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Abstract: Considering aeroelastic effects plays a vital role in the aircraft design process. The
construction of elastic wind tunnel models is a critical element in the investigation of occurring
aeroelastic phenomena. However, the structural scaling between full-scale and reduced-scale
configurations is a complex design and manufacturing task and is usually avoided in wind tunnel
testing. This work proposes a numerical approach for a dynamic aeroelastic scaling technique,
which is applied to a fictive delta wing configuration. This scaling methodology is designed to
optimise the structural layout of wind tunnel models with an integrated rib and spar structure to
meet the behaviour of a realistic full-scale equivalent. For the modelling approach of the wing
structure, a beam and shell structure is utilised. The applied scaling laws for the relevant quantities
and the applied procedures are described. Computational fluid dynamics (CFD) calculations are
performed by solving the Reynolds-averaged Navier–Stokes (RANS) equations for the assumption
of a rigid full-scale and down-scaled wing. These calculations are used to verify the aerodynamic
scaling assumptions, which are applied to the scaling procedure of the wind tunnel model. Global
aerodynamic coefficients are evaluated for a variety of angles of attack. The local flow phenomena
of the full-scale and the scaled model are compared in more detail for a medium and a high angle
of attack. The pressure coefficient distribution shows a proper accordance for the full-scale and the
scaled model. To verify the results of the structural scaling optimisation, a high-fidelity structural
full-scale model is compared with the scaled model using the ELFINI FEM solver. Therefore, all
structural components are modelled by 2D elements. The results for the reduced eigenfrequencies
and according modes of the full-scale and the scaled model show a high level of similarity. A static
deformation of the structural grids is performed by applying the aerodynamic loads from the CFD
simulations. The results show that the deviation of the nondimensional deformation between
the scaled and the full-scale model is negligible. Consequently, the applied scaling methodology
proves to be a valuable tool for the conceptual approach of designing aeroelastically scaled wind
tunnel models considering 3D-printed material.

Keywords: dynamic aeroelasticity; aeroelastic scaling; additive manufacturing

1. Introduction

The investigation of highly agile delta-wing aerodynamics considering deformable
mechanical structures plays an important role in aeronautical research. In this context,
the elastic deformation of aircraft structures is considered for an applied aerodynamic
loading. The occurring deformations retroactively influence the aerodynamic characteristics
of the aircraft, leading to a complex coupling between the fluid and the structure of the
aircraft. Despite the slender structure of delta wings, which feature small aspect ratios,
elastic deformations play a major role. This is due to several factors. First, thin airfoils
are used for the wing layout to meet the requirements for low drag in the supersonic
regime of the flight envelope. The choice of thin airfoils favours considerable deformations.
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In addition, massive loads occur on the wings in the high angle-of-attack range, which
contribute to large deformations even at moderate flow velocities.

In this work, a fictive delta wing configuration with a deployed slat is investigated
for low-speed conditions at high angles of attack. For these conditions, the flow around
high-agility aircraft configurations is characterised by complex phenomena that have been
investigated in detail in the last decades [1,2]. In general, the flow around highly swept
wing configurations with a low to medium aspect ratio is determined by the formation of
complex vortex systems and areas of strongly separated flow. These phenomena occur for
medium to high angles of attack. In case that a vortex system is stable, a strong negative
pressure and high axial velocities emerge in the core region of the vortex. With a rising angle
of attack, a significant change in the structure of the vortex appears. Vortex bursting occurs
due to an adverse pressure gradient in the direction of the vortex axis, which results in a
strong degree of turbulence in the core. The induced circumferential velocity of the vortex
decreases, and the low-pressure region on the wing is reduced. A further increase in the
angle of attack and thus an increase in the adverse pressure gradient result in an upstream
shift of the bursting point along the vortex axis. In general, the location of the vortex
breakdown is subject to fluctuations and, therefore, exhibits an unsteady behaviour [3].

In case the flow field of the burst vortex affects the aerodynamic surfaces of the inves-
tigated aircraft structure, pressure fluctuations are triggered on the according surfaces. In
this regard, the aerodynamic excitation associated with turbulent separated flows is called
buffet. Furthermore, the structural response of the aircraft and, in particular, the lifting
surfaces to buffet is known as buffeting [4]. In addition to that, the dynamic behaviour of
the bursting position is also influenced by the structural deformation of the lifting surface
where the vortex system is formed. A computational prediction of the occurring phenom-
ena of fluid structure interactions is a challenging and time-consuming task. However,
the verification of the computational part via an experimental approach using a scaled
wind tunnel model proves to be difficult as well.

In order to capture the elastic behaviour of a wind tunnel model appropriately, a struc-
tural optimisation needs to be performed. Different approaches have been used therefore.
First, a differential method can be applied by assembling a wing from multiple structural
elements. This method was inter alia utilised by Cella et al. [5] to create a cantilever wing
out of separate aluminium ribs and spars. This investigation focused on the ability to
capture a realistic structural deformation under pure steady aerodynamic loads for small
angles of attack. A differential approach was also used by Rigby [6]. For this design,
multiple materials were used to adapt the model wing’s overall stiffness correctly. The core
of the wing featured a single aluminium alloy spar, which has been bonded to a magnesium
root rib. Foamed plastic provided the profile shape. Additionally, lead weights were added
in retrospect to adapt the natural frequencies of the lifting surface. Another differential
design was investigated in the research of Stenfelt et al. [7], which focused on an aeroelastic
design of a delta wing model with integrated control surfaces. For this case, the overall
stiffness of the wing was tuned by choosing a combination of multiple materials, such as
glass-fibre-reinforced epoxy laminate for the skin and polyvinyl chloride for the rib and
spar structure. As a result of the complex material properties, further work was needed to
adapt the physical model to correlate with analytical results. Furthermore, the assembly
of differential designs is in general time-consuming due to the fact that various joining
techniques are used for the different materials. Second, an integral design can be chosen.
Therefore, the structure is fabricated out of one unit. Gibson et al. took this approach by
manufacturing the semispans of a model wing out of aluminium [8]. Due to machining
restrictions, the desired bending and torsional stiffnesses could not be reached exactly.
In particular, for a computerized numerical control manufacturing procedure, the integral
design tends to be time and resource intensive. However, modern additive manufactur-
ing techniques allow for a cost-efficient and precise production of integral complex wing
structures. The wide variety of available printing material enables the possibility for a
structurally scaled design. The choice of material depends on the investigated phenomena
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and reaches from various plastics to aluminium alloys [9]. Regarding the rapid prototyping
process using plastic material, a fused deposition modelling using polylactic acid material
has been successfully tested for multiple lifting surfaces during the INTELWI project [10].
Herby, an elastic wing, was designed without targeting a specific structural characteristic
from a reference aircraft.

In contrast to these approaches, the main objective of this paper is to focus on a con-
ceptual design process for additive manufacturing of an aeroelastically scaled wind tunnel
model with integrated trailing edge control surfaces using resin-based material to represent
the dynamic behaviour of a fictive full-scale wing adequately. In contrast to differential
scaling designs, this 3D-printing procedure is characterised by highly isotropic material
properties, which enable an optimised comparability between numerical investigations
and real wind tunnel model applications. Recent approaches usually utilised simple scal-
ing laws, which increased the need for retrospectively adapting the structural concept.
The optimisation approach in this work is based on modelling the shell and beam structure
of the wing in more detail, such that an adaption of the concept is possible before the
manufacturing process. In addition to that, the primary directive in this work is to design a
structural optimisation tool, which is applicable for a cost- and resource-efficient manufac-
turing technique with sufficient accuracy. Therefore, a delta wing model is designed with
an integrated rib and spar structure, analogous to a realistic application.

