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Abstract: Nanofluid flow over a backward facing step was investigated numerically at low Reynolds
number and the heat transfer was analyzed and reported. Al2O3–H2O nanofluids of different volume
fractions (ϕ = 1–5%) were used as the material with uniform heat flux (UHF) of 5000 W/m2 at bottom
wall for Reynolds number 200–600. The backward facing step of two geometries was investigated for
two expansion ratios, 1.9432 and 3.5. The SIMPLE algorithm was used in the finite volume solver
to solve the Naiver–Stokes equation. Temperature difference at inlet and boundaries, heat transfer
coefficient, Nusselt number, coefficient of skin friction, and temperature contours were reported.
The results show that when nanofluids are used, the coefficient of heat transfer and Nusselt number
increased at all volume fractions and Reynolds number for both the expansion ratios. The coefficient
of heat transfer at ϕ = 5% was higher by 9.14% and 9.68% than the pure water for ER = 1.9432 and
ER = 3.5 at Re. 500. At ϕ = 5%, the outlet temperature for the duct decreased by 10 K and 5 K when
compared to the pure water for ER = 1.9432 and ER = 3.5 at Re. 500. Coefficient of skin friction and
outlet temperature decreased for both the volume fractions in both the expansion ratios.

Keywords: nanofluid; heat transfer; Nusselt number

1. Introduction

In chemical, mechanical, biomedical, and power generation industries, heat transfer
is one of the most important parameters for investigation as it decides the thermal perfor-
mance and efficiency of the system. One of the latest and recent innovations to improve the
thermophysical properties of the conventional fluids such as water, ethyl alcohol, and oil
has been to use nanofluids. A nanofluid is a solution with a higher heat transfer rate, which
is used in many industries. Nanofluids are colloidal suspensions of nanoparticles and a
base fluid which gives the mixture enhanced thermal properties. It is used in radiators,
electronic cooling systems, and in heat exchangers as coolants. Nanofluids have a great po-
tential in transportation for improving automotive and heavy-duty engine cooling rate by
increasing the efficiency, decreasing the weight and also reducing complexity of the thermal
management system. The greater the specific area, the more heat transfer surface between
the base fluid and the nanoparticle. The thermal properties of the nanofluid can be adjusted
according to the requirements by varying the particle concentrations. Studies by Choi [1]
have shown that a small quantity of nanoparticles could increase the thermal conductivity
to a larger extent. Nano-sized particles generally of metals, carbides, oxides, or carbon
nanotubes are mixed with the base fluids. The nanofluids exhibit a higher thermal property
than the conventional coolants and increase the stability of the suspension. Nanoparticles
are produced by different processes such as chemical precipitation, mechanical attrition,
gas condensation, laser ablation, and spark ablation. Nanofluids can be produced by direct
evaporation, chemical precipitation, gas condensation/dispersion, etc. Hybrid nanofluids
have also been studied in order to understand the heat transfer and analyze if they have a
higher heat transfer capability.

The backward facing step (BFS) is a representative of flow separation models which has
both academic and industrial significance. Separation flows can be seen in aerodynamics
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when the fluid flows past airfoil, spoilers and behind the vehicle. Flow separation studies
are of extreme importance because of their application in cooling the turbine blades, air
condition networks, combustor, fluid transmission lines, condenser, flow passing through
the engine, and many other devices. Flow separation, vortex evolution, and flow reattach-
ment occur when the flow passes over a backward facing step. When flow passes near
the boundaries having corners, vortices are generated near the corners. This phenomenon
was predicted by Moffatt [2]. Studies have been done to understand the length of the
region where the vortices are generated for various geometries having corners. The flow for
backward facing step has also been studied where the research has been focused mainly on
the dependence on Reynolds number. The early studies by Roache [3], Durst and Pereira [4],
and Taylor and Ndefo [5] predicted that the separation is not observed at the upper corner
of the step at low Reynolds number flow. The research was done for low Reynolds numbers
and the behavior of the vortex’s generation was analyzed. Experiments and numerical sim-
ulations of laminar, transitional, and turbulent flows with a separation region behind a 2D
backward-facing step were performed by Armaly et al. [6]. Flow behavior over backward
facing step for varying expansion ratios were investigated numerically to understand the
flow separation and reattachment by Biswas et al. [7]. Both 2D and 3D simulations were
performed to analyze the length of reattachment in case of higher Reynolds number to
study the justification given by Armaly et al. [6] regarding the deviation when comparing
the experimental and numerical results. The results show that the Moffatt eddies are not
just generated at Re→ 0 but is also generated at Re = 1. The primary recirculation length is
found to increase non-linearly with increasing expansion ratio.

Abedalh et al. [8] experimentally investigated a nanofluid by using Al2O3 and TiO2
nanoparticles with pure water as base fluid. The nanofluid was investigated for 1%, 2%, and
3% mass fraction. Pressure drop and enhancement in the heat transfer were analyzed for
flow over backward facing step inside a heated rectangular duct. The results showed that
the Nusselt number increases and the friction factor decreases with increase in Reynolds
number. Al2O3 and TiO2 were used as nanoparticles for a water based nanofluid by Klazy
and Bognar [9] to study the effect of change in temperature in a micro-sized backward
facing step. The results show that the rate of heat transfer increased with increasing volume
fraction. The velocity was also reported to increase with the increase in temperature
difference. The size of the recirculation zone also increased with higher temperature
difference. Water–Al2O3 nanofluid flow in a micro backward facing step was simulated
numerically by Klazly et al. [10] by considering the fluid behavior as Newtonian and
non-Newtonian at volume fractions ranging between 1 and 4%. A higher heat transfer has
been predicted when the nanoparticles are added and the Newtonian fluid shows a higher
coefficient of heat transfer than non-Newtonian fluid.

