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Abstract: To address the need for flexible energy management and impact angle control in the
midcourse guidance of modern long-range antiballistic interceptors, an impact time and angle
guidance law is designed for the exoatmospheric midcourse flight of antiballistic interceptors, which
covers two pulse sections and two coast sections. The problem is described as an optimal control
model with discontinuities in the system equations at interior points, and an iterative guidance
method is used to efficiently solve the two-point boundary value problem. Simulation results
demonstrate the effectiveness of the proposed guidance law; the obtained miss distance accuracy has
an order of magnitude of 1 m, and the impact angle accuracy has a 1° order of magnitude while the
angle can be achieved.

Keywords: impact angle and time control; iterative guidance method; midcourse guidance

1. Introduction

In the context of modern aerospace vehicle guidance, the search for a larger inter-
ception range is the development direction of interceptors. With increasing ranges and
flight times, the structures and flight procedures of interceptors are becoming increasingly
complex, and flexible energy management is also required. For example, to support the
extended range of an exoatmospheric interceptor, additional thrust is provided in a new
third stage for the SM-3 vehicle, which contains a dual-pulse rocket motor. Upon sepa-
ration (the second stage), the first pulse burn of the third-stage rocket motor provides an
axial thrust to maintain the vehicle’s trajectory into the exoatmosphere. Upon entering
the exoatmosphere, the third stage coasts. If the third stage requires a course correction
for an interceptor, the rocket motor begins burning the second pulse. On the other hand,
impact angle constraints are widely used in modern guidance law investigations due
to their advantages, such as exploiting the weak points of a target, avoiding directional
defense mechanisms, addressing seeker positioning and orientation requirements, and
pincer attacking [1-7]. For antiballistic interceptors, it is suitable to carry out impact angle
control during midcourse guidance because terminal guidance is realized by a kill vehicle
(whose main task is to hit the target) with limited acceleration. Thus, for modern long-range
antiballistic interceptors, due to the needs of flexible energy management and impact angle
control, higher requirements for midcourse guidance algorithms are proposed.

To the best of the authors” knowledge, no existing impact angle guidance methods
address the multipulse guidance problem with coast sections. Most methods require
continuous control and no great changes in speed. Limited published works have addressed
the 2D impact angle control guidance problem for an interceptor with a booster [8,9], while
research on a 3D multipulse guidance method for an interceptor has yet to be conducted.
This paper focuses on the design of impact time and angle guidance laws for an antiballistic
interceptor’s exoatmospheric midcourse flight. During this phase, the interceptor flies
towards a predicted intercept point (PIP), with strict arrival time requirements and relatively
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loose impact direction requirements, and all those parameters are given by the command
system. Based on iterative guidance methods (IGM), which are under the framework of
optimal control and have been successfully applied in real space missions [10], a midcourse
guidance law is derived for a two-pulse interceptor against a stationary PIP with impact
time and impact angle constraints in this paper. In addition, the proposed iterative guidance
method can also be used independently in missions such as multi-interceptor pincer attacks.

The remainder of this paper is organized as follows. In Section 2, the IGM is presented.
In Section 3, the simulation results are presented and discussed. Finally, in Section 4, the
conclusions are presented.

2. Iterative Guidance Method
2.1. Motion Model

The motion equations of the interceptor are modeled in an earth-centered inertial
frame (J2000). r and v are defined as the position and the velocity vectors of the interceptor,
respectively. Then, the motion equations of the pulse section can be written as

r=v
@
S _ T
U= mo 7mdt l + g
where my is the mass of the interceptor when the pulse starts; T is the constant thrust
magnitude; m; is the fuel consumption rate; I is the direction vector of the thrust, which
satisfies ||I|| = 1; and g is the gravity acceleration vector. The motion equations of the coast
section can be written as ]
r=v
@)
3 3
v =—pr/|r
The general flight procedure of a two-pulse interceptor in the midcourse guidance phase
can be described as “first pulse section + first coast section + second pulse section + second
coast section”. Thus, an integrated motion model can be described as

r=0v
0<t<t
D Tl 4
{D_mlomdl Itg
r=0
{ ) 3 S <t<t
0= —pr/ ||
: @)
r=09
Iy <t<t3
D T2 4
{v_n’lzomdztl_l_

r¥r=19
. 3 Sty <t < tprp
v = —pr/|r|

where f1, t5, t3 denote the start or end time of each section and ¢p;p is the required arrival time.

