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Abstract: This article incorporates details of our calculations of the observable quantities for the
scattering of electrons and positrons from a post transition metal Thallium (Tl), in the energy range of
1 eV ≤ Ei ≤ 1 MeV, using the relativistic Dirac partial wave (phase-shift) analysis employing a complex
optical-potential. Absolute differential, integrated elastic and inelastic, transport, total ionization, and
total cross sections and a thorough study of the critical minima in the elastic differential cross sections
along with the associated angular positions of the maximum polarization points in the Sherman
function are provided to study the collision dynamics. The optical potential model incorporates the
interactions of the incident electron and/or positron with both the nucleus and the bound electrons
of the target atom. In-depth analyses of the spin asymmetry, which are sensitive to phases related
interference effect, brought on by the various ingredients of the lepton-atom interaction, are also
presented. The performance of the current approach to explain the observations, with the exception
of the extremely low energy domain, is shown by a comparison of the previous experimental and
theoretical results on this target atom.

Keywords: differential cross sections; e±-atom collisions; Dirac equation; optical potential; critical
minima; spin polarization

1. Introduction

The projectile–atom scattering has both fundamental as well as practical importance.
Almost the entire knowledge about the interactions between the elementary particles
composing the universe and the structure of matter in bulk is gathered from the scattering
studies using both theoretical and experimental methods which complement each other
for the improvement of scientific cognizance. The scattering data of e±–atom collision has
drawn interest in many areas of science and technology. These cross sections are essential in
many practical fields, including plasma physics, astrophysics, materials science, radiation
dosimetry, atmospheric physics, and surface electron spectroscopy, in addition to their
basic significance [1–8]. The accurate e−-atom cross section data are required in plasma
physics for the parameters used in the plasma diagnostic and modeling techniques [9,10].
Scattering cross sections assist to explore the spectrum and chemical composition as well as
to determine various astrophysical objects and their abundances [11–13]. On the other hand,
positron scattering is an important tool in medical and materials science. The positron
emission tomography (PET) [14] is used to diagnose cancer and the disorderedness of
certain brain functions. To study and characterize the defects in material systems, positron
annihilation spectroscopy is used [15,16]. Positron scattering also have applications in
astrophysics [17], nanoscience [18] and plasma physics [19]. Positron scattering data are
extremely important for understanding the theoretical correlation of electrons in solids, in
addition to its practical applications. In order to comprehend the electron–atom scattering
and to offer accurate computations of the reported positron measurements, the theory
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of positron scattering is also under new demands. To understand the internal atomic
structure and to explain the e±–atom collision, accurate knowledge about various scattering
observables is required. The data about the various scattering observables are also in great
demand in many areas of science, technology and industry [20–28] such as Auger electron
spectroscopy, electron microscopy, electron probe microanalysis, etc. The study of critical
minima (CM) [7,29] is beneficial as the degree of polarization of the scattered projectile
attains its maximum in the vicinity of these CMs. The knowledge of CM is also important
to investigate the parity violation in high-energy physics and thin-film research [30].

Thallium (Tl) is a soft, malleable, bluish-white metal. It has high demand in nuclear
medicine for various applications such as radiation dosimetry, cardiac imaging, kidney
studies, tumor diagnosis and others. Additionally, thallium is used in the production of
electrons, low-temperature thermometers, optical lenses, and other items [31,32]. More-
over, the discovery of high-temperature superconductor ceramic compound increases the
demand of thallium [33].

Although Tl has a significant demand in various fields, there is no sufficient work on
the scattering of e±−Tl that can provide enough information. In 1987, Kaussen et al. [34]
carried out an experiment on spin polarization in elastic scattering of electron from Tl atoms
over an energy range of 6 eV to 180 eV. In 1986, Haberland and Fritsche [35] performed
first-principle calculations on the elastic scattering of low-energy electrons by TI atoms.
Tawara and Kato [36] compiled the total and partial ionization cross sections (ICS) for
the e−−Tl system. Mayol and Salvat [37] reported electron impact integrated elastic cross
sections (IECSs), momentum transfer cross sections (MTCSs), and viscosity cross sections
(VCSs) for the elements of atomic number z = 1–92 at incident energies from 100 eV to 1 GeV
using the Dirac–Hartree–Fock (DHF) electron density. Dapor and Miotello [38] presented
differential cross sections (DCSs), IECSs, MTCSs, and VCSs at incident energies ranging
from 500 eV to 4000 eV for the elements of atomic number Z = 1–92 for positron scattering
using Dirac–Hatree–Fock–Slater atomic potential.