A finite volume approach and k-epsilon standard turbulence model was used for
investigating the effect of Reynolds number, step, and liquid type in enhancing the heat
transfer by Abdulrazzaq et al. [11]. The backward facing expanding channel was used and
three liquids, i.e., ethylene glycol, liquid ammonia, and water, were considered for the flow.
The result shows an increase in local Nusselt number with the increasing Reynolds number.
Coefficient of skin friction was also reported for various steps of the downstream section.
Cu-water nanofluids were investigated numerically by Safaei et al. [12] by changing the
expansion angles in a microtube and heat transfer characteristics were reported. Increasing
Reynolds number has shown an increase in coefficient of heat transfer and pressure drop. A
maximum increase of 28.1% in coefficient of heat transfer was reported for ϕ = 4% nanofluid.
This research, after further detailed investigation, could be manufactured for new types of
solar receivers. Symmetry simulation of the hybrid nanofluid flow was also investigated by
Goldanlou et al. [13] and heat transfer was analyzed for an annulus with cold and hot rods.
The symmetry simulation for hybrid nanofluid flow has not been attempted before. The
hybrid nanofluid is an ethylene–glycol, water, or water/ethylene–glycol-based mixture of
Cu-Al2O3. Higher average Nusselt number has been reported with increase in Reynolds
number. The high emissivity values should have led to a high radiation heat transfer but
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a portion of the radiative heart transfer is very low in the annulus leading to an almost
negligible observed increase in the fluid flow and heat transfer.

Heat transfer and friction factor have been investigated for nanofluid flow over the
backward facing step by Hilo et al. [14]. A nanofluid was prepared by CuO and MgO-EG at
a dimeter of 40 nm nanoparticles and EG as the base fluid at varying volume concentration
from 0% to 5% for Reynolds number between 5000 and 20,000. The nanofluid enters the
test channel and passes over backward facing step. Heat flux is applied at the bottom
wall of the channel which increase the temperature of the working fluid. As the volume
fraction increases, the local Nusselt number increases. At the lowest volume concentration
of nanoparticles (0.01), a slight decrease in local Nusselt number was observed since the
increase in thermal conductivity of the nanofluid at volume concentration 0.01 is less than
the increase in viscosity. For all the examined cases, the friction factor tends to increase
as the volume fraction of increases. The friction factor decreases as the Reynolds number
increases regardless of the volume concentration of nanoparticles. Unsteady flow and
natural convection heat transfer of the fractional Maxwell viscoelastic fluid over the sudden
expansion geometry such as a backward facing step was investigated by Moosavi et al. [15].
Nonlinear boundary layer governing equations with the fractional derivative Maxwell
model was used for the current investigation. The time–space fractional derivatives were
calculated based on the Caputo and nonlinear governing equations solved through finite
difference method mixed with L-1 algorithm. Maxwell model describes the rheological
effects of the viscoelastic fluid as reported by Careglio et al. [16–18]. The results showed
that the temperature and velocity boundary layers increased with increasing fractional
derivative parameters. With increasing dimensionless temperature, heat transfer and the
coefficient of friction increases. As the length of the backward facing step is increased, the
average Nusselt number, coefficient of friction, velocity, and temperature boundary layer
thickness increase. Nusselt number for Maxwell fluid flow is higher than the Newtonian
fluid flow. Thermal conductivity of the Maxwell flow is lowest while the thermal boundary
layer thickness is lowest for the Newtonian fluid.

Magnetized hybrid nanofluid was investigated by Lund et al. [19] where temporal
stability analysis was performed. Kolsi [20] used magnetic field for the investigation of
the nanofluid flow in a backward facing step by finite element method. Two rotating
cylinders were placed in the backward facing step and the simulations were performed
for various volume fractions. The rotating cylinders made the flow field much more
complex and the vortices on the upper and lower channel walls were suppressed due to
the magnetic field. The Nusselt number increased with the increase in Reynolds number
and the values became higher when the first cylinder was rotating clockwise. Nanofluid
flow past cylinders were also investigated by multiple researchers to understand the
heat transfer characteristic and the flow field as the vortex shedding happens. A hybrid
nanofluid was used as the working fluid by [21–31], and conventional nanofluids by [32–40].
In conventional nanofluids, the majority of the nanoparticles used were aluminum, silver,
copper, and iron in metallic nanoparticles and Al2O3, CuO, Fe3O4, SiO2, and TiO2 in
nonmetallic nanoparticles. Although the most commonly investigated base fluid is water,
many investigations have considered ethylene glycol and oil.

Cao et al. [41] studied the unsteady boundary layer flow and the heat transfer of frac-
tional Maxwell viscoelastic nanofluid over a plate in motion. The fractional Maxwell model
was extended to analyze the flow and heat transfer of viscoelastic nanofluid. L-1 algorithm
was also used here combined with the governing equations for fractional derivatives de-
pendent on time in convection terms and were solved by the finite difference method. The
results showed that temperature and velocity relaxation time enhance the heat transfer
and convection flow, while the temperature and velocity fractional derivative parameters
have an opposite effect. As the temperature and velocity fractional derivative parameters
increased, average Nusselt number increased, while average coefficient of skin friction was
influenced only by velocity fractional derivative parameter. Nanofluid flow towards the
stagnation region of the shrinking cylinder has been numerically investigated by Waini [42]
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to analyze the thermal behavior by employing the correlations by Ho et al. [43]. A unique
solution was reported for the shrinking strength. The rate of heat transfer and the friction
factor showed an increase with increasing volume fraction and curvature parameter. Hy-
brid nanofluids were also researched for further enhancement of heat transfer. Takabi and
Salehi [44] reported the hybrid nanofluid thermophysical models, which were used for
boundary layer problems by [19,45–48].

