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Abstract

:

In the present paper, we study the high-order above-threshold ionization of noble-gas atoms using a bi-elliptic orthogonal two-color (BEOTC) field. We give an overview of the SFA theory and calculate the differential ionization rate for various values of the laser field parameters. We show that the ionization rate strongly depends on the ellipticity and the relative phase between two field components. Using numerical optimization, we find the values of ellipticity and relative phase that maximize the ionization rate at energies close to the cutoff energy. To explain the obtained results, we present, to the best of our knowledge, for the first time the quantum-orbit analysis in the BEOTC field. We find and classify the saddle-point (SP) solutions and study their contributions to the total ionization rate. We analyze quantum orbits and corresponding velocities to explain the contribution of relevant SP solutions.
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1. Introduction


The interaction between atoms and molecules with strong tailored laser fields has been an active area of research in recent years due to its potential applications in various fields, including material science and chemistry [1,2,3,4]. The ability to manipulate atoms and molecules using laser fields has opened new possibilities for the development of new materials and the study of the fundamental processes of light–matter interaction. The use of strong laser fields also allows the manipulation of electronic and nuclear motion in molecules, which can lead to the formation of new molecular states.



Two of the most interesting atomic and molecular processes induced by strong laser fields are above-threshold ionization (ATI) [5] and high-harmonic generation (HHG) [6]. These processes are usually explained by means of a semiclassical three-step model [7,8,9]. According to this model, the electron released in tunnel ionization moves, driven by the laser field, and returns to the parent nucleus where it recombines emitting a high harmonic photon in the HHG process or rescatters elastically and is detected with much higher energy in the high-order above-threshold ionization (HATI) process.



In the last decade, it has been possible to study the interaction of atoms and molecules with two-color intense laser fields of different polarizations. One of these fields is the bicircularly polarized field, which consists of two coplanar counter-rotating circular fields with frequencies   r ω   and   s ω  , where r and s are integers. The HHG process by such a counter-rotating bicircular field was first considered almost 30 years ago [10,11]. This phenomenon was initially explained through the strong-field approximation (SFA) and quantum-orbit theory in Ref. [12]. Further investigation of atomic and molecular processes in such fields was triggered by experimental confirmation that the generated high harmonics have circular polarization [13]. In addition to the HHG process, many other strong field processes in bicircular fields have also been the subject of study. These include above-threshold detachment [14], (H)ATI [15], nonsequential double ionization [16], laser-assisted scattering [17], spin-dependent effects [18], high-harmonic spectroscopy [19], and high harmonics from relativistic plasmas [20].



In addition to the interaction with the bicircular field, strong-field processes in the presence of the orthogonal two-color (OTC) field have been studied in recent years [21,22,23,24,25,26,27,28,29,30,31,32,33]. The OTC laser field is a superposition of two mutually orthogonal linearly polarized fields having the angular frequencies   r ω   and   s ω  , with r and s integers. The OTC laser fields are used to control the subcycle photoelectron wave packet dynamics by varying the relative phase between the laser-field components [34,35,36] as well as for velocity map imaging spectroscopy [37]. The OTC-laser-field-induced electron tunneling was considered for negative ions [38] and atoms [39,40,41,42,43,44]. The temporal double-slit experiment with an OTC field was realized in [45]. Electron holography was discussed in [46,47], while in [48], it was suggested that an OTC field can be used to obtain electrons with a well-defined spin. The ionization of molecules by an OTC laser field was considered in [49,50,51]. The dissociative double ionization of CO molecules in OTC laser fields was analyzed in [52], while the photoelectron circular dichroism in chiral molecules exposed to the OTC field was investigated in [53].