The review of the earlier works reveals that the literature lacks works in eV to MeV
order of energies and not a single article covers all the features of the e±−Tl scattering
over a broad energy domain up to the MeV order. Moreover, neither any experimental
nor theoretical study is concerned with the investigation of critical minima (CM) in DCS
distributions of this target of interest. Therefore, the scope and interest effectiveness of the
study of this scattering covering the all-out features up to MeV order still remain. Moreover,
testing this easy procedure for the production of data for this system might be another
interesting point of investigation.

In this study, we investigate the DCS, IECS, MTCS, VCS, inelastic cross section (INCS),
total ionization cross section (TICS), total cross section (TCS) along with the spin asymmetry
parameters S, U and T for both electron and positron scattering from Tl in the energy region
from 1 eV to 1 MeV. In addition, we present here systematically the comprehensive analysis
of CMs in the elastic DCSs. This work employs a theoretical approach based on the
relativistic Dirac partial wave (phase-shift) analysis with different collision dynamics using
a complex optical model potential (OPM) [4,7,29]. The OPM incorporates the interactions
of the incident lepton with both the nucleus and the bound electrons of the target atom.
Static, exchange, polarization, and absorption potentials are all included in the optical
potential (OP), which is used in our OPM theory. The outcome of the present OPM theory
for various scattering observables are compared to the results of available experimental
and theoretical research.

2. Outline of the Theory
2.1. The Relativistic Dirac Equation

A projectile moving with the velocity v in a central field V(r) can be expressed by
using the relativistic Dirac equation as

[cα.p + βm0c2 +V(r)]ψ(r) = Eψ(r). (1)
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Here, E = m0γc2 = Ei +m0c2 and m0 are, respectively, the total energy and rest mass of
the projectile, and γ = (1 − v2/c2)−1/2. Ei and c are, respectively, the kinetic energy of
the projectile and velocity of light in vacuum. α and β represent the usual 4 × 4 Dirac
matrices. The relativistic wave function ψ(r), which is a four-component spinor with
quantum numbers (κm), represents the motion of scattered projectile and is given by

ψEκm(r) = 1
r
( PEκ(r) Ωκ,m(r̂)

iQEκ(r) Ω−κ,m(r̂)). (2)

Here, PEκ(r) and QEκ(r) represent, respectively, the radial parts of the large and small
components of the scattering wave function and Ωκ,m(r̂) are the spherical spinors. The
relativistic quantum number κ is defined as κ = (l − j)(2j + 1), where l and j are the orbital
and total angular momentum quantum number, respectively.

The large and small components, PEκ(r) and QEκ(r), respectively, satisfy the following
set of coupled differential equations [39]:

dPEκ

dr
= −κ

r
PEκ +

Ei −V + 2m0c2

ch̷
QEκ , (3)

dQEκ

dr
= −Ei −V

ch̷
PEκ +

κ

r
QEκ . (4)

The information about the scattering process that may be described in terms of the
complex phase shift δκ can be obtained from the asymptotic form of the large component
PEκ(r) of the scattered wave function as

PEκ(r) ≅ sin(kr − lπ
2
+ δκ). (5)

Here, k is the relativistic wave-number of the projectile. Its relation with the kinetic energy
Ei is given as

h̷k = p, (ch̷k)2 = Ei(Ei + 2m0c2). (6)

Using the subroutine package RADIAL [40], the numerical solutions of the Equations (3)
and (4) can be achieved.