2. Reference Full-Scale Wing Model

The investigated full-scale wing is a fictive, highly maneuverable cropped delta wing
configuration based on the work of Moioli et al. [11]. This design allows for an optimised
combination of high lift production and maximum agility [12]. Figure 1 shows the geometric
shape of the so-called Model53 as well as the location of the control surfaces at the trailing
edge and the position of the aerodynamic frame of reference. This design features a
leading edge sweep angle of ϕ0% = 53°. A leading edge slat is deployed at an angle of 20°.
Besides that, the aspect ratio of the respective wing amounts to Λ = 2.11, while the taper
ratio takes a value of λt = 0.159. A continuous wing twist distribution is present, ending
up at a 4° twisting angle at the wing tip. Additional dimensions of the wing are listed in
Table 1.

cr
ct

0.
49
· s

s

ϕ0% 0.
49
·s

x
z

y

Deployed slat

cr∗

Figure 1. Geometric parameters of Model53.
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Table 1. Geometric data of the full-scale configuration and the scaled application.

Full-Scale Model Scaled Model

Half span s s f = 5.130 m sm = 0.458 m

Root chord cr cr, f = 8.400 m cr,m = 0.750 m

Root chord without spike cr∗ cr∗, f = 7.380 m cr∗,m = 0.659 m

Tip chord ct ct, f = 1.350 m ct,m = 0.120 mm

Mean aerodynamic chord lµ lµ, f = 5.725 m lµ,m = 0.511 m

Wing reference area Sre f Sre f , f = 49.864 m2 Sre f ,m = 0.398 m2

Λ 2.11

λt = ct, f /cr, f = ct,m/cr,m 0.159

ϕ0% 53°

2.1. Structural Layout of the Full-Scale Wing

The structure of the wing consists of 5 ribs, a tip rib, a root section, 12 spars, and a
trailing edge spar, which are covered by the skin. The control surfaces can be divided into
an outer and an inner flap. Each control surface is modelled by 7 ribs and 5 spars, which
are covered by a skin. All structural components of the wing and the flaps are ideally
connected and modelled by an aluminium alloy 7178 with an elastic modulus E = 70 GPa
and a material density of ρalu = 2830 kg m−3 [13]. The whole geometry with a hidden skin
surface is presented in Figure 2a. Here, the locations of the ribs and spars as well as a spike
at the rear inboard section of the wing are visualised. An elastic connection between the
wing and the flaps is realised by applying a hinge concept between the flaps and the wing
according to Reinbold et al. [14]. Each flap is connected to the wing via four hinges, while
each hinge consists of two triangular components. One side of the first triangle is directly
connected to a flap’s front spar, and one side of the second triangle is clamped at the wing’s
trailing edge. The remaining free corner of the first triangle is interconnected with the
free corner of the opposing triangle by a rigid bar element (RBE), which is able to transfer
moments and forces between the wing and the flap. The RBE of each hinge element lies on
the rotational axis of the particular control surface. Figure 2b presents the hinge concept at
the inner flap.

Inner flap

Spar

Rib

Root

Spike

Outer flap Tip

(a) Model53 structural design (full-scale)

Double node with rigid bar element

FEM surface element

(b) Model53 hinge design (full-scale)
Figure 2. Model53 structure.

For the wing without the flaps, the following properties are assumed. The thickness
for all ribs is identical as is the thickness for each spar element. The thickness of the
trailing edge of the wing is enlarged with respect to the thickness of the remaining spars.
Between two ribs, the skin thickness is assumed to be constant. However, the thickness
of the skin decreases in equally spaced, discrete steps towards the wing tip. Therefore,
the skin thickness can be described by defining the thickness at the root t f ,s,r and at the tip
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t f ,s,t. A similar setup is chosen for the flaps. However, the skin thickness is constant for
each flap. The thickness of the triangular hinge elements is identical to the thickness of the
wing’s ribs. Nonetheless, it has to be noted that a variation of the hinge thickness can be
used to adapt the stiffness of the connection. Table 2 shows the thickness of each structural
component for the wing and the flaps.

Table 2. Thickness data of the structural components of the full-scale model.

Component t f ,rib (m) t f ,spar (m) t f ,spar,TE (m) t f ,s,r (m) t f ,s,t (m)

Wing 0.0075 0.0150 0.0300 0.0060 0.0030

Inner Flap 0.0150 0.0150 0.0150 0.0030 0.0030

Outer Flap 0.0150 0.0150 0.0150 0.0020 0.0020

2.2. Flight Conditions of the Full-Scale Model

This work focuses on the study of the delta wing at a Mach number of M = 0.5 for high
angles of attack with the aid of a deployed leading edge slat. Furthermore, the full-scale
model is simulated at a low flight altitude of h = 3000 m [15,16]. As a result, the calculations
for the full-scale wing are conducted for an air density of ρ f = 0.909 kg m−3 and a static
temperature of Tf = 268.64 K. These data are based on the standard conditions at mean sea
level (MSL) and accounting for the difference in real and geopotential height. The dynamic
pressure q f is calculated based on the according velocities and the respective air density.
The Reynolds number is referred to the mean aerodynamic chord lµ. These flow data for
the full-scale model can be taken from Table 3.

Table 3. Flow data of the full-scale and the scaled configuration.

Full-Scale Model Wind Tunnel Model

M f
U∞, f
(m/s) q f (Pa) Re f Mm

U∞,m
(m/s) qm (Pa) Rem

0.50 164.29 12.265 49.90× 106 0.14 49.10 1476 1.70× 106

3. Wind Tunnel Model Application

The development of an elastically scaled configuration is aimed in this work with the
purpose of constructing an applicable wind tunnel model design. Therefore, the fictive,
full-scale configuration is taken as a reference case. The dimensions of the outer mould line
of the respective wind tunnel model are scaled down by a factor of λl =

1
11.2 . The respective

dimensional data of the wind tunnel model are given in Table 1. To achieve a structural
similarity between the full-scale and the scaled configuration, the nondimensional location
of the structural elements of the scaled configuration is identical with respect to the full-
scale setup. Nevertheless, the thicknesses of the wind tunnel model elements need to be
optimised to fit the structural characteristics of the full-scale model. Unlike the full-scale
version, the wind tunnel model is made out of polypropylene by stereolithographic (SLA)
printing. This printing method ensures the construction of a pseudo-monolithic part with
a high level of microstructural isotropy [17]. The material Xtreme White 200 is chosen as
an appropriate plastic. This material exhibits a mean elastic modulus of ESLA = 2.465 GPa
and a density of ρSLA = 1180 kg m−3 in the cured state [18]. The different material choice
with respect to the full-scale wing has to be taken into account for the optimisation process
as well.
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3.1. Wind Tunnel Conditions for the Scaled Model

Contrary to the full-scale configuration, the wind tunnel model is investigated at mean
sea level (MSL) conditions. As a result, the air density amounts to ρm = 1.225 kg m−3. The
air speed for the wind tunnel model is calculated, originating from the true air speed of
the full-scale wing, implying a Froude number similarity with Fr = U∞/

√
g · b = 16.38.