Both the bicircular field and the OTC field can be considered as special cases of a more general field, the bi-elliptic orthogonal two-color laser (BEOTC) field. This is a superposition of two coplanar elliptically polarized fields with their major polarization axes at right angles to each other. For the component ellipticities    ε 1  =  ε 2  = 1   this field reduces to the bicircular field, while for    ε 1  =  ε 2  = 0  , it becomes the OTC field. In our previous work, we analyzed (H)ATI in bicircular [18] and OTC [33] fields in terms of quantum-orbit theory. Unlike the bicircular and OTC fields, the BEOTC field has an additional degree of freedom, namely the ellipticity of the field, and is valuable to be analyzed in detail. To the best of our knowledge, there are only a few papers considering the HHG [54,55,56,57] and HATI [2] processes in the presence of a BEOTC field. In the present paper, we theoretically study the HATI process of inert gas atoms in the presence of a strong BEOTC field. We show that the ionization rate and the cut-off energy strongly depend on the ellipticity of the laser field and the relative phase between two field components. In addition, we find the values of the ellipticity and the relative phase, which maximizes the ionization rate near the cut-off energy. In order to gain a deeper insight into the HATI process, we use the quantum-orbit theory to analyze the obtained results. We find the corresponding saddle-point (SP) solutions of the HATI process in a BEOTC field and present their partial contributions. We also present the most relevant quantum orbits and relate the initial velocity to the ionization yield. The atomic system of units is used throughout the paper.




2. SFA Theory of Strong-Field Ionization


We apply S-matrix theory to find the transition matrix element of the ATI process in a strong laser field. The quantum-mechanical transition amplitude from the ground state, determined by    |   ψ  ℓ m    〉    and the ionization potential   I P  , to the final Volkov state is described in the SFA, the dipole approximation and in the length gauge by the following integral [5]


   M  p ℓ m   = − i  ∫  − ∞  ∞    d t 〈 p + A  ( t )  | r · E  ( t )  |   ψ  ℓ m    〉    e  i S ( p ; t )   ,  



(1)




where the ket vector   | p 〉   denotes a plane wave such that    〈 r | p 〉  =   ( 2 π )   − 3 / 2    e  i p · r     and


  S  ( p ; t )  =  S p   ( t )  +  I P  t ,  d  S p   ( t )  / d t =   p + A ( t )  2  / 2 .  



(2)




The electric field vector is   E ( t ) = − d A ( t ) / d t  , while the final electron momentum and kinetic energy are  p  and    E p  =  p 2  / 2  , respectively.



For an infinitely long, periodic laser field with the fundamental frequency  ω  and the period   T = 2 π / ω  , the transition amplitude can be expressed by the T matrix element using the formula


   M  p ℓ m   = − 2 π i  ∑ n  δ  (  E p  +  I P  +  U  P   − n ω )   T  p ℓ m    ( n )  ,  



(3)




where    U  P   =  ∫ 0 T   A 2   ( t )  d t /  ( 2 T )    is the ponderomotive energy and n is the number of absorbed photons, while the  δ  function represents the energy conservation law. The corresponding ionization rate with the absorption of n photons can be calculated as follows


   w  p ℓ    ( n )  = 2 π p  ∑  m = − ℓ  ℓ     T  p ℓ m    ( n )   2  ,  



(4)




where the T-matrix element is a sum of two contributions


   T  p ℓ m    ( n )  =  T  p ℓ m   ( 0 )   +  T  p ℓ m   ( 1 )   .  



(5)




The first contribution   T  p ℓ m   ( 0 )    describes the ATI process and the so-called direct electrons, i.e., electrons that do not interact with the parent ion after ionization and that can be detected directly after ionization. Within the above-mentioned approximations, it is given by the following one-dimensional integral


   T  p ℓ m   ( 0 )   =  ∫ 0 T    d t  T    〈 p + A  ( t )  | r · E  ( t )  |   ψ  ℓ m    〉    e  i S ( p ; t )   .  