2.2. Optimization Model

The state variable vector and control variable vector are defined as
r
x= [v],u =] 4)

The motion equations of the two coast sections can be replaced with algebra equations
for the two-body solution, i.e.,
xr = D(x,t) ®)
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where the detailed expressions of the function ® and its partial derivative can be found in
Appendix A. Thus, the state equations can be written as two pulse section equations with
discontinuities in the state variables at interior points, i.e.,

0

f= 0<t<t

. T1 - 4 s

P H = [ mo-mat! 8 ©)

v , v

f= s <t<t

T sts f

l mzojﬂdzfl—i_g

Xy ZCI)(Xf,,i‘p[p—éz—tf) @)

where t; =t and t; = t; + t3 — t; are specified, while 62 = tp — t; is free. In this paper,
we use the subscripts 0,s, f to signify variables at the initial, discontinuous, and final
points, respectively, and the subscripts + and — signify the variables just before and after
discontinuities, respectively. Realistic position-dependent gravity can be approximated as
the mean of the gravitation vectors at the initial point 7 of the interceptor and at the PIP
rprp [10], ie.,

- 1 3 3
8= —§<WO/H1‘0H + prpip/ ||rpip|| ) ®)
The optimization goal is to achieve both a zero miss distance and impact angle con-
straints at a specified terminal time. The impact angle is considered a cost function instead

of a terminal constraint in case the expected impact angle cannot be essentially achieved.
Thus, the cost function can be written as

max] =

©)

where e; represents the desired velocity direction of the interceptor, and the terminal
constraint can be written as

1‘f+ — rpip = 0 (10)

Thus, the optimal control problem with discontinuities in the state variables at interior
points can be modeled as

T
. _ 7ed ”l)f+
minS = =]
0
f - [ T l+_ /t < ts
. |: r :| mig—mgyt
s.tx = o | =
1 0
f: T2 l+_ ,ts<t<tf
Moy (t—15) " 8 (11)
1 =1

<I>(xs_,(52) — X5+ =0
Xfp = @(Xf_,i‘plp — 5% — tf)

rry —rprp =0
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The optimization model needs to be nondimensionalized for numerical computation
purposes. The reference variables are chosen as follows:

V.2
Rref =R, Vref = R%zraref = Ryir

! (12)
m10+m20 Tref = Myeflref

tre f = f s Myef =
Accordingly, the dimensionless variables can be written as

r =

Rref/ v= Vref

r S _ v 7 __ t = a
/t_t

(13)

Ag an’f Mg = mref/tnf T - Tref

Thus, the dimensionless optimization model can be rewritten, and the wavy lines on
the variables can be ignored for convenience. Thus, the dimensionless model has the same
form as Equation (11).

2.3. Optimal Solution

The optimization model in Equation (11) is solved by applying optimal control the-
ory [11,12], where the concept of a Hamiltonian function and Lagrange multipliers are used
to carry out a calculus of variations-based local optimization. Let

edva+
logl

¢ =— +&T (Tf+ - Tp[p) + &7 [‘D (xs_,52> — xs+} (14)

The Hamiltonian function can be written as

/T/_ T T I

H A f }\r U‘|‘4m10 mdl(t t) v l‘I“)\U g (15)
nT n /

H' =\ f *?\r v+m7\ le+7\ g

T T
where A" = {A/rT A/UT} and A" = {A/,rT A//UT} are the adjoint variables. The optimal
conditions can be written as

T oH' T RYall

MmN T (16)
! a " a " a
T_ 99 T_ _ 99 T_ 99
7\5— - J 57, s+ axs+/7\ f axf_ (17)
and 3

£ =
5% 0 (18)
minH'(I), minH" (1) (19)

