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Abstract: An attitude control strategy for an under-actuated spacecraft with two reaction wheels is
proposed, using the active assistance of solar radiation pressure torque. By changing the rotation
angles of the solar panels, the magnitude and direction of the solar radiation pressure torque is
assumed to be adjustable in this paper. The attitude dynamic model of a rigid spacecraft with two
reaction wheels and two solar panels is established and transformed into the form of a non-linear
system. An integrated control scheme based on dual-mode model predictive control is proposed,
which obtains the rotation speeds of the solar panels and the rotation accelerations of the reaction
wheels directly as control quantities. Using this control method, not only are the constraints of
rotation speeds and rotation angles of the panels satisfied, but also the robustness of the closed-loop
system is ensured. The simulation results prove the validity of the proposed control method.
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1. Introduction

Reaction wheels (RWs) are often used as the main attitude control actuators of space-
craft, especially the small satellites and deep space probes. Due to the constraints of weight
and cost, the three or four RWs configuration without back-up is often applied [1,2]. How-
ever, after working on the orbit for a long time, some of the RWs will inevitably fail, and
the attitude control system of spacecraft may be degraded to be under-actuated [3], such as
the Far Ultraviolet Spectroscopic Explorer (FUSE) [4,5] and the BIRD satellite [6]. In this
case, the attitude control performance of spacecraft will decline, which even leads to the
failure to complete the scheduled task. Therefore, the research on the attitude control of
under-actuated spacecraft is of great significance to improve the control performance and
prolong the life of spacecraft.

In the research on the attitude control of under-actuated spacecraft using two RWs,
most of the existing studies are obtained under the assumption of the conservation of
system angular momentum [7–14]. However, environmental torque really exists for the
spacecraft, which means the system angular momentum cannot be conserved and the
existing studies cannot obtain good control results in engineering application. Environ-
mental torque is usually treated as a disturbance in the design of the spacecraft attitude
control system. Therefore, a small number of scholars have studied the attitude control of
underactuated spacecraft when the environmental torque is regarded as the disturbance.
However, the research results show that this will greatly increase the difficulty and complex-
ity of the design of the under-actuated attitude controller [15,16], which is also not suitable
for engineering practice. In fact, from the early stage of spacecraft development, there
have been examples of using environmental torque to realize spacecraft active/passive
control [17–19]. Because it has the advantages of zero energy consumption, high reliability
and low cost, it is particularly attractive for small satellites and deep space detectors.

Based on the above research ideas, there have been a few studies using environmental
torque as an aid to jointly realize the three-axis attitude control of under-actuated space-
craft. For low-orbiting spacecraft, Zeng [20] uses the aerodynamic torque generated by the
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pneumatic rudder to control the attitude of the satellite’s pitch axis and uses the flywheel
to control the attitude of the rolling yaw axis. Forbes et al. [21], Angelis et al. [22] and Ousa-
loo [23] used the geomagnetic environmental torque generated by magnetic torquer and
two/one flywheels to jointly realize the spacecraft attitude stabilization. Keshtkar et al. [24]
proposed and applied a sliding mode approach-based control algorithm to an under-
actuated mechanical system, which consists of two control moment gyros for the triaxial
attitude control of a gravity-gradient stabilized tethered satellite system. For high-orbiting
spacecraft, the main environmental torque is the solar radiation pressure (SRP) which
cannot be ignored. Lee studied the stable control of the pitch axis of the spacecraft by using
only the solar pressure torque [25,26]. The Kepler telescope lost two out of its four RWs
before its mission was completed, and the small thrusters and SRP torque were used to
assist the attitude control [27]. A recent study [28] introduced SRP torque into the model of
the under-actuated spacecraft with RWs and achieved a certain degree of attitude stability
by the passive SRP torque assistance under the assumption of linearization. However, the
magnitude and direction of the SRP torque cannot be adjusted actively, which restricts the
engineering application of this method.

In recent decades, a new type of spacecraft—the solar sail spacecraft that relies on the
pressure of sunlight to create a propulsive force on the sail membrane—has been widely
discussed in deep space exploration. The torque of solar sail can be actively controlled by
changing the centroid distance [29], the illuminated area [30] and the reflectivity [31] of the
solar panel.

Inspired by the research idea of using the adjustable torque of solar sail for solar sail
spacecraft control, combined with the fact that most solar panels installed on spacecraft
have one or two rotational degrees of freedom, we innovatively propose that the magnitude
and direction of the SRP torque can be actively controlled by adjusting the rotation angles
or speeds of the solar panels, so that the three-axis attitude control of under-actuated
spacecraft using two RWs can be realized with the assistance of SRP torque.