The dynamic pressure qm is calculated analogously to the procedure for the full-scale model.
The flow data for the scaled configuration can be taken from Table 3.

3.2. Scaling Methodology

The adequate component thicknesses of the scaled model are determined using a
specifically designed MATLAB [19] tool. For the optimisation procedure, the delta wing
configuration is split up into its main components, the wing and the two flaps, which are
then optimised separately. Applying this code, a structural grid is generated for a full-scale
component and its analogous scaled part. For further references, the configuration without
the flaps will be called wing, and a combination of the wing and flaps will be referred
to as a full-scale and scaled model or configuration. Furthermore, a plane setup is used
for the modelling of the wing and the flaps. Ribs and spars are modelled via a beam
approach [20], while the skin is modelled by shell elements [21,22]. The thickness values
from Table 2 are used as an input for the investigated full-scale elements, while variable
parameters are utilised for the according thickness values of the scaled component. As
the wing and flaps are assumed to be a flat 2D object, the thickness has to be accounted
for by including the parallel axis theorem as far as skin shells are concerned. However,
the parallel axis theorem only considers the height of the middle line of the skin. Due to
the fact that the local skin-thickness-to-wing-thickness ratio takes on a considerable value,
the offset of the middle line of the skin to the components’ surface has to be included into
the calculations. The according mass of each structural element is equally split up and
assigned to the adjacent nodes as lumped masses. As a result, the stiffness and mass matrix
can be computed for a full-scale component and its according scaled component. However,
the matrices for the scaled component will contain variables for the thickness of the ribs,
spars, and skin. Subsequently, these thickness values are varied until identical structural
characteristics are achieved between the scaled and the full-scale component.

To reduce the order of complexity, the wing was investigated without the spike.
The wing’s structural grid is meshed with 13 nodes in spanwise direction and 27 nodes
in chordwise direction (see Figure 3). Each structural node has one translational and two
rotational degrees of freedom, which sums up to a total number of n = 972 degrees of
freedom, excluding the Dirichlet boundary nodes at the wing root, where the wing is
assumed to be clamped. The setup for both flaps is chosen accordingly. Each flap is meshed
by 13 nodes in spanwise direction and 9 points in chordwise direction. For this approach,
the flaps are assumed to be clamped at the respective hinge line.

3.2.1. Fundamental Scaling Laws

To accomplish a dynamic similarity between the full-scale and the scaled model,
multiple factors need to coincide according to the transformed equation of motion (A14),
which is shown in Appendix A. An optimisation of the rib, spar and skin thicknesses of the
scaled model is used to fit these criteria. The necessary factors are listed below [23]:

1. The nondimensional modal mass matrix 〈m̄〉;
2. The nondimensional modal frequencies 〈ω̄〉;
3. The nondimensional mode shapes Φ;
4. The reduced angular frequency of the first mode k1;
5. The inertia ration µ1;
6. The Froude number Fr [24,25].
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Additionally, the aerodynamic shape of the scaled model and the full-scale wing
have to be equivalent. To achieve similar flow properties, a Reynolds number Re and
Mach number M similarity is necessary in order to obtain equivalent flow conditions.
However, a mismatch for these two criteria cannot be avoided for the scaled model in a
practical application in a typical low-speed wind tunnel facility, such as wind tunnel A at
the Technical University of Munich [26]. Then, the main focus will be on the matching of the
nondimensional modal frequencies and the the nondimensional mode shapes in particular.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x/cr∗,m

y/
s m

Ribs and spars
Collocation points
Collocation points for the skin only
Masses and collocation points

Figure 3. Collocation points and design of the scaled Model53 wing for the optimisation procedure.

3.2.2. Stiffness Matrix Fitting

As the mass and stiffness matrix of a scaled component contain variables for the rib,
spar, and skin thickness, the stiffness matrix of a scaled component is optimised for a static
load condition at first. Therefore, the occurring deformation of the full-scale component is
calculated for an aerodynamic loading, which is determined for a given aerodynamic angle
of attack by using the vortex lattice method (VLM). A plane aerodynamic grid representing
the outer mould line of the investigated component is utilised for the generation of a
representative aerodynamic load vector. As the grid size of the structural grid and of the
aerodynamic grid differs, a force transfer between collocation points of the vortex lattice
mesh and the nodes of the structural grid is necessary [27]. In case of a force transfer from
the aerodynamic surface mesh to the structural nodes, a nearest-neighbour search, the so-
called point-element relationship, is applied. This search method assigns the aerodynamic
load in each collocation point of the aerodynamic mesh to the closest node in the structural
mesh. Using this method, a conservative interpolation with regard to moment and force
balance is ensured [28]. As a result, a load matrix for the full-scale component F f is obtained,
which contains the aerodynamic forces Ff and moments m f . The computed translational
deformation of the full-scale component can be scaled down by the factor λl , while the
rotational deformation stays unaltered, to attain the equivalent deformation of the scaled
component umodel . Hereby, an identically scaled deformation is predefined for the scaled
part. The forces and moments at each node of the full-scale component can be transferred
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to the equivalent nodes of the scaled component by reducing the forces by the factor λF
and the moments by the factor λm. In this regard, the connectivity between the full-scale
load and the scaled load can be defined by the force ratio λF as follows [29]:

Fm

Ff
= λF = λρλ2

Vλ2
l =

ρm

ρ f

(
U∞,m

U∞, f

)2

λ2
l (1)

Here, λρ quantifies the air density ratio between the scaled and full-scale configuration,
while λV analogously resembles the flow velocity ratio. A fixed Froude number for the
full-scale and the scaled model sets the velocity ratio to λV =

√
λl . This definition of the

force ratio λF ensures an equivalent transmission of the load distribution from the full-scale
to the scaled component. As a result, an identical ∆Cp(η, ζ) distribution is defined along
the dimensionless coordinates η = x/cr and ζ = y/s of a scaled and a full-scale component.
According to dimensional analysis, a transmission of moments to a scaled component by
the factor λm can be conducted as depicted in Equation (2) [30].

mm

m f
= λm = λFλl (2)

The transformation matrices λload and λL for the load vector F and the deformation
vector u for a full-scale component yield the following forms:

λload =


λF 0 0 . . .
0 λm 0 . . .
0 0 λm . . .
...

...
...

. . .

 , λL =


λl 0 0 . . .
0 1 0 . . .
0 0 1 . . .
...

...
...

. . .

 (3)

With the known applied model loads and resulting model deformations, the scaled
component stiffness matrix can be optimised. Therefore, a fixed-point iteration is applied
according to the flowchart diagram depicted in Figure 4. The optimisation starts from a
given starting vector dold, which resembles the parameters for the wall thickness of all
structural elements of a scaled component, and proceeds until a local minimum of the
objective function Ψ is reached. Due to the fact that the number of nodes of the structural
grid is larger than the number of parameters, only a reduced number of collocation points Ψ̄

are used to calculate the next iteration step of the thickness parameters dnew. Additionally,
an acceleration factor a can be applied to speed up the convergence behaviour. For the case
of convergence, the relative deviation between the deformation of the scaled component
and the downscaled deformation of the full-scale component of each grid point i satisfies
the condition | Ψi

z f ,maxλl
| < 5%, and the iteration queue is stopped. Hereby, z f ,maxλl defines

the downscaled maximum deformation of the investigated full-scale component.
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Km(dold)
−1Fm =

Ψ = zm − λLz f

dnew = aΨ̄ + dold

dold = dnew

| Ψ
z f ,maxλl

| < 0.05

Yes

No

doldzm

Fixed point iteration process

Figure 4. Flowchart diagram according to UML2 standard [31] visualising a fixed point iteration for
the stiffness matrix.