From Equation (16), it can be derived that

Nr=2Nh A=A
’ ’ i 4 " " " (20)
AU:AUO_ATOt AU:AUO_A}’Ot
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From Equation (17), it can be derived that
N, T ai%: ESTM)(;;S%(SZ)
N
N T= = (‘ e+ Hd;ﬂﬁ ”f+T> et + £ ey
= [‘iT‘ e+ deﬂfs U”T] e
From Equation (18), it can be derived that
€ et | T o 22)
From Equation (19), it can be derived that
1:—&:”,Av#o (23)

The Jacobian matrixes (detailed expressions can be found in Appendix A) are denoted as

oD (x,_ 02
Js = (3;57 )

_ a‘b(x'f,tp[p*ﬁz*tf)
]f - aXf

Thus, from Equation (21) we have

IsiT}\ s— =A s =&

"
If_T}\ f-= egTv
_ 1 d Uf+
T4 fop PO

(24)

(25)

By substituting Equation (21) into (20) and denoting A f+= ]f’TA, f—, the adjoint

variables can be expressed as

Nr=No , Ao
/ ’ A s— —
Ay = Ao — Aot Av0 — Avots

Asp = IsiT)\ s—

" " "
Ay =Nt /, A st

Ao =N opsr — A psi(t—t5) A//vs+ — 7\N75+ (tf - ts>

A,ler _ ]f*TA/,fi

Thus, the optimal control expression (23) can be rewritten as

" "

_ A vs+*7\ rs+(t*ts)
" "

A" o5+ = A psp (t—15) ]

7 ts<t<tf

(26)

(27)
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The state variables can be integrated (by using the expression in Appendix B) as

_ ts [ T Ao —Ant pu
Us—= 0o + fO ( mig—mg1t [[Ayo—Asot|| + g) dt
= vg + gts — v1(0, ts, Ao, Avo, T1, M0, Mar)

fe= 1o+ fots (vo +8T+ [y h Moo= Aol dt) dt

T mg =gyt [Ayo— Al

(28)

= 10+ vots + 38ts> — r7(0, ts, Ao, Avo, T1, M1, 1)

A ost A s ts ) —A s -
omov 1) (el s

moo+mgpts—mgpt H ()\”vs++)\”rs+ts> *A/Irﬁ»t‘l

—oT (ts/ b A rst A vst + A rsits, T, mzoﬂ”dz)

vsy +8(T— 1) (29)

" " "
Tz ()\ vs++)\ rs+ts>*}\ rs+t dT

tf
Tf_="fsy + ﬁs +fT B a4t
ts m20+md2ts*md2t H <}\Hv5++)\”rs+ts> *A/Irs-%—tH

- 2
= Fos + Vst (tf _ ts) + %g(tf - ts>
" " "
—rr (ts/ tf/ A st A vst + N pstts, To, mog + mypots, mdz)

It can be derived from Equation (25) that

" 1 Edva+
A = — eq+ v (30)
T o T g P

Note that % = xy; then, it can be derived from Equation (22) that
§(N' o Tae =\ Ty ) =0 (31)
Thus, the optimal condition can be expressed as a function of A, Ay, J, i.e.,

ry, —rpp =0
" edT'leur

_ 1
A of+ = |\1’f+\|ed + HI'HHSUH (32)

§(N'ss T = A5 Tipy ) =0

Hence, Equation (32) can be solved for A;q, Ay,  during each guidance cycle by using
algorithms for solving nonlinear equations (a Levenberg-Marquardt algorithm is used in
this paper), and the current guidance command can be written as

o Av0
”}\UO H
It is worth mentioning that all the expressions in Equation (32) are derived analytically

following the calculus of variations method, although the equations need to be solved
using numerical algorithms.