2.2. Interaction Potential: The OPM Approach

To calculate various cross sections and other scattering observables for e±−Tl scattering,
the Dirac relativistic equation is used in this study in the framework of OPM. Although the
details of the theory are given in the past [41–43], these are given in the following for the
convenience of readership.

The following form represents the optical potential of the projectile-atom interaction
as reported by Salvat [41]

V(r) = VOPM(r) = Vst(r) +Vex(r) +Vcp(r) − iWabs(r). (7)

Here, Vst(r), Vex(r) and Vcp(r) represent, respectively, the static, the exchange and the
correlation polarization potential. The remaining term Wabs(r) is the modulus of the
imaginary absorption potential. Since the incident positron is different from the bound
target electrons, we employ the same optical potential as in (7) for positron scattering while
leaving out the exchange component.

The static potential arises due to the Coulomb interaction between the projectile and
target Vst(r) for the e±−Tl collision, which is given [44] by

Vst(r) = Z0eφ(r) = Z0e[φn(r) + φe(r)], (8)
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where Z0e is the charge of the projectile with Z0 (−1 for electron and +1 for positron), and e
represents the magnitude of the electronic charge.

As in [41], the electrostatic potential φ
(
r) is the sum of the electrostatic interactions

due to the nucleus φn(r) and the electron cloud φe(r). We have

φn(r) = e(1
r ∫

r

0
ρn(r′)4πr′2dr′ +∫

∞

r
ρn(r′)4πr′dr′), (9)

and
φe(r) = −e(1

r ∫
r

0
ρe(r′)4πr′2dr′ +∫

∞

r
ρe(r′)4πr′dr′), (10)

where ρn(r) and ρe(r), respectively, are the nuclear and electron charge densities.
For the bare nucleus, the pure Coulomb potential is Vc(r) = Z0φn(r).
The semi-classical exchange potential Vex(r) for the e−−Tl collision is taken from Fur-

ness and McCarthy [45], which is derived directly from the non-local exchange interaction
by using a WKB-like approximation for the wave functions. This is

Vex(r) = 1
2
[Ei −Vst(r)] − 1

2
{[Ei −Vst(r)]2 + 4πa0e4ρe(r)}1/2. (11)

Here, a0 is the Bohr radius. The electronic density function ρe(r) is calculated from the
numerical Dirac–Fock (DF) wavefunctions given by Desclaux [46]. The function ρe(r)
satisfies the following normalization integral:

∫ ρe(r)4πr2dr = Z. (12)

Here, Z is the atomic number of the target atom. In this study, we have chosen a global
correlation polarization potential Vcp(r) which is a combination of the parameter-free long-
range polarization potential Vcps(r) of Sun et al. [47] and the local-density approximation
(LDA) correlation potential Vco(r). Accordingly, following [41], Vcp(r) is given by

Vcp(r) ≡ { max{Vco(r), Vcps(r)} if r < rc
Vcps(r) if r ≥ rc.

(13)

where rc is the outer radius at which the short-range potential Vco(r) and the long-range
potential Vcps(r) intersect first. The short-range potential Vco(r), for electron and positron,
are adopted from Perdew and Zunger [48] and Jain [49], respectively.

An imaginary component must be introduced to the OPM to account for the loss of
flux from the incident channel to the inelastic channels. The semi-relativistic imaginary
potential, developed by Salvat et al. [44], has been applied in the current investigation:

Wabs(r) = Aabs
h̄
2
[vLρ(r)σbc(EL, ρ, ∆)][ 2(EL +m0c2)2

m0c2(EL +m0c2)]
1
2

. (14)

Here, vL = (2EL/mo)1/2 is the velocity with which the projectile of rest mass m0 interacts
as if it were moving within a homogeneous gas of density ρ(r) with EL(r) = Ei −Vst(r)
being the local kinetic energy of the electron. For both e−−Tl and e+−Tl scattering, the
value of the adjustable empirical parameter Aabs has been chosen as 2.0. The energy gap ∆
accounts for the fact that excitations of the target atom are possible only when the energy
lost by the projectile is larger than the first inelastic threshold. For electron scattering, ∆ is
set equal to the first excitation energy ε1 of the target atom. In the case of positron scattering,
positronium formation is frequently the first inelastic channel to open. For atoms whose
ionization potential I is larger than the positronium binding energy ∣E1s∣ ∼ 6.8 eV (such as
the noble gases), the threshold energy for positronium formation is εPs = I − E1s. For atoms
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with I < 6.8 eV, positronium formation is possible at all energies, i.e., εPs = 0. Consequently,
the default energy gap adopted in ELSEPA [44] is

