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Abstract: As the object of investigation, astrophysical fully ionized electron-ion plasma is chosen
with positively charged ions of two different kinds, including the plasmas of higher non-ideality.
The direct aim of this work is to develop, within the problem of finding the mean potential energy
of the charged particle for such plasma, a new model, self-consistent method of describing the
electrostatic screening. Within the presented method, such extremely significant phenomena as the
electron-ion and ion-ion correlations are included in the used model. We wish to draw attention to
the fact that the developed method is suitable for astrophysical applications. Here we keep in mind
that in outer shells of stars, the physical conditions change from those that correspond to the rare,
practically ideal plasma, to those that correspond to extremely dense non-ideal plasma.
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1. Introduction

Thematically, this work is the natural extension of the research on plasma’s inner electrostatic
screening, the results of which are presented in the papers [1–3]. In these papers, the single- and
two-component systems are discussed with their properties in the region of higher non-ideality degree.
This topic itself, the discussion and the search for more consistent models of screening and more
realistic potentials in plasmas are still continuing and are very real (see [4–9]). The screening in
astroplasma surroundings is a collective effect of many correlated particle interactions. It strongly
affects the electronic structure, that is, the spectral properties of atoms and properties of their collision
processes with respect to those for isolated systems [10,11]. In the last decade, a large number of
theoretical as well as experimental investigations of plasma screening has been performed. For an
example, it has been experimentally noted that the atomic spectral lines are redshifted in a high-power
laser, producing dense plasmas as the result of these effects [12].

Here we consider, for the first time, systems of the next level of complexity, that is, three-component
systems that contain free electrons and positively charged ions of two different kinds. Because of this,
we recall that the conducted research had the following task: to investigate, within the problem of
finding the mean potential energy of the charged particle in the plasma, whether the physical model of
plasma’s inner electrostatic screening, introduced in [13], is already exhausted by the Debye-Hückel
(DH) method, as described in the same paper, or whether it still allows for the development of an
alternative. As in the previous papers, here we keep in mind the electrostatic screening in fully ionized
plasmas. Although the paper [13] was devoted to electrolytes, it had a profound trace in plasma
physics and in adjacent disciplines [14–18]. Its influence is felt even today in various fields of physics,
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such as ionospheric plasma physics, astrophysics, and laboratory plasma research [19–25]. Thus,
in numerous papers, direct DH or DH-like methods are used, as well as their products such as the
DH potential and DH radius (see [26–29]). This has all induced the interest for the possibility of going
beyond the sphere of influence of [13] and for the development of the mentioned alternative method.
Additionally, another stimulus exists for the development of alternative methods, connected with
finding a characteristics length greater than the Debye radius ([30–35]; see also [3]).

We recall that the essential properties of the mentioned model are the following:

• The presence of an immobile probe particle, which represents one kind of charged particle in the
real system (plasma, or electrolyte).

• The treatment of the considered components, which contain free charged particles of different
kinds as ideal gases in states of thermodynamical equilibrium, without the assumption that all
temperatures are equal.

• The treatment of the existing total electrostatic field in the considered system as an external field
with respect to the considered ideal gas.

• Finally, among the properties of this model is usage, as its relevant mathematical apparatus,
of equations, which describe the mean local electrostatic field and the conditions of conservation
of thermodynamical equilibrium for the considered components. As in the previous papers,
this model is treated here as the basic model.

The task formulated above itself has enforced a special referent role of the mentioned DH method,
the predictions of which shall be compared with a possible new method that would arise as the
result of the undertaken investigation. In accordance with this, the main aim of our previous research
became the creation of a “self-consistent” method of describing the mentioned electrostatic screening
mechanism, which is completely free of the DH method’s disadvantages. We note that the definition
of a self-consistent method implies that all the relevant characteristics are determined within this
method itself and are expressed only through its basic parameters, that is, the particle densities,
temperature, and so forth.

However, it has been shown that, except for the case of a single-component system (e.g., electron
gas on a positively charged background), it was very difficult to finish the entire procedure of
eliminating the disadvantages of the DH method in a self-consistent way. An analysis that was
performed later convinced us that this result was not accidental, as the outer differences between the
DH and the presented method were not practically significant, and the principal differences between
these methods are of a conceptual nature.

Consequently, aside from finding the mean potential energy of the charged particles in the
plasmas, the direct objective of this research became the development of a self-consistent method of
describing the electrostatic screening in the considered three-component system, for which the relevant
additional conditions (equivalent to the conditions of the conservation of particle numbers in finite
systems) are included from the beginning.

In order to show the differences between the results of applying and neglecting the relevant
additional conditions, we recall the behaviour of electron density in two cases of the electron-ion
plasmas with the probe particle whose charge is equal to that of an ion, which was considered in [2] and
is illustrated here in Figure 1a,b. The first of these illustrates the application of the method developed
in [2], which makes sure that the area of higher electron density is followed by an area of its lowering.
This is in accordance with the role of the probe-particle approximation: the situation in the vicinity
of the probe particle could be considered as a reflection of the real situation in the vicinity of any ion
in the considered plasma, and it should enable usage of the results illustrated by the figure to the
case of the real plasma, as these do not influence the mean electron density. The systems with similar
behaviour in the electron density are treated here as the “closed” systems. In Figure 1b, the behaviour
of the DH electron density is shown in electron–proton plasma with the probe particle whose charge is
equal to that of the proton. From this figure, a monotonous increasing of the electron density can be
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seen, with a decrease in the distance from the probe particle from infinity to zero. In the considered
case, such behaviour causes the creation of an excess of 1/2 electron and 1/2 proton in the vicinity of
the probe particle. This phenomenon, which is unacceptable from the point of view of a method that
includes additional conditions, is discussed in detail in Section 6.
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Figure 1. (a) The behavior of the electron density in the case of the electron–ion plasma with the probe
particle whose charge is equal to that of the ions; (b) the behavior of the Debye-Hückel (DH) electron
in the case of the electron-proton plasma with the probe particle whose charge is equal to that of
the protons.