3.2.3. Mass Matrix Fitting

With the stiffness matrix of a scaled component Km defined, the mass matrix Mm
needs to be optimised in order to achieve dynamic similarity with the equivalent full-
scale component. A predefined number of lumped masses with unknown values madd
at distinct locations in the configuration are used to modify the dynamic behaviour of a
component and tune the eigenvalues and eigenvectors of the system. Figure 5 depicts
the optimisation process for the model mass matrix. Starting from the fixed stiffness
matrix and the according mass matrix of the scaled component, the normalised eigenvector
matrix Q f and the eigenvalues ωi, f of a full-scale component are utilised to calculate the
needed additional masses for the scaled component. The target eigenvector matrix of the
scaled component is identical to the matrix of the full-scale component, while the target
eigenfrequencies of the model are calculated using the scaling law ωi,target = ωi, f λVλl .
For the calculation of the matrix Q f , n̄ = 25 eigenvalues are taken into account. Using a
minimum search for the objective function, the additional masses are computed. A finite
number of the first m = 5 eigenfrequencies are used to define the objective function f .
Afterwards, the true eigenfrequencies ωi,m and normalised eigenvector matrix Qm of the
scaled component can be determined.
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Mass matrix optimisation

f = ∑m
i=1

Ai ·AT
i

m

0 = ∑n
j=1

f j
n

Calculation of
Km

madd

ω f , Q f

Mm

Qm = Q f

ωi,target = ωiλVλl

Optimise

madd

Ai =

(Km −ω2
i,target(Mm + madd)) ·Qm

ωm, Qm

Figure 5. Flowchart diagram according to UML2 standard [31] showing the mass matrix optimisation.

3.3. Structural Data Fitting for the Wing and Flaps

The optimised relevant thicknesses of the structural elements of the wing design and
the flaps are given in Table 4. All calculated thicknesses are independent from the flow
velocity, which permits a representation of the full-scale configuration at a fixed altitude
by one wind tunnel model only. With the calculated thicknesses of the scaled model,
the aeroelastic characteristic can be defined by the nondimensional quantity in Equation (4).

qm

ESLA
· sm

tm,spar
= 4.99× 10−5 (4)

In this regard, the ratio of the dynamic pressure and Young’s modulus of the 3D-
printed material is calculated. The thickness of the wing spars is embedded to account
for the structurally optimised design of the scaled model. Hereby, the spar thickness is
used exemplarily for all optimised quantities, as it is of high significance for the bending
characteristic of the wing. The half span of the model is used to nondimensionalise the
expression. Analogously, the according value is calculated for the full-scale model in
Equation (5). The relative difference between these scaled and full-scale model values
amounts to 2%.

q f

Ealu
·

s f

t f ,spar
= 4.91× 10−5 (5)
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Table 4. Thickness data of the structural components of the scaled configuration.

Component qm
(Pa)

tm,rib
(m)

tm,spar
(m)

tm,spar,TE
(m)

tm,s,r
(m)

tm,s,t
(m)

Wing 1476 0.0023 0.0045 0.0090 0.0020 0.0011

Inner flap 1476 0.0045 0.0045 0.0045 0.0010 0.0010

Outer flap 1476 0.0045 0.0045 0.0045 0.0007 0.0007

3.3.1. Stiffness Matrix and Deformation Matching of the Scaled Wing

As described in Section 3.2.2, the stiffness of the wind tunnel model wing without the
flaps is optimised to fit the downscaled deformation of the full-scale wing without flaps
for equivalent static load conditions. The relative error between the downscaled deformed
full-scale wing and the deformed wind tunnel model wing is calculated according to
Equation (6). The maximum deformation of the full-scale wing is used as a reference
value. The optimisation process is continued until a convergence to the targeted shape is
approached and the relative error εj of each node j of the grid is below 5%. Figure 6 shows
the relative error surface regarding the deviation of the scaled wing with respect to the
target deformation at a Mach number M = 0.14. The maximum absolute value of −0.6%
occurs at 67.6% of the half span.

εj =
um,j − u f ,jλl

u f ,maxλl
(6)

0
0.2

0.4

0.6

0.8

1

00.20.40.60.81−6

−4

−2

0
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Figure 6. Error surface plot of the relative deformation deviation of the scaled wing at M = 0.14
(without flaps).

3.3.2. Eigenmode and Eigenfrequency Analysis of the Scaled Wing

After the optimisation process of the stiffness matrix, the mass matrix of the wind
tunnel model wing is known, and an optimisation of the mass matrix is conducted by
adding lumped masses in distinct positions. These locations are shown in Figure 3. How-
ever, the optimisation process described in Figure 5 yields that for the particular setup,
no improvement of the eigenvalue problem is necessary for a maximum deviation of 10%
from the targeted eigenfrequencies. The output of the eigenvalue problem performed using
the MATLAB tool is listed in Table 5. Here, the first five modes of the full-scale wing
and the wind tunnel model wing are investigated with respect to their eigenfrequencies.
Furthermore, the reduced angular frequency k f ,i is given for the full-scale wing and, re-
spectively, km,i for the wind tunnel model wing for each mode i. The relative difference
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∆krel,i =
km,i−k f ,i

k f ,i
· 100% of these two values is also listed for each mode. From mode 1 to

mode 5, the relative difference is between −4.5% and −5.5%.

Table 5. Eigenfrequencies of the full-scale wing and the scaled wing (without flaps).

Mode
Full-Scale Wing Wind Tunnel Model Wing

∆krel,i
f f ,i (Hz) k f ,i fm,i (Hz) km,i

1 14.50 5.69 46.37 5.44 −4.46%

2 43.34 17.01 138.38 16.23 −4.59%

3 54.03 21.20 170.88 20.04 −5.50%

4 87.59 34.37 279.64 32.79 −4.60%

5 112.24 44.04 355.32 41.66 −5.41%

Furthermore, the first three mode shapes of the wind tunnel model wing, including
the deviation of each mode shape from the respective targeted shape of the full scale wing,
are depicted in Figure 7. The deviation of the points j of each mode i εmode i,j is calculated
according to Equation (7). Here, the value in the denominator represents the maximum
value in the i-th column of the normalised matrix Q f with max|Q f i| = 1. Figure 7a
shows the first mode shape of the wind tunnel model wing. A bending characteristic is
primarily attributed to this shape. The according deviation of this mode shape with respect
to the mode shape of the full-scale wing is shown in Figure 7b. A maximum deviation of
εmode 1 = 0.3% is visible in the leading edge region of the wing at 0.68 · sm. A moderately
increased deviation of 0.1% can also be determined at the trailing edge in the inner wing
section (0.28 · sm). The mode corresponding to the second eigenfrequency can be seen in
Figure 7c. This mode visualises a coupled twisting and bending nature. The graph features
a twist along the wing span with an increasing bending characteristic of the wing towards
the tip. The deviation plot of the second mode points out the maximum negative values of
−0.4% at 0.48 · sm at the leading edge, while the positive maximum of 0.46 % is located at
0.77 · sm. The third mode (Figure 7e) shows a further twisting characteristic of the wing.
Contrary to the second mode, the global maxima of the shape are located in the midwing
section at 58% of the half span and at the leading edge of the wing tip. The deviation
regarding this mode is plotted in Figure 7f. The highest recorded deviation of −0.1% is
detected at 0.58 · sm on the leading edge.