Based on the above analysis, a new attitude control strategy of under-actuated space-
craft with the active assistance of SRP torque is proposed in this paper. Firstly, the attitude
dynamic model of a rigid spacecraft bus with two RWs and two solar panels is established,
in which the SRP torque model is also obtained. Secondly, the dynamic and kinematic
models are transformed into the form of a non-linear system, in which the rotation speeds
of the solar panels and the rotation accelerations of the RWs are directly set as control
inputs. Thirdly, the dual-mode Model Predictive Control (MPC) method is used to design
the controller. Finally, the simulation results illustrate the validity of this control strategy.

The main innovative contributions of this paper are listed as follows.
Firstly, for under-actuated spacecraft, especially those operating in high orbit, we

propose that the SRP torque can be actively adjusted and used to assist the reaction wheels,
so as to ensure the complete three-axis torque output and restore the three-axis attitude
control of spacecraft. In particular, by actively adjusting the rotation speeds of the solar
panels, the magnitude and direction of the SRP can be actively controlled, so as to further
improve the attitude control performance and prolong the working life of the spacecraft.

Secondly, an integrated control scheme based on dual-mode MPC is proposed. In-
stead of setting control torques as inputs, the rotation speeds of the solar panels and the
rotation accelerations of the RWs are directly obtained as control inputs, which simplifies
the controller design steps. More importantly, based on the MPC method, the rotation
angles and speeds of the solar panels are constrained within a certain range, so as to ensure
that the normal direction of the panel is as close to the sun as possible in the control process,
and the flexible vibration of solar panels will not be excited easily. Therefore, the proposed
control method has better engineering applicability.

This paper is organized as follows. In Section 2, the attitude kinematic equation based
on Euler angles, and the attitude dynamic equation of a rigid spacecraft with two RWs
and two solar panels are established. In Section 3, the system model is transformed into
a generalized nonlinear system and the dual-mode MPC method is used to design the
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controller for the system. In Section 4, the validity of the proposed method is verified.
Finally, the conclusions are summarized in Section 5.

2. Spacecraft Model
2.1. Kinematics and Dynamics of Spacecraft

In order to make the control strategy proposed in this paper more applicable, we
assume that the spacecraft runs along the heliocentric orbit. The spacecraft structure and
the related coordinate systems are defined as shown in Figure 1. The coordinate frame
that is fixedly attached to the spacecraft body is represented by Sb(ObXbYbZb). Ob lies
on the center of the mass of the satellite bus. The orbital coordinate frame is defined as
So(OoXoYoZo) with the Zo axis always pointing to the sun, the Xo axis aligned along the
spacecraft motion direction, and the Yo axis satisfying the right-handed frame. The panel
coordinate frames are, respectively, defined as Sa1(Oa1Xa1Ya1Za1) and Sa2(Oa2Xa2Ya2Za2).
Oa1 and Oa2 are on the middle of the hinges between the solar panels and the driving
mechanism. Ya1 and Ya2 are set as the rotation axes of the panels and aligned with the body
axis Yb. Za1 and Za2 are perpendicular to the surfaces of the panels and aligned with the
body axis Zb at the zero position, as shown in Figure 1.
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Figure 1. Cuboid spacecraft schematic with two solar panels.

The rotation angles of the solar panels relative to the zero position are defined as β1
and β2.The orientation of the frame Sb with respect to the frame So is specified by Euler
angles (roll ϕ, pitch θ, and yaw ψ) with a 3-1-2 sequence. The spacecraft attitude kinematics
can be expressed as

ωb = Ly(θ)Lx(ϕ)Lz(ψ)

0
0
.
ψ

+ Ly(θ)Lx(ϕ)

 .
ϕ
0
0

+ Ly(θ)

0
.
θ
0

+ Lbo

 0
−ωo

0

 (1)

where ωb represents the absolute angular velocity vector of the spacecraft expressed in
the frame Sb, ωo represents the orbital angular velocity, and Ly(θ), Lx(ϕ), Lz(ψ) represent
the attitude conversion matrices, respectively. The spacecraft attitude kinematics can be
rearranged into the following form

ωb = Jvb
.
θb − Jwoωo (2)
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where
.
θb =

[
.
ϕ

.
θ

.
ψ
]T

represents Euler angular velocity array, and Jvb and Jwo can be
written as

Jvb =

cos θ 0 − cos ϕ sin θ
0 1 sin ϕ

sin θ 0 cos ϕ cos θ

, Jwo =

sin ψ cos θ + sin ϕ sin θ cos ψ
cos ψ cos ϕ

sin ψ sin θ − sin ϕ cos θ cos ψ

 (3)

The dynamic model of a rigid spacecraft with flexible attachments has been derived in
many research papers. The rotation equation of the central rigid body with two RWs and
two solar panels, and the rotation equation and vibration equation of the solar panels can
be expressed as [32]

IT
.

ωb +
2

∑
k=1

Rbak
.

ωak +
2

∑
k=1

Fbak
..
ηak + ω∗b (Itωb + CIwΩ) = Tr + Tsrp + Td (4)

Iak
.

ωak + Fak
..
ηak + RT

bak
.