(6)







On the other hand, the matrix element   T  p ℓ m   ( 1 )    is responsible for the HATI process and describes rescattered electrons, i.e., electrons that have an additional interaction with the parent ion before they are detected. It can be calculated using the following two-dimensional integral


     T  p ℓ m   ( 1 )     =    − i  ∫ 0 T    d t  T   ∫  − ∞  t  d  t 0      2 π   i ( t −  t 0  )     3 / 2     〈 p | V  ( r )  |   k st   〉            × 〈   k st  + A  (  t 0  )   | r · E   (  t 0  )   |  ψ  ℓ m   〉   e  i [  S p   ( t )  −  S  k st    ( t )  +  S  k st    (  t 0  )  +  I P   t 0  ]   ,     



(7)




where


   k st  = −  1  t −  t 0     ∫   t 0   t  d  t ′  A  (  t ′  )   



(8)




is the stationary momentum and   V ( r )   is the rescattering potential.



In the present paper, we consider only high-energy electrons, i.e., the HATI process using the BEOTC field. The oscillatory integral in the T-matrix element (7) can be computed by numerical integration or by the saddle-point method (SPM). When using the SPM, one must find the saddle points from the stationary conditions    ∇ k   S  p i   = 0  ,    ∂  t 0    S  p i   = 0  , and    ∂ t   S  p i   = 0  , where    S  p i   =  S p   ( t )  −  S k   ( t )  +  S k   (  t 0  )  +  I P   t 0    is the modified action. From the first stationarity condition, we obtain the stationary momentum   k st   given by Equation (8) while the other two conditions lead to the following system of nonlinear algebraic equations


   1 2    [  k st  + A  (  t  0 s   )  ]  2  = −  I P  ,  



(9)






   1 2    [  k st  + A  (  t s  )  ]  2  =  1 2    [ p + A  (  t s  )  ]  2  ,  



(10)




which represent the energy conservation law at the stationary ionization and rescattering times, respectively.



By choosing the asymptotic wave function as the radial part of the initial state of the valence electron


   R  i l    ( r )  ≈ A  r  ν − 1   exp  ( − κ r )  ,  r ≫ 1 ,  



(11)




where   ν = Z / κ  ,   κ =   2  I P    ,   and A is a constant tabulated in [58], we can write the   T  p ℓ m   ( 1 )    matrix element within the SPM as follows


      T  p ℓ m   ( 1 ) , SPM    ( n )     =     1 T  A  π 2   κ ν  ν Γ  ( ν / 2 )   ∑  {  t  0 s   ,    t s  }       q s   i κ    l   Y  l m    (   q ^  s  )     〈 p | V |  k st  〉    [ i  (  t s  −  t  0 s   )  ]   3 / 2            ×     2 i   S  p i 0 , s   ′ ′           ν + 1  2        2 i   S  p i , s   ′ ′         1 2      e   i  S  p i , s     ,     



(12)




where    q  s  2  =   [  k st  + A  (  t  0 s   )  ]  2  = −  κ 2   ,    S  p i 0 , s   ′ ′   =  ∂ 2   S  p i   / ∂    t 0   2  = − E  (  t  0 s   )  ·  [ k + A  (  t  0 s   )  ]    and    S  p i , s   ′ ′   =  ∂ 2   S  p i   / ∂   t  2  =  (  k st  − p )  · E  (  t s  )  +   [  k st  + A  (  t s  )  ]  2  /  (  t s  −  t  0 s   )   .




3. Numerical Results


We present our numerical results for the HATI process of neon atoms induced by a BEOTC laser field. We calculate the differential ionization rate by solving the integral in the T-matrix element using numerical integration as well as the SPM. The BEOTC field is defined as the sum   E  ( t )  =  E 1   ( t )  +  E 2   ( t )    of two counter-rotating elliptically polarized fields with frequencies   r ω   and   s ω  , given by


   E 1   ( t )  =   E 01    1 +  ε 1 2      sin  ( r ω t )    e ^  x  −  ε 1  cos  ( r ω t )    e ^  y   ,  



(13)