∆ = { ε1 for electrons
max(I − 6.8 eV, 0) for positrons.

(15)

Following [50], these values are taken as ε1 = 0.97 eV and I = 6.1083 eV, respectively.
The direct part f (θ) and the spin–flip part g(θ), of the scattering amplitude for elec-

trons and positrons, respectively, employed in the OPM, are given [51], by

f (θ) = 1
2ik

∞

∑
l=0

{(l + 1)[e(2iδ−(l+1) − 1] + l[e2iδl − 1]}Pl(cosθ), (16)

and

g(θ) = 1
2ik

∞

∑
l=0

[e2iδl − e2iδ−(l+1)]P1
l (cosθ). (17)

Here, Pl(cosθ) and P1
l (cosθ) represent, respectively, the Legendre polynomials and associ-

ated Legendre functions. The elastic DCS for unpolarized particles in terms of f (θ) and
g(θ) can be obtained as

dσ

dΩ
= ∣ f (θ)∣2 + ∣g(θ)∣2. (18)

The integrated elastic, momentum transfer, viscosity and total cross sections are, respec-
tively, expressed as

σel = ∫
dσ

dΩ
dΩ = 2π∫

π

0

dσ

dΩ
sin θdθ, (19)

σm = 2π∫
π

0
(1− cosθ) dσ

dΩ
sin θdθ, (20)

σv = 3π∫
π

0
[1− (cosθ)2] dσ

dΩ
sin θdθ, (21)

and
σtot =

4π

k
Im f (0). (22)

Here, Im f (0) denotes the imaginary part of the direct scattering amplitude in the forward
direction at θ = 0. Due to the presence of the imaginary portion of the optical potential, not
only elastic but also inelastic (absorption) scattering happens throughout the scattering
process. Consequently, the total cross section σtot for a given objective can be expressed as

σinel = σtot − σel . (23)

Here, σel and σinel represent, respectively, the elastic and inelastic cross-sections. The
spin-polarization or Sherman function S(θ) and the spin asymmetry parameters T(θ) and
U(θ) [52,53] in terms of f (θ) and g(θ) can be given as

S(θ) = i
f (θ)g∗(θ) − f ∗(θ)g(θ)

∣ f (θ)∣2 + ∣g(θ)∣2 , (24)

T(θ) = ∣ f (θ)∣2 − ∣g(θ)∣2
∣ f (θ)∣2 + ∣g(θ)∣2 , (25)

and

U(θ) = 2Im[ f (θ)g∗(θ)]
∣ f (θ)∣2 + ∣g(θ)∣2 . (26)
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The following conservation relation is satisfied by the three spin asymmetry parame-
ters S(θ), T(θ) and U(θ) as:

S2 + T2 +U2 = 1. (27)

The excitation cross section σex and the ionization cross section σion are added to create
the inelastic cross section σinel . This indicates that the σinel is divided, and the relationship
between σinel and σion can be expressed as

σinel ⩾ σion. (28)

The σion can be obtained [54] using the ratio as

R(Ei) =
σion(Ei)
σinel(Ei)

(29)

where 0 ≤ R(Ei) ≲ 1. The ratio R(Ei) for incident energy above the ionization potential can
be calculated by fitting the equation:

R(Ei) = 1− A[ B
U +C

+ lnU
U

], (30)

where U = Ei/I is the reduced energy. The following expression can be used to adjust the
values of the parameters A, B, and C:

