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provides a characterization of the joint unpredictability in terms of distance between
information sets in an Hilbert space.

Keywords: Hilbert spaces; predictability; stochastic process

JEL Classification: C18; C32

1. Introduction

Let (€2, F, P) be a probability space and {y, = [y1+,y2+); ¢ = 0,1, ...} abivariate stochastic process
defined on (2, F, P). We consider the differenced process {Ay; = [Ayy 4, Ayae); t =1,...}, where A
is the first-difference operator. Following Caporale and Pittis [1] and Hassapis et al. [2], we say that the
process {Ay,; t=1,...} is jointly unpredictable if

E(Ay, 1lo(yt, - ¥0)) =0 WVt (1)

where o(yy, ..., Yo) is the o-field generated by past vectors y; i = 0, ..., L.

The goal of this paper is to show that the notion of joint unpredictability, in a particular parametric
framework, can be characterized by a geometric condition. This characterization is given in terms of
distance between information sets in an Hilbert space. In particular, we will show that the process
{Ay;; t=1,...} is jointly unpredictable if and only if the information contained in its past is ‘much
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distant’ from the information contained in its future. Even if our result is not as general as might
seem desirable, we think that the intuition gained from this characterization makes the notion of joint
unpredictability more clear.

The rest of the paper is organized as follows. Section 2 presents the utilized mathematical framework.
Sections 3 presents the geometric characterization. Section 4 concludes.

2. Preliminaries

Definitions, notation, and preliminary results from Hilbert space theory will be presented prior to
establish the main result. An excellent overviews of the applications of Hilbert space methods to time
series analysis can be found in Brockwell and Davis [3].

We use the following notations and symbols. Let (2, F, P) be a probability space. We consider the
Hilbert space L?(§2, F, P) of all real square integrable random variables on (€2, F, P). The inner product
in L?(Q, F, P) is defined by (z,w) = E(zw) for any z,w € L*(Q, F, P). The space L*({), F, P) is a
normed space and the norm is given by ||w|| = [E(wQ)]l/2 . The distance between z,w € L*(Q, F, P) is
d(z,w) = ||z — w||. A sequence {z,}C L*(Q, F, P) is said to converge to a limit point z € L*(Q, F, P)
if d(2,,2) — 0asn — oco. A point z € L?(€2, F, P) is a limit point of a set M (subset of L*(Q2, F, P))
if it is a limit point of a sequence from M. In particular, M is said to be closed if it contains all its limit
points. If S is a arbitrary subset of L*(§), F, P), then the set of all a2 + ... + apzy (h = 1,2, ...;
aq, ..., ay, arbitrary real numbers; 21, ..., 2, arbitrary elements of .S) is called a linear manifold spanned
by S and is symbolized by sp(.5). If we add to sp(.5) all its limit points we obtain a closed set that we call
the closed linear manifold or subspace spanned by S, symbolized by 5p(S). Two elements z, w € L? are
called orthogonal, and we write 2 | w, if (z,w) = 0. If S is any subset of L?(§2, F, P), then we write
r L Sifx L sforall s € S; similarly, the notation S L T, for two subsets S and T of L?(Q, F, P),
indicates that all elements of S are orthogonal to all elements of 7. For a given z € L*(Q), F, P) and a
closed subspace M of L*(Q), F, P), we define the orthogonal projection of z on M, denoted by P(z|M),
as the unique element of M such that ||z — P(z|M)| < ||z — w|| for any w € M. We remember that if
z L M, then P(z|M) = 0.

If M and N are two arbitrary subsets of L?(Q, F, P), then the quantity

d(M,N) = inf {[jm —n[[;m € M,n € N}

is called distance between M and .

We close this section introducing some further definitions, concerning discrete stochastic processes
in L?(Q, F, P).

Let {x;} be a univariate stochastic process. We say that {x;} is integrated of order one (denoted
x; ~ I(1)) if the process { Azy = x; — x4 } is stationary whereas {x,} is not stationary. We say that the
bivariate stochastic process {yt = [Y1., y27t]'} is integrated of order one if y; ; ~ I(1) and yo, ~ I(1).

A stochastic process {y;} Granger causes another stochastic process {x;}, with respect to a given
information set /; that contains at least x;_;, ¥—;, 7 > 0, if z;, can be better predicted by using
past values of y than by not doing so, all other information in /; (including the past of x) being
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used in either case. More formally, we say that {y,} is Granger causal for {z;} with respect to
sz(t) = S_P{tha Yty Ti—1, Y1, } if

2041 = P (2esa| Hey O)” < [0 = P (21 |Ho ()|

where H,(t) = sp{xs, x4-1, ...}
Two stochastic processes, {x;}, and {y;}, both of which are individually I(1), are said to be
cointegrated if there exists a non-zero constant /3 such that {z, = x; — Sy, } is a stationary (/(0)) process.
It is important to note that cointegration between two variables implies the existence of causality

(in the Granger sense) between them in at least one direction (see Granger [4]).

