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Abstract: This paper deals with a performance comparison of the control algorithm for a variable-
thrust solid-propellant rocket motor (VTSRM). To do this, we develop a simulation model of a
VTSRM considering characteristic changes in the combustor and design control systems for pressure
and thrust. We use three types of control algorithms for the pressure control: classical PID control,
feedback linearization control, and fuzzy PID control, and two control algorithms for thrust control:
classical PID control and fuzzy PID control. Finally, we compare the performance of each control
system through a numerical simulation using step responses. Through this work, we check that
feedback linearization is better in pressure control, and fuzzy PID control is more appropriate in
thrust control. Especially using fuzzy PID control, we can get fast settling with a small undershoot
even if the system is a nonminimum phase system.

Keywords: variable-thrust solid-propellant rocket motor; pressure control; thrust control; nonminimum
phase system; performance comparison

1. Introduction

Solid-propellant rocket motors (SRMs) have simple structures and are suitable for
long-term storage compared to other types of propellant systems, so they have been used
for various applications [1–5]. However, once the specifications of an SRM, including
propellant and nozzle throat area, are determined, the thrust level of the system is generally
fixed and hard to control [1]. In the recent two or three decades, to overcome the weakness
of the system, the studies related to a variable-thrust solid-propellant rocket motor (VTSRM)
using the special nozzle with a pintle valve have been progressed [6,7]. The pintle nozzle is
a special nozzle with a movable pintle to change the nozzle throat area. It causes chamber
pressure and nozzle exit pressure to be adjusted, so the thrust control becomes available by
the effects, as shown in Figure 1.

Furthermore, these days, using these characteristics, the ramjet or scramjet system,
called dual-mode ramjet (DMRJ) or solid-fuel rocket scramjet (SFRSCRJ), has been devel-
oped and studied as in Figure 2 [8–11]. The fuel-rich combustion gas, generated from the
solid propellant system, is controlled by the pintle, and it makes variable thrust in the ram
combustor. Therefore, the characteristics of the system drive are one of several challenges
in the DMRJ, and SFRSCRJ is the accurate control of combustion gas flow rate using a
control valve such as a pintle valve.

However, although pressure or thrust will be controlled by a pintle accurately and
straightforwardly, there is a limited position to move the pintle, as shown in Figure 3. If a
pintle moves closer to the nozzle throat pass over the limited position, a severe accident
can occur, such as an explosion, because of the unbalance of pressure and exit mass flow
rate. Therefore, the pressure and thrust control by appropriate pintle position with stability
is the main subject for single-nozzle VTSRPM and thrust distribution by pintle position for
the multi-nozzle with stable pressure. For the design control system, a dynamic simulation
model of a VTSRM is required, and modeled as a nonlinear differential equation with
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respect to the nozzle throat area, pressure, and other system variables. However, there
are also uncertainties in system parameters, such as solid fuel regression and discharge
coefficient [12]. Therefore, for effective pressure and thrust control of a VTSRM, it is
essential to design the control algorithms considering the nonlinearity and uncertainty [13].

Figure 1. Pintle nozzle technology to control thrust by chamber pressure andthroat area [7].

Figure 2. Schematic of throttleableducted rocket [8].

For these reasons, many studies have been carried out to solve the issues keeping these
advantages of VTSRM, focusing on several concepts: control of thrust and combustion
pressure [13–16], a reaction control system (RCS) composed of multiple nozzles for divert
and attitude control [17–20], the flow characteristics by pintle shape using computational
fluid dynamics (CFD) [21–24], the experiment using cold or hot gas [25,26], and a part of
ramjet or scramjet to generate and control the fuel-rich combustion gas [8–11].

The most famous control algorithm is the classical PID control because it has a simple
structure and robust performance in a wide range of operating conditions. However, the
control is not suitable for a strongly nonlinear system with uncertainties. Therefore, two
nonlinear control algorithms are used for VTSRM: feedback linearization and fuzzy PID
control. Feedback linearization is one of the robust nonlinear control algorithms used
in various areas, including aerospace and control fields [27,28]. However, the feedback
linearization has essential drawbacks in the uncertain system and external disturbance [29].
Fuzzy PID control has been widely used for industrial processes owing to its heuristic
nature associated with simplicity and effectiveness for linear and nonlinear systems. Since
the method is robust and proven in many fields, it has been applied to various aerospace
systems [30–32].
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Figure 3. Discharge mass flow rate and pressure based on pintle position of single-nozzle system.