ωb = Tak, (k = 1, 2) (5)
..
ηak + 2ξakΛak

.
ηak + Λ2

akηak + FT
bak

.
ωb = 0, (k = 1, 2) (6)

In Equation (4), It is the total inertia matrix of the system consisting of spacecraft body,
RWs and solar panels, which can be expressed as

It = Ib + CIwCT +
2

∑
j=1

mj

(
rT

j rjI3 − rjrT
j

)
+

2

∑
k=1

Ibak (7)

where Ib is the sum of central rigid body inertia and lateral inertias of RWs; Iw represents
the diagonal matrix consisting of the same rotational inertia of RWs as Iw; C represents the
installation matrix of RWs; mj is the mass of the jth RW; and rj is the position vector of the
mass center of the jth RW with respect to Sb(ObXbYbZb). Ibak is the inertia of the kth solar
panel with respect to Sb(ObXbYbZb), expressed as Ibak = CbakIakCT

bak + makLak, where Cbak
is the convert matrix from the panel coordinate frame of the kth solar panel to the body
coordinate system Sb(ObXbYbZb); Iak is the inertia of the kth solar panel with respect to
Sak(OakXakYakZak), k = 1, 2; mak is the mass of the kth solar panel; and Lak can be calculated
by the vector rbak =

[
xk yk zk

]
, k = 1, 2, which denotes the position of the origin of the

kth panel coordinate frames in the spacecraft body frame and is expressed as

Lak =

y2
k + z2

k −xkyk −xkzk
−xkyk x2

k + z2
k −ykzk

−xkzk −ykzk x2
k + y2

k

, k = 1, 2

The definition of the new symbols in Equations (4)–(6) are as follows: Ω represents
the RWs speed vector; Tr = −CIw

.
Ω is the output torque of the RWs; Tsrp is the SRP torque;

Td is the unknown disturbance torque; Tak represents the external torque acting on the
solar panel; ωak is the angular velocity of solar panels with respect to the rigid spacecraft;
ηak is the normalized modal coordinates; Λak is the modal frequency diagonal matrix of
the solar panel; ξak represents the modal damping matrix of the solar panel; Rbak is the
rigid coupling coefficient matrix of the rotation of solar panel acting on the rotation of the
central rigid body; Fbak represents the flexible coupling coefficient matrix of the vibration
of the solar panel acting on the rotation of a central rigid body; and Fak is the flexible
coupling coefficient matrix of the vibration of solar panel acting on its own rotation. ω∗b is
an anti-symmetric matrix shown as

ω∗b =

 0 −ωbz ωby
ωbz 0 −ωbx
−ωby ωbx 0
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where ωbx, ωby and ωbz are the three elements of ωb.

Remark 1. The control method proposed in Section 3 is more suitable for the spacecraft in helio-
centric orbit. Heliocentric orbit has two advantages. One is the long lighting time, which means that
the SRP torque can be used for most of the time during the orbit; the other is that the SRP torque is
the main environmental torque for the spacecraft and the magnitude is large enough so that it can be
used for the attitude control of spacecraft. Although the selection of the heliocentric orbit leads to the
narrowing of the application scope of the proposed control method, the control strategy in this paper
still has important engineering application value for the heliocentric orbit spacecraft when the fault
actuator cannot be repaired and replaced.

Remark 2. Reaction wheels such as the four skew type and the three orthogonal plus one skew
type are widely used as the attitude control actuators of the spacecrafts. However, for the long-life
spacecrafts, especially the deep space probes, one or several reaction wheels may have faults or
even break down after working for a long time. In this case, the spacecraft may be degraded to the
underactuated spacecraft. Therefore, in this section, the attitude dynamic model of the spacecraft
with two reaction wheels is established, which stands for the typical case.

Remark 3. From Equation (4), it can be seen that the rotation and vibration of solar panels will
result in disturbances on the attitude control of the central rigid body. In addition, the system inertia
varies with the rotation of the solar panels. We will discuss how to deal with the disturbances and
the inertia variation in the section of control law design.

2.2. The Model of Solar Radiation Pressure Torque

To model the SRP torque acting on the spacecraft, we assume that the rigid spacecraft
is a homogeneous hexahedron. The two solar panels are installed along the Yb axis, and
the initial orientation of the panels is set to ensure the normal direction of the solar panels
pointing to the sun. The solar panels are controlled by electromotor rotation around the Yb
axis, and their rotation angles are defined as β j, j = 1, 2.

The force d
→
F acting on the area element dA due to the solar radiation pressure can be

expressed as follows [33]:

d
→
F = −P cos(γ)

{
(ρa + ρd)

→
s +

[
2ρs cos(γ) +

2
3

ρd

]
→
n
}

dA (8)

where P is the constant solar pressure, dA is the area element illuminated by the sun,
→
s

is the unit sun direction vector,
→
n is the unit external normal direction vector of the area

element, γ is the angle between the above two vectors, and ρs, ρa, ρt and ρd, respectively,
stand for the specular reflectivity, the absorptivity, the index of refraction and the diffuse
reflectance, satisfying ρs + ρa + ρt + ρd = 1.