   E 2   ( t )  =   E 02    1 +  ε 2 2      sin  ( s ω t + φ )    e ^  y  −  ε 2  cos  ( s ω t + φ )    e ^  x   ,  



(14)




where   ε 1   and   ε 2   are the ellipticities of two fields,   E 01   and   E 02   are their amplitudes, and  φ  is the relative phase between the field components. For    ε 1  =  ε 2  = 0  , we obtain the OTC field, while for    ε 1  =  ε 2  = 1   and    E 01  =  E 02    we obtain the bicircular field. We perform our calculations assuming equal amplitudes and ellipticities of both field components, i.e.,    E 01  =  E 02  ≡  E 0    and    ε 1  =  ε 2  ≡ ε  . In Figure 1 (top panels), we show the polar plots of the electric field vector   E ( t )   (black solid lines) and the corresponding vector potential   A ( t )   (red solid lines) in the   x y   plane for   ( r , s ) = ( 1 , 2 )   and different values of the ellipticity  ε  and the phase  φ . For   ε = 0  , we obtain the well-known Lissajous figures, which are characteristic of the OTC field. For   ε = 1  , both the electric field and the vector potential are rotationally symmetric about an angle of   120 ∘  , which is characteristic of the bicircular field.



In the bottom panels of Figure 1, we show the corresponding differential ionization rates of neon atoms exposed to an   ω − 2 ω   BEOTC field with equal intensities of two components    I 1  =  I 2  = 2 ×  10 14   W /  cm 2   , wavelength 1200 nm and emission angle   θ =  0 ∘    as a function of the electron energy. The results are obtained by numerical integration of the T-matrix element (7) and by choosing Slater-type orbitals as the initial wave function. Clearly, the HATI spectra depend strongly on the values of ellipticity and relative phase. For   φ =  0 ∘   , the spectra do not have a well-defined cutoff and the differential ionization rate decreases continuously with increasing electron energy. For   φ =  90 ∘    and   ε = 0  , the spectrum has a plateau and a clear cutoff at   8  U  P    , while for   ε = 0.5   and   ε = 1  , this cutoff energy decreases to   4  U  P     and   3  U  P    , respectively. Furthermore, we can see that the differential ionization rate is about two orders of magnitude higher for   φ =  0 ∘    compared to the spectra obtained for   φ =  90 ∘   . Our calculations for other various values of the ellipticity and the relative phase have shown that the differential ionization rate and the cutoff energy change a lot with changing the values of these two laser field parameters.



From the previous analysis, we conclude that it is possible to choose laser field parameters to obtain a high ionization rate but low cutoff energy and vice versa. Therefore, we want to find the values of ellipticity and relative phase of a BEOTC field that maximize the differential ionization rate for a fixed value of the energy that is close to the cut-off energy. This is also of particular interest for the HHG process, because one could find the optimal laser field parameters for which the harmonic rate is maximal for the highest possible frequency of the obtained harmonic. We choose the value of the final electron energy   E p   to be   9  U  P    , where the ponderomotive energy for the BEOTC field is given by    U  P   =  1 4    A  01  2  +  A  02  2    , with    A 01  =  E 01  / r ω   and    A 02  =  E 02  / s ω  , and plot the differential ionization rate as a function of ellipticity and relative phase. Such a color false plot is shown in Figure 2. We can see that there is a global maximum of the differential ionization rate for the relative phase close to   φ =  240 ∘    and the ellipticity close to   ε = 0.3  . Now, we can find the maximum of the differential ionization rate numerically, using these values of  φ  and  ε  as an initial guess. We performed an optimization procedure within the multidimensional downhill simplex method [59]. Starting from the initial simplex, which is an N-dimensional geometric figure consisting of   N + 1   points and all their connecting line segments, the downhill simplex method performs a series of reflections, each reflection moving from a point on the simplex through the opposite side of the simplex to a point where the function is smaller. Using this method, we found that for   φ = 243 .  9 ∘    and   ε = 0.272   the ionization rate is highest at the energy    E p  = 9  U  P    . The corresponding electron energy spectrum, electric field, and vector potential are shown in Figure 3 for these laser field parameters.