This work is dedicated to plasmas that are treated as fully ionized, including the plasmas of higher
non-ideality. The region of electron densities from 1016 to 1020 cm−3 and temperatures from 1× 104 to
3× 104 K are studied. The developed theory is also applicable to a wider area of plasma parameters.
The order of its exposing mostly follows that which is presented in our previous papers [1–3].
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2. Theory Assumptions

2.1. The Initial System and Basic Characteristic

A stationary homogeneous and isotropic system Sin is taken here as the initial model of some
real physical objects, suitable for applications of the results of this research. It is assumed that Sin
is constituted by a mixture of a gas of free electrons and two gases of free ions of different kinds
with positive charges Z1e and Z2e, where Z1,2 = 1, 2, 3, ..., and e is the modulus of the electron charge.
The electron charge −e is denoted also by Zee, where Ze = −1. We consider that these gases are in
equilibrium states with mean densities of N1 and N2 and temperatures of T1 = T2 = Ti for the ions,
and a mean density of Ne and temperature of Te ≥ Ti for the electrons. All the particles are treated as
point-like, non-relativistic objects and their spins are taken into account only as factors that influence
the chemical potentials of the considered gases. Satisfying the condition

Z1e× N1 + Z2e× N2 − e× Ne = 0 (1)

is assumed, which provides local quasi-neutrality of the system Sin. We emphasize that the case
Z1 = Z2 is also considered here (see Section 6.1), as it reflects the existence of some real systems with
two physically different kinds of ions with the same charge, for example, H+ and D+, or H+ and
He+, and so forth.

In the subsequent considerations, several characteristic lengths are used that are connected with
the parameters N1,2,e and Z1,2, namely, the Wigner–Seit’s (WS) radii and the “ion self-spheres” radii
(see [3]), denoted here by r1,2,e and rs;1,2, respectively. These are defined by the relations

4π

3
× r3

1,2,e =
1

N1,2,e
,

4π

3
× r3

s;1,2 =
Z1,2

Ne
, rs;e ≡ re (2)

From here, it follows that Equation (1) can be presented in the form

p1 + p2 = 1, p1,2 ≡
N1,2 × Z1,2

Ne
= N1,2 ×

4π

3
r3

s;1,2, (3)

where the parameters p1 and p2 describe the primary distribution of the space between the self-spheres
of all ions of the first kind and all ions of the second kind.

2.2. The System Properties and Conditions

In accordance with the basic model and the composition of the system Sin, the electrostatic
screening of the charged particles is modeled here in three corresponding auxiliary systems. It is
assumed that each of these contains the following: the electron component, two ion components with
the same charges Z1e and Z2e, and one immobile probe particle with the charge Zpe, which is fixed at
the origin of the used reference frame (the point O).

As in [1,2], only such cases are studied here for which the probe particle can represent one of the
charged particles of the system Sin, for example, when Zp = Z1, Z2 and Ze. Two ion cases are denoted
below with (i1) and (i2), and the electron case-with (e), while the corresponding auxiliary systems are
denoted with S(1)

a , S(2)
a and S(e)

a , respectively.
All systems S(1,2,e)

a are treated below as isotropic and are characterized by the corresponding
mean local ion and electron densities: n(1,2,e)

1 (r), n(1,2,e)
2 (r) and n(1,2,e)

e (r), which retain the properties
of the corresponding components in the system Sin and satisfy the boundary conditions:

lim
r→∞

n(1,2,e)
1 (r) = N1, lim

r→∞
n(1,2,e)

2 (r) = N2, lim
r→∞

n(1,2,e)
e (r) = Ne (4)
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where r =~r, and~r is the radius vector of the observed point. Their other necessary characteristics are
the mean local charge density ρ(1,2,e)(r) defined by the relation

ρ(1,2,e)(r) = Z1e× n(1,2,e)
1 (r) + Z2e× n(1,2,e)

2 − e× n(1,2,e)
e (r) (5)

and the mean local electrostatic potential Φ(1,2,e)(r), which is treated as the potential of the
external electrostatic field. We take into account the fact that Φ(1,2,e)(r) and ρ(1,2,e)(r) have to satisfy
Poisson’s equation:

∇2Φ(1,2,e) = −4π
[

Z1,2,ee× δ(~r) + ρ(1,2,e)(r)
]

(6)

where δ(~r) is the three-dimensional delta function [14], and 0 ≤ r ≤ ∞. Satisfying the
boundary conditions

lim
r→∞

Φ(1,2,e)(r) = 0,
∣∣∣ϕ(1,2,e)

∣∣∣ < ∞; ϕ(1,2,e) ≡ lim
r→0

[Φ(1,2,e)(r)− Z1,2,ee
r

] (7)

is assumed, which guaranties a physical sense of the mentioned electrostatic potential and connection
with the system Sin and is compatible with the electro-neutrality condition of the auxiliary systems.
Because ϕ(1,2,e) is the mean electrostatic potential at the point O, the quantity

U(1,2,e) = Z1,2,ee× ϕ(1,2,e) (8)

is the mean potential energy of the probe particle and is simply the searched mean potential energy
of the probe particle. In the usual way, U(1,2) and U(e) are treated as approximations to the mean
potential energies of the ion and electron in the initial system Sin.

In accordance with the basic model the electron, all ion components of all auxiliary systems
are treated as ideal gases. Therefore, we encompass the characteristics of the auxiliary systems
by chemical potentials µ1,2(n1,2(r), Ti) and µe(n

(e)
e (r), Te) of the corresponding ideal ion and

electron gases, which can depend on the corresponding particle spins and on their boundary values,
that is, µ1,2(N(1,2)

1,2 , Ti) = lim
r→∞

µ1,2(n1,2(r), Ti) = lim
r→∞

µ1,2(n
(2,1)
1,2 (r), Ti) and µe(Ne, Te) = lim

r→∞
µe(n

(e)
e (r), Te).

2.3. The System Equations

It can be shown that on the basis of the procedure that was developed and described in detail
in [1,2] for the case of a system that is electro-neutral as a whole, it is possible to switch from Poisson’s
equation to the equation for the potential Φ(1,2,e)(r), which is more suitable for further consideration.
This equation is given by

Φ(1,2,e)(r) = −4π

∞∫
r

ρ(1,2,e)(r)(r′)
(

1
r
− 1

r′

)
r′2dr′ (9)

and is taken here in such a form.
In order to find other necessary equations, we consider the conditions of conservation of

thermodynamical equilibrium (conservation of the electro-chemical potential) for those components
that are represented by the corresponding probe particles, namely,

µδ(n
(δ)
δ (r), Tδ) + Zδe×Φ(δ)(r) = µδ(n

(δ)
δ (rst), Tδ) + Zδe×Φ(δ)(rst), δ = 1, 2, e (10)

where, in accordance with the basic model, Φ(1,2,e)(r) is treated as the potential of the external
electrostatic field, and rst is the distance from the point O of the chosen fixed (starting) point:
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0 < rst ≤ ∞. From here, by means of the usual linearization procedure, the necessary equations
for the particle densities n(δ)

δ (r) are obtained in the form

n(δ)
δ (r)− n(δ)

δ (rst) = −
Zδe

∂µδ/∂Nδ
×
[
Φ(δ)(r)−Φ(δ)(rst)

]
,

∂µδ

∂Nδ
≡
[

∂µδ(n, Tδ)

∂n

]
n=Nδ

(11)

which is applicable under the condition

|n(δ)
δ (r)− Nδ|

Nδ
� 1 (12)

Here we use the fact that such equations can be applied not only to the classical cases, but also to
the quantum-mechanical cases, including the case of ultra-degenerated electron gas [15,17].