R(Ei) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

0 for Ei ⩽ I
RP for Ei = EP
RF for Ei ⩾ EF > EP,

(31)

where Ep is the incident projectile energy at which σin attains its maximum. It is obvious
from Equation (31) that, for incident energies below the ionization threshold of the target
atom, no ionization takes place. At the peak point, the ionization cross section reaches its
maximum while the contribution from the excitation cross section declines. This suggests
that the range of values for Rp is 0.5 to 1.0. We choose Rp = 0.85 corresponding to EP = 100.0
as an approximation that fits the experimental data because there are still some excitation
cross section contributions to the inelastic cross sections. It can be shown that the ratio
R(Ei) increases gradually with energy past its peak, and reaches nearly unity at high
energies. The relatively modest contribution from excitation in the high energy area results
in RF = 0.99 at EF = 1100 eV. The parameters A, B, and C were calculated to have values of
−0.539, −7.987 and =3.309, respectively.

3. Potentials and Numerics

The various scattering observables have been calculated using ELSEPA code [44], like
in our previous works [4–6,29,55]. At first, the program calculates phase shifts δκ that are
essential for the calculations of scattering amplitudes. These calculations are carried out
from the solutions of the Dirac equations up to a matching distance and then matching
with the exterior known solution. Based on these scattering amplitudes, the program then
calculates various scattering cross sections and Sherman function for spin-unpolarized
electrons or positrons.

In Figure 1, we have displayed the potential times radial distance as a function of r,
showing the radial dependence of the real part of the optical potential VRe(r), the static
potential Vst(r) and the pure Coulomb potential VC(r) determined from the Fermi charge
distribution. Within the nucleus i.e, at r < R, the potential is obtained from the Fermi
charge distribution of the bare nucleus because the radius of the Tl nucleus is R ≈ 10−5 a.u.
For both e±−Tl scattering, the real optical potential VRe(r) and the static potential Vst(r)
coincide at r > 10−4 a.u., as observed from Figure 1a,b, suggesting that the impact of other
components is minimal beyond this distance. The optical potential is found to be mostly
contributed by the static potential, which is the sum of the contributions from electronic
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and nuclear charge distributions. Figures show that it is true. Refer to Figure 1a,b to see
how the nucleus behaves for both projectiles at distances greater than 10−4 a.u. The nucleus
behaves as a point charge at distances r > 10−4 a.u. for both of the projectiles, which are
shown in Figure 1a,b.
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Figure 1. Radial distance r times the radial distribution of the potential V(r) for (a) e−−Tl and (b)
e+−Tl scattering. The red solid line represents the real potential, and the dotted (black) and dotted
(blue) lines are, respectively, the static and Coulomb potentials. (c) shows the electronic charge density
of Tl VS radial distance from the nucleus.

The electron charge density is a crucial component of the OP, which is generated from
the quantum mechanical Dirac–Fock (DF) calculation, and the radial distribution of the
electron charge density for Tl atom is plotted in Figure 1c. The humps on the curve indicate
where the targets’ electronic shells are located. The position of the nth electronic shell can be

found near r = a0
n2

ZT
[56], and the radius of the outermost electronic shell can be calculated

by the Bohr radius, a0 =
̷h2

me2 = 1 a.u.
Figures 2 and 3 displays the effect of the potential gradients on the differential cross

section and Sherman function for both e±−Tl scattering at 90○ as a function of incident
energy obtained from by adding different components of the OP. For electron scattering, as
observed from Figures 2a,b and 3a,b, although the static potential Vst(r) is the crucial con-
tributor to the DCS and S(θ), the inclusion of the exchange potential leads to a considerable
modification of the structures, particularly below 100 eV. The correlation polarization po-
tential counteracts Vex by lowering the excursions in the DCS and in S(θ), with its strongest
influence being below 10 eV. The imaginary potential iWabs has a significant impact on the
structure of the DCS and S at energies below 100 eV.