εmode j,i =
Qm j,i −Q f j,i

1
(7)

At last, the inertia ratio of both the wind tunnel model wing and the full-scale wing is
compared. The inertia ratio of the full-scale wing takes on a value of µ f ,1 = 18.03, while
the value of the wind tunnel model wing amounts to µm,1 = 16.51. As a result, the relative
difference between the two values is −8%. This value is larger than the relative difference
of the reduced frequencies listed in Table 5. Furthermore, it is larger than the relative
differences between the mode shapes, as the inertia ratio is only indirectly optimised. A
comparison of the diagonalised nondimensional modal mass matrix of the scaled and the
full-scale wing shows a relative deviation below 1.50% for the first five entries.
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(f) Deviation of the third mode
Figure 7. First three mode shapes of the wind tunnel model wing and the deviations from the
targeted shapes.

3.3.3. Flap Optimisation

The separate static optimisation of the flap thicknesses with the resulting values
from Table 4 yields a maximum deviation of the targeted shape below 4% for both flaps.
Furthermore, a proper coalescence between the reduced frequency of the full-scale flaps
and the flaps of the scaled model is achieved. The eigenfrequency analysis for the first three
modes for the inner flap is shown in Table 6. Analogously, the first three eigenfrequencies
of the outer flap are given in Table 7. For both flaps, a relative difference |∆krel,i| < 10% is
achieved for all eigenfrequencies. Furthermore, the relative difference between the inertia
ratios of the full-scale flaps and the wind tunnel model flaps is kept below 5% for both flaps.
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Table 6. Eigenfrequencies of the inner flap for the full-scale and the scaled configuration.

Mode
Inner Flap Full-Scale Inner Flap Wind Tunnel Model

∆krel,i
f f ,i (Hz) k f ,i fm,i (Hz) km,i

1 137.40 55.31 428.09 51.50 −6.9%

2 155.91 62.76 488.54 58.78 −6.4%

3 203.74 82.01 631.85 76.00 −7.3%

Table 7. Eigenfrequencies of the outer flap for the full-scale and the scaled configuration.

Mode
Outer Flap Full-Scale Outer Flap Wind Tunnel Model

∆krel,i
f f ,i (Hz) k f ,i fm,i (Hz) km,i

1 142.71 7.87 441.67 7.28 −7.5%

2 159.92 8.82 505.52 8.33 −5.6%

3 189.22 10.44 594.68 9.80 −6.1%

4. Aerodynamic Simulations
4.1. Simulation Setup

In order to evaluate the assumption regarding a similar pressure coefficient distribution
for the scaled and the full-scale configuration from Section 3.2.2, high-fidelity steady-
state computational fluid dynamics (CFD) calculations are performed for a half-model
geometry. Therefore, the aerodynamic data from Table 3 are investigated. The simulations
are carried out using Ansys Fluent [32] to solve the compressible, three-dimensional
Reynolds-averaged Navier–Stokes (RANS) equations. The RANS equations are closed
with the two-equation k − ω − SST turbulence model. Regarding the pressure-based
solution method, a pressure–velocity coupling is applied. The coupled algorithm solves
the momentum and pressure-based continuity equations collectively [33]. This coupling
procedure is performed by an implicit discretization of pressure gradient terms in the
momentum equations and an implicit discretization of the face mass flux, including the
Rhie–Chow pressure dissipation terms [34]. A second-order upwind scheme is utilised
for the spatial discretisation. Furthermore, a global pseudo–time step is used for the
stabilisation of the steady-state calculations. An adequate time step is chosen to achieve
an optimum trade-off between fast convergence time and result accuracy. The according
study is shown in Figure 8a. For the following calculations, the intermediate pseudo–time
step of ∆t = 0.005 s is applied for the scaled configuration. Analogously, the intermediate
pseudo–time step of ∆t = 0.01 s is used for the full-scale configuration. During the pre-
processing, a poly-hexcore hybrid meshing technique is used to generate the volume grid
for the full-scale and the scaled wing. Using this approach, hexahedral cells are generated
in the bulk region, while polyprisms are used to model the boundary layer. A mosaic
technology is applied to link these two regions [35]. A semispherical pressure farfield with a
diameter of 100 · s f is chosen for the full-scale wing and, respectively, 100 · sm for the scaled
wing. The plane surface of the semisphere resembles the symmetry plane of the setup.
Additional refinement areas are defined in the vicinity of the wing. A grid sensitivity study
is conducted for four grid refinement levels for the full-scale and the scaled configuration.
An extreme coarse, a coarse, a medium, and a fine grid are investigated. The cell size is
refined by a factor of 1.225 for each grid refinement step. As a result of the study, which is
depicted in Figure 8b, the medium grid is rated as sufficiently resolved for the full-scale
and the scaled configuration and chosen for further calculations. The medium grid of
the scaled configuration has a total cell count of 18.595× 106, while a higher cell count is
reached for the full-scale application with 19.984× 106 cells. The polyprism layers of the
medium grid of the scaled model are created by applying a uniform offset method with
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40 layers and a growth rate of 1.17. With a first-layer height of 4.97× 10−6 m, a low y+ wall
treatment of y+max < 1 is aimed to resolve the boundary layer. Analogously, 40 polyprism
layers with a growth rate of 1.24 are utilised for the medium grid of the full-scale model.
A first-layer height of 5.3× 10−6 m is applied to fulfil the y+ requirement. For the grid
generation during the grid sensitivity study, the total layer height is fixed, which leads
to a variation of the layer number and the growth rate for a varying first-layer thickness.
Figure 9 presents the structure of the full-scale and the scaled grids.
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(a) Time step sensitivity study at α = 20°
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(b) Grid sensitivity study at α = 20°
Figure 8. Sensitivity study at α = 20° and Fr = 16.38 (full-scale: M f = 0.5 and Re f = 49.90× 106,
scaled: Mm = 0.14 and Rem = 1.70× 106).

(a) Medium poly-hexcore grid of the
full-scale Model53

(b) Medium poly-hexcore grid of the
scaled Model53

Figure 9. Visualization of the medium poly-hexcore grid of the full-scale and scaled Model53.