2.4. The Additional Conditions

In [1,2], the conditions were already introduced for the component that is represented by the probe
particle and in which the charge of the probe particle appears. In the considered three-component case,
these conditions are given by

∞∫
0

[
N1,2,e − n(1,2,e)

1,2,e (r)
]
× 4πr2dr =

∞∫
0

1−
n(1,2,e)

1,2,e (x× r1,2,e)

N1,2,e

× 3x2dx = 1 (13)

where x ≡ r/r1,2,e. This means that the ratio in the expression inside the square brackets is of the order
of magnitude of 1. This equation is especially important, as it provides the continuity of the model.
In order to show this fact, it is enough to consider the situation for which the charge density n(2,1)

1,2 is
negligible and the considered three systems for physical reasons can be treated as a two-component
system. Then, as an approximation, we can replace the electron component by the negatively
charged nonstructural background and return to a one-component system. It is important that
the single-component case is now used for mathematical modeling of the plasma internal electrostatic
screening (Iosilevskiy 2011, private communication). We note that in the single-component case (which
was not considered in [13]), this first condition can be used instead of the electro-neutrality condition.

In [2], the additional conditions for the electron density were introduced. Here the corresponding
conditions are given by the equations

∞∫
0

[
N1,2 − n(e)

1,2(r)
]
× 4πr2dr =

∞∫
0

[
Ne − n(1,2)

e (r)
]
× 4πr2dr = 0 (14)

The additional conditions for the ion components n(2)
1 (r) and n(1)

2 (r) are taken into consideration
analogously to the electron components, as there are no principal differences between them.
The corresponding relations are given by

∞∫
0

[
N1 − n(2)

1 (r)
]
× 4πr2dr =

∞∫
0

[
N2 − n(1)

2 (r)
]
× 4πr2dr = 0 (15)

We note that in this work, the considered physical systems, as well as other physical systems that
are described by means of additional conditions, are treated as systems of the closed type (see also a
detailed version [36]).

As it is known, in our investigation, we take care that our results are compared with the
results of the DH method, which provides electro-neutrality of the considered system as a whole.
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In principle, this would justify introducing into consideration the corresponding electro-neutrality
condition, namely,

Z1,2,ee +
∞∫

0

ρ(1,2,e)(r)× 4πr2dr = 0 (16)

However, the fact is used that simultaneous satisfaction of the conditions of Equations (4), (14)
and (40) automatically provides satisfaction of this condition, and therefore this condition is not used
within this work.

3. Ion Cases: Complete Expressions

3.1. The Ion Densities

As a result of their importance, the ion densities are presented separately for the case (i1) in
the form

n(1)
1 (r) = N1 ×


0, 0 < r ≤ r(1)0;1

1− A1 − B1d1rb;1 ×
F1(r)

r
, r(1)0;1 < r ≤ rb;1

1− C1rb;1 ×
e−κas;1(r−rb;1)

r
, rb;1 < r < ∞

(17)

n(1)
2 (r) = N2 ×


0, 0 < r ≤ r(1)0;2

1 +
N1Z1

N2Z2
× A1 −

N1Z1

N2Z2
× B1d2rb;1 ×

F1(r)
r

, r(1)0;2 < r ≤ rb;1

1 +
N1Z1

N2Z2
× C1αirb;1 ×

e−κas;1(r−rb;1)

r
, rb;1 < r < ∞

(18)

and separately for the case (i2) in the similar form

n(2)
2 (r) = N2 ×


0, 0 < r ≤ r(2)0;2

1− A2 − B2d2rb;2 ×
F2(r)

r
, r(2)0;2 < r ≤ rb;2

1− C2rb;2 ×
e−κas;2(r−rb;2)

r
, rb;2 < r < ∞

(19)

n(2)
1 (r) = N1 ×


0, 0 < r ≤ r(2)0;1

1 +
N2Z2

N1Z1
× A2 −

N2Z2

N1Z1
× B2d1rb;2 ×

F2(r)
r

, r(2)0;1 < r ≤ rb;2

1 +
N2Z2

N1Z1
× C2αirb;2 ×

e−κas;2(r−rb;2)

r
, rb;2 < r < ∞

(20)

where the functions F1,2(r) and the coefficients f1,2, A1,2, B1,2, C1,2 and d1,2 are given by the relations

F1,2(r) ≡ eκi(rb;1,2−r) − f1,2 × e−κi(rb;1,2−r)

f1,2 =
(1 + κas;1,2rb;1,2)× κ2

i − (1 + κirb;1,2)× κ2
as;1,2

(1 + κas;1,2rb;1,2)× κ2
i − (1− κirb;1,2)× κ2

as;1,2

(21)

A1,2 = [1− d1,2(1− αi)]× C1,2, B1,2 =
1− αi

1− f1,2
× C1,2 (22)

C1,2 =

1− d1,2(1− αi)

1−
rb;1,2

1− f1,2
×

F1,2(r
(1,2)
0;1,2 )

r(1,2)
0;1,2

−1

, d1,2 =
κ2

0;1,2

κ2
0;1 + κ2

0;2
(23)



Atoms 2017, 5, 42 8 of 18

and the screening constants

κas;1,2 = κ0;1,2 × [(1− αe;1,2)× (1− αi)]
1/2, κ0;1,2 =

[
4π(Z1,2e)2

∂µ1,2/∂N1,2

]1/2

(24)

κi = [(κ2
0;1 + κ2

0;2)× (1− αe;1,2)]
1/2 (25)

