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T ő k é s i , K . Interaction of

Electrons and Positrons with

Protons Aligned in One-Dimension

Line. Atoms 2023, 11, 46. https://

doi.org/10.3390/atoms11030046

Academic Editor: David D. Reid

Received: 7 December 2022

Revised: 16 February 2023

Accepted: 24 February 2023

Published: 3 March 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

atoms

Communication

Interaction of Electrons and Positrons with Protons Aligned in
One-Dimension Line
Musab S. Al-Ajaleen 1,2 and Károly Tőkési 1,*
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Abstract: We present theoretical studies of electron and positron interaction with protons aligned
in a one-dimension periodic line. The equally spaced protons were artificially generated where the
individual protons are fixed in a certain position. The incident energies were 500 eV and 1000 eV. The
electron and positron trajectories passing through these periodic multiple scattering objects were
calculated using a classical trajectory Monte Carlo method. We show that this proton configuration
has focusing and defocusing properties depending on the certain initial conditions.
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1. Introduction

Electron and positron scattering are of great importance to understand the collision
dynamics involving atomic [1,2] and molecular [3,4] targets. Furthermore, electron and
positron scattering are important for applications in various fields of physics depending
on the type of the target and the projectile energies, for example, in chemical, biological,
plasma and laser physics, and astrophysics [5,6].

The cusp-like peak in the energy spectrum of electrons in the direction of the projectile
(0◦) emitted in ion–atom collisions was first observed by Crooks and Rudd in 1970 [7].
Since the first observation, the ECC (electron capture to the continuum), although re-
cently we can say it is a trivial process and we can easily understand, studies had been
a vital part of the atomic collision physics in that time. This process is a special case of
ionization, when the ionized electron is strongly influenced by the projectile due to the
small difference between their velocities. The aim of the investigations was to understand
the dynamics of colliding atomic systems. The most important dynamic mechanism for the
appearance of the ECC peak is the focusing of the ejected target electrons in the forward
direction of the outgoing projectile, due to the attractive interaction between them. For
charged projectiles, the ECC cusp is the result of the long-range Coulomb interaction
between the projectile and the ejected electron. We can have cusp and anti-cusp-like
structures depending on the projectile charge. Although during the year’s number of work
investigated the phenomena with heavy ions [8–11], light projectiles, using positive [12,13]
or negative charged particles [14] and even neutral ones [15], it may hold interesting
observations [16,17]. In connection with the ECC studies, we apply here a special target,
namely protons aligned in a one-dimension line. We note that the recent study is not
one-by-one mapping of the idea and subject of the previous studies. The aim of the
present work is to understand the dynamics involving interaction of projectiles and one-
dimensional material. We present theoretical studies of electron and positron interaction
with protons aligned in a one-dimension periodic line. The individual protons are located
at fixed positions with equidistant separation. The incident energies were 500 eV and
1000 eV. In our simulations we used the classical trajectory Monte Carlo (CTMC) method.
It is well known that the CTMC method can treat the many-body problem successfully.
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The CTMC method is a non-perturbative method, where classical equations of motions
are solved numerically [18,19], and it is useful in treating atomic collisions where the
quantum mechanics become complicated [20]. CTMC can handle calculations applied in
atomic collisions involving three or more particles [21,22]. The CTMC method described
reasonably well single and double ionisation [23–27], excitation [28], electron capture [19,29]
and scattering channels [30,31].

The purpose of our present work is twofold. First, the results obtained from these
model calculations will help us to further study more complicated systems such as two-
dimensional materials like graphene. In this case, we consider a suitable configuration
for our 1D material while using appropriate separation between the constitutes elements.
Second, these calculations also help us to classically mimic the same structure like that
produced by the interference effect. The double slit experiment of Thomas Young is one
of the most famous experiments in physics showing the wave behaviour of particles [32].
Murray et al. [33] experimentally and theoretically studied the (e, 2e) collision in diatomic
molecules (H2 and N2), searching for Young’s double slit-type interference. Murray et al.
suggested a simple model that considered that each constituent atom acts like an individual
slit in the optical analogy. In our work, we consider the cases: double slits (two protons)
and multiple slits (ten protons). Atomic units are used throughout the paper unless
otherwise indicated.

2. Theory

In the present work, our artificial hypothetical system consists of fixed protons and
either electrons or positrons as projectiles. The ionisation and excitation channels are not
existing due to the absence of electrons in the target structure. There is a small probability
for electron capture channel for electron impact, but the probability can be decreased to a
negligible amount by using high kinetic energy for the projectiles, and by increasing the
number of protons in which the attractive coulomb potential from the other (N-1) protons
prevent the electron capture by a certain proton. We note further that the reason for using
positrons as projectiles was to completely neglect the electron capture channel. However,
we kept the electrons as projectiles since experimentally there are some difficulties with
positron sources [34–36].