1=

(33)

2.4. The IGM in the Second Pulse Section

After completing the first pulse section, the vehicle coasts until the second pulse is
on. The prerequisites for starting the second pulse can be derived using the IGM in the
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previous section by setting t; = 0 in the model. Specifically, the optimal condition can be
expressed as a function of A, Ay, d, ie.,

rp. —rprp =0
edva+

- __1 o U
A'l)f—’r - va+|‘ed + va+H3vf+ (34:)

5(?\S+T.‘>‘cs+ - 7\f+T5Cf+) =0

where
¥
Xs1 = @([ v(()) ]xs,éz)
vf, = Us+ + étf — 0T (0/ tf/ }\I’S+/ )\‘US+/ TZ/ myo, de) (35)
Tfo =I5+ Usitp+ %f_;tf — 17 (0, tf, Arst, Aos+, T2, mzo,mdz)
A
—_7-T 70
}\S+ - IS |: AZIO :|
Ap = [ Ars+ } (36)
f= Avs+ — )\rs+tf
—7,-T
Ars=J A
After the solution is obtained, the prerequisites for starting the second pulse can be
written as
§<0 (37)

Then, we present the IGM for the second pulse section. The optimization model in
this section can be rewritten as

minJ = —%
. r v
T [ o } = l mzazzmdzfl 8 (38)
1 =1
Xfyp = <I)(xf, tprp — tf)
rfy —rpip = 0
where the approximation of gravity is modeled as g§ = —pury/||#o||* for accuracy purposes

in this section.
With a derivation similar to that in the previous section, the optimal condition can be
expressed as a function of A9, A, i.e.,

tfy —rpip =0

T (39)
—__1 d Of+
Roft = "o T oy U0+
where
vf =v+ gty —vr (0, tr, Ao, Avo, T2, Moo, mdz)
(40)

rr =10+ 0ot + 38> — 11 (0, tr, Ao, Avo, To, Moo, mdz)
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A0
A =
f { Ao — Arotf }
( ) 7 (41)
oD (xs,tprp—t
_ frpip—ty
Afs = { o } Af
and the current guidance command can be written as
Avo
I=--° (42)
[ Aol

2.5. The Complete IGM Procedure

The procedure for calculating the guidance command during each guidance cycle is
summarized as in Figure 1.

START

¥

First Pulse On Second Pulse On
<
<
 — v  —
Givenr, v, ey Givenr, v, ey Givenr, v, ey
at current time at current time at current time

Nondimensionalize
by following Eq. (13)

Nondimensionalize
by following Eq. (13)

Nondimensionalize
by following Eq. (13)

Solve 4,9, A9, 0 Solve 4,9, 4,9, 0 Solve 4,9, 0
from Eq.(32) from Eq.(34) from Eq.(39)

v

Calculate guidance command
by following Eq.(33)

First Pulse Off?

v

Calculate guidance command
by following Eq.(42)

Second pulse off?

Eq.(37) Holds?

Figure 1. The complete IGM procedure.

3. Simulation Results

In this section, two simulations are carried out to verify the effectiveness of the
proposed IGM. The basic performance of the IGM is shown in the first scenario without
course correction, while in the second scenario, a course correction is added in the coast
section immediately after the first pulse. A square-inverse gravity model is used in the
simulation. The state variables of the interceptor can be obtained from its own inertial
navigation system, and information regarding the PIP is calculated and provided by the
ground system. It is assumed that all information required for the implementation of the
proposed guidance law is obtained without noise during the simulations. The update rate
of the guidance command is 10 Hz.

3.1. Simulation Conditions

The initial conditions of the simulation are listed in Table 1 and shown in Figure 2.
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Table 1. Initial conditions of engagement.

Parameters Symbol (Unit) Value
Position ro/km [Re +65,0,0]T
Initial Velocity vo/m/s 2500 x [1/+/2,1//2, 017
Mass m/kg 125
Thrust T1/N 7000
Pulse 1 Specific impulse Isp1/m/s 2800
duration t/s 7.5
Thrust T>/N 7000
Pulse 2 Specific impulse Ispp/m/s 2800
duration (tp — t1)/s 7.5
Time tpip/s 215
PIP Position rpip/km [R. + 300, 0, 500]7
Desired direction eq [0,0,1]T
Time tpip/s 215
PIP (correction) Position Tpip1/km [Re + 320, 20, 520]"
Desired direction eq [0,0,1]"

o I, -t
—_—
r..
pip
—_— e
% rpim
6650 e,
6600 —
€
<
X 6550
6500 |
6450
A
020 O z/km
y/km

Figure 2. Initial states of the interceptor and the PIP.