As mentioned before, the rigid spacecraft is assumed to be a homogeneous hexahedron,
no shadows will emerge, as the spacecraft is always facing the sun in its nominal attitude
motion. Therefore, the total SRP torque acting on the six facets of the rigid spacecraft can
be expressed as

→
T b_srp = ∑

i=1,···6

→
r i × d

→
F i (9)

where
→
r i(i = 1, . . . , 6) represents the distance vector from the center of mass of the space-

craft to the geometric center of the ith facet of the rigid spacecraft, and d
→
F i(i = 1, . . . , 6)

represents the SRP force acting on the ith facet of the rigid spacecraft. As the mass center of
the spacecraft body is close to its own centroid,

→
r i and the normal direction vector of the

ith facet of the rigid spacecraft are almost in the same direction. In this case,
→
T b_srp almost
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equals to zero and can be neglected in the controller design. However, the real
→
T b_srp will

be added as a kind of disturbance torque in the simulation.
As is known to all, the thickness of most of the solar panels is small. Therefore, by

ignoring the SRP torque acting on the sides of the solar panels, the SRP torque acting on
the upper and lower surfaces of the solar panels can be expressed as

→
T s_srp = − ∑

j=1,2
PAj

→
r j ×

{
(ρa + ρd)

∣∣∣→s ·→n j

∣∣∣→s + 2ρs

(→
s ·→n j

)∣∣∣→s ·→n j

∣∣∣→n j +
2
3

ρd

(→
s ·→n j

)→
n j

}
(10)

where Aj is the area of the solar panel,
→
n j is the unit normal direction vector of the solar

panels, and
→
r j is the vector from the center of mass of the spacecraft to the geometric center

of the solar panel, satisfying
∣∣∣→r 1

∣∣∣ = ∣∣∣→r 2

∣∣∣. Finally, we can obtain the components of the SRP
torque expressed in frame Sb as

Tsrpx = ∑
j=1,2
−PAjrj{(ρa + ρd)|cos ϕ|

∣∣cos(θ + β j)
∣∣ cos ϕ cos θ

+2ρs|cos ϕ|
∣∣cos(θ + β j)

∣∣ cos ϕ cos(θ + β j) cos β j +
2
3

ρd cos ϕ cos(θ + β j) cos β j}
(11)

Tsrpy = 0 (12)

Tsrpz = ∑
j=1,2
−PAjrj{(ρa + ρd)|cos ϕ|

∣∣cos(θ + β j)
∣∣ cos ϕ sin θ

−2ρs|cos ϕ|
∣∣cos(θ + β j)

∣∣ cos ϕ cos(θ + β j) sin β j −
2
3

ρd cos ϕ cos(θ + β j) sin β j}
(13)

Remark 4. The installation of the solar panels relative to the rigid spacecraft used in this pa-
per determines that the SRP torque can be provided along the rolling axis and yaw axis of the
spacecraft body.

Remark 5. The following SRP assisted control method is proposed based on the assumption that
the residual reaction wheels and SRP can still provide the full three-axis torque after the failure of
the reaction wheels. Therefore, whether the proposed control strategy in the next part is feasible or
not depends on the location of the failure reaction wheels and the installation configuration of the
solar panels. For example, as the SRP torque is zero along the Yb axis according to the installation
configuration of solar panels in this paper, there is still no torque to provide along the Yb axis if the
Yb axis reaction wheel fails.

Remark 6. The existence of planets near the spacecraft was ignored in our discussion, so the
influence of the albedo of other planets on the control scheme design was not discussed. However, if
it is assumed that there are other planets near the spacecraft with a certain albedo, the solar array
will receive not only the light from the sun, but also the light reflected from other planets. At this
time, the two parts of the SPR torque on the panels can be modeled separately, and then the control
scheme can be designed reasonably according to the magnitude and direction of the two parts of
SPR torque and the different lighting conditions. It can be predicted that the control scheme will be
more complicated when the planetary albedo is considered, but the total SPR torque amplitude may
increase, which is beneficial to the control.

3. Control Law Design

The control object in this paper is to achieve the attitude stabilization of the under-
actuated spacecraft with two RWs, by rotating the solar panel angles to provide the assistant
SRP torque. Therefore, a suitable control law needs to be designed to obtain the commanded
rotation speeds of the RWs and the solar panels. However, the rotation and vibration of
the solar panels have certain interference in the attitude control of the spacecraft. If the
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rotation speeds of the solar panels are too fast, it will excite the severe flexible vibration of
the solar panel, which may reduce the attitude control precision or even make the attitude
control system of the spacecraft unstable. Therefore, the constraint of the rotation speeds
of the solar panels must be taken into account in control law design. In addition, the
angles of solar panels must be limited to a certain range in order to ensure the photoelectric
conversion efficiency of solar panels.