However, it is hard to find research related to the nonlinear control algorithm for
VTSRM and its performance. Therefore, this study aims to design and compare the
performance of the control algorithm for a VTSRM pressure and thrust with a single
nozzle. To compare the control algorithm, we design and compare the performance
of three types of pressure control and two types of thrust control. To do this, we first
develop a mathematical model of a VTSRM considering characteristic changes in the
combustor. After that, we design several controllers, including classical PID control and
nonlinear control, which are feedback linearization and fuzzy PID control, for pressure
and thrust. Finally, we conduct a simulation and compare each control performance
using step input. The following section briefly introduces the dynamic simulation model
of a VTSRM considering characteristic changes in the combustor. Then, Sections 3 and 4
explain the control algorithm for pressure and thrust, respectively. Section 5 analyzes
and compares the performance of each control algorithm. Finally, Section 6 concludes
the study.

2. Mathematical Modeling
2.1. Solid-Propellant Rocket Motor Specification

For the governing equations of VTSRM behavior, the schematic of a VTSRM with
pintle nozzle is shown in Figure 4. In the figure, the solid propellant shape is simplified
as an end-burning type, and the mass balance in the free volume will be discussed as a
driving mechanism of the combustion pressure according to the pintle movement.
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Figure 4. Schematic of variable-thrust solid-propellant rocketmotor with pintle nozzle [33].

2.2. Pressure Dynamic Modeling

According to the physical model presented in Figure 4, the mass generated from the
solid propellant surface should be balanced with the mass flow rate through the nozzle,
and the mass accumulated in the free volume is expressed as the following equation:

ṁg =
dM
dt

+ ṁd (1)

The first term on the right-hand side in Equation (1) represents the accumulated mass
and can be calculated by the following equation:

dM
dt

=
d
dt
(ρcVf v) = ρc

dVf v

dt
+ Vf v

dρc

dPc

dPc

dt
(2)

dPc

dρc
= c2 = kRT (3)

Assuming the system is adiabatic and using the state equations, the combustion
pressure can be described using the following equation:

dPc

dt
=

c2

Vf v

(
ṁg − ṁd − ρc

dVf v

dt

)
(4)

Assuming no erosive burning, the mass generation rate at the solid propellant surface
and the discharged mass flow rate through the nozzle exit can be expressed as follows [34]:

ṁg = ρp AbaPn
c (5)

ṁd = AtPc

√
k

RT

(
2

k + 1

)(k+1)/[2(k−1)]
=

Pc At

C∗ (6)

C∗ =

√√√√RT
k

(
k + 1

2

) k+1
k−1

(7)

Assuming the free volume change is related only to the propellant surface movement
due to propellant burning, the time rate of the free volume change is expressed as follows:

dVf v

dt
=

ṁg

ρp
= AbaPn

c (8)
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Finally, the density change in the free volume can be derived using Equations (3) and (4).

dρc

dt
=

dρc

dPc

dPc

dt
=

1
Vf v

(
ṁg − ṁd − ρc

dVf v

dt

)
(9)

Summarizing all the equations, three equations are used to develop the dynamic
model of the VTSRM as follows:

dPc

dt
=

c2

Vf v

(
ρp AbaPn

c − Pc At

C∗ − ρc AbaPn
c

)
dρc

dt
=

1
Vf v

(
ρp AbaPn

c − Pc At

C∗ − ρc AbaPn
c

)
dVf v

dt
= AbaPn

c

(10)

In Refs. [25,33], there is a validation process to confirm the dynamic model of an SRM
based on the three equations (Equation (10)) compared with a cold gas experiment and CFD
simulation, respectively. Through the process, we can check that it is reasonable to develop
a dynamic model of an SRM based on Equation (10). Furthermore, we can also predict
and analyze the performance of an SRM using Equation (10): the bigger solid propellant
density (ρP) and the burn rate coefficient (a) and exponent (n), which are the properties of
the solid propellant, the faster and bigger combustion pressure, combustion gas density,
and free volume change once the combustion starts in an SRM or the nozzle throat area,
which is the input variable of a VTSRM, changes.

