0.58
	0.28
	0.69



	Item 20
	0.62
	0.36
	0.68
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Table 10. Overview of the relevant parameters for a dichotomous Rasch Model. SE is the standard error of item difficulty.
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	Item
	Skewness
	Kurtosis
	Item Difficulty
	SE
	Infit MNSQ
	Outfit MNSQ





	Item 1
	1.25
	−0.44
	1.34
	0.21
	1.07
	1.16



	Item 2
	−1.08
	−0.85
	−1.16
	0.20
	1.07
	1.16



	Item 3
	−0.33
	−1.91
	−0.37
	0.18
	1.06
	1.08



	Item 4
	2.11
	2.48
	2.04
	0.25
	1.01
	1.15



	Item 5
	0.36
	−1.89
	0.41
	0.18
	0.92
	0.88



	Item 6
	2.29
	3.28
	2.17
	0.26
	1.03
	1.24



	Item 7
	1.04
	−0.94
	1.12
	0.20
	0.98
	0.97



	Item 8
	−0.39
	−1.87
	−0.44
	0.18
	0.96
	0.98



	Item 9
	0.21
	−1.97
	0.24
	0.18
	0.97
	0.96



	Item 10
	−0.71
	−1.52
	−0.78
	0.19
	1.02
	0.98



	Item 11
	−0.42
	−1.84
	−0.47
	0.18
	1.00
	1.03



	Item 12
	−0.67
	−1.56
	0.75
	0.19
	1.01
	1.05



	Item 14
	1.00
	−1.02
	1.08
	0.20
	1.06
	1.05



	Item 15
	−0.19
	−1.99
	−0.21
	0.18
	0.97
	0.97



	Item 16
	−0.85
	−1.30
	−0.93
	0.19
	1.00
	1.02



	Item 17
	−0.51
	−1.76
	−0.57
	0.18
	0.91
	0.89



	Item 18
	0.48
	−1.79
	0.54
	0.18
	0.98
	0.98



	Item 19
	−0.33
	−1.91
	−0.37
	0.18
	1.01
	1.03



	Item 20
	−0.51
	−1.71
	−0.57
	0.18
	0.96
	0.96
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Table 11. Item 2 of the CI2GT. The full concept inventory is provided in Appendix A.






Table 11. Item 2 of the CI2GT. The full concept inventory is provided in Appendix A.





	
Item 2: A binary operation on a set M is ⋯






	
□

	
⋯ a map   f : M × M → M  .




	
□

	
⋯ a map   f : M → M × M  .




	
□

	
⋯ a map   f : M × M → M × M  .




	

	
□

	
□

	
□

	
□

	
□




	

	
Very sure

	
Sure

	
Undecided

	
Unsure

	
Guessed
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Table 12. Item 5 of the CI2GT. The full concept inventory is provided in Appendix A.






Table 12. Item 5 of the CI2GT. The full concept inventory is provided in Appendix A.





	
Item 5: One can show that    a 🟉 b : = a + b − 5    defines an operation on   Z   such that    ( Z , 🟉 )    is a group. The neutral element of this operation is ⋯






	
□

	
⋯ 5




	
□

	
⋯ 0




	
□

	
⋯  − 5  




	

	
□

	
□

	
□

	
□

	
□




	

	
Very sure

	
Sure

	
Undecided

	
Unsure

	
Guessed
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Table 13. Item 6 of the CI2GT. The full concept inventory is provided in Appendix A.






Table 13. Item 6 of the CI2GT. The full concept inventory is provided in Appendix A.





	
Item 6: One can show that    a • b : =  ab 7     defines an operation on    Q \ { 0 }    such that    ( Q \ { 0 } , • )    is a group. The inverse of    x ∈ Q \ { 0 }    is given by ⋯






	
□

	
⋯  49 x  




	
□

	
⋯  49  x 2   




	
□

	
⋯  7 x  




	

	
□

	
□

	
□

	
□

	
□




	

	
Very sure

	
Sure

	
Undecided

	
Unsure

	
Guessed
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Table 14. Categorial Judgment Scheme and Assignment Rules for Evaluating a Concept Inventory (with dropped item 13) adopted from [34]. The ranges from Infit MNSQ and Outfit MNSQ are adopted from [44,53]. Values in parenthesis indicate the number of items that can fall outside of this recommendation.






Table 14. Categorial Judgment Scheme and Assignment Rules for Evaluating a Concept Inventory (with dropped item 13) adopted from [34]. The ranges from Infit MNSQ and Outfit MNSQ are adopted from [44,53]. Values in parenthesis indicate the number of items that can fall outside of this recommendation.





	
Analysis

	
Excellent

	
Good

	
Average

	
Poor

	
CI2GT






	
Classical Test theory

	

	

	

	

	




	

	
Item Statistics

	

	

	

	

	




	

	

	
Difficulty

	
  0.2  –  0.8  

	
  0.2  –  0.8   (3)

	
  0.1  –  0.9  

	
  0.1  –  0.9   (3)

	
good




	

	

	
Discrimination

	
>  0.2  

	
>  0.1  

	
>0

	
>  − 0.2  

	
good




	

	
Total score reliability

	

	

	

	

	




	

	

	
 α  of total score

	
>  0.9  

	
>  0.8  

	
>  0.65  

	
>  0.5  

	
average




	

	

	
 α -with-item-deleted

	
All items less than overall  α 

	
(3)

	
(6)

	
(9)

	
excellent




	
Item Response Theory

	

	

	

	

	




	

	
Individual item measures

	

	

	

	

	




	

	

	
Infit MNSQ

	
  0.7  –  1.3  

	
  0.6  –  1.4  

	
  0.5  –  1.5  

	
–

	
excellent




	

	

	
Outfit MNSQ

	
  0.7  –  1.3  

	
  0.6  –  1.4  

	
  0.5  –  1.5  

	
–

	
excellent




	

	

	
All items fit the model

	
(2)

	
(4)

	
(6)

	
(8)

	
excellent
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