During our simulations we applied the classical trajectory Monte Carlo (CTMC)
method for our many-body problems. The trajectories of the projectiles with different initial
conditions are calculated in three different target systems, i.e., a system consisting of one
proton, and two other systems consisting of two and ten protons.

Since the protons are considered to be fixed, this means that only the projectiles will
have kinetic energy. We take into account Coulomb interactions between the protons and
the projectiles. The corresponding coordinates and momenta of the particles are described
by the vectors qi = (qix, qiy, qiz) and pi = (pix, piy, piz). Figure 1 shows the schematic
diagram of a two-proton system in colliding with electron projectiles.

The Hamiltonian equation for N fixed protons and a projectile can be written as:

H =
p2

2me
+

N

∑
i=1

Z0Zi
R0i

, (1)

where the projectile mass, charge and momentum are labelled by me, Z0 and P, respectively,
and the ith proton charge is labelled by Zi.

R0i =
[
(q0x − qix)

2 +
(
q0y − qiy

)2
+ (q0z − qiz)

2
]

1
2 (2)

The associated canonical equations of motion are:

dq0j

dt
=

∂H
∂p0j

,
dp0j

dt
= − ∂H

∂q0j
, j = x, y, z (3)
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Figure 1. Schematic diagram of our system for two protons case calculations mimicking the interac-
tion between the projectile and the two protons. R01, R02 and R12 are the distances between electron–
proton1, electron–proton2 and proton1–proton2, respectively. Distance between protons R12 is con-
stant during the simulation. L1 is the vertical distance between electron source and protons, L2 is the 
vertical distance between protons and the detector. 
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Figure 1. Schematic diagram of our system for two protons case calculations mimicking the interaction
between the projectile and the two protons. R01, R02 and R12 are the distances between electron–
proton1, electron–proton2 and proton1–proton2, respectively. Distance between protons R12 is
constant during the simulation. L1 is the vertical distance between electron source and protons, L2 is
the vertical distance between protons and the detector.

Finally, we have six coupled equations of motion, which are given by:

.
q0x = p0x ,

.
q0y = p0y ,

.
q0z = p0z (4)

..
q0x =

.
p0x =

N

∑
i=1

Z0Zi(q0x − qix)[
(q0x − qix)

2 +
(
q0y − qiy

)2
+ (q0z − qiz)

2
] 3

2
(5)

..
q0y =

.
p0y =

N

∑
i=1

Z0Zi
(
q0y − qiy

)
[
(q0x − qix)

2 +
(
q0y − qiy

)2
+ (q0z − qiz)

2
] 3

2
(6)

..
q0z =

.
p0z =

N

∑
i=1

Z0Zi (q0z − qiz)[
(q0x − qix)

2 +
(
q0y − qiy

)2
+ (q0z − qiz)

2
] 3

2
(7)

The 4th order Runge–Kutta method is employed to numerically solve the equations of
motion (see Equations (4)–(7)) for a large number of trajectories with randomly generated
initial xy-positions (−a ≤ q0x, q0y ≤ a) of the projectiles. The equations of motion are
solved individually for each trajectory. The kinetic energies of the projectiles are taken to
be 500 eV and 1000 eV. At the beginning of the simulation, the projectiles have non-zero vz
velocities according to the initial energy. The vx and vy were set to be 0.
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3. Results and Discussion

For the three configurations of protons, calculations were performed for large numbers
of classical trajectories (i.e., electrons and positrons) having collision energies of 500 eV and
1000 eV. The protons are fixed at certain coordinates as follow, for one proton [q = (0, 0, 10)],
for two protons [q1 = (1.5, 0, 10) and q2 = (−1.5, 0, 10)] and for ten protons [y = 0 and
z = 10, x = (−13.5,−10.5,−7.5,−4.5,−1.5, 1.5, 4.5, 7.5, 10.5, 13.5)]. From Figure 2, we
can clearly see that the deflection angle of the projectile depends on many parameters: the kinetic
energy of the projectiles, the impact parameter, the number of protons (i.e., total charge) and the
charge of the projectile. The first two parameters are inversely proportional to the deflection
angle, while the third parameter is directly proportional to the deflection angle. Electrons and
positrons under similar conditions will experience the same degree of deflection, except that the
electrons are deflected towards the protons while the positrons are deflected outward.
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protons, (e) electrons with ten protons, (f) positrons with ten protons. Blue solid lines: electrons with 
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positrons with initial energy of 500 eV, black dashed lines: positrons with initial energy of 1000 eV, 
red circle shows positions of the protons. 