A 2D laminar and turbulence mixed convection nanofluid flow over a backward facing
step inside a heated rectangular duct with a baffle on the wall were investigated by Mo-
hammad et al. [49]. The effect on the flow due to the baffle and heat transfer characteristics
were analyzed while heating the duct’s bottom with a constant heat flux. Four nanofluids
namely, Al2O3, CuO, SiO2, and ZnO of different volume fractions and the nanoparticle
diameters of 25 to 80 nm were investigated. The highest Nusselt number was achieved
for SiO2, which is followed by Al2O3, ZnO, CuO, and pure water. Nath and Krishnan [50]
performed numerical simulation for mixed convective heat and mass transfer in the back-
ward facing channel with Cu-H2O nanofluid. The effect of nanoparticles was analyzed
using the Maxwell–Garnett model assuming that nanoparticles have a spherical shape.
With increase in volume fraction of the nanoparticles, length of reattachment increased
which was pronounced with the increasing Prandtl number from 1.76 to 6.2. The average
Sherwood number decreased by 21% with increase in volume fraction of nanoparticles at
Prandtl number = 1.76, which is a reverse trend observed for the average Nusselt number
and the percentage was increased up to 34% at Pr = 6.2. A numerical investigation of
ethylene glycol–SiO2 nanofluid flow and heat transfer of laminar mixed convection over
3D, horizontal microscale forward-facing step was performed by Kherbeet et al. [51]. The
forward-facing step increased the heat transfer and the Nusselt number increased with
increasing step height. The results also showed no effect on the heat transfer at inclination
angles. Kherbeet et al. [52] also carried out an experimental study for microscale forward
and backward facing steps with water–SiO2 nanofluid and found that at 0.01 concentration,
the nanofluid showed the highest Nusselt number for the forward-facing steps.

Pulsating flow has been studied by many researchers [53–58] as it is one of the most
important methods to enhance the thermal characteristics. Pulsating CuO–water nanofluid
flow over the backward facing step with a corrugated bottom wall has been investigated
numerically at constant temperature by Selimefendigil and Oztop [59]. Effect of height
and length of surface corrugation wave, the volume fraction of nanoparticle, Reynolds
number, frequency and amplitude of pulsation on the fluid flow, and the heat transfer
were examined. The results showed that existence of additional surface corrugation waves
led to a less effective process of heat transfer. Average Nusselt number was enhanced
with the flow pulsation amplitude. The resonance-type behavior was seen for spatial-
temporal average Nusselt number vs. Strouhal number plot which was observed in a
previous study of the pulsating flow in the channel. Average Nusselt number increased
with inclusion of nanoparticles but the rate of increase depends on the nanoparticle solid
volume fraction (VF) interval. A computational methodology based on a proper orthogonal
decomposition and ANN modeling of the modal coefficients that could be used rather
than the high fidelity parametric unsteady CFD simulations was developed and the results
were compared. Pulsating nanofluid flow over the backward facing step was numerically
investigated by Chamkha and Selimefendigil [60] using different particle shapes. Three
different nanoparticle shapes were investigated, i.e., blade, spherical, and cylindrical. SiO2
nanofluid was used with a pulsation amplitude of 0.6. The recirculation zone behind
the backward facing step were affected for different nanoparticle shapes. For all the
investigated cases, the Nusselt number is a decreasing function of the Strouhal number
and an increasing function of nanoparticle volume fraction. The average Nusselt number
increases by 27.95% and 30.24% for the flow when the nanoparticle is of spherical and
cylindrical shape at volume fraction 4%. The spherical nanoparticles were found optimal
for pulsating flow and the cylindrical particles were found optimal for the constant flow.
Zahmatkesh and Torshizi [54] investigated unsteady pulsating flow and heat transfer
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of nanofluid with silver nanoparticles. The simulation was performed for flow over a
backward facing step using two-phase Eulerian–Eulerian model. They found that the
increased pulse amplitude and frequency resulted in higher penetration of nanoparticles
leading to an augmented heat transfer. Selimefendigil and Oztop [55] studied forced heat
transfer for a pulsating nanofluid flow on a backward facing step with a wavy bottom.
They developed efficient numerical methods to predict the efficiency of the heat transfer
by neural networks and orthogonal decomposition with the attained results. Not a lot of
experiments have been done for pulsating flows as the suitable equipment is lacking but
recently, velocity measurements have become easy for pulsating flows as new technologies
are coming.

Wang et al. [61] used k-ε and LES models for specific geometry of backward facing step
for analysis and results were validated with DNS and PIV measurements at Reynolds num-
ber 9000. The results showed that the LES model could not effectively simulate boundary
layer near the wall areas without extremely fine mesh and it tends to overestimate separa-
tion at top wall. These resulted in the Reynolds stresses, static pressure, mean velocity, and
turbulent kinematic energy to show a larger peak value when compared to other methods.
LES model could effectively simulate instantaneous large-scale vortices in backward facing
step flow. Direct numerical simulation of the vorticial structure along the bottom wall of a
backward facing step was performed and the effect on the enhancement of heat transfer in
transitional flow over the backward facing step was analyzed by Xie et al. [62]. Research
on transitional flow was performed by [63,64], but very little research has been done to
investigate the heat transfer characteristics. The results show an increase in heat transfer for
Reynolds number 700 and the highest value of Nusselt number was achieved at Reynolds
number 1200. A vortical structure was generated due to the flow instability which destroys
the boundary layer and rotates the colder fluid to the bottom wall, thus enhancing the heat
transfer in the transitional flow regime.

Apart from hybrid nanofluids, carbon nanotubes are also used as nanoparticles with
base fluids to enhance the thermal properties of the resultant nanofluids. The nanopar-
ticles, other than having a very good thermal properties, also have radiation absorbing
properties. Single-walled carbon nanotubes and multiwall carbon nanotubes have been
used as nanoparticles for investigating the heat transfer characteristics. Alrased et al. [65]
studied the nanofluid flow and heat transfer of water/functional multiwalled carbon
nanotubes (FMWCNT) numerically inside a backward contracting channel. The effect of
heat flux on the wall and the Reynolds number were investigated. A decrease in velocity
led to decrease in pressure drop, coefficient of heat transfer, and coefficient of friction.
Addition of nanoparticles at higher Reynolds number seems significant as it affects the
thermal properties. Vortex generation at higher Reynolds number has also been discussed.
Safaei et al. [66] also investigated the FMWCNT at various Reynolds numbers and heat
fluxes in a forward-facing contracting channel numerically.