4. Quantum-Orbit Analysis


In this section, we present the quantum-orbit analysis for the HATI process of Ne atoms exposed to the   ω − 2 ω   BEOTC field. To explain the results of the previous section, we use the SPM to find the most relevant SP contributions for the laser field parameters that maximize the ionization rate at   9  U  P    , i.e., for   φ = 243 .  9 ∘    and   ε = 0.272  . First, we numerically solve the system of nonlinear algebraic Equations (9) and (10) to find the stationary ionization and rescattering times. Since the number of solutions for a periodic laser field is infinite, we need to classify these SP solutions. We use the same classification of the solutions relevant to the HATI spectra that was introduced previously for linear, bicircular, and OTC laser fields. Furthermore, we consider only the high energy part of the spectra, for which the so-called backward-scattering solutions, classified by a multiple index (  α , β , m  ), are relevant. The approximate length of the travel time in multiples of the laser period is given by the index m, which is defined as   m = [ Re   (  t s  −  t  0 s   )  ] / T  . Similarly to the OTC field, there are   2 s   pairs of backward-scattering solutions within one period of the   r ω − s ω   BEOTC field. For a fixed value of m, each pair of solutions within a period is indexed by   β ∈ ( 1 , 2 , 3 , … , 2 s )  . Finally, for fixed values of  β  and m, each pair of solutions consists of two orbits with slightly different travel times. The longer orbit (  α = − 1  ) and the shorter orbit (  α = + 1  ) are distinguished by the index  α .



The saddle point solutions   {  t 0  ,  t r  }  , classified by the above notation   ( α , β , m )  , are shown in Figure 4. From the upper panel of Figure 4 it can be seen that there are four pairs of solutions within one optical cycle, i.e.,   2 s   pairs of solutions, which corresponds to the previously found number of solutions for an   r ω − s ω   BEOTC field. The SP solution, denoted   ( β , m ) = ( 0 , 0 )  , is the only forward-scattering solution that does not contribute significantly to the high-energy part of the spectrum. The backward-scattering solutions are shown in the left (right) bottom panel of Figure 4 for even (odd) values of the index  β . It is evident that each pair of solutions converges as the electron energy increases. At the cutoff energy, the solution pairs merge while one solution diverges.



As shown earlier [33], solutions characterized by even values of the parameter  β  have a well-defined cut-off energy and make a substantial contribution to the ionization rate. Conversely, solutions associated with odd values of the parameter  β  have negligible contributions. It can be observed that the solution pair indexed as   ( β , m ) = ( 2 , 0 )   has a well-defined cutoff at the energy of   9  U  P    , and we expect this particular solution pair to have the highest contribution at this energy. In addition, we expect the solution pairs   ( β , m ) = ( 2 , 1 )  ,   ( β , m ) = ( 4 , 0 )   and   ( β , m ) = ( 4 , 1 )   to contribute significantly to the overall ionization rate, albeit at lower energies.



Using Equation (12), we evaluate the individual contributions of each solution and sum them to the total ionization rate. Figure 5 shows the partial contributions of all relevant SP solutions, as well as the differential ionization rate obtained by SPM (represented by the line labeled ∑ in the legend) and numerical integration (represented by the line labeled “NI” in the legend). As mentioned above, one of the two solutions within each pair (either   α = + 1   or   α = − 1  ) diverges beyond the cut-off energy and should be disregarded. This divergent solution is shown by a dashed line. The agreement between the results obtained using numerical integration and those obtained using the SPM method is very good, especially for the high-energy part of the spectrum. The low-energy part of the spectrum is mainly determined by the forward-scattering solutions, which are not of interest in this paper. As expected, we see that the solution pair   ( β , m ) = ( 2 , 0 )   is dominant throughout the plateau. The contributions from other SP solutions are at least one order of magnitude smaller. However, due to constructive interference, they also contribute to the high energy part of the spectra and create a distinctive oscillation pattern. It is worth noting that for energies close to the cut-off energy of each SP solution, the uniform approximation should be used instead of the SP approximation.