3.2. Scenario 1

In this scenario, a normal IGM guidance procedure is performed, where the guidance
command in each guidance cycle is calculated during the whole two pulse sections and
the first coast section. The simulation results are shown in Figure 3 and Table 2, where the
relative position is defined as r — rp;p. The final position error at the predicted interception
time is less than 1 m (measured by distance), and the impact angle error is approximately
1°. The time cost for computing the guidance command in each guidance period is less
than 10 ms using a 2.8 GHz CPU.

Table 2. Results of the proposed method in scenarios 1 and 2.

Scenario Duration of the Position Miss Impact Angle
First Coast/s Error/m Distance/m Error/deg
1 62.4 [0.2,0, —0.4]" 0.4 12
2 0 [1.2,0.8,0.3]" 15 5.9
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100
_ -0
Pl - 0
-7 £
.17 S
6650 - L < -100
. == {5t pulse 2
= =
6600 - — = 1st coast 23 ~
- 2 m—2nd pulse E 200 "
€ ’ — = 2nd pulse ]
=4 6550 - ’ o PIP 2 -300 -
’ — E -] z
6500 - P " 500 & * O 1st pulse over
4 o P 400 -400 * st coast over
6450/ " onp 300 O 2nd pulse over
100 -500 ©
0 2(km) 0 50 100 150 200 250
t/s
(a) (b)
3000 7000 Y
6000 x
2500 - m i
5000 z
P = ano_| | o oo
£ J— z
~ 1500 - v < 3000 O 2nd pulse over
> z @
B 1000 - O 1stpulse over || 3 2000
S x 1st coast over £ 1000
> 500 - B 2nd pulse over | | 0—o V
-1000
0
-2000
-500 -3000 : ‘ : -
50 100 150 200 250 0 20 40 60 80 100
t/s t/s
(0 (d)

Figure 3. Curves of the state and control variables of the interceptor in scenario 1: (a) trajectory,
(b) relative position, (c) velocity, and (d) thrust.

3.3. Scenario 2

In this scenario, the simulation condition and the IGM guidance procedure in the first
pulse section are the same as those in scenario 1, while a corrected PIP information is ob-
tained at the beginning of the first coast section. Hence, a course correction is implemented
by using the IGM in this simulation. The simulation results are shown in Figure 4 and
Table 2. Compared to the results in scenario 1, the start time of the second pulse is modified
(immediately after the first pulse) because of the change in the PIP. The final position error
at the predicted interception time is approximately 1 m (measured by distance), and the
impact angle error is approximately 6 degrees because the speed increment offered by the
second pulse is used for PIP correction rather than impact angle control.

100
0
€
4
= -100
6650 === 1st pulse .§
6600 ~ ~ 1stcoast E -200
o -300 x
< 6550 2 y
x S -400 z
6500 x O 1st pulse over
-500 @™ * 1st coast over
6450 - 0 2nd pulse over
-600
0 50 100 150 200 250
y(km) t/s
(a) (b)
2500 @ 8000
X
2000 } 6000 *L a Y
z
» O 1st pulse over
£ 1500 x = 4000 * 1st coast over
= ;’ = O 2nd pulse over
17}
%1000 0 1st pulse over 2 2000
% * 1st coast over =
> 500 8 2nd pulse over 0
ore -2000
-500 -4000
0 50 100 150 200 250 0 10 20 30
t/s t/s
() (d)

Figure 4. Curves of the state and control variables of the interceptor in scenario 2: (a) trajectory,
(b) relative position, (c) velocity, and (d) thrust.
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4. Conclusions