Considering the nonlinearity of the system model and the constraints discussed above,
it is almost impossible to obtain the exact analytical solutions of the control variables
directly. A model predictive control-based control strategy is designed to resolve the
control problem proposed in this paper. The essence of MPC is to solve the constrained
open-loop optimal control problem in a finite time domain repeatedly. For a constrained
nonlinear system, the optimization problem is transformed into solving the corresponding
Hamilton–Jacobi–Bellman (HJB) equation, and MPC can express the constraints explicitly
in the optimization problem at every moment. In addition, MPC has closed-loop stability
and robustness due to rolling optimization.

Taking the angles and the rotation speeds of the solar panels as the state and control
variables of the overall system, respectively, we can design the MPC. Firstly, MPC is
developed on the basis of terminal inequality constraints to converge the state variables
in the predictive time domain to the terminal domain. Secondly, a dual mode switching
control scheme using MPC control outside the terminal domain and local linear control law
in the terminal domain is proposed.

3.1. Control Scheme Based on Dual Mode MPC

In order to obtain the suitable spacecraft model for the control law design, we made the
following assumptions: (1) The rotation speeds of the solar panels will be constrained, so
the effect of the rotation and vibration of the solar panels on the attitude control of spacecraft
is small, which can be neglected in the control law design. However, in the follow-up
simulation, it will be added as the disturbance to test the validity and performance of the
designed controller. (2) The inertias of RWs and solar panels is far less than the inertia of
the central rigid body and can be ignored. In addition, we assume that the body frame Sb

is a principal axis coordinate frame. Then we can have It ≈ Ib = diag(Ix Iy Iz)
T as a

constant diagonal matrix, which can simplify the control law design. However, the original
expression of the system inertia matrix as Equation (7) will be used in the simulation to
illustrate the robustness of the control law regarding the inertia error. (3) SRP torque is the
main environmental torque for the spacecraft and Td can be neglected in the control law
design. However, in the simulation, Td will be added to test the robustness of the designed
controller. (4) In this paper, we assume that the two RWs are installed along the Yb and Zb
axis, respectively. Then, the following simplified rigid body rotational dynamic equation
can be obtained from Equation (4) as

Ib
.

ωb+ω×b (Ibωb + h)=Tr + Tsrp (14)

where h = CIwΩ =
[
0 hy hz

]T.
Since the control object is to achieve the attitude stabilization in the orbital reference

frame, it can be assumed that the attitude angles and angular velocities of the spacecraft
are small quantities. Therefore, the kinematic equation as Equation (1) can be simplified
as follows

ωb =


.
ϕ−ωoψ

.
θ −ωo.

ψ + ωo ϕ

 (15)

Then, we substitute Equation (12) and the time derivative of Equation (15) into Equa-
tion (14), and the following affine nonlinear system state equation can be obtained

.
x = f(x) + Bu (16)
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where x is the extended state variable given by:

x =
[

ϕ θ ψ
.
ϕ

.
θ

.
ψ β1 β2

]T
(17)

the control signals can be chosen as:

u =
[ .

β1

.
β2

.
Ω1

.
Ω2

]T
(18)

where
[ .

β1

.
β2

]T
are the rotation speeds of the solar panels, and

[ .
Ω1

.
Ω2

]T
are the angular

accelerations of the RWs. The expressions of the nonlinear term and the control coefficient
matrix in Equation (16) are as follows

f(x) =



.
ϕ
.
θ
.
ψ

−ωo(Iy − Ix − Iz)
.
ψ−ωo

2(Iy − Iz)ϕ + hzωo + Tsrpx(x)
Ix

0

−ωo(Ix − Iy + Iz)
.
ϕ−ωo

2(Iy − Ix)ψ + Tsrpz(x)
Iz

0

0



(19)

B =



04×4

0 0 − Iw

Iy
0

0 0 0 − Iw

Iz

1 0 0 0

0 1 0 0


(20)

It should be noted that in Equation (19), the expressions of SRP torque are shown in
Equations (11) and (13) and are not linearized. As the SPR torque is the main research
object of this paper, the more accurate modeling of the SPR torque and its application to
control can verify the feasibility of this control algorithm.

As the rotation speeds of the solar panels are regarded as the control variables of the
system equation, the unstable effect caused by the rotation and vibration of the solar panels
can be reduced by applying constraints on the control variables.