3.2. The Electron Densities

The complete expressions for the electron densities are presented here in the form

n(1,2)
e (r) = αe;1,2 × [Z1 × n(1,2)

1 (r) + Z2 × n(1,2)
2 (r)] +

{
n(1,2)

s;e (r), 0 < r ≤ ls;1,2

Ne × (1− αe;1,2), ls;1,2 < r < ∞
(26)

where the ion densities n(1,2)
1 (r) and n(1,2)

2 (r) are given by Equations (17)–(19). The number n(1,2)
s;e (r),

in accordance with the above, is given by the relations

n(1,2)
s;e (r) = Ne × ls;1,2

a1,2 × e−κ0;er + b1,2 × eκ0;er

r
, 0 < r < ls;1,2 (27)

a1,2 =
1− αe;1,2 − 1

3 x2
l;1,2 × exl;1,2

e−xl;1,2 − exl;1,2
, b1,2 = −

1− αe;1,2 − 1
3 x2

l;1,2 × e−xl;1,2

e−xl;1,2 − exl;1,2
(28)

xl;1,2 = κ0;e × ls;1,2, κ0;e =

[
4πe2

∂µe/∂Ne

]1/2

(29)

We note that these parameters, as well as rb;1,2, r(1,2)
0;1 , r(1,2)

0;2 and r(1,2)
0;1 , are determined as described

in Section 5.

4. Complete Expressions for the Electron and Ion Densities: The Case (e)

Here we can repeat the procedures from [2] verbatim. We obtain the expression for the
electron density:

n(e)
e (r) =

 Ne − Ner0;e × exp(κer0;e)×
exp(−κer)

r
, r0;e < r < ∞

0, 0 < r ≤ r0;e

(30)

which determines n(e)
e (r) in the whole region 0 < r < ∞. The obtained expressions are given here by

the relations

n(e)
1,2(r) =

αe;1,2 p1,2

Z1,2
× n(e)

e (r) +

{
N1,2(1− αe;1,2), le;1,2 < r < ∞

n(e)
s;1,2(r), 0 < r ≤ le;1,2

(31)

n(e)
s;1,2(r) = N1,2re

a1,2 × e
−

xl;1,2×r
le;1,2 + b1,2 × e

xl;1,2×r
le;1,2

r
, 0 < r ≤ le;1,2 (32)

le;1,2 = re ×
ls;1,2

rs;1,2
(33)

where a1,2 and b1,2 are given by Equation (28). We note that the ratios ls;1,2/rs;1,2 and the characteristic
length r0;e are determined as described in the next section.

5. Determination of the Parameters

The parameters αe;1,2 and ls;1,2 are determined separately for the cases Z1 = Z2 = Zi and Z1 6= Z2;
namely, within the used procedure, the first case, where rs;1 = rs;2 ≡ rs;i, is equivalent (from the point
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of view of the determination of αe;1,2) to the case of the two-component plasma with the same Zi,
Ne and Te. Consequently, in the case for which Z1,2 = Zi, the following relations are valid:

ls;1,2 = rs;i, αe;1,2 = α(xs;i), xs;i ≡ κ0;e × rs;i (34)

where in accordance with [2], α(x) is defined by

α(x) = 1−
2
3 x3

(1 + x)× e−x − (1− x)× ex (35)

In the case for which Z1 6= Z2, the parameters αe;1,2 are given by the relation

αe;1,2
∼= α(xs = xs;1)× p1 + α(xs = xs;2)× p2, |ls:1,2/rs;1,2 − 1| << 1 (36)

and are established by direct calculations where p1 and p2 are given by Equations (2) and (3).
It is important that the electron–ion correlation coefficient αe;1,2 and the characteristic lengths ls;1,2

are determined, as is described below, independently of all other parameters; namely, this is why the
existing conditions are sufficient for the determination of the characteristic lengths r(1,2,e)

0;1,2,e , r(1,2)
0;2,1 and

rb;1,2, and the ion–ion correlation coefficient αi.
The very important parameters rb;1,2, that is, the distances from the point O at which the manner

of describing the ion densities changes, are determined from

∞∫
0

[
N1 − n(2)

1 (r)
]
× 4πr2dr =

∞∫
0

[
N2 − n(1)

2 (r)
]
× 4πr2dr = 0 (37)

through a procedure for which it is taken that

rb;1,2 = rs;1,2 × (1 + η1,2), 0 < η1,2 ≤ ηmax;1,2, ηmax;1,2 � 1 (38)

where η1,2 are new parameters, which are used in the calculations in such a way that they vary with the
small steps ∆η1,2 = 1/K1,2 where K1,2 � 1. As the results of this procedure, we obtain the values of the
parameters rb;1,2, that is, the main considered characteristic length, which corresponds to the current
value of the ion–ion correlation coefficient αi. The final value of this coefficient itself is determined
through a procedure that implies scanning αi with a very small step in the interval from 0 to 1 and
examining at each step whether the equation

r(2)0;1 − r(1)0;2 = 0 (39)

is satisfied, which provides the physical meaning of the obtained solutions. The whole procedure ends
when the equation is satisfied.

The parameter r0;e is determined from

∞∫
0

[
N1,2,e − n(1,2,e)

1,2,e (r)
]
× 4πr2dr =

∞∫
0

1−
n(1,2,e)

1,2,e (t× r1,2,e)

N1,2,e

× 3t2dt = 1 (40)

as in [1,2], using t = r/r1,2,e and Equation (2). It can be presented in two equivalent forms:

r0;e =
(1 + x3)

1
3 − 1

x
× re ≡ γs;e(x)× re, r0;e = [(1 + x3)

1
3 − 1]× rκ;e ≡ γκ;e(x)× rκ;e (41)

where x = κere, rκ;e ≡ 1/κe, and the coefficients γs;e(x) and γκ;e(x) are connected with the electron
non-ideality parameters Γe = e2/(kTere) and γe = e2/(kTerκ;e) as described in [3].
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Finally, we note that the partial electron and ion densities n(1,2)
s;e and n(e)

s;1,2, because of the
structure of the equation for the coefficients a1,2 and b1,2 (Equation (28)), can be determined by
Equations (27), (29) and (33) in both the Z1,2 = Zi and Z1 6= Z2 cases. Therefore, it is necessary to
take the corresponding values of αe;1,2 and ls;1,2 only in these expressions, for example, ls;1,2 = rs;i if
Z1,2 = Zi.