2.3. Thrust Dynamic Modeling

The theoretical thrust of the VTSRM can be represented with the sum of the thrust by
pressure difference and by momentum:

F = ṁdVe + (Pe − Pa)Ae (11)

Assuming the gas dynamics are operated under the isentropic flow and under-
expansion conditions Pe > Pa [34], we can represent them as:

Ve =

√√√√ 2k
k − 1

RT

[
1 −

(
Pe

Pc

) k−1
k
]
= Me

√
kRT

(
1 +

k − 1
2

M2
e

)−1
(12)

Pe

Pc
=

[
1 +

k − 1
2

M2
e

]− k
k−1

(13)

Since the nozzle exit Mach number is affected by the nozzle expansion ratio, the
relation can be represented as:

Ae

At
=

1
Me

[
2

k + 1

(
1 +

k − 1
2

M2
e

)] k+1
2(k−1)

(14)

summarizing all the equations, the thrust model of a VTSRM is as follows:

F = ṁd Me

√
kRT

(
1 +

k − 1
2

M2
e

)−1
+

(
Pc

[
1 +

k − 1
2

M2
e

]− k
k−1

− Pa

)
Ae (15)

2.4. Stability Analysis

To analyze the stability of each dynamic, we linearize the system, which is composed
of state equations (Equation (10)) and output equations of two dynamics (state output for
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pressure dynamics and Equation (15) for thrust dynamics), under operating conditions and
represent the pole-zero plot of each dynamic system, as shown in Figure 5.

Figure 5. Pole-Zero location of the transfer function under the operating point.

In Figure 5, most poles and zeros are located close to the origin, but one pole and
one zero are located on each left and right half-plane remarkably. The pole locations are
the same because the systems are composed of the same state equations. However, the
zero locations are different by different output equations of pressure and thrust dynamics.
The poles and zeros of pressure dynamics are located on the left half of the s-plane, so
the pressure dynamics is always stable. However, the pole of thrust dynamics is located
on the right half of the s-plane, so the system is stable but may become unstable with
undershoot when a feedback system with control is constructed. The system, which has
positive zeros, calls a nonminimum phase (NMP) system and has an undershoot in the
feedback system, which is a tradeoff between settling time and the undershoot size [35].
As shown in Figure 5, the thrust dynamics is an NMP system should be considered in
designing a feedback system with control.

3. Pressure Control

This section deals with three types of control algorithms for pressure control: classical
PID control, feedback linearization, and fuzzy PID control. To do this, we design each
control algorithm and construct the feedback system, as shown in Figure 6.

Figure 6. Schematic of pressure control.
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3.1. Classical PID Control

The classical PID control algorithm is widely used in many industrial applications due
to its structural simplicity and ease to design. To design classical PI control for pressure
control, we linearize the nonlinear system of Equation (10) at an operating point (Pc0, ρc0,
Vf v0, At0) [36].

δṖc = a1δPc + a2δρc + a3δVf v + a4δAt

δρ̇c = a5δPc + a6δρc + a7δVf v + a8δAt

δV̇f v = a9δPc

(16)

In Equation (16), each coefficient is a1 = c2
[(

ρp − ρc0
)
naAbPn−1

c0 − At0/C∗
]
/Vf v0,

a2 = −c2 AbaPn
c0/Vf v0, a3 = −c2

[(
ρp − ρc0

)
naAbPn−1

c0 − At0/C∗
]
/V2

f v0,

a4 = −c2Pc0/Vf v0C∗, a5 =
[(

ρp − ρc0
)
naAbPn−1

c0 − At0/C∗
]
/Vf v0, a6 = −AbaPn

c0/Vf v0,

a7 = −
[(

ρp − ρc0
)
naAbPn−1

c0 − At0/C∗
]
/V2

f v0, a8 = −Pc0/Vf v0C∗, a9 = AbanPn−1
c0 .