Then, the classical fourth order Runge–Kutta method is applied to obtain the system
discrete prediction model of Equation (16) as

xn+1 = xn +
h
6
(k1 + 2k2 + 2k3 + k4)

k1 = f(xn) + Bu

k2 = f(xn + 0.5hk1) + Bu

k3 = f(xn + 0.5hk2) + Bu

k4 = f(xn + hk3) + Bu

(21)

where xn and xn+1 represent the state variables at the moment of n and n + 1, and h
represents the sampling step of the discrete system.
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Then, we need to set the constraints of the system state and control variables. As the
control object is to achieve the attitude stabilization in the orbital frame, Euler angles are
suitable for the control problem considered and the required stabilization attitude is far
from the singularity. However, in order to avoid a numerical calculation problem when the
attitude is close to the singular point, some boundary values for Euler angles should be
established as

ϕ ∈
(
−π

2
,

π

2

)
rad, θ ∈ (−π, π]rad , ψ ∈ (−π, π] rad (22)

During the entire attitude stabilization process, the angular velocity of the spacecraft
is set to be in a small range as

.
ϕ,

.
θ,

.
ψ ∈

[
− π

45
,

π

45

]
rad/s (23)

In order to satisfy the suitable photoelectric conversion efficiency, we can restrict the
angles of incidence of the sunlight on the panels by limiting the rotation angles of the solar
panels within the following range as

β1, β2 ∈
[
−π

4
,

π

4

]
rad (24)

To avoid the bad effect of the large rotation speeds of the solar panels on the attitude
control, we limit the rotation speeds of the solar panels within the following range as

.
β1,

.
β2 ∈

[
− π

180
,

π

180

]
rad/s (25)

Similarly, the rotation accelerations of RWs need to be constrained as

.
Ω1,

.
Ω2 ∈ [−20, 20]rad/s2 (26)

In summary, the constraints set for the state variables of the system can be expressed as

x(k) ∈ X, X = {x ∈ Rn|x ∈ [xmin, xmax]} , k > 0 (27)

where
xmin =

[
−π

2
,−π,−π,− π

45
,− π

45
,− π

45
,−π

4
,−π

4

]T

xmax =
[π

2
, π, π,

π

45
,

π

45
,

π

45
,

π

4
,

π

4

]T

The constraints set for the control variables of the system can be expressed as

u(k) ∈ U, U = {u ∈ Rm|u ∈ [umin, umax]} , k > 0 (28)

where umin =
[
− π

180
,− π

180
,−20,−20

]T
, umax =

[ π

180
,

π

180
, 20, 20

]T
.

After we obtain the explicit expression of the constraints, we can step into the most
important part of control law design based on dual mode MPC, where we will calculate
the terminal penalty matrix P ∈ Rn×n and the terminal region Ω =

{
x ∈ Rn∣∣xTPx ≤ α

}
off-line, according to the off-line algorithm [34].
Algorithm:

(1) We assume that a linear controller to reach the local stabilization exists for the
nonlinear system as Equation (16). Then, we set the equilibrium point as x = 0 and
Equation (16) can be linearized into the Jacobian linearization model as

.
x = Ax + Bu (29)
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where A is a Jacobian matrix expressed as A =
∂f(x)

∂x

∣∣∣∣
x = 0

. For the linear system Equation (29),

we can design a linear controller as
u = Kx (30)

in which K is a constant gain matrix.
Then, the dynamic system becomes a typical second order system

.
x = Akx (31)

where Ak = A+BK is also a constant matrix. Therefore, by designing the suitable feedback
gain K, the system can be asymptotically stable.

(2) The unique positive definite symmetric solution P can be obtained by solving the
following discrete Lyapunov equation

AT
k PAk − P + κQ∗ = 0 (32)

where κ > 1, Q∗ is expressed as

Q* = Q + KTRK ∈ Rn×n (33)

where Q ∈ Rn×n and R ∈ Rm×m, respectively, denote the weight parameter matrices of
the state variables x and the control variables u, and can be adjusted according to the
control objective.

(3) Look for α1 > 0 as large as possible so that for all the state variables x in the terminal
domain, Ω1 ∈ X and Kx ∈ U is satisfied. X and U are the constraints sets for the state
variables x and the control variables u of the system as expressed in Equations (27) and (28).

Ω1 =
{

x ∈ Rn
∣∣∣xTPx ≤ α1

}
(34)

(4) We search for the largest α ∈ (0, α1] so that the following Hamilton–Jacobian–
Bellman (HJB) inequality can be satisfied locally in Ω =

{
x ∈ Rn∣∣xtPx ≤ α

}
.