The behaviour of the characteristic length ls;1,2, the electron–ion correlation coefficients αe,1,2,
the parameters rb;1,2 and the ion–ion correlation coefficients αi is shown in Tables 1 and 2. These tables
cover the regions of Ne from 1016 to 1020 cm−3 for T = 3× 104 K. These tables show that the values of
all the parameters are within the expected boundaries. Additionally, one may note that particularly for
ls;1,2 ≈ rs;1,2, the electron–ion correlation coefficient le;1,2 ≈ 1, rb;1,2 ∼ rs;1,2 and the ion–ion correlation
coefficient αi ≈ 1, a significant increase in the correlation coefficient values αe,1,2 and αi is registered in
the region of extremely high electron density (Ne ≈ 1019 cm−3).

Table 1. The characteristic length ls;1,2 (in 10−7 cm), the non dimensional electron–ion correlation
coefficients αe,1,2, the main characteristic length rb;1,2 (in 10−7 cm), the non-dimensional ion–ion
correlation coefficients αi and the potential energies U(1) (in eV) and U(2) (in eV) for the cases of
Z1 = 1 and Z2 = 2 at T = 3× 104 K in the region of electron densities 1016 cm−3 ≤ Ne ≤ 1020 cm−3.
The densities N1,2 are in 1017 cm−3.

N1 N2 ls;1 ls;2 αe,1 αe,2 rb;1 rb;2 αi U(1) U(2)

0.1 0.45 14.53 16.71 0.01 0.02 22.96 73.37 0.10 −1.09 −1.19
0.2 0.4 14.42 16.58 0.01 0.02 23.07 55.56 0.09 −2.79 −2.84
0.3 0.35 14.30 16.45 0.01 0.02 24.60 47.87 0.09 −2.39 −2.43
0.4 0.3 14.19 16.31 0.01 0.02 26.53 42.90 0.09 −2.14 −2.17
0.5 0.25 14.06 16.17 0.01 0.02 30.51 41.40 0.10 −2.07 −2.09
0.6 0.2 13.93 16.02 0.01 0.02 30.23 34.29 0.08 −1.71 −1.72
0.7 0.15 13.80 15.87 0.01 0.02 32.15 29.99 0.07 −1.60 −1.61
0.8 0.1 13.66 15.71 0.01 0.02 41.26 30.32 0.08 −2.07 −2.07
0.9 0.05 13.52 15.54 0.01 0.02 55.42 28.75 0.08 −2.83 −2.78
1 4.5 6.74 7.76 0.03 0.05 10.24 29.40 0.18 −1.35 −4.77
2 4 6.69 7.70 0.03 0.05 10.10 22.79 0.16 −3.45 −3.62
3 3.5 6.63 7.64 0.03 0.05 10.41 19.40 0.15 −2.89 −3.00
4 3 6.58 7.58 0.03 0.05 11.18 17.57 0.15 −2.64 −2.71
5 2.5 6.52 7.51 0.03 0.05 12.59 16.75 0.16 −2.53 −2.58
6 2 6.46 7.44 0.03 0.05 14.41 16.22 0.17 −2.46 −2.49
7 1.5 6.40 7.37 0.03 0.05 10.31 9.66 0.07 −3.32 −3.25
8 1 6.34 7.30 0.03 0.04 16.16 12.04 0.12 −2.47 −2.44
9 0.5 6.27 7.22 0.03 0.04 22.20 11.92 0.13 −3.48 −3.36
10 45 3.12 3.60 0.06 0.09 4.93 12.25 0.34 −5.52 −5.56
20 40 3.10 3.58 0.06 0.09 4.71 9.62 0.29 −4.04 −4.25
30 35 3.07 3.55 0.06 0.09 4.88 8.48 0.28 −3.49 −3.75
40 30 3.05 3.52 0.06 0.09 5.12 7.67 0.27 −3.25 −3.42
50 25 3.02 3.49 0.06 0.09 5.56 7.15 0.27 −3.07 −3.20
60 20 3.00 3.46 0.06 0.09 8.12 8.92 0.43 −3.99 −4.00
70 15 2.97 3.43 0.06 0.09 3.86 3.60 0.09 −3.44 −3.38
80 10 2.94 3.39 0.06 0.09 5.88 4.45 0.15 −2.55 −6.03
90 5 2.91 3.36 0.06 0.09 8.35 4.67 0.18 −3.77 −3.37

100 450 1.44 1.67 0.12 0.18 3.01 5.85 0.70 −6.89 −6.16
200 400 1.43 1.66 0.12 0.18 3.79 5.93 0.81 −7.36 −6.44
300 350 1.42 1.65 0.12 0.18 4.49 6.13 0.87 −2.11 −7.01
400 300 1.41 1.64 0.12 0.18 4.18 5.37 0.81 −6.46 −5.75
500 250 1.40 1.62 0.12 0.18 3.79 4.51 0.71 −5.00 −4.66
600 200 1.39 1.61 0.12 0.18 4.08 4.38 0.71 −4.88 −4.61
700 150 1.37 1.60 0.12 0.18 1.83 1.72 0.17 −3.91 −3.10
800 100 1.36 1.58 0.12 0.18 2.06 1.60 0.16 −4.86 −3.86
900 50 1.35 1.57 0.12 0.18 3.00 1.75 0.21 −3.20 −3.06
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Table 2. The same as in Table 1 but for the case of Z1 = Z2 = 1.

N1 N2 ls;1 ls;2 αe,1 αe,2 rb;1 rb;2 αi U(1) U(2)