On the other hand, for positron scattering shown in Figures 2c and 3c, in which Vex
is not present, a considerable impact of the imaginary potential is observed for the DCS
at collision energies below 104 eV. However, as can be shown from Figures 2d and 3d, the
contribution of Vst(r) is the only source of the S(θ). This study shows that at low energies
the S(θ) is sensitive to the projectile’s charge sign.
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Figure 3 depicts the variation of DCS and S(θ) on the choice of potentials in the
projectile energy range from 1 eV to 1 MeV. The pure Coulomb field Vc overestimates VOPM
below 10 keV for electron scattering and below 100 keV for positron scattering. The VOPM
is well approximated by Vc above these energies for both of the projectiles, respectively.
In Figure 3d, for the e+−Tl scattering, VOPM approaches Vc over the entire energy region
except 1 keV to 500 keV. In this energy region, Vc underestimates VOPM.
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Figure 3. DCS and S(θ) for e±−Tl scattering at 90○ as a function of incident energy. The effect of
Coulomb potential is shown in (blue) dotted lines.

Figure 4 shows the effect of the Vst, VOPM and Vc on the angular dependence of the
DCS and of the Sherman function for electron impact on Tl at incident energies from 50
eV to 10 keV. At 50 eV, both the DCS and S(θ) results reveal a significant difference for
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all these three potentials. The static potential among the potential constituents has an
exceptional large impact on the DCS and the S as the energy increases. The outcome for a
pure Coulomb field is also compared, for which the DCS diverges at a zero-degree angle.
At low energies, there is a significant discrepancy between the DCS produced by VOPM and
Vc. This demonstrates the substantial screening effect of the electron cloud on the nuclear
charge [29]. It is seen that the OPM results gradually approach the Coulombic behavior
with increasing energy.

The corresponding results for the positron impact are displayed in Figure 5. The optical
potential induces oscillations both in the DCS and in S at low energies. The influence of
the absorption potential is even stronger than that of electrons, particularly for the spin
asymmetry. In addition, the Coulombic behavior has not yet approached at 10 keV.

0 5 0 1 0 0 1 5 01 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3

1 0 4

1 0 5

1 0 6

1 0 7

1 0 8
 

 

DC
S (

a2 0/Sr
)

 V O P M
 V s t
 V C

( a )  E i = 5 0  e V  ( e _ , T l )

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 0
- 0 . 4

- 0 . 2

0 . 0

0 . 2

0 . 4

  

 

 

( b )  E i = 5 0  e V  ( e _ , T l ) V O P M  
 V s t
 V C

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 3

1 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3

1 0 4

1 0 5

1 0 6

1 0 7

1 0 8
 

 

 

( c )  E i = 1 0 0 0  e V  ( e _ , T l )

DC
S (

a2 0/Sr
)

 V O P M
 V s t
 V C

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 0
- 1 . 0

- 0 . 5

0 . 0

0 . 5

1 . 0
 

 
  

( d )  E i = 1 0 0 0  e V  ( e _ , T l )

 V O P M
 V s t
 V C

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 3

1 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3

1 0 4

1 0 5

1 0 6

1 0 7
 

 

( e )  E i = 1 0 0 0 0  e V  ( e _ , T l )

DC
S (

a2 0/Sr
)

S c a t t e r i n g  A n g l e  q  ( d e g . )

 V O P M
 V s t
 V C

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 0
- 0 . 3

- 0 . 2

- 0 . 1

0 . 0

0 . 1

0 . 2

0 . 3
 

  

Sh
erm

an
 Fu

nc
tio

n S
Sh

erm
an

 Fu
nc

tio
n S

Sh
erm

an
 Fu

nc
tio

n S

( f )  E i = 1 0 0 0 0  e V  ( e _ , T l )

S c a t t e r i n g  A n g l e  q  ( d e g . )

 V O P M
 V s t
 V C

Figure 4. DCS (a2
0/sr) and the Sherman function for the elastic scattering of electron from Tl at

incident energies of 50, 1000 and 10,000 eV.
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Figure 5. Angular dependence of the DCS (a2
0/sr) and the Sherman function for the elastic scattering

of positron from Tl at incident energies of 50, 1000 and 10,000 eV.