An impact time and angle guidance law is designed for the exoatmospheric midcourse
flight of antiballistic interceptors; it covers two pulse sections and two coast sections.
The problem is described as an optimal control model with discontinuities in the system
equations at interior points, and an IGM is used to efficiently solve the two-point boundary
value problem. Simulation results demonstrate the effectiveness of the proposed guidance
law; the obtained miss distance accuracy has an order of magnitude of 1 m (i.e., the impact
time accuracy has an order of magnitude of 1 ms for a 1 km/s speed target), and the impact
angle accuracy has a 1° order of magnitude while the angle can be achieved.
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Writing—original draft, Y.D.; Writing—review & editing, X.W. All authors have read and agreed to
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Appendix A
The analytical solution to the two-body problem
r r=v
=147 . (A1)
o] L o= —pr/|r|
can be expressed as
xr = @(x,t) (A2)
Denoting * = ||r|| and v = |v|, we can derive the orbit elements

o= e i Q w M]Tas

A _ E .
P =Sty — \/%sm Ev
- _ smE a cosE— en (A3)
Q T /1= r+ \/7\/1 —e2
lli — rxov
pa(1—e?)
Qz

tanw =

cosi = R,

The only time-variant variable is the anomaly, i.e.,

Mt:M—H,/% (A4)
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Then, the state variable at time t can be derived as

E; —esinEy = M;

cos () cos w — sin () sin w cos i
A
P = | sinQcosw + cos () sin w cosi

sinw sin i

—cos Q) sinw — sin () cos w cos i
A
Q= | —sinQsinw + cos ) cos w cos i (A5)

cos w sini

rn=a [(cos Ei —e)P+ V1 —e?sin EtQ]
T

v = _ [sinEtP V1 —eZcos EtQ}

The partial state derivative can be expressed as the following Jacobian matrix:

dx; o®(x,t)  0x; 0oy 00

oM _ 9F\WME) 9 991 90 A6
ox ox do; do dx (40)
where
0 0
Jo 1x5 5x5
Tt =loxe+ | 0 (A7)
o —2\/; 0551
For g—(’;tt,we have
a __ 1
9 = at
oar E+ in E
o = —cosbe, % (1 + H(lﬁEZ))v (A8)
o _— 1 4
M = 7
cos Q) A
% = sin () Xr= sirrzli
0
—r
. ) Y (A9)
B) - X
0
I —Rxr
and 3 1
9= Y
. a(1—e?
oo _ _ VI,
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For

where

, we have

cos () A

. o,
sin () X0 = g5

Be |- D) - 5 2

IM — (1—ecosE)%E —sinEY

oM : JE
IM — (1—ecosE)%E —sinESE

i _ lez-(rxv)]
oar na(l—e?) cosisini

(v x eZ)T

+ 1 da _ e oE
2atani or  (1—¢2)tani Or
A Je(rxw)] T
Jdv — pa(l1—e?)cosisini (ez x7)

+ 1 da e JE
2atanidv  (1—¢2)tani 0

90 _ _ costQ T
or T ey (rxv) (v X ex)

0 _  costO T _ sinQcosO T
dv T ey (rxv) (ex X 1") ey-(rxv) (Ey X 1‘)

sin Q) cos O T
ey-(rxv) (”0 X ey)

dw_ ___cosE s, .4 cosE_, T
or Zcoswsini 1 €2 rcoswsini ?

1 /1 _sinE oa
T2\ ap coswsni®z " Vo

__sinwcosi 9i
coswsini Jr

sin E cosE JE
|:rcoswsmzez r+ \/>coswsmz ] or
dw _ __sinE 1 /1 sinE e vaa
coswsmz 2/ ap coswsini~ % % v

__sinwcosi di
cos w sini dv

sin E cosE JE
{rcoswsmzez r+[coswsmz z U] v

OE _ 1 T o« 41 0
dr ~ aresinE a2esin E E)r etane or
JE __ r + 1 9oE

0v ~  aZesinE av etane dv

(A11)

(A12)

(A13)

(Al14)

(A15)

(A16)

(A17)