0.1 0.9 13.37 13.37 0.01 0.01 24.73 64.82 0.06 −0.48 −0.50
0.2 0.8 13.37 13.37 0.01 0.01 26.20 48.92 0.06 −1.23 −1.24
0.3 0.7 13.37 13.37 0.01 0.01 25.39 37.56 0.05 −0.94 −0.94
0.4 0.6 13.37 13.37 0.01 0.01 29.94 36.09 0.06 −0.90 −0.90
0.5 0.5 13.37 13.37 0.01 0.01 18.71 18.71 0.02 −0.98 −0.98
0.6 0.4 13.37 13.37 0.01 0.01 36.09 29.94 0.06 −0.90 −0.90
0.7 0.3 13.37 13.37 0.01 0.01 37.56 25.39 0.05 −0.94 −0.94
0.8 0.2 13.37 13.37 0.01 0.01 48.92 26.20 0.06 −1.24 −1.23
0.9 0.1 13.37 13.37 0.01 0.01 64.82 24.73 0.06 −0.50 −0.48
1 9 6.20 6.20 0.03 0.03 10.30 25.74 0.10 −2.02 −2.06
2 8 6.20 6.20 0.02 0.02 10.92 19.79 0.10 −1.50 −1.54
3 7 6.20 6.20 0.02 0.02 11.66 16.81 0.10 −1.28 −1.29
4 6 6.20 6.20 0.02 0.02 12.47 14.89 0.10 −1.13 −1.13
5 5 6.20 6.20 0.02 0.02 7.32 7.32 0.03 −1.14 −1.14
6 4 6.20 6.20 0.02 0.02 14.89 12.47 0.10 −1.13 −1.13
7 3 6.20 6.20 0.02 0.02 16.81 11.66 0.10 −1.29 −1.28
8 2 6.20 6.20 0.02 0.02 19.79 10.92 0.10 −1.54 −1.50
9 1 6.20 6.20 0.02 0.02 25.74 10.30 0.10 −2.06 −2.02
10 90 2.88 2.88 0.06 0.06 4.32 10.11 0.16 −2.28 −2.39
20 80 2.88 2.88 0.06 0.06 4.41 7.72 0.15 −1.63 −1.73
30 70 2.88 2.88 0.06 0.06 4.66 6.62 0.15 −1.43 −1.46
40 60 2.88 2.88 0.06 0.06 5.01 5.93 0.15 −1.28 −1.29
50 50 2.88 2.88 0.06 0.06 3.08 3.08 0.05 −1.34 −1.34
60 40 2.88 2.88 0.06 0.06 5.93 5.01 0.15 −1.29 −1.28
70 30 2.88 2.88 0.06 0.06 6.62 4.66 0.15 −1.46 −1.43
80 20 2.88 2.88 0.06 0.06 7.72 4.41 0.15 −1.73 −1.63
90 10 2.88 2.88 0.06 0.06 10.11 4.32 0.16 −2.39 −2.28

100 900 1.34 1.34 0.12 0.12 1.82 3.96 0.24 −2.02 −2.29
200 800 1.34 1.34 0.12 0.12 1.78 2.98 0.21 −1.43 −1.61
300 700 1.34 1.34 0.12 0.12 1.92 2.66 0.22 −1.34 −1.41
400 600 1.34 1.34 0.12 0.12 1.95 2.29 0.20 −2.97 −3.00
500 500 1.34 1.34 0.12 0.12 1.39 1.39 0.09 −1.36 −1.36
600 400 1.34 1.34 0.12 0.12 2.29 1.95 0.20 −3.00 −2.97
700 300 1.34 1.34 0.12 0.12 2.66 1.92 0.22 −1.41 −1.34
800 200 1.34 1.34 0.12 0.12 2.98 1.78 0.21 −1.61 −1.43
900 100 1.34 1.34 0.12 0.12 3.96 1.82 0.24 −2.29 −2.02

6. Results and Discussions

6.1. The Properties of the Obtained Solutions

As a continuation of our previous research [1,2], in this work, fully ionized electron–ion
plasmas are chosen with the positive ion charges of two different kinds. Such a choice is especially
important, as increasing the number of ion components further would not cause the appearance of any
new phenomena.

One can see that the procedures of obtaining Equations (17)–(33), as well as the values of the
existing parameters, provide that these expressions are self-consistent; satisfy all the conditions from
Section 2.1, including Equations (37) and (39); and can be applied not only to the classical but also to the
quantum-mechanical systems (see [2]), including here the plasmas of higher non-ideality. Because the
presented expressions do not contain the particle masses, they can also be used for describing some
other systems (the corresponding electrolytes and dusty plasmas). The behaviour of the ion and
electron densities is illustrated in Figures 2 and 3 for the examples of the cases of (i1) and (i2) for
Z2 6= Z1 and Z2 = Z1, respectively.
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Because Equations (27) and (32) show that the solutions n(1,2)
e (r) and n(i)

i;1,2(r) are singular at
the point r = 0, it is useful to note that the existence of singularities in model solutions is fully
acceptable, if it does not have other non-physical consequences. Such solutions are well known in
physics; it is enough to mention, for example, the Thomas–Fermi models of electron shells of heavy
atoms ([37,38]; see also [39]), which have been used in plasma research up to the present (see e.g., [40]).
Except for the potential Φ(1,2,e)(r) and ϕ(1,2,e), the systems S(1,2,e)

a are certainly characterized by radial
charge densities P(1,2,e)(r) ≡ 4πr2 × ρ(1,2,e)(r). According to [3], each of the functions |P(1,2,e)(r)|
has at least one strongly expressed maximum, whose position is an important characteristic of the
distribution of charge in the neighborhood of the probe particle.

In order to demonstrate the very large differences between the alternative and DH-like
characteristics, we compare the asymptotic behaviour of the potential Φ(1,2,e)(r) and DH-like potential
Φ(1,2,e)

DH (r):

Φ(1,2)(r) ∼ Z1,2e× e−κas;1,2(r−rb;1,2)

r
, r > rb;1,2, Φ(1,2,e)

DH (r) ∼ Z1,2,ee× e−κDHr

r
, r > 0 (42)

where the ion screening constants κas;1,2 are given by Equation (24) and the DH screening constant
κDH = (κ2

0;1 + κ2
0;2 + κ2

0;e)
1/2, where κ0;1,2 and κ0;e are determined by Equations (24) and (29). Here,

we consider the case of classical plasma with Ti = Te = T, where ∂µ1,2,e/∂N1,2,e = kT/N1,2,e and,
consequently, the relations

κas;1,2

κDH
≡ rDH

ras;1,2
=

[Z2
1,2N1,2(1− αe;1,2)(1− αi)]

1
2

(Z2
1 N1 + Z2

2 N2 + Ne)
1
2

(43)

are valid. These relations show that the ion asymptotic screening constants κas;1,2 always have to be
significantly smaller than κDH , and at the same time, the corresponding screening radii ras;1,2 always
have to be significantly larger then rDH . It is important that a similar result obtained in [2] was noted
there as an evident shortcoming of the DH solution.

From Equation (43), it follows that Φ(1,2,e)(r) has a completely different asymptotic behavior
compared to Φ(1,2,e)

DH (r). We note that we reach the same conclusion by comparing the behavior of the
radial charge density ρ(1,2,e)(r) to its DH-like analog.