Using Equation (16), we design the classical PI controller with a second-order linear
system to simplify the time delay caused by the actuator for operating the pintle in the
combustion chamber to control the nozzle throat area.

3.2. Feedback Linearization Control

The feedback linearization algorithm uses an equivalent linear system transformed
from the nonlinear system through a change of variables and suitable control inputs [28].
The nonlinear dynamics of the VTSRM of Equation (10) can be expressed as:

 Ṗc
ρ̇c

V̇f v

 =


c1Pn

c
Vf v

− c2Pn
c ρc

Vf v
c4Pn

c
Vf v

− c5Pn
c ρc

Vf v

c5Pn
c

+


c3Pc
Vf v
c6Pc
Vf v

0

At (17)

In Equation (17), each coefficient is c1 = c2ρp Aba, c2 = c2 Aba, c3 = −c2/C∗,
c4 = ρp Aba, c5 = Aba, c6 = −1/C∗. To express the problem which tracks reference
pressure Pre f , we use a new variable δPc [36,37].

δPc = Pc − Pre f (18)

Since Ṗc = δṖc, we express it as:

 δṖc
ρ̇c

V̇f v

 =


c1(δPc+Pre f )

n

Vf v
− c2(δPc+Pre f )

n
ρc

Vf v

c4(δPc+Pre f )
n

Vf v
− c5(δPc+Pre f )

n
ρc

Vf v

c5

(
δPc + Pre f

)n

+


c3(δPc+Pre f )

Vf v
c6(δPc+Pre f )

Vf v

0

At (19)

y = δPc = h(x) (20)

In Equations (19) and (20), x = [x1, x2, x3]
T =

[
δPc, ρc, Vf v

]T
and u = [At], so the

nonlinear system has the form.

ẋ = f (x) + g(x)u

y = h(x)
(21)
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To eliminate the nonlinear term of the equation, the control input variable can be
expressed as:

At =
Vf v

c3

(
δPc + Pre f

) ×

−
c1

(
δPc + Pre f

)n

Vf v
+

c2

(
δPc + Pre f

)n

Vf v
+ KδPc + v

 (22)

Therefore, the propulsion dynamics can be expressed to the first-order linear ordinary
differential equation as Equation (23) [28,36,37].

δṖc = KδPc + v (23)

Using the transformed combustion dynamics, we design the classical PI controller
with the same actuator model in the previous session.

3.3. Fuzzy PID Control

Fuzzy control is often used as an alternative to PID control and is mainly used in the
industry with the same structure as incremental PI or PID controllers [38]. This study uses
the PD-Mamdani-type fuzzy controller with a PI controller for the fuzzy PID control among
variable types of fuzzy PID structures [38]. The Mandani-type fuzzy controller consists of a
Fuzzification, Fuzzy Inference Engine, Knowledge Base System, and Defuzzification, as
shown in Figure 7.

Figure 7. Fuzzy PID control structure.

The error and change in error are normalized to apply to the variable size of the step
input, so they become the range [−1, 1]. The fuzzy sets for error and change in error have
the Gaussian membership function as shown in Figure 8.

Figure 8. Fuzzy sets for fuzzy inputs in pressure control.
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At defuzzification, the centroid method is generally used and is applied in this research,
defined as:

z∗ =
Σµ(z)z
Σµ(z)

(24)

We obtain the output surface by the above fuzzy input sets and nine rules using
Equation (24) through these processes, as shown in Figure 9. Using the fuzzy output, we
choose gains by tuning with intuition and experience, mainly utilizing the gain obtained
from the classical PID control design process.

Figure 9. Control surface of outputs in pressure control.

4. Thrust Control

This section deals with control algorithms for thrust control. However, the feedback
linearization algorithm cannot be applied because the trust dynamics is a biproper system
by feedthrough behavior in the output equation. Therefore, we use two control algorithms
which are classical PID control and fuzzy PID control. To do this, we design each control
algorithm and construct the feedback system, as shown in Figure 10. Since it is hard to
obtain thrust information directly in flight status, the thrust feedback control system uses
an indirect method that estimates the thrust information using combustion pressure and
nozzle throat area information as the dashed line in Figure 10. Generally, the Luenberger
observer or Kalman filter, based on the mathematical model of the system, is used for the
indirect method [39–41]. In this study, we assumed a ground test that can obtain thrust
information directly by using a force sensor as the dotted line in Figure 10 to be simplified.