3. A Geometric Characterization

In this section we assume that {yt = [y17t,y27t]’; t=0,1, } be a bivariate stochastic process
defined on (2, F, P), integrated of order one, with y; o = y2 = 0, that has a VAR(1) representation

yi=Ay, +w (2)

ail Az
A =
a1 Q22

is a fixed (2 x 2) coefficient matrix and w;= [uy 4, U] is i.i.d. with E (u;) = 0 and E(wu}) = ¥ =

where

2

0

[ 31 , | foralltand E(usuy) = 0 for s # t.
92

In this framework we have that {y»;} does not Granger cause {y; ;} if and only if a;5 = 0. Similarly,
{y1+} does not Granger cause {ys,} if and only if ay; = 0.

We observe that the VAR residuals are usually correlated and hence the covariance matrix 3 is seldom
a diagonal matrix. However, because the main aim of this study is pedagogical, we assume that 3 is
diagonal for analytical convenience.

We consider the following information sets: Iay, (t+) = {Ayiti1, AYisto, -} Loy, (t+) =
{Ay2111, Ay2iv2, ..}y Hay, (1) = Sp{Ay14, Ay1 41, ...} and Hay, (t) = 5p {Ayos, Aya—1, ...}

Theorem 3.1. Let y; be a VAR(1) process defined as in (2). The differenced process {Ay;; t=1,...}
is jointly unpredictable if and only if

d ([Ayl (t+)> HAZ& (t)) = 0Ay and d (]Ay2 <t+)7 HAyl (t)) = OAy,

Theorem 1 provides a geometric characterization of the notion of joint unpredictability of a bivariate

process in term of distance between information sets. It is important to note that
d (IAyl (t+)7 HAyz (t)) < OAy and d (IAyQ (t+)a HAyl (t)) < O Ays

Thus we have that the process { Ay: = [Ayy+, Aya;]';t = 1,...} is jointly unpredictable if and only if the
distances d ({ay, (t+), Hay, (1)) and d (Iay, (t+), Hay, (t)) achieve their maximum value, respectively.
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It is intuitive to think that if these distances achieve their maximum value, then o(yy, ..., yo) does
not contain any valuable information about the future of the differenced series, Ay; = [Ayy ¢, Aya,|’

and hence these are jointly unpredictable with respect to the information set o(yy,...,yo), that is

E<AYt+1|U(yt7 ) YO)) =0.
We recall that Theorem 1 holds only in a bivariate setting.

3.1. Lemmas

In order to prove Theorem 1, we need the following lemmas.

Lemma 3.2. Let V be a closed subspace of L*(Q), F, P) and G # 0 a subset of L*(Q, F, P) such that
lgll =n€ R Vg€ G. G LV ifandonly ifd(G,V) =n.

Proof. Focker and Triacca ([5], p. 767).

Lemma 1 establishes a relationship between the orthogonality of sets/spaces in the Hilbert space
L?(2, F,P) and their distance. We note that the orthogonality between G and V' holds if and only if the
distance d (G, V') achieves the maximum value. In fact, d (G, V') can not be greater than 7 since 0 € V.

Lemma 3.3. The processes {y, .} and {y2.} are not cointegrated if and only if A = 1.

| an — 1 a2 Yit—1 Ut
21 agy — 1 Y2,t—1 Ut

These equations must be balanced, that is the order of integration of (a1 — 1)y1 -1 + a12y2,—1 and

Proof. By (2) we have

Ayl,t

_|_
Ayl,t

a21y1-1 + (az2 — 1)ya+—1 must be zero.
(=)If A # 1, since (a11 — 1)y1,—1 + a12y2—1 ~ 1(0) and ag1y1 1—1 + (ag2 — 1)y2—1 ~ 1(0), we can
have three cases.

Case (1) A = [a;j], witha;; #0 7,7 =1,2, i#janda; #1 i =1,2.

Case (2)
A — [ a1l a2 ]
0 1

1
A= 0
ag1 A2

In all three cases, there exists at least a not trivial linear combination of the processes {y; ;} and {y2:}

with aq 7’é 1 and a921 7é 0.
Case (3)

with a921 7£ 0 and 929 7é 1.

that is stationary. Thus we can conclude that {y; ;} and {y»,} are cointegrated.
(<) If A =1, then a;2 = as; = 0 and so {y;+} does not Granger cause {y»:} and {y2.} does not
Granger cause {y; . }. It follows that {y; ;} and {y. .} are not cointegrated.
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Lemma 3.4. If {y,:} and {y2.} are cointegrated, then |a,; + az — 1| < 1.