(A18)
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Appendix B

The integration of the state equation under the optimal control law, i.e.,

_rh T Ay —Apt
vT(tl, t2/ A7’0/AZJO/ T/ my, md) - Lft] mOfmdtmdt

b [T T  Aw—Adqt (A19)
rr(t, t2, Mo, Ao, T, 1m0, my) = tlz [ftl ey mdt} drt
L. General case (neither A,g = 0 nor A9 || Ayo)
First, we derive the indefinite integral:
Vindef (£, Ao, Ao, T, Mo, mg) = [ W%dt
m A2
_ 1 (ng Ao~ 22 Arg @ (A20)
g it ) VA2 =2(Ao0 A0t A0
We denote that
)\v<t) = Av0 — Aot (A21)
P=t— 0 (A22)
mg
5= /A2 = 2(Ao - M)t + Ao’ (A23)
It can be easily obtained that
m
Ao(1o/m4) = Moo — —>Ar (A24)
mg
5= \/7\r02'f’2 —2[Ar0 - Ag(mo/ma) ' + Ao (mo/my)” (A25)
Thus,
T e T dt’
Vindef = @Am/ i %Av(mo/Md) Vs (A26)

Note that for optimal control, we have M2 > 0, A = ApZAg? — K ?\,0)2 > 0;

hence,
dt 1 . —A0 7\1,(1‘)
— = ——arcsinh————~= A27
/5= VA (A27)
Additionally, note that Ao(mg/mg)? > 0, Ao?Ao(1mg/mg)* — Ao - Ao(mo/my)]* =
A > 0. Thus,
! 1 A -A
th = sgn(t - mO) Aiarcsinh oo/ 1a) - Aol(t) (A28)
t's my ) || Ao (mo/my)|| (t_ %)\/E

By substituting Equations (A27) and (A28) into Equation (A26) and noting that
t— %2 < 0 for our case, we obtain the indefinite integral result for velocity:

vindef (t/ A7’0/ A7}0/ T/ my, md)

rO‘Av(t)

VA

_ T )\rO 3 —A
= arcsinh
mq [[Agll

T Ao(mg/my) —Ao(mg/mg) Ay (t)

0 arcsinh

g Tho(mo /mq) o _
o (me—t)va (A29)
=L ;‘\’O arcsinh——2r0"(Aw—Anl) 5
a4 [[Anll VA0 A 002~ (A0 Ar0)

- (7\1;0*%27»0) {(Av0—2As0t)

7
%‘Q VA2 A002— (A0 Arg)

m,
T AvO*mngrO
Mg H?\vo—%NOH

arcsinh (
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and the definite integral result for velocity:

oT (tl/ t2/ )\70/ }\‘00/ T/ my, md)
= vindef (tZr A7’0/ 7\00/ Tr my, md)

_vindef(tlr }\VO/ )\00/ T/ mO/ md)

For the position component, we also derive the indefinite integral first:

Findef (£, M0, Moo, T, M0, 1)

= fvindef(f Aro, Avo, T, mo, mg)dt

=L 0 ["arcsinh

(}‘DO_}‘IOt)
7 AT el dy

VA

)\v(mo/md) (Avl)*)‘rot) t
R

T )\v(mo/md
T mg Ao (mg/my)||

J arcsinh—

AZt—A0-A
A

Denoting that x = 20 we have

_Aro'(}‘vO_ArOt)
VA dt
= }\—\/OA; | (arcsinhx)dx

= ):/052 (xarcsinhx — Va2 + 1)

)\roztfer')\vO 3 )\,02157)\,0-7\”0 H)‘vﬁ_}‘rﬂt”
= arcsinh —
7\,()2 \/Z H Avo H

[ arcsinh

Considering Equation (A22), we have

—Ap(mo/mg) (Ao —Ar0t)
(s

Ao (g /mg)* (Ao (imo/ mg) Arg]t’ 4,7
VN

[ arcsinh

= [ arcsinh
=/ arcsinh(té, + a) d#

2
where g — —v(mo/ma) A 1 Av(img/mg)

Ik arcsinh(% + a) dt
= t’arcsinh(% + a) + [td [arcsinh(% + a)}

/

= t’arcsinh(h + a) b t
4 J V(a2+1) t/2+2ubt'+b2

Note that (a2 + 1)b2 — a2b? = b? > 0; therefore,

/ dt = ! arcsinh
\/a2+1 t’2+2abt’+b2 a% +1 bl

Thus,

—Au(mo/ma) (Aen—Art) 34
(7p-1)va

_(y_m -1 —Ag(mg/my)- (Ao —Ast)