4.2. Aerodynamic Coefficients

The global aerodynamic coefficients for the scaled and the full-scale model are given in
Figure 10. Therefore, the full-scale wing is studied at a Mach number of M = 0.5, while the
Mach number of the scaled wing amounts to M = 0.14. However, the Froude number for
both cases is identical. For the angle of attack, an interval from 0° to 25° is investigated in 5°
steps. Figure 10a pictures the lift coefficient for the scaled and the full-scale wing. For low
angles of attack up to α = 5°, both curves are almost identical. Towards higher angles of
attack, the differences between the two curves increase due to compressibility effects on the
full-scale wing. The lift continuously increases towards the maximum investigated angle of
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attack of α = 25° for both setups. However, the lift curve slope starts to decline for angles of
attack greater than α = 15°. At α = 20°, the relative difference between the lift coefficient of
the scaled and the full-scale model is −3.4%. An angle of attack of α = 20.5° is additionally
investigated for the scaled model with a lift coefficient of CL = 0.822 to match the global
lift coefficient of the full-scale model CL = 0.851 with a reduced relative difference of 0.12%.
Considering the drag coefficient in Figure 10b, the curves of the scaled and the full-scale wing
coincide up to an angle of attack of α = 10°. The minimum drag coefficient of CD = 0.0167
for the scaled wing and CD = 0.0132 for the full-scale wing occurs at α = 5°. For angles
of attack greater than 10°, the drag coefficient of the full-scale model exceeds the values
for the scaled model. A relative difference between the scaled and the full-scale model of
−8.5% occurs at α = 25°. Furthermore, the pitching moment coefficient is visualised in
Figure 10c. The according moment reference point is chosen at the apex of the wing. Therefore,
the mean aerodynamic chord is used as the reference lever arm. From α = 0° to α = 10°, the
coefficients of the scaled and the full-scale models follow a similar trajectory. Between α = 10°
and α = 25°, the full-scale configuration exhibits a smaller value of the pitching moment
coefficient with respect to the wind tunnel model. For α = 25°, the relative difference between
the scaled and the full-scale model amounts to −7.0%.
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Figure 10. Aerodynamic coefficients of the scaled model (M = 0.14, Re = 1.696× 106, Fr = 16.375)
and the full-scale model (M = 0.5, Re = 49.897× 106, Fr = 16.375).
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A detailed analysis of the local aerodynamics is shown in Figure 11. Figure 11a shows
the Cp distribution on the upper side of the scaled model and the full-scale configuration
for an angle of attack of α = 10°. Furthermore, seven cross-flow planes are shown, which
visualise the normalised vorticity field ω · lµ/U∞. These planes enable the identification
of a weak leading-edge vortex originating at the apex and a tip vortex system, which is
triggered at the leading edge outboard of the slat for both models. Furthermore, a local
pressure minimum occurs at the intersection between the slat and the wing for the scaled
and the full-scale wing. Minor differences between the Cp distribution of the full-scale and
the scaled model are visible at the root section between 25% and 65% of the local chord. The
overall Cp distribution shows a similar characteristic. Figure 11b pictures the characteristics
of the scaled model at α = 20.5° and of the full-scale model at α = 20°. This particular
setup is chosen to aim for an equivalent pressure coefficient distribution on the wing’s
surfaces and an identical global lift coefficient, which is a necessary criterion for a dynamic
similarity of the full-scale and the scaled model, according to Section 3.2.2. With respect to
the lower angle of attack of α = 10°, the apex vortex is pronounced more strongly for both
models. The influence of the vortex reaches far downstream to the inner flap. Furthermore,
a second vortex is observable at the deployed slat. This vortex is carried downstream to the
outer flap. However, for this vortex, a region of reversed flow can be identified in the rear
section of the wing. This phenomenon indicates a bursting of the vortex at this angle of
attack. The scaled model and the full-scale model show a similar flow topology across the
wing and flaps.

inflow

u/U∞ = 0

full-scale

U∞

scaledfull-scale

tip vortex

apex vortex

(a) α = 10° for the scaled and the full-scale configuration

u/U∞ = 0

full-scale

U∞

u/U∞ = 0

scaledfull-scale

slat vortex
apex vortex

(b) α = 20.5° for the scaled and α = 20° for the full-scale configuration

Figure 11. Surface pressure distribution Cp and vorticity field at distinct cross-flow planes for the
full-scale and the scaled configuration at a Froude number Fr = 16.375.
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For a more detailed investigation of the aerodynamic differences between the scaled
model at α = 20.5° and a Mach number of M = 0.14 and the full-scale model at α = 20°
and a Mach number of M = 0.5, the relative pressure coefficient deviation according
to Equation (8) is shown in Figure 12. Here, cp,m describes the local pressure coefficient
of the scaled model, and Cp, f represents the local pressure coefficient of the full-scale
configuration. An area with high positive and negative ∆Cp,rel values occurs near the apex.
This indicates a bending of the apex vortex core of the scaled wing towards the leading
edge with respect to the full-scale apex vortex. This difference, however, will have no major
impact on the static deformation of the wing due to the small lever arm with respect to
the wing root. A second region with increased absolute values of ∆Cp,rel = 0.06 arises
between 25% and 50% of the respective half span of the delta wing. The low-pressure field
of the scaled wing, which is created by the second vortex originating from the deployed
slat, reaches further downstream compared with the equivalent vortex of the full-scale
wing. Furthermore, this slat vortex core of the scaled wing is shifted towards the wing root
with respect to the full-scale wing, which additionally leads to a deviation of the aspired
Cp values in that area. In the wing tip region, relative differences in the Cp distribution
of ∆Cp,rel = ±0.1 appear due to minor differences in the flow topology and location of
the second occurring vortex. In contrast to that, low values for ∆Cp occur at the root and
trailing edge.

∆Cp,rel =
Cp,m − Cp, f

min(Cp, f )
(8)

A A

B B

U∞

Figure 12. ∆Cp distribution between the scaled model at α = 20.5° and the full-scale model at α = 20°
for Fr = 16.375.

Two surface cuts, A − A and B − B, are positioned in Figure 12. The cut A − A is
located at y

s = 0.25, while B− B represents a surface cut at y
s = 0.5. The pressure coefficient

curves at these cuts are shown in Figure 13. Figure 13a reveals a difference in the Cp plot
between the scaled and the full-scale wing’s upper side between 15% and 40% of the local
chord length. For the second surface cut ( y

s = 0.5), a positive difference between the Cp
distributions of the scaled and the full-scale model can be identified between 5% and 45%
of the local chord. From 45% to 80% of the chord, a negative difference between the Cp
distributions of the scaled and the full-scale model occurs. However, for a wide area of
the wings’ surface, the scaled and the full-scale wing show a matching of the pressure
distribution, in particular, at the leading edge, trailing edge, and lower side of the wing.
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Figure 13. Pressure distribution at different y slice positions for the scaled model (α = 20.5°,
Fr = 16.375) and the full-scale model (α = 20°, Fr = 16.375).

5. Finite Element Analysis of the Model53 with Integrated Flaps
5.1. Structural Grid Resolution

To verify the results of the optimisation procedure conducted with the MATLAB tool,
the finite element code ELFINI, implemented in CATIA, is utilised. Therefore, the structural
characteristics of the entire model with integrated flaps according to the description in
Section 2.1 are analysed. The values for the wall thickness of the skin, spars, and ribs are
used to generate a three dimensional CAD model of the full-scale and the scaled model. All
structural elements are modelled by two-dimensional shell elements. The structural grid
of the scaled wind tunnel model consists of triangular elements with a reasonably small
mean side length of 0.0025 m. The total count of elements amounts to 225,846. Similarly,
a shell structure is generated for the full-scale model as a reference case. Therefore, an
equivalent element size of 0.028 m is chosen. As a result, 225,730 elements are generated.
For the structural analysis of both cases, the wing is clamped at the root chord.

5.2. Frequency Analysis

Table 8 presents the results of the frequency analysis. Here, the first five eigenfrequencies
of the full-scale model and the wind tunnel model are presented. Determining the relative
difference between the reduced frequencies of the scaled and the full-scale configuration yields
a value of −3.2% for the first eigenfrequency, followed by −4.1% for the second frequency.
The absolute discrepancy for the following three frequencies is below 2.5%.

Table 8. Modal analysis of the scaled and full-scale model using ELFINI.