To better understand the HATI process induced by the BEOTC field, we use the concept of quantum orbits, which are defined as solutions of the classical Newton equation for the electron in the presence of the laser field, but for complex ionization and rescattering times. We define the electron orbits as the real part of   r ( t )   for real t, with


  r  ( t )  =         ( t −  t 0  )   k st  + α  ( t )  − α  (  t 0  )  ,        Re   (  t 0  )  ≤ t ≤ Re   (  t r  )  ,          ( t −  t r  )  p + α  ( t )  − α  (  t r  )  ,      t > Re  (  t r  ) ,       



(15)




while the corresponding electron velocities are defined as the real part of   v ( t )  , where


  v  ( t )  =   d r ( t )   d t   =         k st  + A  ( t )  ,     Re   (  t 0  )  ≤ t ≤ Re   (  t r  )  ,         p + A ( t ) ,     t > Re  (  t r  ) .       



(16)







In Figure 6, we show three electron trajectories (left panel) that make the largest contribution to the total ionization rate, as well as their velocities (right panel). The trajectories and velocities are plotted for solutions indexed as   ( α , β , m ) = ( − 1 , 2 , 0 ) , ( − 1 , 4 , 0 )  , and   ( 1 , 2 , 1 )   with the corresponding cutoff energies   9  U  P   , 6.4  U  P    , and   8.1  U  P    , respectively. It is evident that the electrons emerge from a distance of a few atomic units from the origin. This is attributed to the fact that the liberated electrons tunnel through a potential barrier formed by the atomic and external laser field potentials. On the other hand, the scattering process takes place at the position of the atomic nucleus, and we see that all three backscattering trajectories scatter at relatively large angles. In the middle panel of Figure 6, we plot the electric field and the vector potential for the laser field parameters that maximize the ionization rate at   9  U  P     and show with circles (stars) the value of the electric field and the vector potential at the ionization (rescattering) times. Similar to HATI with linearly polarized and OTC fields, we can conclude that ionization occurs when the electric field intensity is close to its maximum value, while electron rescattering occurs when the vector potential intensity is at its maximum. It is also evident that the electron trajectories are similar to the shape of the electric field during one period of the laser field, while the velocities undergo a similar change to that of the vector potential throughout the period of the laser field.



In the right panel of Figure 6, we show the velocity change of the three most relevant trajectories between the ionization and rescattering times. It can be seen that, unlike the other trajectories, the initial velocity of the trajectories indexed by   ( α , β , m ) = ( − 1 , 2 , 0 )   and   ( − 1 , 4 , 0 )   is approximately zero. Considering that the ionization rate decreases exponentially with the initial velocity, we conclude that these trajectories would make the highest contribution to the differential ionization rate. This inference is consistent with the results shown in Figure 5. In addition, these two trajectories have the highest velocity at the rescattering time and therefore, they have the dominant contribution at the cutoff energy.




5. Conclusions


Atomic and molecular processes induced by strong tailored laser fields are of present interest in strong-field physics and attoscience communities. In our contribution, we analyzed high-order above-threshold ionization using such fields. In particular, we studied HATI of noble-gas atoms by bi-elliptical orthogonal two-color laser field, with a particular emphasis on two special cases: the OTC field, for which the ellipticities of the field components are zero, and the bicircular field with equal counter-rotating component intensities and ellipticities. For this purpose, we applied the S-matrix theory and used the strong-field approximation. The corresponding HATI rescattering amplitude was calculated using numerical integration. Furthermore, we applied an optimization procedure to find the optimal (i.e., highest) ionization rate for a given photoelectron energy.