Proof. We subtract [y; ;1,2 1] from both sides of Equation (2) by obtaining

| a1 — 1 Q12 Y1,t—1 Uit
21 azy — 1 Y2,t—1 Uzt

If {y,.} and {y2+} are cointegrated, we have

Ayl,t

+
Ay2,t

iyu _ [ an ] [ B, B } [ Yi,t—1 i U ¢t ]
Yot Qg Ya,t—1 Ut
o _ U
:51[ 1][1ﬁ2/51][yl,t1 i l,t]
Qo Y2,t—1 U ¢
[ 0, ] _ ] U
_ 1 [ 1 -8 } Yit—1 I 1,
i Vo ] Y2,6-1 | Ut
[ ¥ ] [ U
= ' (Y101 — BY2,-1) + b ]
i Uy ] i Ut
where § = — (f2/01) is the cointegration coefficient and ¥; = f1«y and J5 = [ are the speed of
adjustment coefficients.
We observe that
Ay — BAYs s = V19141 — Bayrs1 — BO1yas 1 + B09yar 1 + ur s — Bugy 3)

By rearranging Equation (3) we obtain an AR(1) model for y; ; — By, :

Y1t — BYoe = 0(Y14—1 — BYa—1) + ure — Pugy

where § = 1 + ¥y — 9 = aj1 + age — 1. Since {y;,} and {y».} are cointegrated, {y1; — Sya.} is a
stationary process and so
’CLH “+ Q9o — 1| <1

Lemma 3.5. The process {Ayt = [Ayrs, Ayay]'s t=0,1, } is jointly unpredictable if and only if
A=1
Proof. (=) process { Ay; = [Ay1s, Ayay]'; ¢ =0,1,...} is jointly unpredictable, then
E(yilo(yi-1,-,¥1)) = ¥i-1

On the other hand, since

ye=Ay, | +w
with E (u;) = 0 and E(u,u,) = X for all t and E(u,ul) = 0 for s # t, we have that

E(Yt|U(Yt—17 ey Y1)) = Ay, ,
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Hence we have

Ay, 1 =Y
and so
A=1
(= If
A=1

theny, = y; 1 + u; with E (u;) = 0 and E(u,u}) = X for all ¢ and E(u,u’,) = 0 for s # t, and hence
we have
E(yilo(yi-1,-,¥0)) = ¥i-1
Thus we can conclude that the process { Ay, = [Ayy 4, Ayoy]'; ¢ =1,...} is jointly unpredictable.
Before to conclude this subsection we observe that Equation (2) can be written in lag operator
notation. The lag operator L is defined such that Ly; = y;_;. We have that

(I — AL)yt = Uy

1—anLl —apl Yo | | w
—an L 1 —agxnl Yot U ¢

or

3.2. Proof of Theorem 1

Sufficiency. If
d (Iny, (t+), Hay, (8)) = oay, and d (Iny,(t+), Hay, (1)) = oay,
then, by Lemma 1, we have
Ing, (t4) LHpy,(t)
and
Iny, (t+) LHpy, (1)

Now we assume that a;, and a9, are not both equal to zero. We can have three cases.
Case (1) aj2 # 0 and as; = 0. This implies that

ri = (a11 — D)yie + @12y + wry
and
AyQ,t = U2y
Thus

< Ayiiq1, Ay >= E(Ay1,t+1Ay2,t)

= (ann — D)E(y11uas) + a12E (Yo usy) + E(urt1uay)
t

= (a1 — 1) E(y1u2y) + a12E(ugy Z Uy s)

s=1

= (an — 1)E(y11uat) + G12U§
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Now, we note that
E(yl,tu2,t) = atllE(yl,OUQ,t) =0

Thus
< Ay g1, AYoy >= CL120§ #0

but this is absurd since
IAyl (t+)J-HAy2 (t)

Case (2) a;2 = 0 and ay; # 0. In this case we have
< Aygpy1, Ay >= aglaf # 0

Again this is absurd since
[AQQ (t_'_)J-HAyl (t)
Case (3) a12 # 0 and as; # 0. We note that

_ (1 - Cl22L)7<L) G12L7(L>
anly(L) (1 —anLl)y(L)

where
1—-L

Ut
Uzt
L) =
7( ) (1 — CLHL)(I — CLQQL) — CL126L21L2
By Lemma 2, we have that {y;;} and {2} are cointegrated and hence the matrix

A_I:[(ln—l a2 ]

21 agy — 1

has rank 1. It follows that

12021 = (1 - an)(l - Cl22)

Thus
1—-L
L) =
ﬁY( ) (1 — CLHL)<1 — (1,22.[/) — (1 — CLH)(l — CL22)L2
B 1-L
(1 — L)(l —+ L) — (1 — L)(an -+ a22)L

1

- 1 + L — (CL11 + (IQQ)L

B 1

a 1-— (a11 + 99 — 1)L

B 1

- 1-6L

where § = a;1 + a9 — 1.
Since {y1:} and {ys } are cointegrated, by Lemma 3 we have that |§| < 1 and hence

Y(L) =1+ 6L +6°L* + ...