4. Results and Discussion
4.1. Electron Scattering
4.1.1. Angle Dependent DCS

Figures 6–9 display our OPM predictions of the DCS for electron scattering from the
studied Tl target atom at impact energies Ei = 10 eV–10 MeV. The figures clearly show that
Ramsauer–Townsend structures [57,58], which are produced by the interference effects of
projectile electrons scattering from individual electrons of the atom, appear in the DCS data.
The interference patterns vanishes at greater impact energies (far beyond 10 keV), when
the projectile–atom interaction takes place inside the K-shell. No experimental data for the
DCS results of e−−Tl scattering have been found to compare with this OPM predictions.
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However, the similar trends of angular dependent DCS results for the elastic scattering of
electron have been found in our previous works for other atoms [7,29,55].
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Figure 6. DCS (a2
0/sr) for the elastic scattering of electrons from Tl at incident energies (a) 10 eV, (b)

20 eV, (c) 30 eV, (d) 50 eV, (e) 70 eV, and (f) 90 eV.
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Figure 7. DCS (a2
0/sr) for the elastic scattering of electrons from Tl at incident energies (a) 100 eV,

(b) 250 eV, (c) 500 eV, (d) 1000 eV, (e) 1500 eV, and (f) 2000 eV.
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Figure 8. DCS (a2
0/sr) for the elastic scattering of electrons from Tl at incident energies (a) 3 keV,

(b) 5 keV, (c) 10 keV, (d) 15 keV, (e) 30 keV, and (f) 50 keV.



Atoms 2023, 11, 37 14 of 40

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 4

1 0 - 3

1 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3

DC
S (

a2 0/Sr
)

 

 

DC
S (

a2 0/Sr
)

 O P M

( a )  E i = 7 5 0 0 0  e V  ( e _ , T l )

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 5

1 0 - 4

1 0 - 3

1 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3
 

 

  

( b )  E i = 1 0 0 0 0 0  e V  ( e _ , T l )

 O P M

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 5

1 0 - 4

1 0 - 3

1 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3
 

 

 
( c )  E i = 1 5 0 0 0 0  e V  ( e _ , T l )

DC
S (

a2 0/Sr
)

 O P M
0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 6

1 0 - 5

1 0 - 4

1 0 - 3

1 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3
 

 

  
( d )  E i = 2 5 0 0 0 0  e V  ( e _ , T l )

DC
S (

a2 0/Sr
)

 O P M

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 6

1 0 - 5

1 0 - 4

1 0 - 3

1 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3
 

 

( e )  E i = 5 0 0 0 0 0  e V  ( e _ , N i )

DC
S (

a2 0/Sr
)

S c a t t e r i n g  A n g l e  q  ( d e g . )

 O P M
0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 7

1 0 - 6

1 0 - 5

1 0 - 4

1 0 - 3

1 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3
 

  

( f )  E i = 1 0 0 0 0 0 0  e V  ( e _ , N i )
DC

S (
a2 0/Sr

)

S c a t t e r i n g  A n g l e  q  ( d e g . )

 O P M

Figure 9. DCS (a2
0/sr) for the elastic scattering of electrons from Tl at incident energies (a) 75 keV,

(b) 100 keV, (c) 150 keV, (d) 250 keV, (e) 500 keV, and (f) 1 MeV.

4.1.2. Angle Dependent Sherman Function S(θ)
The angular dependent Sherman function S(θ) for the e−−Tl scattering predicted by