Figure 10. Schematic of thrust control.
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4.1. Classical PID Control

To design classical PI control for thrust control, we linearize the Equation (11), which
is the output equation under the operating point with Equation (16), which is the linearized
state equation [36,37].

δF = αδPc + βδAt (25)

In Equation (25), the coefficients are α = ∂F/∂Pc, β = ∂F/∂At. The coefficient α can
be expressed as:

α =
∂F
∂Pc

=
∂ṁd
∂Pc

Ve + ṁd
∂Ve

∂Pc
+

∂Pe

∂Pc
Ae (26)

∂ṁd
∂Pc

=
At

C∗

∂Ve

∂Pc
=

1√√√√ 2k
k−1 RT

[
1 −

(
Pe
Pc

) k−1
k

] RTg

k

(
Pe

Pc

) k−1
k 1

Pc

∂Pe

∂Pc
=

[
1 +

k − 1
2

M2
e

]− k
k−1

(27)

The coefficient β can be expressed as:

β =
∂F

∂At
=

∂ṁd
∂At

Ve + ṁd
∂Ve

∂At
+

∂Pe

∂At
Ae

=
∂ṁd
∂At

Ve + ṁd
∂Ve

∂Me

∂Me

∂At
+

∂Pe

∂Me

∂Me

∂At
Ae

(28)

The Mach number of the nozzle exit is affected by the ratio of the nozzle exit area and
nozzle throat area. However, the ratio is the function of the Mach number, the Mach number
is not the function of the ratio. Therefore, we calculated the partial differential of the Mach
number variation of the nozzle throat ratio variation using the implicit differentiation
method [42].

∂ṁd
∂At

=
Pc

C∗

∂Ve

∂Me
=

√
kRTg(

1 + k−1
2 M2

e

)√
1 + k−1

2 M2
e

∂Pe

∂Me
= −kPc Me

[
1 +

k − 1
2

M2
e

]− 2k−1
k−1

∂Me

∂At
=

−Ae/A2
t[

2
k+1

(
1 + k−1

2 M2
e

)] k+1
2(k−1)

× 1{[
2

k+1

(
1 + k−1

2 M2
e

)]−1
− 1

M2
e

}
(29)

Using the Equations (25)–(29), we design the classical PI with the same actuator model
in the previous session.

4.2. Fuzzy PID Control

The fuzzy PID control is designed using the same structure in Section 3.3. However,
because of the thrust dynamics is an NMP system, as shown in Figure 5, the feedback system
of the thrust dynamics may have an initial undershoot in the step response. Therefore,
even the error and change in error are normalized, they would exceed 1 or −1, so the range
should be more extensive than [−1, 1]. For this reason, the normalized error and change in
error are applied in the range [−1.5, 1.5], and we used different membership functions for
small undershoots with fast settling, as shown in Figure 11 in this study.
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Figure 11. Fuzzy sets for fuzzy inputs in thrust control.

We obtain the output surface by the above fuzzy input sets and nine rules using
Equation (24) through these processes, as shown in Figure 12. Using the fuzzy output, we
choose gains in the same way with the pressure control section above.

Figure 12. Control surface of outputs in thrust control.

5. Numerical Simulation and Analysis

The results of each control algorithm described in the previous sections are analyzed
and compared by numerical simulation. First, we compare the three pressure controls
and thrust control using the step input with variable motor dynamics. Then, we analyze
the performance, including overshoot, undershoot, and settling time in the transient state
caused by the step input.