The research on nanofluid flow over the backward facing step has been done by many
researchers but most of the research was done for turbulent flow regime. The heat transfer
at turbulent flow regime becomes higher as the turbulence plays a major role. Very little
research has been found to be for flow in a laminar regime at very low Reynolds number.
The analysis helps in understanding various separation flow physics to predict the resultant
flow. The current research focusses on nanofluid flow in the laminar flow regime over
backward facing step in a duct by applying a uniform heat flux on bottom wall.

2. Governing Equations and Nanofluid Properties
2.1. Governing Equations

The incompressible viscous fluid flow equations are governed by equation of conser-
vation of mass and the two components of the momentum equation in two dimensions. An
additional energy equation was used to compute heat transfer and temperature.

∂u
∂x

+
∂v
∂y

= 0 (1)
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u
∂u
∂x

+ v
∂v
∂y

= −1
ρ

∂p
∂x

+
µ

ρ

(
∂2u
∂x2 +

∂2u
∂y2

)
+ Fb + Fs (2)

u
∂u
∂x

+ v
∂v
∂y

= −1
ρ

∂p
∂y

+
µ

ρ

(
∂2v
∂x2 +

∂2v
∂y2

)
+ Fb + Fs (3)

Cp

(
u

∂T
∂x

+ v
∂T
∂y

)
=

K
ρ

(
∂2T
∂x2 +

∂2T
∂y2

)
(4)

The Equation (1) is continuity equation, (2) and (3) are the two momentum equations
for both the x and y direction, and Equation (4) is the energy equation where u, v, ρ, Fb, Fs,
and µ are velocity in x and y directions, density, body force, and viscosity.

2.2. Nanofluid

The nanofluid used for the current research consists of aluminum oxide also known
as alumina (Al2O3) nanoparticles and water (H2O) as base fluid. Thermal properties
of materials are given in Table 1. The properties of the nanofluid at different volume
fractions were calculated from Equations (5)–(9). The viscosity [67], density [68], thermal
conductivity [69], and specific heat were calculated and the simulations were done in a
single phase.

µn f =
µ f

(1− ϕ)2.5 (5)

ρn f = ϕρnp + (1− ϕ)ρ f (6)

kn f = k f


(

kp − 2k f

)
− 2ϕ

(
k f − knp

)
(

kp − k f

)
+ ϕ

(
k f − knp

)
 (7)

(cp)n f =
(1− ϕ)

(
ρCp

)
f + ϕ

(
ρCp

)
np

(ρ)n f
(8)

Ren f =
ρn f × vn f × d

µn f
(9)

Nuavg. =
haverage × d

kn f
(10)

Table 1. Material properties.

Materials Density Thermal Conductivity Specific Heat Viscosity

Al2O3 [70,71] 3600 36 765 -
H2O [71] 997.1 0.613 4179.1 0.001

The nanofluid properties have been defined through Equations (5)–(8) in which den-
sity, thermal conductivity, specific heat, and viscosity are calculated. The properties are
calculated for simulation for a single-phase model. Equations (5)–(8) are the equations for
viscosity, density, thermal conductivity, and specific heat where ρ, µ, cp, k, and ϕ are density,
viscosity, specific heat, thermal conductivity, and volume fraction. The subscript nf, np, and
f represent nanofluid, nanoparticles, and base fluid. The inlet flow velocity is represented
in terms of Reynolds number in Equation (9). The ratio of convective heat transfer to
conductive heat transfer is denoted through a dimensionless term Nusselt number given in
Equation (10).

3. Computational Domain and Grid Independence Study

Flow phenomena over the backward facing step is a highly researched topic as the flow
downstream the step results in a very complex and interesting flow phenomena forming
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a recirculation region. The geometry has one backward facing step which has the total
pipe length of 35 m. The backward facing step is located at 5 m from the inlet boundary.
Figure 1 shows the problem geometry and a zoomed-out mesh selected for the numerical
investigation. The height of backward facing step with respect to the total height of the
pipe was defined through expansion ratio as described in Armaly et al. [6]. The expansion
ratio was expressed in Equation (11). Two expansion ratios, 1.9432 and 3.5, were used for
the current research.

E.R. =
D
d

(11)
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tional mesh.

The computational grid was made with the quadrilateral dominant mesh having both
the triangular and quadrilateral mesh as per the geometry. A very fine grid was generated
at the lower wall to ensure that the resultant flow features near the wall boundary are in
detail. A grid independence study was performed to select the most suitable grid so that
the resultant value does not have high difference when the number of elements was varied.
The results show that the difference in results for second and third grid were minimal
when compared with the results of Biswas et al. [7] as shown in Table 2. A second grid
was selected for the research as Table 2 shows that with increasing number of elements the
difference in results was negligible. The details of the two meshes for expansion ratio are
described in Table 3.

Table 2. Grid independence study at Reynolds number 100.

Mesh No. of Elements Length of Recirculation Zone Biswas et al. [7]

1 101,656 2.735
2.642 248,805 2.63

3 473,202 2.65

Table 3. Selected mesh details.

Mesh No. of Elements Max. Skewness Avg. Skewness

1 248,805 0.60092 0.024169
2 231,225 0.78036 0.027475

For the numerical simulation, a finite volume method solver was employed for com-
putation. A SIMPLE scheme was selected for pressure velocity coupling to enforce the
conservation of mass and obtaining pressure field. For spatial discretization, second order
upwind was used for momentum and energy equations. The simulation was performed
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for laminar flow regime with a uniform heat flux (UHF) applied on bottom wall and the
convergence criteria considered for simulations for all equations was 10−6.

4. Code Validation

The first backward facing step of expansion ratio of 1.9432 was used for validating the
model used. Pure water was used for the simulations at various Reynolds number. Water
was used as the material for the numerical simulation. The length of recirculation region
was calculated and results were validated with Armaly et al. [6], Biswas et al. [7], and Klazy
and Bognar [70].