As the main characteristics of the considered plasmas we take here, the probe particle mean
potential energies U(1,2,e) are later identified with the mean potential energies of ions in the real
plasmas. In order to determine these ion energies U(1,2,e), it is necessary to know the values of the
potential ϕ(1,2,e):

ϕ(1,2,e) =
∫ ∞

0

ρ(1,2,e)(r)
r

4πr2dr = 4π
∫ ∞

0
ρ(1,2,e)(r)rdr (44)

where ρ(1,2,e)(r) denotes the charge density. We recall that the case Z1 = Z2 = 1 can correspond to the
case of plasma with the ion H+ or He+(1s), and so forth. Within this work, the energies U(1) and U(2)

are determined for two cases: Z1 = 1 and Z2 = 2, and Z1 = Z2 = 1. In both cases, the calculations
are performed for plasmas with the electron densities 1016 cm−3 ≤ Ne ≤ 1020 cm−3, for T = 3× 104 K.
The obtained results are presented in Tables 1 and 2 with fairly small ion-density steps. In order
to investigate the dependance of the energies of the systems on the temperature, the calculations
of U(1) and U(2) were performed and are presented in Tables 3 and 4 for Ne = 1019 cm−3 and for
the temperatures T = 1× 104, 1.5× 104, 2× 104 and 2.5× 104 K. From these results, one can see
that the potential energies U(1) and U(2) are sensitive to a considerable lowering of the temperature
(T = 1× 104 K).
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Table 3. The potential energies U(1) (in eV) and U(2) (in eV) for the case of Z1 = 1 and Z2 = 2
at Ne = 1019 cm−3 and T = 1 × 104, 1.5 × 104, 2.0 × 104, and 2.5 × 104 K. The densities N1,2 are
in 1018 cm−3.

N1 N2 U(1) U(2) U(1) U(2) U(1) U(2) U(1) U(2)

10,000 K 15,000 K 20,000 K 25,000 K

0.5 4.75 −1.98 −1.53 −1.00 −3.90 −1.53 −1.71 −1.93 −2.16
1.0 4.50 −1.69 −1.33 −0.97 −3.51 −3.94 −3.86 −4.70 −4.71
1.5 4.25 −1.37 −1.15 −3.17 −2.93 −3.32 −3.36 −3.88 −4.01
2.0 4.00 −1.33 −1.11 −1.05 −3.59 −1.97 −1.95 −3.42 −3.62
2.5 3.75 −1.15 −1.01 −1.11 −3.97 −2.49 −2.72 −3.13 −3.37
3.0 3.50 −1.20 −1.04 −1.13 −3.99 −2.44 −2.61 −3.02 −3.22
3.5 3.25 −1.35 −1.12 −1.91 −1.96 −2.34 −2.50 −2.94 −3.11
4.0 3.00 −1.19 −1.04 −1.16 −4.16 −2.37 −2.50 −2.91 −3.06
4.5 2.75 −1.14 −1.29 −2.34 −2.24 −2.36 −2.47 −2.78 −2.92
5.0 2.50 −1.37 −1.17 −2.52 −2.38 −2.57 −2.62 −2.83 −2.94
5.5 2.25 −1.05 −1.21 −2.44 −2.32 −4.02 −3.83 −2.77 −2.87
6.0 2.00 −1.08 −1.27 −2.32 −2.24 −4.32 −4.09 −3.78 −3.74
6.5 1.75 −1.64 −1.39 −2.39 −2.30 −3.48 −3.38 −1.89 -6.48
7.0 1.50 −1.01 −0.99 −1.86 −1.51 −2.43 −2.18 −2.92 −2.84
7.5 1.25 −1.20 −1.28 −2.09 −1.71 −2.73 −2.44 −3.62 −3.51
8.0 1.00 −1.54 −1.85 −2.55 −2.12 −3.61 −3.42 −2.14 −4.98
8.5 0.75 −2.03 −1.32 −1.32 −3.01 −1.93 −2.10 −2.56 −2.89
9.0 0.50 −0.83 −1.94 −1.62 −1.59 −2.41 −2.55 −3.11 −2.70
9.5 0.25 −1.20 −1.00 −2.36 −2.74 −3.37 −2.83 −4.38 −3.85

Table 4. The same as in Table 3 but for the case of Z1 = Z2 = 1.

N1 N2 U(1) U(2) U(1) U(2) U(1) U(2) U(1) U(2)

10,000 K 15,000 K 20,000 K 25,000 K

0.5 9.50 −0.82 −0.94 −1.50 −1.62 −2.13 −2.26 −0.76 −0.87
1.0 9.00 −0.52 −0.65 −1.04 −1.16 −1.49 −1.61 −1.91 −2.03
1.5 8.50 −0.39 −0.52 −0.84 −0.96 −1.21 −1.33 −1.56 −1.67
2.0 8.00 −0.39 −0.47 −0.76 −0.84 −1.07 −1.15 −1.38 −1.49
2.5 7.50 −0.37 −0.42 −0.74 −0.79 −1.00 −1.05 −1.30 −1.35
3.0 7.00 −0.35 −0.38 −0.66 −0.70 −0.97 −1.01 −1.18 −1.22
3.5 6.50 −1.03 −1.05 −0.65 −0.67 −0.92 −0.95 −1.16 −1.18
4.0 6.00 −0.94 −0.95 −0.64 −0.65 −0.85 −0.87 −1.06 −1.08
4.5 5.50 −0.95 −0.95 −1.50 −1.51 −0.82 −0.83 −1.05 −1.06
5.0 5.00 −0.34 −0.34 −0.66 −0.66 −0.95 −0.95 −1.18 −1.18
5.5 4.50 −0.95 −0.95 −1.51 −1.50 −0.83 −0.82 −1.06 −1.05
6.0 4.00 −0.95 −0.94 −0.65 −0.64 −0.87 −0.85 −1.08 −1.06
6.5 3.50 −1.05 −1.03 −0.67 −0.65 −0.95 −0.92 −1.18 −1.16
7.0 3.00 −0.38 −0.35 −0.70 −0.66 −1.01 −0.97 −1.22 −1.18
7.5 2.50 −0.42 −0.37 −0.79 −0.74 −1.05 −1.00 −1.35 −1.30
8.0 2.00 −0.47 −0.39 −0.84 −0.76 −1.15 −1.07 −1.49 −1.38
8.5 1.50 −0.52 −0.39 −0.96 −0.84 −1.33 −1.21 −1.67 −1.56
9.0 1.00 −0.65 −0.52 −1.16 −1.04 −1.61 −1.49 −2.03 −1.91
9.5 0.50 −0.94 −0.82 −1.62 −1.50 −2.26 −2.13 −0.87 −0.76
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6.2. Interpretation of the Obtained Results