Mode
Full-Scale Configuration Wind Tunnel Model

∆krel,i
f f ,i (Hz) k f ,i fm,i (Hz) km,i

1 12.00 4.71 38.87 4.56 −3.2%

2 15.36 6.03 49.32 5.78 −4.1%

3 20.07 7.87 65.99 7.74 −1.7%

4 35.74 14.03 116.83 13.70 −2.3%

5 42.04 16.50 138.25 16.21 −1.8%

5.3. Mode Shape Analysis

In addition to the analysis of the eigenfrequencies, the according normalised mode
shapes of the full-scale and the scaled wing are analysed in Figure 14. The plotted colour
bar resembles the absolute deformation with respect to the nondeformed state of the model.
Figure 14a shows the first bending mode of the full-scale model and the scaled model
corresponding to the first reduced frequencies k f ,1 and km,1. The mode shape of the full-
scale model is presented on the bottom half of the picture, while the mode shape of the
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scaled model is shown on the top half. Figure 14b shows the first twisting mode of the
full-scale and the scaled Model53 at the reduced frequency k2. This frequency k2 contains a
large contribution of the inner flap movement around its hinge axis. The third mode shape
is given in Figure 14c and shows the second twisting characteristic. However, an increased
contribution of the outer flap motion is characterised at this frequency k3. The second
bending mode can be identified at the fourth reduced frequency k4, which is shown in
Figure 14d. The fifth natural frequency has a twisting characteristic and is presented in
Figure 14e. For all five reduced frequencies, the mode shapes of the scaled model and the
full-scale configuration show a high similarity across the entire model surface. Furthermore,
Figure 14 shows a visible movement of the inner and outer flap with respect to the main
wing, which enables the capturing of aeroservoelastic effects of the flaps.

1
full-scale

scaled

0.5

0

(a) First bending mode

1
full-scale

scaled

0.5

0

(b) First twisting mode

1
full-scale

scaled

0.5

0

(c) Second twisting mode

1
full-scale

scaled

0.5
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(d) Second bending mode

1
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scaled

0.5
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(e) Third twisting mode
Figure 14. Absolute translation of the first five mode shapes of the scaled and the full-scale model.
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5.4. Deformation Analysis

Furthermore, a deformation analysis is conducted using the ELFINI FEM model of
the scaled and full-scale configuration and by applying the calculated aerodynamic loads
from the CFD simulations. Figure 15 shows the normalised deformation in z-direction of
the structure of the scaled model on the top half and of the full-scale model on the bottom
half. The normalisation of the deformation in z-direction is conducted using the half span s
of the according model. For the scaled model, the aerodynamic forces at M = 0.14 and an
angle of attack of α = 20.5° are considered. The resulting forces at M = 0.5 and an angle of
attack of α = 20° are used for the full-scale model. A maximum normalised deformation of
∆zm/sm = 0.0140 arises at the trailing edge of the tip for the scaled configuration, while a
maximum of ∆z f /s f = 0.014 can be determined for the full-scale model in the same region.
Thus, the relative difference between the maximum normalised deformation of the scaled
and the full-scale model is −2.5%. The overall shape of the deformation shows a high
degree of similarity for both models.

0

0.0072

scaled

0.0144

∆z/s

full-scale

Figure 15. Deformation of the scaled model for an aerodynamic loading at α = 20.5° and the full-scale
wing at α = 20°.
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6. Conclusions

This work explains the development of an aeroelastic scaling procedure for the wing
and flaps of a fictive delta wing configuration intending to design a concept for a wind
tunnel application. The optimisation procedure of the scaled model wing and the flaps,
using adequate scaling laws, yields thicknesses for the ribs, spars, and skin at a magnitude
of a few millimetres. The optimisation is conducted by fitting the stiffness matrix of a scaled
component and adjusting the resulting mass matrix to attain the targeted values for the
eigenfrequencies. The procedure shows that no additional masses are needed to achieve a
desired maximum deviation of 10% with respect to the targeted first three eigenfrequencies
of a component. In addition to the structural requirements for the aeroelastic similarity
between the full-scale and the scaled model, the aerodynamic similarity is investigated
using Ansys Fluent. A comparison of the global aerodynamic coefficients between the
scaled and the full-scale model shows an increasing difference towards the maximum
investigated angle of attack of α = 25° for the drag and moment coefficient. The curves
for the lift coefficient show a minor relative deviation across the whole angle of attack
interval. A local comparison between the flow phenomena of the scaled and the full-
scale wing at an angle of attack α = 10° shows a high level of similarity in the pressure
coefficient distribution and normalised vorticity magnitude at different cross-flow planes.
Additionally, the reference case of the full-scale model at α = 20° is compared with α = 20.5°
for the scaled model to achieve a minimal deviation of the global lift coefficient. Locally,
the pressure coefficient distribution shows relative deviations up to ∆Cp,rel = 0.06 between
25% and 50% of the half span due to a different location of the slat-induced vortex system.
However, for a large wing surface area, the pressure coefficient deviation is kept close to 0.
A following verification of the structural optimisation of the scaled configuration reveals a
maximum deviation of −4.1% from the first five targeted eigenvalues, which occurs for
the second eigenfrequency. Furthermore, the according investigated mode shapes show a
high level of similarity. At last, a comparison of the normalised deformation in z-direction
between the scaled and the full-scale model is presented. Therefore, the aerodynamic
calculations for α = 20° and M = 0.5 are applied to the structural grid of the full-scale
model. For the scaled model, the simulation results for α = 20.5° and M = 0.14 are applied
to the according structural grid. The maximum deformation occurs at the trailing edge of
the wing tip for both models. The relative difference between the maximum deformation of
the scaled and the full-scale model amounts to −2.5%. These results confirm the accuracy
of the optimisation process. All in all, the scaling procedure of the investigated delta wing
shows an adequate resemblance to the fictive full-scale wing.
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Abbreviations
The following abbreviations are used in this manuscript:

Greek Symbols
α angle of attack
αs first Rayleigh coefficient
βs second Rayleigh coefficient
εmode relative error between the mode shape of the full-scale and the scaled wing
Λ aspect ratio
λe eigenvalue
λF force scaling factor
λl geometrical scaling factor
λm moment scaling factor
λt taper ratio
λV velocity scaling factor
〈ω̄〉 normalised modal frequency matrix
〈ω〉 modal frequency matrix
µ1 inertia ratio
ρ density
ρalu, ρSLA material density of aluminium and SLA
τ nondimensional time
Θx,j rotation angle of the j-th node around length axis
Θy,j rotation angle of the j-th node around lateral axis
ϕ0 sweep angle at the leading edge
η nondimensional deformation vector
Φ nondimensional mode shape matrix
Latin Symbols

∆Cp,rel
relative difference between the pressure coefficient of the full-scale and
the scaled model

∆krel,i
relative difference between the i-th reduced angular frequency of the
full-scale and the scaled model