The previous parameters play the most important role in shaping the intensity of the 
projectiles on the detector. Figure 3 shows the intensity distribution of electrons and pos-
itrons projectiles at the detection plane for different proton numbers in the line configura-
tion. The area taken into the discussion of the intensity will span the entire x-axis, but for 
the y-axis, it will be (−1 to 1 a.u.) for the one- and two-proton systems; however, for the 
ten-proton system it will be (−3 to 3 a.u.) due to the bigger Coulomb potential. 

Figure 2. Trajectories of projectiles in three configurations of the target system, (a) electrons with one
proton, (b) positrons with one proton, (c) electrons with two protons, (d) positrons with two protons,
(e) electrons with ten protons, (f) positrons with ten protons. Blue solid lines: electrons with initial
energy of 500 eV, red dashed lines: electrons with initial energy of 1000 eV, green solid lines: positrons
with initial energy of 500 eV, black dashed lines: positrons with initial energy of 1000 eV, red circle
shows positions of the protons.
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The previous parameters play the most important role in shaping the intensity of
the projectiles on the detector. Figure 3 shows the intensity distribution of electrons
and positrons projectiles at the detection plane for different proton numbers in the line
configuration. The area taken into the discussion of the intensity will span the entire x-axis,
but for the y-axis, it will be (−1 to 1 a.u.) for the one- and two-proton systems; however, for
the ten-proton system it will be (−3 to 3 a.u.) due to the bigger Coulomb potential.
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Figure 3. Intensity distribution of projectiles at the detection plane: (a) one-proton system, (b) two-
proton system, (c) ten-proton system with electrons, (d) ten-proton system with positrons. Vertical
red line indicates the x-position of protons. Black solid line: 500 eV electrons, blue solid line: 1000 eV
electrons, brown solid line: 500 eV positrons and green solid line: 1000 eV positrons.

It is also interesting to study the intensity on the entire two-dimensional detection
plane to see the overall dynamics of the system (see Figure 4). We start with the system of
the one-proton case (see Figures 3a and 4a,d,gj. We can see that the intensities for lower
energy projectiles are bigger than that of the higher energy projectiles. The proton focused
the electrons at a very small area leading to the formation of a single cusp-like peak. The
cusp is at the coordinate x = 0 and y = 0 on the detection plane which is directly above the
proton coordinate x = 0 and y = 0. For the positrons case, a perfect circle formed for the
positron free region in the detector, indicating a defocusing effect. This formation is due
to the strong Coulomb repulsion between the proton and the positrons and leading to the
formation of two peaks at equal distances away from the proton. We can also see that the
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cusp of the 500 eV electrons is broader than that of the 1000 eV electrons. However, for the
case of positron, this picture is different. According to Figure 4g,j the intensities show the
formation of perfect circles. The radius of the circle formed in the case of 500 eV positrons
is around 3 to 3.5 a.u. which is larger than the circle of 1000 eV positrons which is around
2.25 to 2.5 a.u.
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Figure 4. Double differential intensity distribution of projectiles at the two-dimensional detection
plane, one-proton system with (a) 500 eV electrons, (d) 1000 eV electrons, (g) 500 eV positrons
and (j) 1000 eV positrons; two-proton system with (b) 500 eV electrons, (e) 1000 eV electrons,
(h) 500 eV positrons and (k) 1000 eV positrons; ten-proton system with (c) 500 eV electrons,
(f) 1000 eV electrons, (i) 500 eV positrons and (l) 1000 eV positrons. The small green circles
indicate the position of the protons.

For the two-proton system (see Figures 3b and 4b,e,h,k), the first thing to notice is
that the intensities of the lower energies projectiles are still larger than that of the higher
energy projectiles, and the 500 eV electron distribution is now much broader on the y-axis
compared to the 1000 eV electron distribution. Furthermore, two peaks of electrons are
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formed; here, the peaks are not directly above the protons’ positions, but they are shifted
inside between the protons. This shift of the peak is because the electrons are under the
influence of two attractive Coulomb potentials. We note that the peak for the 500 eV
electrons is slightly shifted inside more than that for the 1000 eV electrons. Going to the
case of positrons, the shapes of circles are deformed to a half circle on the outer side, and
to a half ellipse between the two protons. The radius of the lower energy positrons is
still larger than that of the higher energy positrons (see Figure 4h,k). Furthermore, for the
1000 eV positrons, the intensity between the protons is in the form of a line of positrons
perpendicular to the horizontal line of the configuration of the protons, which is because of
the low potential difference at the centre between the two protons.