V(x(k + 1))−V(x(k)) ≤ −xT(k)Q∗x(k) (35)

where V(x(k)) = xT(k)Px(k).
Based on the above algorithm, we can obtain the terminal penalty matrix P ∈ Rn×n

and the terminal domain Ω =
{

x ∈ Rn∣∣xTPx ≤ α
}

.
Then, we can describe the optimization problem for each sampling moment k as

min
u(·)

J(x(k)) (36)

with

J(x(k)) =
N−1

∑
i=0

(
‖x(k + i|k)‖2

Q + ‖u(k + i|k)‖2
R

)
+‖x(k + N|k)‖2

P (37)

subject to
x(k + i + 1|k) = f (x(k + i|k), u(k + i|k)), x(k|k) = x(k) (38)

x(k + i) ∈ X, ∀i = 0, 1, . . . N − 1 (39)

u(k + i) ∈ U, ∀i = 0, 1, . . . N − 1 (40)

x(k + N) ∈ Ω (41)

where N is the prediction time domain. We solve the optimization problem and use the
first term of the control sequence as the control input outside the terminal domain, so the
dual-mode MPC control law can be written as:
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u∗(k) =

{
u∗(k|k), x /∈ Ω

Kx(k), x ∈ Ω
(42)

Remark 7. In this paper, we assume that all the system state variables x are measurable, but
our main task is to design the control law. Therefore, we assume that the state variables can be
measured accurately and ignore the measurement model. Although ignoring the noise and delay of
the state measurement will change the accuracy and stability of the attitude control in the numerical
simulation to a certain extent, it will not change the feasibility and effectiveness of the scheme of
using the SPR torque to assist the control.

3.2. Feasibility and Stability Analysis

For general affine nonlinear systems, the precondition for the implementation of the
dual-mode MPC control scheme is that the linear model for the system’s equilibrium is
asymptotically stable in the terminal domain. If the initial states of the system are outside
the terminal domain, it is necessary to prove that it can be driven into the terminal domain
in a limited time. According to the rolling optimization principle of MPC, it is necessary to
update the open-loop optimization problem with the latest measurements at each sampling
time and solve it repeatedly. Therefore, it is required that the optimization problem is
feasible at each sampling time, which means that at least one (unnecessary optimal) control
function exists to satisfy the trajectory starting from the measurement state, while satisfying
the state constraints and terminal non-optimal.

Under equality constraints, a theorem is given that proves that the optimization
problem expressed as Equation (36) is feasible at every moment [35]; another theorem is
given that proves that the optimal value of the objective function as Equation (36) at each
sampling time will not increase [35]. The above two theorems show that if the initial states
of the system are outside the terminal domain, the system states will finally be driven into
the terminal domain in a limited time using the proposed MPC control law. Combined
with the stability analysis of the linear controller as Equation (30), it can be seen that the
whole system is closed-loop stable.

4. Simulation Results

In this section, numerical simulation experiments are carried out to illustrate the validity
of the proposed SRP torque assisted attitude control strategy for the underactuated spacecraft.

First, the simulation parameters are given. The spacecraft operates on the heliocentric
orbit with the distance of an astronomical unit away from the sun, and mainly consists of a
central rigid body and two symmetrically installed solar panels. The inertia matrix of the
central rigid body is

Ib =

0.02 0 0
0 0.058 0
0 0 0.0625

kg m2

The mass of the kth solar panel is chosen as mak = 0.08 kg, and the inertia matrices of
the two solar panels relative to the panel coordinate frames are

Ia1 = 1× 10−3


2.2223048 −0.77296377 0

−0.77296377 0.37285813 0

0 0 2.951629

kg m2

Ia2 = 1× 10−3


2.2223048 0.77296377 0

0.77296377 0.37285813 0

0 0 2.951629

kg m2
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The size of the central body of the spacecraft is 50× 25× 20 cm3, and the sizes of
the two solar panels are the same as 80× 25× 1 cm3. The coordinates of the attachment
points of the two solar panels expressed in Sb are

[
0 21 0

]Tcm and
[
0 −21 0

]Tcm,
respectively, and the distances from the mass center of the central body to the geometric
center of solar panels are the same as

∣∣∣→r 1

∣∣∣ =
∣∣∣→r 2

∣∣∣ = 0.61 m. The surface material
characteristic parameters of the solar panels are chosen as ρa = 0.75, ρd = 0, and ρs = 0.25.
The constant solar pressure P is set as P = 4.5598× 10−6 N/m2.

The attitude control actuators are three-orthogonal plus one skew type RWs with the
installation matrix

C =

 1 0 0 1/
√

3

0 1 0 1/
√

3

0 0 1 1/
√

3


We assume that the reaction wheels installed along the Yb and Zb axis are in the normal

operation mode, while the other two RWs are in the failure mode with zero rotation speeds.
The initial speeds of the normal RWs are Ω0 =

[
0 0

]T rpm, and the moment of inertia of
each RW about its spin axis is Iw = 1× 10−5 kg ·m2.