Figure 2 shows the length of recirculation region at varying Reynolds number for
flow over backward facing step. The plot shows that current results very much agree with
existing literature. Figure 3 shows streamlines for the simulation near the backward facing
step. A vortex was generated after the flow passed the upper corner of step which then
separated creating a recirculation region. When the Reynolds number was low as shown in
Figure 3a–c, the flow separation did not occur at upper corner of the step. This flow regime
mainly showed a creepy flow. When the Reynolds number reached 50 as in Figure 3d, the
flow separation at the top corner occurred creating a significantly larger recirculation zone.
Since the current results agree with the results from existing literature, the model was used
for further research.
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5. Results and Discussion

Flow over a backward facing step inside a duct at an expansion ratio of 1.9432 and a
uniform heat flux (UHF) of 5000 W/m2 at bottom wall with pure water as the material was
performed. The simulations were performed for various Reynolds number and varying
volume fraction from 1% to 5%. Two expansion ratios were considered for the current
simulation. The properties of nanofluids, i.e., viscosity, density, thermal conductivity, and
specific heat, were calculated. The nanofluids were used as materials and the inlet temper-
ature was kept constant for all cases, i.e., 303 K. Heat transfer parameters were reported
defining the change in heat transfer when comparing pure water and the nanofluid.

5.1. Pure Water Flow over Backward Facing Step at ER—1.9432

Flow past a backward facing step for pure water at varying Reynolds number was
investigated and analyzed. Temperature contours were reported to analyze the visualize the
change in temperature for the resultant flow, flow over the backward facing step and near
the corners of the step. Heat transfer coefficient, Nusselt number, coefficient of skin friction,
and the temperature along the bottom wall were reported for various Reynolds numbers.

Figure 4 shows the temperature contours at varying Reynolds number. The flow
separated at the upper corner of the step and the temperature was higher at the vertical
wall of step. The highest temperature was however at the lower corner of the step. The
uniform heat flux was applied throughout the lower bottom wall of duct. The temperature
in lateral direction increased along the bottom wall with increasing Reynolds number. The
area of higher temperature increased and it became highest at Reynolds number 600 in
Figure 4e. With increase in flow velocity, the highest temperature which was along the
lateral side of the step started decreasing as shown in the contour with increasing Reynolds
number. The longitudinal length up to which the temperature was higher decreased with
the increase in the Reynolds number. The lateral height of the resultant flow also decreased
with increase in Reynolds number.
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Figure 5 shows the resultant heat transfer parameters for the simulations along the
bottom wall length of the duct. The coefficient of heat transfer was found to increase with
increasing Reynolds number. At the bottom wall, at the step, the heat transfer coefficient
was about 6 w/m2 K at the upper corner and about 1 w/m2 K at the lower corner. The
highest heat transfer coefficient was reached at about 9 m from the step at about 3 w/m2

K. The Nusselt number for resultant flow after the step was highest at a distance of about
9 m from the step. The coefficient of friction is the dimensionless shear stress of the skin
nondimensionalized through dynamic pressure of free stream and the plot showed a
decrease with increase in Reynolds number. The temperature plot in Figure 5d shows a
decrement with the increasing Reynolds number. The decrement however also decreases
with increasing Reynolds number which could lead to an abrupt halt in this behavior at the
transition from laminar and turbulent flow and in turbulent flow.
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5.2. Pure Water Flow over Backward Facing Step at ER—3.5

Flow past backward facing step inside a duct with expansion ratio of 3.5 was inves-
tigated numerically with a uniform heat flux (UHF) of 5000 W/m2 and a constant inlet
temperature of 303 K. Temperature contours, streamlines, and the heat transfer parameters
were reported and analyzed to understand the heat transfer phenomenon at an increased
expansion ratio.

Temperature contours for the simulations at an expansion ratio 3.5 are shown in
Figure 6. The contours show an increase in temperature with increasing Reynolds number.
The temperature was highest along the step wall in lateral direction and the bottom wall
near the corner had a higher temperature with decreases along the bottom wall. Since the
inlet diameter was smaller than the earlier case, the increased temperature in the current
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case covered more area when compared. The lateral height of the temperature contours
after the reattachment of the resultant flow decreased but it increased after that along the
length. At increased velocity of Reynolds number 500 in Figure 6f, the temperature was
suppressed from 16 m to about 26 m of the duct’s length.
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Streamlines for flow past backward facing step for the expansion ratio 3.5 are shown
in Figure 7 for varying Reynolds number. The reattachment length increased for the current
case when compared to the expansion ratio of 1.9432. The flow separation occurred at the
upper corner at the step and the vortices were formed. Moffatt eddies [2] were at lower
corner of the step whose length of the vortex along the longitudinal direction increased. An
additional vortex was generated as seen in the current streamlines of the current simulation.
Considering Moffatt’s research which has described that infinite number of eddies should
be expected but they are not generated and shown because lack of reasonable resources,
the subsequent eddies are not resolved. For flow past backward facing step, the main
important parameters responsible for the flow behavior are the geometry, i.e., expansion
ratio and Reynolds numbers. The size of the vortex near the lower corner increased with
the increase in Reynolds number. Figure 8 shows the velocity profiles in lateral direction at
various lengths from inlet boundary showing the transition of velocity over the backward
facing step. Figure 9 shows the length of the recirculation region for a backward facing step
having an expansion ratio of 3.5. Figure 10 shows the heat transfer parameters for varying
Reynolds number when the ER is 3.5. The heat transfer coefficient was higher for all the
Reynolds number when compared to the ER 1.9432. Figure 10d shows that the temperature
for higher Reynolds number increased after 25 m from inlet and then again decreased.
This phenomenon continued for higher Reynolds numbers and the outlet temperatures for
Reynolds numbers 400, 450, and 400 were approximately the same. The Nusselt number
for Reynolds number 500 reached its peak at a distance more than 15 m which is higher
than the Nusselt number for ER 1.9432 where it reached the peak before 15 m.
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5.3. Al2O3–H2O Nanofluid Flow over Backward Facing Step at ER—1.9432

Nanofluid flow over backward facing step at varying Reynolds number was performed.
The simulations were performed for volume fractions, ϕ = 1%, 2%, 3%, 4%, and 5% at
expansion ratio of 1.9432. Temperature contours were reported and analyzed to under-
stand the change in temperature along the bottom wall. The uniform heat flux (UHF) of
5000 W/m2 was applied in this case also with inlet temperature kept constant in all the
cases as 303 K. The heat transfer was studied by analyzing the coefficient of heat transfer,
Nusselt number, coefficient of skin friction, and temperature along the bottom wall.