For the case of the ten protons, we note that there are nine inner regions (i.e., between
each two adjacent protons) and another two regions outside the configuration of the protons.
Comparing the outer regions of the ten protons case with the outer region of the two protons
case for positrons projectiles, we see some similarities, such as, the cusp shape and the
intensity. The intensity is larger in the outer region compared to the inner region in both
cases. However, the potential energy as well as the intensity in the ten protons case for
positron projectiles is much bigger than that of the two protons case. Moreover, the most
outer peak in the ten protons case is shifted farther from the most outer proton compared
to the two protons case. In the inner region, the Coulomb potential is higher at areas near
the outer protons and decreases as we move toward the centre of the configuration. This is
due to the symmetry of the configuration, i.e., the Coulomb potential is very weak at the
centre of the configuration and it could reach zero. For the case of electrons, the focusing
pattern for 1000 eV electrons is like a connected point, while for 500 eV electrons it appears
like a thick chain (see Figure 4c,f) because the total Coulomb potential of the protons has
a higher effect on the electrons with lower kinetic energies. For the case of positrons, the
radii of the focussing pattern became larger on the y-axis, and the ellipses became more
compressed between the protons (see Figure 4f,l). This is also due to the Coulomb potential
having a larger effect on the low-energy positrons. Increasing the number of protons to
ten creates a high repulsive potential area in the vicinity of the protons which prevents a
considerable number of 500 eV positrons from passing between the protons. However, this
high potential was unable to prevent some positrons with 1000 eV kinetic energies from
penetrating the protons line at certain distances (see Figure 4f,l). Regarding the positions
of the peaks, in the case of electrons, the peaks are formed exactly above the protons at
the centre of the configuration. While we move toward the outer protons, we note that the
peaks are shifted towards the centre; as mentioned earlier, the potential is higher at the
outer protons and is attractive, which leads to the shift of the peaks toward the centre (see
Figure 3c). In case of positrons, the peaks are exactly at the midpoint between the protons
at the centre, but the peaks are shifted outward while we move toward the outer protons,
this shift is due to the higher repulsive coulomb potential at outer protons (see Figure 3d).
Furthermore, in the inner regions, the peaks of the 1000 eV positrons have higher intensities
than that of the 500 eV positrons. In the outer regions, it is the opposite, and the peaks of
500 eV positrons have the higher intensities.

We note that the spectra we acquired from the results of the simulations are approxi-
mately like the interference patterns of light on a screen after passing through Young’s slits.
The peaks in our results are analogous to constructive interference, while the valleys are
analogous to destructive interference. It is well known that light scattering from the two
slits produces multiple intensity peaks represented by bright fringes, while the dark fringes
represent the valleys between the peaks, see Grossman et al. [37]. However, in the case of
particle collisions, the constituent atoms of the target work as slits [33], and the number of
obtained peaks are equal to the number of the target atoms. Zhou et al. [38] studied the
collision of molecular deuterium (D2) with ground state helium. They plotted the projectile
counts as a function of scattering angles, and they got two maxima. The cross sections of
Murray et al. [33] as a function of the analyser angles show also two maxima. The work of
both Zhou et al. [38] and Murray et al. [33] are equivalent to our two-proton system. In the
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case of electrons, the number of peaks is equal to the number of protons, but in the case of
positrons, the number of peaks is equal to the number of protons plus one.

4. Conclusions

We have presented theoretical studies of electron and positron interactions with
protons aligned in a one-dimension line. The periodic proton line was artificially generated
in such a way that the individual protons were fixed in a certain position. The electron
and positron trajectories passing through these periodic multiple scattering objects were
calculated using a classical trajectory Monte Carlo method. The purpose of our present
work was twofold. First, the results obtained from these model calculations will help us to
further study more complicated systems such as two-dimensional materials like graphene.
These calculations also help us to classically mimic the same structure like that produced
by the interference effect.

We found that the proton line has a focusing effect on electrons and defocusing effect
on the positrons. The focusing and defocusing degree depends on many parameters. These
parameters are: the number of protons and their formation, the incident kinetic energy, the
charge of the projectiles, and the impact parameters. Furthermore, as an interesting point,
the position spectra of electron and positron projectiles on the detector can be compared
with the interference patterns of light in Young’s double-slit experiment [39]. In the spectra,
cusps are formed. The number of cusps in the electron–proton interactions is equal to the
number of protons and the number of cusps in the positron–proton interaction is equal
to the number of protons plus one. The cusps in the electron–proton spectra indicate
the points of focusing, while the cusps in the positron–proton spectra are formed at the
intersection of a line passing the protons configuration and the sides of an oval shape
are created due to defocusing. Hence, each pair of cusps in the positron–proton spectra
indicates the position of a defocusing point between them. In the future, based on our
current work, we are planning to expand our work to a more complicated structure, such
as a proton lattice and graphene.
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