5.1. Pressure Control Results and Analysis

To compare the performance of each pressure control, we analyze the performance
in the transient state in step input with variable actuators. Although the time delay of the
basic actuator model is 0.04 s, we apply fast (0.01 s) and slow (0.2 s) actuators to analyze
under variable actuator conditions.
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Figure 13 shows the performance of each pressure control algorithm with variable
actuators. To compare the performance, we set the goal of the control design possessing fast
settling without overshoot to be the same condition, so the settling time is a little late but
does not overshoot. In the comparison results, the feedback linearization with PI control
was best, and classical PID control was worst. The fuzzy PID control was between the
feedback linearization and classical PID control. The performance of the fuzzy PID control
is adjustable by the fuzzy sets and rules but not better than the feedback linearization
without overshoot. The reason why feedback linearization has the best performance is that
in the process of feedback linearization, the pressure dynamics have a simple first-order
linear model, so it is easy to make a good control system.

The performance results of each control system in this study are described in Table 1.
Depending on when the step input is used, the settling time changes, and overshoot can ap-
pear because of the increased free volume with time in the combustion dynamics. Therefore,
the performance of control algorithms may worsen with the passing time by the character-
istic change in the combustor. However, the feedback linearization control algorithm can
keep the performance regardless of the time because of eliminating the nonlinearity, so the
increased free volume effect is minimized in the feedback linearization process.

Figure 13. Comparison results of pressure control.

Table 1. Comparison results of thrust control.

Actuator 1st Settling Time 2nd Settling Time

Model Classical
PID

Feedback
Linearization

Fuzzy
PID

Classical
PID

Feedback
Linearization

Fuzzy
PID

0.01 s 0.0713 0.0183 0.0552 0.0557 0.0222 0.0339

0.04 s 0.0973 0.0362 0.0837 0.0793 0.0339 0.0488

0.2 s 0.2335 0.1866 0.1943 0.2634 0.1751 0.2084
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5.2. Thrust Control and Analysis

To compare the performance of each thrust control, we analyze the performance in the
same way as in the pressure control.

Figure 14 shows the performance of each thrust control algorithm with variable
actuators. To compare the performance, we set the goal of the control design possessing fast
settling without overshoot to be the same condition, so the settling time is a little late but
not having overshoot, as in the pressure control. However, since the characteristic changes
in the combustor affect the stability of the system using the classical PID control, we use
input only one time in the simulation. The performance of each control system is described
in Table 2. The fuzzy PID control is better for undershoot, settling time, and stability in
the comparison results. Since the thrust dynamics is a biproper and NMP system, the
feedback control system causes undershoot. Undershoot is an important time-domain
characteristic of the response of a control system caused by several reasons [35]. There are
constraints by NMP behavior which is incompatible with fast settling and small undershoot,
so a tradeoff of settling and undershoot is required [35]. For this reason, the amount of
undershoot changes depending on the actuator models, which are a large undershoot with
the fast actuator model (settling time) and small undershoot with the slow actuator model.
However, compatible with fast settling and small undershoot is feasible using the fuzzy
PID control by the results. It is also possible to get better performance by tuning the fuzzy
sets and control gains.

Figure 14. Comparison results of thrust control.
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Table 2. Comparison results of thrust control.

Actuator

Model

Undershoot Settling Time

Classical
PID

Fuzzy
PID

Classical
PID

Fuzzy
PID

0.01 s 18.43 % 6.69 % 0.0954 0.0822

0.04 s 2.57 % 1.18 % 0.1267 0.1254

0.2 s 0.17 % 0.11 % 0.2825 0.2797

In terms of stability, because the characteristic change in the combustor causes in-
stability, the closed-loop system of the NMP system with classical PID control becomes
unstable after a specific input time. On the contrary, since the fuzzy PID control is one of
the nonlinear control algorithms, the feedback system with the fuzzy PID control keeps
stable even though the performance worsens. Therefore, the fuzzy PID control is a suitable
control algorithm considering a characteristic change in the combustor of a VTSRM if a
direct thrust control algorithm is used.