Figure 11 shows temperature contours for nanofluid flow of 1% volume fraction, over
backward facing step inside a duct of expansion ratio 1.9432. The temperature contours
showed that the highest temperature at all the Reynolds number were at the vertical wall
of step. The flow was separated at the upper corner and the vortices were formed near
vertical wall of step thus delaying the reattachment of the flow as shown above in the case
of pure water flow over a backward facing step at UHF of 5000 W/m2. The size of the
recirculation region increased with increasing Reynolds number. The temperature, however,
was lower along the bottom wall in the longitudinal direction, lower than the case with
pure water. Since temperature contours for nanofluid flow showed a lower temperature
when compared to pure water flow, outlet temperature for nanofluid flow decreased.
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Figure 12 shows the resultant coefficient of heat transfer, Nusselt number, coefficient
of skin friction, and temperature along the bottom wall. The heat transfer coefficient in
Figure 12a is found to increase with increasing Reynolds number. An increased coefficient
of heat transfer of the fluid has proven to be a highly effective cooling agents in a various
application for various industries. The increment at various Reynolds number shows, there
was very little increase at lower Reynolds number compared to at the higher Reynolds
number considered. The Nusselt number in Figure 12b increased with the increase in
Reynolds number reaching maximum value after the step at about 14.5 m. The coefficient
of skin friction in Figure 12c shows that the resultant value decreased on the bottom wall
for increasing Reynolds number. The viscosity of the nanofluid defined by the Equation
(5) given by [3] increases with increasing volume fraction. The coefficient of skin friction
deceased with increasing the inlet flow velocity as shown in Figure 12c. The Reynolds
number decided how high the viscosity was with respect to in relation to the inertial forces.
A higher Reynolds number resulted in low viscosity which means that the higher Reynolds
number almost always results in lower friction. The temperature along the bottom wall
is shown in Figure 12d. The plot shows the decrease in temperature with the increase in
Reynolds number. The results also show that the outlet temperature has decreased by
about 2 ◦K for all the Reynolds number at 1% volume fraction when compared with the
pure water flow. The decrease in temperature was very rapid at lower Reynolds number
but it decelerated with increasing Reynolds number. The temperature increased mainly on
the wall of step and it started decreasing along bottom wall only to be increased again after
the reattachment of the flow.
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Figure 13 shows the temperature contours for nanofluid flow over the backward facing
step for varying Reynolds number at volume fraction 2%. The temperature decreased with
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increase in volume fraction and the Reynolds number. The location of highest temperature
was still at the vertical wall of the step but it decreased after the lower corner of step along
the bottom wall in longitudinal direction. The height of temperature distribution in the
duct in the lateral direction showed that the temperature in lateral direction decreased
at the point of reattachment of the last location of the recirculation zone on the bottom
wall in the longitudinal direction. After reattachment point, the temperature again became
slightly higher in the lateral direction. In the longitudinal direction, the temperature started
increasing after the decrease in temperature after the reattachment location on the bottom
wall. With increasing Reynolds number, the temperature decreased on the bottom wall
as shown in contours. When comparing with pure water with UHF, the average outlet
temperature difference was 4 K.
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The coefficient of heat transfer along bottom wall is depicted in Figure 14a. The
plot shows that the value increased with increase in the Reynolds number. The highest
value after the step was near the reattachment location on the bottom wall in longitudinal
direction. This phenomenon is similar to the above case of nanofluid of volume fraction
1%. The Nusselt number for varying Reynolds numbers is shown in Figure 14b. The
Nusselt number increased with the increasing Reynolds number and then it followed a
similar trend to the nanofluid of volume fraction 1%. Figure 14c shows the coefficient
of skin friction for nanofluid flow of volume fraction of 2%. The resultant values along
the bottom wall show a fluctuation between 10–15 m from the inlet and afterwards the
fluctuation disappeared and a very slight change in values was observed. The coefficient
of skin friction decreased with increase in Reynolds number similar to nanofluid flow of
volume fraction 1%. The temperature along the bottom wall followed a similar trend to
the previous case. Figures 15 and 16 shows the temperature contours and the heat transfer
parameters for the nanofluid flow over the backward facing step at volume fraction 3%.
Figures 17 and 18 shows the temperature contours and the heat transfer parameters for the
nanofluid flow over the backward facing step at volume fraction 4%. Figures 19 and 20
shows the temperature contours and the heat transfer parameters for the nanofluid flow
over the backward facing step at volume fraction 5%. The coefficient of heat transfer
increased with an increase in Reynolds number for volume fractions 1–5% as shown in
plots and Table 4. The temperature decreased with the increase in Reynolds numbers
and volume fraction as shown in Table 5. Since the reattachment length increased with
increasing Reynolds number, the area in the duct with higher temperature increased in
every case. The temperature, however, decreased with increasing volume fraction. This
coefficient of heat transfer increased with volume fraction rate which had the same results
as the study of Klazy and Bognar [10]. The values increased for every volume fraction
increasing showing an enhancement in heat transfer. The Nusselt number on the bottom
wall for volume fraction 3%, 4%, and 5% increased with increase in the Reynolds number.
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The coefficient of skin friction decreased with decrease in Reynolds number at volume
fractions 3%, 4%, and 5% in Figures 16c, 18c, and 20c. The temperature at the bottom
wall for volume fraction 3%, 4%, and 5% at varying Reynolds number are shown in
Figures 16d, 18d, and 20d. The temperature decreased for all the volume fractions with
increasing Reynolds number. The decrease in average outlet temperature for the three
volume fractions 3%, 4%, and 5%, when compared with pure water flow was about 5.2 K,
6 K, and 10 K.
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Table 4. Average coefficient of heat transfer (w/m2-K) at bottom wall for various Reynolds numbers
and volume fractions.