In the simulation, the disturbance torque Td can be approximately estimated according
to the inertia of the spacecraft and the orbit altitude as follows

Td = 1× 10−9 ×


0.8 + 1.1 sin(ωot) + 1.2 sin(2ωot)

1.2 + sin(ωot) + 0.9 sin(2ωot)

1 + 0.8 sin(ωot) + 1.1 sin(2ωot)

Nm

As the proposed controller is designed based on the linearized kinematic model as
Equation (15), in order to ensure the validity of the controller, we choose the initial attitudes
and attitude velocities which are close to the stabilization in the simulation. The initial atti-
tude angles of the spacecraft are θ0 =

[
−8◦ 10◦ 9◦

]T , and the initial angular velocities

are
.
θ0 =

[
1.5◦/s 1.5◦/s 1.5◦/s

]T . In the control scheme of dual-mode MPC, the weight-
ing matrices in the objective function are Q = diag

(
1 1 1 1× 104 1 1 1× 10−6 1× 10−6) and

R = diag
(
10−3 10−3 10−6 10−6). The forecast time domain and the control time domain

are set as N = 5 and M = 2, respectively.
The proposed control strategy is first applied to perform three-axis stabilization control,

and the simulation results are shown in Figures 2–9.
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According to Figures 2–4, the three-axis attitude angles and attitude angular velocities
of the under-actuated spacecraft can be gradually stabilized using the dual-mode MPC
controller, which proves the validity of the active assistance of the SRP torque. As the
SRP torque is much smaller than the control torque provided by the RWs, we can see
clearly that the convergence speed of the angular velocity and the attitude angle along the
under-actuated axis is much slower than the other two axes. During the whole control
course, the MPC control law is applied for the first 2000 s. At the moment of about the
2000th second, the system state is already near the equilibrium point, and the local linear
control law is used since then. As there exists a switching of control laws, it can be seen
that there is a sudden change for the amplitude of the rotation speeds of the solar panels at
the moment of switching, as shown in Figure 6.

Figures 5–8 show the rotation angles and rotation speeds of solar panels, and the angu-
lar velocities and accelerations of RWs. It can be seen that the rotation angles and rotation
speeds of solar panels and angular accelerations of RWs are all within the constraints we
have specified, which shows that the dual-mode MPC has great advantages in handling
constraints and has a high engineering application value. Figure 9 shows the external
interference torque in the process.

Since the sun direction vector is always
[
0 0 1

]T in the orbit system, the angle
between the normal vector of the panel and the sun direction vector is the smallest when
the panel is at the zero position. Figure 5 shows that the rotation angles of panels finally
keep within three degrees, which can ensure that there is enough power acquisition from
the sun.

For the spacecraft working normally in space, the three-axis stabilization mode of the
attitude control system may be switched to the single-axis pointing stabilization mode to
perform space tasks, such as astronomical observation. In this case, the attitude control
strategy proposed in this paper can also be used to achieve pointing stabilization. Here, we
assume that the Zb axis needs to point to the sun all the time. As the spacecraft operates
on the heliocentric orbit with the distance of an astronomical unit away from the sun, the
coordinate of the sun direction vector in the orbital coordinate system is always

[
0 0 1

]T .
Therefore, in order to achieve pointing stabilization, the Zb axis should be controlled
to align with the Zo axis, which means that only the roll angle and pitch angle with
respect to the orbital frame need to be stabilized, while the yaw angle does not need to be
controlled. For the simulation, we change the weighting matrices in the objective function
as Q = diag(1 1 0 1× 104 1 0 1× 10−6 1× 10−6) and R = diag(10−3 10−3 10−6 10−6),
and the simulation results are shown in Figures 10–17.
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According to Figures 10–12, the roll and pitch angles can be gradually stabilized, and
the satellite eventually rotates around the yaw axis. Figure 13 shows that the angle between
the Zb axis and sun direction is gradually controlled to be zero, which means that the
pointing stabilization control is realized. Figure 14 shows that the panels settle at the same
rotation angle, and the SRP is zero with the same rotation angle. As the control system
has reached a stable state, we can make the rotation speeds of the solar panels gradually
become zero together to maintain better lighting conditions, as shown in Figure 15. The
simulation in Figures 16 and 17 shows that the output of the reaction wheel on the Z axis is
very small, and it proves that it is possible to achieve the inclined stabilization by choosing
more suitable state variables with less control sources.

The above results show that the proposed dual-mode MPC can achieve three-axis
stabilization control and pointing stabilization control, as well with the assistance of the
solar radiation pressure.

5. Conclusions

In this paper, we consider a control problem for an under-actuated spacecraft with two
reaction wheels. We assume that the solar panels of the under-actuated spacecraft can rotate
within a certain angle so that the SRP torque can be tuned actively and used to assist the
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attitude control. In this case, the reliability and control performance of the under-actuated
spacecraft, especially the deep space probes, can be greatly enhanced. We establish the
model of the SRP torque acting on the spacecraft and take the rotation angles and rotation
speeds of the panels as the state quantities and control quantities, respectively. Then, an
integrated control scheme based on dual-mode MPC is proposed and the control quantities
can be obtained directly. As this control method can resolve the constrained open-loop
optimal control problem and ensure the robustness and stability of the closed-loop system,
it has great value in engineering application. The numerical simulation results illustrate
the validity of the control scheme proposed in this paper.
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