5.3. Combining Pressure Control and Thrust Control

Since the VTSRM is a time-variant system caused by increased free volume, the closed-
loop system only using a direct thrust control becomes an unstable system easily after a
specific time. Therefore, we use two control steps combining pressure control and thrust
control to construct a stable system, as shown in Figure 15. In the closed-loop system with
combined control, the variables, including the increased free volume, are made stable by
pressure control and thrust control. The control algorithms of the combined control are
used, which are dealt with in the previous sections, and we compare the performance of
each combination. As described in the thrust control section, we assumed a ground test that
can obtain thrust information directly with a force sensor as in the dotted line in Figure 15.

Figure 15. Schematic of thrust control with pressure control.

Figures 16 and 17 show the performance of each combining control with the basic
actuator (0.04 s). Since the performance of the system changes by the increased free volume
in the combustor with time, the goal of design is not to have overshoot in the first transient
state, so the overshoot appears in the second transient state. The performance of each
control system with the tuned control gains in previous sections is described in Table 3.
Since the thrust control is performed after the state variables of the system become stable
by pressure control, the closed-loop system with the combining control is always stable,
regardless of which control algorithms it is combined with. Therefore, combining thrust
and pressure control is a reasonable control considering a characteristic change in the
combustor of a VTSRM to be more stable. Considering settling time and undershoot in the
first transient state, combining fuzzy PID control and feedback linearization is best in the
first transient state. However, as time goes by, the performance of each combining control
is changed, so the best control is varied with the operating time and way of VTSRM. In this
study, we tune gains with the same fuzzy set and control surface described in the previous
section. Therefore, using the adaptive fuzzy set and control surface, combining control
with fuzzy PID control will be more effective in controlling VTSRM.
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Figure 16. Comparison thrust results of combining control.

Figure 17. Comparison pressure results of combining control.

Table 3. Comparison results of thrust control with pressure control.

Thrust
Control

Pressure
Control

1st Transient 2nd Transient

Undershoot Settling
Time Undershoot Overshoot Settling

Time

Classical
PID

Classical
PID 1.98% 0.2647 20.05% 17.17% 0.505

Feedback
Linearization 1.13% 0.2319 18.71% 18.42% 0.417

Fuzzy
PID 2.16% 0.2759 21.36% 14.27 % 0.465

Fuzzy
PID

Classical
PID 1.10% 0.2561 9.85 % 21.37% 0.474

Feedback
Linearization 0.63% 0.2130 9.95% 18.50% 0.625

Fuzzy
PID 1.11% 0.2561 9.88% 21.39% 0.476
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6. Conclusions

This paper deals with pressure and thrust control for a variable-thrust solid-propellant
rocket motor (VTSRM), considering characteristic changes in the combustor and perfor-
mance comparison of each control algorithm. To confirm and compare the performance
of pressure and thrust control algorithms, we develop a dynamic simulation model of a
VTSRM with a pintle nozzle to control the pressure and thrust, then design control systems,
finally comparing the performance of each control algorithm. Through this study, since the
pressure dynamics of the VTSRM is a strictly proper system, the characteristic changes in
the combustor do not affect the stability of the pressure control system. However, on the
contrary, because thrust dynamics is a biproper system and nonminimum phase (NMP)
system, the characteristic changes affect the stability of the thrust control system directly
if not using a nonlinear control algorithm. Furthermore, the thrust control system using
a fuzzy PID control can have a fast settling time with a small undershoot even if the dy-
namics are a nonminimum phase (NMP) system, requiring a tradeoff settling time and
undershoots [35]. Finally, we show that a combining pressure and thrust control is always
stable even though the characteristic changes in the combustor make an unstable system.
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Abbreviations
The following abbreviations are used in this manuscript:

Ab Burning surface area
Ae Nozzle exit area
At Nozzle throat area
C∗ Characteristic velocity
F Thrust
M Accumulated mass in the free volume
Me Nozzle exit Mach number
Pa Ambient pressure
Pc Combustion chamber pressure
Pe Nozzle exit pressure
R Combustion gas constant
T Combustion chamber temperature
Vf v Free volume of chamber
Ve Nozzle exit velocity
a Burn rate coefficient
c Speed of sound of combustion gas
k Specific heat ratio
ṁd Discharge mass flow rate from chamber
ṁg Generated mass flow rate from solid propellant
n Burn rate exponent
ρc Combustion gas density
ρp Solid propellant density
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