In order to obtain a better physical insight into the obtained results, we used the quantum-orbit theory. We classified the rescattering saddle-point solutions and found those solutions that give the main contribution to the ionization rate. In addition, we visualized our quantum-orbit results by presenting the electron trajectories and velocities for dominant quantum-orbit solutions.



Our results can be used to understand and optimize the high-energy photoelectron spectra in strong-field ionization by tailored fields. In this way, we can achieve better insight into atomic and molecular structures, and, furthermore, our findings can stimulate the investigation of processes induced by the BEOTC field.
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Figure 1. Top panels: electric-field vector   E ( t )   (black lines), and the corresponding vector potential   A ( t )   (red lines) of the   ω − 2 ω   BEOTC laser field for various values of ellipticity and relative phase. Bottom panels: logarithm of the differential ionization rate (in a.u.) of neon atoms ionized by a   ω − 2 ω   BEOTC field with equal intensities of two components    I 1  =  I 2  = 2 ×  10 14   W /  cm 2   , wavelength 1200 nm and emission angle   θ =  0 ∘   , plotted as a function of the electron energy (in   U  P   ) for various values of ellipticity and relative phase. 
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Figure 2. Logarithm of the differential ionization rate (in a.u.) of Ne atoms presented in false colors as a function of laser field ellipticity and the relative phase between field components for ionization by the   ω − 2 ω   BEOTC field with the same field parameters as in Figure 1. The results are obtained via numerical integration of the SFA T-matrix element. 
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Figure 3. Top panel: logarithm of the differential ionization rate (in a.u.) of neon atoms ionized by an   ω − 2 ω   BEOTC field for   φ = 243 .  9 ∘    and   ε = 0.272   and the same laser field parameters as in Figure 1. Bottom left (right): electric field   E ( t )   (vector potential   A ( t )  ) of the   ω − 2 ω   BEOTC laser field for   φ = 243 .  9 ∘    and   ε = 0.272   and same field parameters as in Figure 1. 
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Figure 4. Solutions of the system of the saddle-point Equations (9) and (10) for Ne atoms, emission angle   θ =  0 ∘   , and the   ω − 2 ω   BEOTC laser field with the same field parameters as in Figure 3. For each of the plotted solutions, the electron energy   E p   is presented as a function of the real part of the electron ionization time   Re   t 0    (top) and the real part of the rescattering time   Re   t r    for even (bottom left) and odd (bottom right) values of index  β . Only the backward-scattering solutions with   m = 0 , 1   and one pair of the forward-scattering solutions denoted by   ( α , β , m ) = ( ± 1 , 0 , 0 )   are presented. The solutions whose contribution should be discarded after the cutoff are represented by the dashed lines. 
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Figure 5. Comparison of the differential ionization rates as a function of electron energy (in units of   U  P   ) for the same parameters as in Figure 3. The results obtained via numerical integration are shown by an indigo dashed line, while the results obtained as a coherent sum of the contributions of the saddle-point solutions are shown by a solid black line. The partial ionization rates for each of the solutions   ( α , β , m )   are presented and identified by their colors, as explained in the legend. The contributions of the divergent solutions are neglected after the corresponding cutoff values. 
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Figure 6. Electron trajectories (left) and velocities (right) for some of the quantum-orbit solutions presented in Figure 4. The value of the velocity at the ionization (rescattering) times is represented by circles (stars). The electron energies for the presented solutions are   9  U  P    ,   8.1  U  P    , and   6.4  U  P     for the solutions   ( β , m ) = ( 2 , 0 ) , ( 2 , 1 )  , and   ( 4 , 0 )  , respectively. The electric field   E ( t )   and the vector potential   A ( t )   are plotted in the middle panel for the same laser field parameters as in Figure 3. Circles (stars) denote the values of the electric field and vector potential at the ionization (rescattering) time. 
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