∆t time step size
∆z deformation in z-direction
∆z f , ∆zm deformation in z-direction for the full-scale and the scaled model
〈m̄〉 normalised modal mass matrix
〈c〉 modal damping matrix
〈k〉 modal stiffness matrix
〈m〉 modal mass matrix
Ĉ uniformly dimensionalised damping matrix
K̂ uniformly dimensionalised stiffness matrix
M̂ uniformly dimensionalised mass matrix
Ac aerodynamic damping matrix
Ak aerodynamic stiffness matrix
Am aerodynamic mass matrix
C damping matrix
K stiffness matrix
M mass matrix
Q f , Qm mode shape matrix of the full-scale and the scaled model
T transformation matrix
x deformation vector
b span
CD drag coefficient
CL lift coefficient
Cp pressure coefficient
cr root chord
ct tip chord
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Cmy pitching moment coefficient
Cp, f , Cp,m pressure coefficient of the full-scale and the scaled model
cr∗, f , cr∗m root chord without the spike of the full-scale and the scaled model
cr∗ root chord without the spike
cr, f , crm root chord of the full-scale and the scaled model
ct, f , ct,m tip chord of the full-scale and the scaled model
Ealu, ESLA Young’s modulus for aluminium and SLA-printed material
F force
f eigenfrequency
f f ,i, fm,i i-th eigenfrequencies of the full-scale and scaled model
Fr Froude number
Fr f , Frm Froude number for the full-scale and the scaled wing
g gravitational constant
h flight altitude
ki i-th reduced angular frequency
k f ,i, km,i i-th reduced angular frequency of the full-scale and the scaled model
lµ mean aerodynamic chord
lµ, f , lµ,m mean aerodynamic chord of the full-scale and the scaled model
M Mach number
m moment
n total number of degrees of freedom
q dynamic pressure
q f , qm dynamic pressure of the full-scale and the scaled model
Re Reynolds number
Re f , Rem Reynolds number of the full-scale and the scaled model
s half span
s f , sm half span of the full-scale and the scaled wing
Sre f , f , Sre f ,m wing reference area of the full-scale and the scaled model
Sre f wing reference area
T temperature
t f ,rib rib thickness of the full-scale model
t f ,s,r skin thickness of the full-scale model at the root
t f ,s,t skin thickness of the full-scale model at the tip
t f ,spar,TE spar thickness of the full-scale model at the trailing edge
t f ,spar spar thickness of the full-scale model
tm,rib rib thickness of the scaled model
tm,s,r skin thickness of the scaled model at the root
tm,s,t skin thickness of the scaled model at the tip
tm,spar,TE spar thickness of the scaled model at the trailing edge
tm,spar spar thickness of the scaled model
U∞, f , U∞,m inflow velocity of the full-scale and the scaled model
U∞ inflow velocity
x x-coordinate of the aerodynamic frame of reference
y y-coordinate of the aerodynamic frame of reference
z z-coordinate of the aerodynamic frame of reference
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Appendix A. Scaling Methodology

In order to derive a structurally dynamic similarity relation between the scaled
model and the full-scale configuration, the linear elastic equation of motion, depicted
in Equation (A1), is utilised. Then, a general concept for the structural analysis of arbitrary
systems—the scaled model and the full-scale model likewise—as well as the criteria for
dynamic structural similarity, is introduced.

Mẍ + Cẋ + Kx = Am ẍ + Ac ẋ + Akx + Mg (A1)

Here, M, C, and K symbolise the [n× n] mass, damping, and stiffness matrices of
the system, while Am, Ac, and Ak resemble aerodynamic mass, damping, and stiffness
equivalent terms. The vector g characterises the gravitational acceleration [23]. The first step
to obtain a scale-independent relation is to normalise the deformation vector x. As depicted
in Equation (A2), x consists of one translational and two rotational degrees of freedom for
each structural node. The deformation in z-direction and the rotations around the length
x-axis and the y-axis are considered.

x =


z1

Θx,1
Θy,1

...

 (A2)

A nondimensionalisation of x is achieved by the multiplication of the transformation
matrix T. Consequently, the uniformly dimensionalised mass, damping, and stiffness
matrices are given in Equations (A4)–(A6). Analogously, the mutated aerodynamic matrices
are calculated [36].

x = Tx̄ =


b 0 0 . . .
0 1 0 . . .
0 0 1 . . .
...

...
...

. . .




z1
b

Θx,1
Θy,1

...

 (A3)

M̂ = TT MT (A4)

Ĉ = TTCT (A5)

K̂ = TTKT (A6)

For a homogeneous differential equation, an assumed response x(t) of the system
leads to an equation containing the eigenvectors x̄ and eigenvalues λ of the uniformly
dimensionalised system, as shown in Equation (A8).

x(t) = Xeλt, with λ ∈ C (A7)

0 =
(

λ2
e M̂ + λeĈ + K̂

)
x̄ (A8)

According to Wright and Cooper [37], the resulting eigenmodes and frequencies will be
equivalent to the undamped case if proportional damping is assumed. This simplification
is used for the following analysis of the structural eigenfrequencies and modes. As a result,
the eigenmodes and values can be calculated by the mass and stiffness matrices only. The
vector of modal coordinates η and the modal mass, damping, and stiffness matrices 〈m〉,
〈c〉, and 〈k〉 are calculated using the matrix of nondimensional mode shapes Φ. To reduce
the order of complexity, a shortened number of eigenmodes n̄ are used to construct Φ.



Aerospace 2023, 10, 581 26 of 28

x̄ = Φη (A9)

〈m〉 = ΦT M̂Φ (A10)

〈c〉 = ΦTĈΦ = αs〈m〉+ βs〈mω2〉 (A11)

〈k〉 = ΦTK̂Φ = 〈mω2〉 (A12)

Here, ω specifies an n̄× n̄ diagonal matrix with the first n̄ eigenfrequencies. The modal
stiffness matrix can be rewritten using the modal mass matrix and the squared matrix ω.
As stated before, a proportional damping matrix is assumed for the following part. Due to
this simplification, the structural damping matrix is decomposed into two terms, which are
defined by the modal mass and stiffness matrix as well as two Rayleigh coefficients, αs and
βs [37].

〈m〉η̈+ (αs〈m〉+ βs〈mω2〉)η̇+ 〈mω2〉η = amη̈+ acη̇+ akη+ 〈m〉Φ−1 ĝ (A13)

However, 〈m〉 and 〈mω2〉 are not dimensionless. Therefore, the modal mass matrix is
normalised by its first entry m1 = 〈m〉1,1, and the matrix of eigenfrequencies is normalised
similarly by the first modal eigenfrequency ω1. The result is presented in Equation (A14).
In this formulation, (∗) describes the derivative with respect to a nondimensional time
coordinate τ = t ·ω1 [38,39].

〈m̄〉∗∗η + (
αs

ω1
〈m̄〉+ βsω1〈m̄ω̄2〉)∗η+ 〈m̄ω̄2〉η =

1
2

ρSre f b(b2)

m1︸ ︷︷ ︸
µ1

U2
∞

ω2
1b2︸ ︷︷ ︸
1

k2
1

(
ω2

1b2

U2
∞

ām
∗∗
η +

ω1b
U∞

āc
∗
η+ ākη

)
+

gb
U2

∞︸︷︷︸
1

Fr2

U2
∞

ω2
1b2
〈m̄〉Φ−1 ĝ (A14)

Equations (A1)–(A14) are valid for the scaled model and the full-scale model. To
accomplish an ideal aeroelastic scaling, each factor from Equation (A14) needs to match for
the full-scale and the wind tunnel model. However, the nondimensional modal structural
damping term of the full-scale and the wind tunnel model cannot be matched arbitrarily,
as the factors αs and βs depend on the chosen material of the scaled model among other
factors. In this regard, Wright and Cooper [37] state that the aerodynamic damping tends
to outweigh structural damping. This phenomenon has also been observed for rotating
blades by Kielb [40]. For this reason, the structural damping term in Equation (A14) will be
neglected for the scaling criteria in this work.
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