Re. ϕ = 0% ϕ = 1% ϕ = 2% ϕ = 3% ϕ = 4% ϕ = 5%

200 2.676 2.721 2.767 2.814 2.862 2.912
250 2.901 2.948 2.999 3.051 2.981 3.157
300 3.097 3.149 3.204 3.258 3.315 3.373
400 3.439 3.497 3.557 3.599 3.682 3.746
450 3.509 3.653 3.717 3.787 3.847 3.914
500 3.731 3.801 3.866 3.933 3.987 4.072

Table 5. Average outlet temperature for various Reynolds numbers and volume fractions.

Re. ϕ = 0% ϕ = 1% ϕ = 2% ϕ = 3% ϕ = 4% ϕ = 5%

200 985.514 982.999 979.681 996.206 972.392 968.231
250 881.554 879.257 876.299 873.201 921.285 866.314
300 812.561 810.471 807.765 804.961 801.896 798.587
400 715.037 713.241 710.973 713.695 706.055 703.291
450 682.092 680.392 678.264 676.063 673.687 671.161
500 656.011 654.441 652.438 650.346 651.441 645.679
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5.4. Al2O3–H2O Nanofluid Flow over Backward Facing Step at ER—3.5

Nanofluid flow over backward facing step at varying Reynolds number was performed
for an increased expansion ratio of 3.5. The simulations were performed for volume fractions,
ϕ = 1%, 2%, 3%, 4%, and 5%. Temperature contours were analyzed to understand the
change in temperature along the bottom wall. The uniform heat flux (UHF) of 5000 W/m2

was applied in this case also with inlet temperature kept constant in all the cases as 303 K. The
heat transfer characteristics were studied by analyzing the coefficient of heat transfer, Nusselt
number, coefficient of skin friction, and temperature along the bottom wall.

Nanofluid flow over backward facing step at ϕ = 1% was investigated and temperature
contours are presented in Figure 21. Since the inlet diameter decreased in the current
case compared to earlier case of expansion ratio of 1.9432, the flow was more unstable.
The length of the reattachment increased as the expansion ration increased. In this case,
two-dimensional flow also became unsteady with increasing Reynolds number, but the
unsteadiness appeared at lower Reynolds number than the earlier discussed case. The
appearance of the vortices on the upper wall also appeared at lower Reynolds number
than in the earlier case. The temperature contours showed that the temperature increased
after the separation as in the earlier case. The highest temperature was found at the
lower corner of step with decreases in both the lateral and longitudinal direction. In
Figure 21a, temperature near length of 12 m from inlet decreased in the lateral direction
which can be observed as the height of temperature difference. The temperature then
increased in lateral height in the longitudinal direction and also along the bottom wall. As
the Reynolds number increased, the extent of decreased temperature in the longitudinal
direction as in Figure 21f from 15.7 m to about 20 m increased. The temperature after this
length increased both in lateral and longitudinal direction. In longitudinal direction along
the bottom wall, the temperature decrement from the lower corner was not completely
steady. Considering the height of the temperature difference in longitudinal direction, the
height of the temperature was observed to decrease in the longitudinal direction. The
temperature increased after some distance from the lower corner as between 12.1 m to
13.1 m in Figure 21f. Near the outlet boundary at higher Reynolds number, the temperature
decreased slightly in lateral direction which could be observed by decrease in height of
the increased temperature spectrum. Table 6 shows the coefficient of heat transfer for
various volume fractions at different Reynolds number. The value of coefficient of heat
transfer increases with increasing Reynolds number at all the volume fractions 1–5%. The
temperature along the bottom wall also decreased near the outlet boundary of the duct with
increasing Reynolds number in Table 7. With increase in the Reynolds number, temperature
at the outlet boundary decreased. When compared to the pure water, the nanofluid flow
exhibited a decrease in temperature at the outlet boundary.
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Figure 22a shows coefficient of heat transfer for ϕ = 1% along bottom wall for various
Reynolds numbers. The coefficient of heat transfer increased with the increase in Reynolds
number reaching the highest value between 10–16 m from the inlet boundary in Table 6.
The values were also higher when compared with expansion ratio of 1.9432. The plot
shows that the value decreased from about 16 m from inlet reaching a minimum value at
28 m for Reynolds number 500 and then started increasing very slowly. Plots for Reynolds
number less than 500 did not decrease and reached a minimum as for Reynolds number
500, but became almost constant except for slight changes. Figure 22b shows an increase
in Nusselt number for increasing Reynolds number at ϕ = 1%. The value for Reynolds
number 600 decreased after reaching the highest value at about 16 m after the step and
reached the minimum at 28 m. The Nusselt number increased very slowly after 28 m but
for other Reynolds number, the value decreased and reached the lowest, becoming almost
constant with slight changes. The coefficient of skin friction decreased with increase in
Reynolds number as shown in Figure 22c. The values fluctuated between 9 and 17 m
and then the changes were very small. For higher Reynolds numbers, the values after
fluctuation decreased and then increased from 25 m but eventually did not change much.
For lower Reynolds numbers, the decrease was much less after the fluctuations and the
plot for the Reynolds number had the highest coefficient of skin friction. The temperature
on the bottom wall is shown in Figure 22d for ϕ = 1%.
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Figure 22. Heat transfer parameters for varying Reynolds numbers for nanofluid at 1% volume frac-
tion; (a) heat transfer coefficient, (b) Nusselt number, (c) skin friction coefficient, and (d) temperature.