= (t md)arcsmh (mo t)\/K

—An '(AvO_ArOt)
VA

J arcsinh

A .
_Po(mo/ma)ll 5 ocinh
Al

(a>+ 1)t +ab

(A30)

(A31)

(A32)

(A33)

A b= N By using the trick of integration by parts, we have

(A34)

(A35)

(A36)
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By substituting Equations (A32) and (A36) into Equation (A31), we obtain the indefinite
integral result for position:

Tindef (£, Ao, Moo, T, mo, mg)

Ao (A% t=Ar- A 1 A=A A _ A=At
( No? arcsinh A

= g A Al
_ T Ay(mg/my) ( _@) 1 —Ao(mg/mg) (Ao —Asot) (A37)
o Thotimo/mg) ' g TSI g 70

7\r0'()‘v0_}\10t)
VA

+ T Ao(mo/my)

arcsinh —
mg [ A

and the definite integral result for position:

rT(tl/ t2/ )\70/ )\’00/ T/ my, md)

Avo—Asot }
t [ftl mo—mgat [Ayo— Arof\ldt dr

= ftt]Z {vindef(T/ Afo, 7\1,0, T, mo, md) — vindef(tlf 7\,.0, 7\00, T, my, md)} dr (A38)
= Tindef (t2, M0, Moo, T, Mo, M) — Tinger (11, Ao, Moo, T, Mo, M)
~Vindef (11, M0, Ao, T, o, ) (t2 — 1)

1L Special case 1 (A, = 0)

Equation (A19) can be rewritten as

or (1, £2,0,Roo, T, mi0, mtg) = iRy Ji et (A39)
r7(t1, t2,0, A0, T, mg, my) = mftl Uﬁ e mdtdt}d
Denote that
v(t, T, mo,my) = [ ﬁdt = —m%ln(% — t) A0
p(t, T,mg,mg) = [v(t, T, mg, myg)dt = mld (% — t) {ln(% - t) — 1}
Thus, we derive the indefinite integral for velocity:
Vindef (t,0, Ao, T, mo, my) = H;\\ZEH v(t, T, mo, myg) (A41)
and the indefinite integral for position:
Tindef (t,0, Apo, T, Mo, my) = |;vo|p(t T, mo, my) (A42)

The definite integrals can be written in the same forms as those in Equations (A30)
and (A38).

IMI.  Special case 2 (A9 || Ayo and A9 # 0)
Assuming that A,9 = 7A,9, Equation (A19) can be rewritten as
or(t1, t2, Mo, A0, T, mo, myg) HMH ftl o= mdtsgn — t)dt

(A43)
(tlltZI Ao, A0, T, mOzmd) H7\:8H t [ftl y— mdtsgn(ﬁ _t)dt}d
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Hence, the definite integral for velocity can be derived as

oT (tll tZ/ )\1’0/ WATO/ T/ my, md)

H%H[—U(fz, T, mo,mg) + v(t1, T,mg,my)], 1 < t

A ZU(U,T,mo,md) —U(tl, T,mo,md) (A44)
— H}\rOH ,tl < n < t2
0 _v(tZ/ T/ mo, md)
H;:g\l [v(ta, T, mo, my) — v(t1, T, mo, myg)],n > t
and the definite integral for position can be derived as
rT(tll tZ/ A7’0/ 777\7’0/ T/ mo, md)
ro | v(t, T, mo,mg)(t — t1)
Tl A <h
—p(t2, T, mo,mg) + p(t1, T, mo, mq)
i U(tl, T, myg, md)(f1 + 1t — 217)
A45
= &y | T2e0n Tomo ma) = p(t, Tomo,ma) | 4y <y <ty (A4
_P(tZI T/ my, md)
—v(ty, T, mo,mg)(t2 — t1)
Ao
Tl =t

| +p(t, T,mo,my) — p(t1, T, mo, my)
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