Results such as those presented in the previous section (see Equation (43)) might leave an
impression of having an absolute advantage over the DH-like methods (or other similar methods).
Such an impression is incorrect, as an absolute advantage of the presented method is for the case of a
system of the closed type. In the same context, it is necessary to interpret the phenomena that were
described in the introduction concerning the results presented in the Figure 1a,b; these phenomena can
be interpreted as physically unacceptable when the DH or DH-like methods are used on the system of
the closed type. However, the system receives treatment as closed-type only in the case in which it
is described by means of the above-mentioned additional conditions. Consequently, in the opposite
case (when additional conditions are absent), the system can be successfully described by means of
DH-like or similar methods. Concerning this, we refer to Figure 4a,b, which shows the results of the
application of the DH method to the considered plasma ((a) Z1 = 1 and Z2 = 2, and (b) Z1 = Z2 = 1).
It is useful to compare this figure with Figures 2 and 3. In this context, we draw attention to the fact
that such a treatment itself has to be determined on the basis of the properties of the considered system
and the physical problem, which can be solved using that system.

At the end of this point, it would be useful to linger on such influence of the additional conditions
on the properties of the obtained solutions, which could be treated as a manifestation of their deviation
from thermodynamic equilibrium. Here, we refer to the necessity of substituting the equation
obtained from the condition of thermodynamic equilibrium by the equations obtained in different
ways—the electron charge density n(1,2)

e in the region of large r, and the ion charge density n(2,1)
1,2 (r),

also in the region of large r. However, we draw attention to the fact that all changes have purely
phenomenological characteristics and do not influence the thermodynamic properties of the considered
gases: gas with temperature T remains a gas with the temperature T. Additionally, we recall the fact
that in all regions of r, where the considered components can be treated independently from one
another, their state was described by means of equations obtained from the condition of thermodynamic
equilibrium.

From the above-presented material, it follows that the basic model can generate only the DH or
some DH-like methods. In this sense, this model has already exhausted its potential, but as one can
see, it enables, with minimal deviation from the basic model (in the area of mathematical apparatus),
us to leave the DH-like sphere and develop a new model method of describing the plasma’s inner
electrostatic screening.

6.3. The Possible Ion–Ion Probe Systems

From the presented work, it follows that the main properties of the considered three-component
system originate from the analogy with the properties of a positron–ion probe system. Concerning
this, it is useful to note the fact that was established by means the molecular dynamic (MD) simulation
of a dense electron-proton plasma in [41]. In this work, some characteristics of the considered plasma
were determined as the results of averaging over all ion configurations possible under the considered
conditions, for different values of the ratio me/mp, where me and mp are the electron and proton masses.
These values were changed from 1/1836 to 1/100, but the changes of the results of MD simulations
could be neglected. This can be very interesting, even only for the similarity of the procedures that
were used here and in [41]. However, it can be particularly important under the assumption that
a similar conclusion is valid in the case of plasma that contains electrons and ions of some heavy
atoms, particularly if the non-negligible probability is taken into account, meaning that the value of
the mentioned ratio can be even greater than 1/100.
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Figure 4. (a) The reduced Debye-Hückel (DH) densities n(1)
D;1(r)/N1 (curve marked with 1), n(1)

D;2(r)/N2

(curve marked with 2) and n(1)
D;e(r)/Ne (curve marked with 3) in the case of Z1 = 1, Z2 = 2 and

Ti = Te = T, where T = 30,000 K. (b) The reduced DH densities n(1)
D;1(r)/N1 (curve marked with 1),

n(1)
D;2(r)/N2 (curve marked with 2), and n(1)

D;e(r)/Ne (curve marked with 3) in the case of Z1 = Z2 = 1
and Ti = Te = T, where T = 30,000 K.
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7. Conclusions

The object of the investigation of fully ionized electron-ion plasma was chosen with positively
charged ions of two different kinds, including here the plasmas of higher non-ideality. Within the
presented method, such extremely significant phenomena as the electron-ion and ion-ion correlations
are included. The collective effect of many correlated particle interactions strongly affects the spectral
properties of atoms and properties of their collision processes with respect to those for isolated systems.
The screening characteristics of the considered plasmas in a wide region of the electron densities and
temperatures have been calculated. Here, the case of the three-component system was considered,
which is especially important as we expect that a further increase in the number of ion components in
the more complicated systems would not cause the appearance of any new phenomena.
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36. Mihajlov, A.A.; Ignjatović, L.M.; Srećković, V.A. The new model method of the electrostatic screening

describing: three-component system of the ’closed’ type. arXiv 2017, arXiv:1703.07613.
37. Thomas, L.H. The calculation of atomic fields. In Mathematical Proceedings of the Cambridge Philosophical

Society; Cambridge University Press: Cambridge, UK, 1927; Volume 23, pp. 542–548.
38. Fermi, E. Eine statistische Methode zur Bestimmung einiger Eigenschaften des Atoms und ihre Anwendung

auf die Theorie des periodischen Systems der Elemente. Z. Phys. 1928, 48, 73–79.
39. Gombas, P. Theorie und Losungsmethoden des Mehrteilchenproblems der Wellenmechanik; Springer: Basel,

Switzerland, 1950.
40. Mendonça, J.; Tsintsadze, N.; Guerreiro, A. Thomas-Fermi model for a dust particle in a plasma.

Europhys. Lett. 2002, 57, 362–367.
41. Reinholz, H.; Morozov, I.; Röpke, G.; Millat, T. Internal versus external conductivity of a dense plasma:

Many-particle theory and simulations. Phys. Rev. E 2004, 69, 066412.

c© 2017 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Theory Assumptions
	The Initial System and Basic Characteristic
	The System Properties and Conditions
	The System Equations
	The Additional Conditions

	Ion Cases: Complete Expressions
	 The Ion Densities
	The Electron Densities

	Complete Expressions for the Electron and Ion Densities: The Case (e)
	Determination of the Parameters
	Results and Discussions
	The Properties of the Obtained Solutions
	Interpretation of the Obtained Results
	The Possible Ion–Ion Probe Systems

	Conclusions
	References