Figures 23 and 24 shows the temperature contours and the heat transfer parameters for
the nanofluid flow over the backward facing step at volume fraction 2%. Figures 25 and 26
shows the temperature contours and the heat transfer parameters for the nanofluid flow
over the backward facing step at volume fraction 3%. Figures 27 and 28 shows the tempera-
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ture contours and the heat transfer parameters for the nanofluid flow over the backward
facing step at volume fraction 4%. Figures 29 and 30 shows the temperature contours
and the heat transfer parameters for the nanofluid flow over the backward facing step at
volume fraction 5%. The coefficient of heat transfer increased with an increase in Reynolds
number for volume fractions 1%–5% as shown in plots and Table 7. The Nusselt number
is increasing with increasing Reynolds number. The coefficient of heat transfer has also
been found to increase with increasing Reynolds number and volume fraction. For the
higher Reynolds number, the temperature after the step decreased and then increased with
a fluctuation and decreases gain. This phenomenon was not observed for flow at lower
Reynolds numbers. The resultant flow at higher Reynolds number also had a fluctuation
after the step while decreasing. The current outlet temperature when compared with
expansion ratio of 1.9432 was lower for all the Reynolds number. When comparing pure
water and nanofluid, the average outlet temperature decreased for all the volume fractions.
The flow for expansion ratio 1.9432 showed a vortex at very low Reynolds number when
the flow did not separate from top corner of the step. A bigger vortex was created but due
to the adverse pressure gradient by a sudden expansion, the edge of the backward facing
step induced a separated flow. The flow separation was more prevalent and the flow also
became three dimensional when the expansion ratio increased.
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tion; (a) heat transfer coefficient, (b) Nusselt number, (c) skin friction coefficient, and (d) temperature.
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Table 6. Average coefficient of heat transfer (w/m2-K) at bottom wall for various Reynolds numbers
and volume fractions.

Re. ϕ = 0% ϕ = 1% ϕ = 2% ϕ = 3% ϕ = 4% ϕ = 5%

200 2.822 2.868 2.915 2.964 3.014 3.096
250 3.071 3.121 3.172 3.225 3.279 3.369
300 3.288 3.341 3.397 3.454 3.512 3.607
400 3.651 3.711 3.751 3.836 3.901 4.006
450 3.801 3.863 3.928 3.994 4.062 4.171
500 3.938 4.003 4.071 4.139 4.211 4.319

Table 7. Average outlet temperature for various Reynolds numbers and volume fractions.

Re. ϕ = 0% ϕ = 1% ϕ = 2% ϕ = 3% ϕ = 4% ϕ = 5%

200 982.637 980.281 977.138 973.812 970.170 952.937
250 875.913 873.799 871.005 868.101 864.911 850.448
300 803.036 801.078 798.547 795.912 793.051 780.773
400 722.028 720.151 747.907 715.423 712.793 705.128
450 709.257 707.209 704.747 702.305 699.578 694.095
500 715.197 712.908 710.112 707.211 704.291 710.633

6. Conclusions

Nanofluid flow over a backward facing step placed in a duct was numerically investi-
gated to determine the heat transfer characteristics for a single-phase model. Numerical
simulation was performed for two expansion ratios at various Reynolds numbers in lam-
inar flow regime considering volume fractions ϕ = 1%, 2%, 3%, 4%, and 5%. The model
was validated with the existing literature and the current results agree with results from
existing literature. The results of the paper are as follows:

1. The coefficient of heat transfer increased with increasing Reynolds number and the
volume fraction for both the expansion ratios.

2. The Nusselt number increased with the increasing Reynolds number for all investi-
gated volume fractions for both expansion ratios.

3. The coefficient of skin friction decreased with the increasing Reynolds number and
volume fraction in both the expansion ratios.

4. A higher coefficient of heat transfer and Nusselt number was observed for geometry
having a higher expansion ratio.
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5. The temperature on the bottom wall also decreased with increasing Reynolds number
at varying volume fractions in both expansion ratios.

6. The coefficient of heat transfer at ϕ = 5% was higher by 63.11% and 9.66% than the
pure water for ER = 1.9432 and ER = 3.5. At ϕ = 5%, the outlet temperature for the
duct decreased by 10 ◦K and 5 ◦K when compared to the pure water for ER = 1.9432
and ER = 3.5.

The flow being laminar allowed conduction far better than convection. The coefficient
of heat transfer was found to increase with increasing the nanoparticle volume fraction.
The increase in velocity led to increment in Nusselt number for all the volume fractions
investigated. The outlet temperature decreased for all the volume fractions as the Reynolds
number increased. A similar phenomenon was observed for both the expansion ratios
and for the second case, that of expansion ratio 3.5, the streamlines and contours showed
a much more unstable flow after the flow passed over the backward facing step when
compared to the case having an expansion ratio 1.9432. The temperature at the outlet also
varied as the inlet diameter became lower.

A forward facing step would have a more complex field because of the separation and
recirculation zone. Not a lot of research has been performed for the flow over a forward
facing step to understand the heat transfer characteristics. Numerical simulations and
experimental analysis could help in further understanding the heat transfer characters and
flow phenomena. A three-dimensional analysis would help in understanding the nature of
flow phenomena at higher Reynolds numbers. A very fine mesh with high-end resources
would help in studying Moffatt eddies. Investigation at higher Reynolds numbers during
flow transitions from laminar to the turbulent regime would help in understanding the
heat transfer characteristics of the nanofluid in the transition regime.

Author Contributions: Conceptualization, W.-C.W. and A.K.; methodology, W.-C.W. and A.K.; vali-
dation, W.-C.W. and A.K.; formal analysis, W.-C.W. and A.K.; investigation, W.-C.W. and A.K.; data
curation, W.-C.W. and A.K.; writing—original draft preparation, W.-C.W. and A.K.; writing—review
and editing, W.-C.W. and A.K.; visualization, W.-C.W. and A.K.; supervision, W.-C.W.; project admin-
istration, W.-C.W. All authors have read and agreed to the published version of the manuscript.

Funding: This work was support by the Ministry of Education the Republic of China under Grand
Contract PEE1101037.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations

Re Reynolds number
Nu Nusselt number
E.R. Expansion ratio
UHF Uniform heat flux

Nomenclature

ϕ Volume fraction
µ Viscosity
k Thermal conductivity
cp Specific heat
D Height of the duct
d Height of the inlet
Fb Body force term
Fs Source term
h Coefficient of heat transfer
K Kelvin
T Temperature
u Velocity in x direction
v Velocity in y direction
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Subscripts

f Base fluid
nf Nanofluid
p Nanoparticle
avg Average
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