Now, we can have two cases.
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Case (a) 6 = 0. In this case we have

Ayiy = U1y — QU1 -1 + Q12U 41

and
AyYot = Qo1U1 -1 + Uy — A11U¢—1
Thus
< Ay g41, Ayay >= auai #0
and

< Ay21t+1, Ath >= CL210'% 7é 0

but this is absurd since
IAZA (t+)J—HAy2 (t)

and
[Ayz <t+) J_HAZUI (t)

Case (b) 0 # 0. In this case we have

Ath = Uiz + (CL11 — 1)u17t_1 + 5((111 — 1)u1,t—2 + < Q12U2 1 + a125u2,t_2 + ...

o o
i i
= w+ (a1 — 1) E 0"y ¢—1—; + Q12 g 0"Ug 14
i=0 =0

and
Aysr = ugy+ (a2 — Dugy—q1 + 6(ax — 1usy—o + ...anuy -1 + @210 42 + ...
= Uyt + (A — 1) Z Sy 1 + ag Z Sy 41
i=0 i=0

Thus 5 ) 5

< Ay g1, Ay >= (ann — 1)0%1_—52&21 + |1+ (a2 — 1)1_—52 o3any
and 5 ) 5

< Ay 1, Ay >= (a2 — 1)U§ma12 + |1+ (a1 — 1)m U%am

Now, we consider the system

(14 (am—1)25] 02 (a1 — 1)o2ls ] [au ] _ [ 0]

(aze — 1)o3 2 [1+ (a1 — 1)%5] oF

The determinant of the matrix

1t (am— Dl (an — Dotrss
(age — 1)03 1_552 [1 + (a1 — 1)ﬁ] ot

o)
0193 (1 - m)

is
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Since 0?02 > 0 and -~ # 1, we have that

1+6
1)
7105 (1 - m) #0

Thus a12 # 0, ag1 # 0 implies that < Ay 11, Ayey ># 0 or < Ayaiyr, Ay ># 0, but this is
absurd since
[Ayl (t+)J-HAy2 (t)

and
IAyz (t+) J‘HAyl (t)

In all Cases (1-3) we obtain an absurd conclusion, thus we can state that
a2 =0, ayn =0
Now, we prove that a;; = ase = 1. We have that
Ayi = (@ — Vyig +uig  i=1,2

Since the error term wy= [uy 4, Uz,t]/ is stationary these equations must be balanced, that is the order of
integration of Ay, ; and (a; — 1)y, ; must be the same. By the hypothesis that y; ; ~ (1), it follows that
Ay ~ 1(0) (i.e., stationary) and (a; — 1)y;; is I(1), hence Ay;; = (a; — 1)yis + uis @ = 1,2 implies
that a;; = ags = 1. Thus A =T and hence, by Lemma 4, it follows that the process {Ay;t =1,...} is
jointly unpredictable.

Necessity. If the process {Ay;;t = 1,...} is is jointly unpredictable, then by Lemma 4 it follows
that A = I and hence Ay, = uy, and Ay = ug, VE. This implies that P(Ayy 41n|Hay, (1)) = 0
and P(Ayzyn|Hay, (t)) = 0 Vh > 0. Therefore we have that Ayy 4, L Hay,(t) and Ays g, L Hay, (1)
Vh > 0. Thus, by Lemma 1, it follows that

d ([Ay1 (t+), Hay, (t) = Oy, and d ([Ayz (t+), Hay, (t) = O Ay

Theorem 1 is proved.

4. Conclusions

In this paper we have considered the following geometric condition concerning the distance between

information sets
d (IAyl (t+>7 HA?JQ (t>> = O0Ay and d (]AyQ (t+)7 HA?A (t>) = OAy, 4)

It says that the distances d (Iay, (t+), Hay, (t)) and d (Iay, (t+), Hay, (t)) achieve their maximum value,
respectively. Theorem 1 tells us that, under the hypothesis that the process y; follows a bivariate
VAR(1) model, the condition Equation (4) represents a geometric characterization of the notion of joint
unpredictability. If this condition holds, the processes Ay, and Ay, are jointly unpredictable since
the past of the bivariate process y; does not contain any valuable information about the future of the
differenced series. The information in the past is too far from the future information.

Even if the bivariate VAR(1) assumption is far from general, we think that this geometric
characterization is useful in order to throw light on the concept of joint unpredictability of a

stochastic process.
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