OPM over the impact energies of 1 eV to 10 MeV is depicted in Figures 10–13. Our OPM
results for S(θ) are compared with the experimental data of Kaussen et al. [34] and the
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fully relativistic calculations of Haberland and Fritsche [35] for the electron impact energies
of 6 eV, 9 eV, 11 eV, 12.5 eV, 14 eV, 17 eV, 24 eV and 180 eV which are shown, respectively,
in Figures 10b–f and 11a,b,f. The figures show that, at lower energies, our OPM results
exhibit poor agreement with the experimental data as compared to that of Haberland
and Fritsche [35]. As the energy increases, the discrepancy between OPM results and the
experimental data decreases. At 180 eV, the OPM results show good agreement with the
experimental data of [34] and better than that of [35]. With increasing electron energy, the
height of the positive peak of S diminishes and, after 0.2 MeV, it vanishes. With a further
increasing of electron energy, the height of the negative peak of S increases, and, at 1 MeV,
the value of the negative peak is the highest. We found no experimental and/or theoretical
data in the literature for angular dependent S in the other energies to compare with. We
perform these calculations in anticipation that these will stimulate upcoming theoretical
and experimental research.
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Figure 10. Sherman function for the elastic scattering of electron from Tl at incident energies of (a)
1.0 eV, (b) 6.0 eV, (c) 9.0 eV, (d) 11.0 eV, (e) 12.5 eV, and (f) 14.0 eV. Theoretical works: Haberland and
Fritsche [35]. Experimental works: Kaussen et al. [34]
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Figure 11. Sherman function for the elastic scattering of electron from Tl at incident energies of (a)
17 eV, (b) 24 eV, (c) 50 eV, (d) 100 eV, (e) 150 eV, and (f) 180 eV. Theoretical works: Haberland and
Fritsche [35]. Experimental works: Kaussen et al. [34]
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Figure 12. Sherman function for the elastic scattering of electron from Tl at incident energies of
(a) 200 eV, (b) 250 eV, (c) 500 eV, (d) 1000 eV, (e) 1500 eV, and (f) 2000 eV.
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Figure 13. Sherman function for the elastic scattering of electron from Tl at incident energies of (a) 5
and 7 keV, (b) 9 and 10 keV, (c) 20 and 50 keV, (d) 70 and 100 keV, (e) 200 and 500 keV, and (f) 700 keV
and 1 MeV.

4.1.3. Energy Dependent DCS and Spin Polarization Parameters

DCS and Spin polarization parameters S(θ), U and T as a function of electron energy
for e−−Tl scattering over the energy region, from 1 eV to 1 MeV at scattering angles 30○, 90○

and 150○, are shown in Figures 14 and 15. It is evident from Figures 14a,c,e that the overall
magnitude of DCS decreased as the projectile energy increased. Thus, as projectile energies
increase, scattering becomes less effective. At all scattering angles, strong Ramsauer–
Townsend (R–T) structures can be seen up to incident energy of 3 keV. As electron energy
increases, the R–T structures start to diminish.

Energy-dependent Sherman function S(θ), predicted by our OPM results, are shown
in Figure 14b,d,f at scattering angles 30○, 90○ and 150○, respectively, and compared with the
available data [34]. It is seen that oscillations in the S(θ) are more markable in our OPM
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calculations because S(θ) is most sensitive to the potentials and methods of calculations
used. Additionally, it is clear from figures that the magnitude of S(θ) rises with the scat-
tering angle, falls with collision energy, and eventually disappears at energy above 1 MeV.
One possible reason is that, for a particular scattering process, the stronger nuclear field
significantly affects S(θ) at smaller projectile–nuclear distances. The highest magnitude of
oscillation in S(θ) is at 90○.
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Figure 14. Incident electron energy dependency of DCS (a2
0/sr) and Sherman function for the elastic

scattering from Tl at scattering angles 30○, 90○, and 150○. Theoretical Works: OPM. Experimental
works: Kaussen et al. [34].

Figure 15 presents the OPM-calculated U and T results. These symmetry parameters
are produced by the interference effect of the spin–flip and direct scattering amplitudes.
Our OPM shows remarkable oscillations in U and T. The magnitude of the parameter
U increases with increasing energy and scattering angle and has reached nearly unity at
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θ = 90○ and Ei = 24 eV. On the other hand, the magnitude of T decreases with increasing
energy and reached nearly zero at θ = 90○ and Ei = 24 eV. It is obvious from Figure 15 that
the behavior of U is opposite to that of T. With increased projectile energy, T decreases
while U grows. In terms of asymptotics, U tends to 1 and T tends to 0. The same behaviour
of the spin asymmetry parameters is found in our previous studies of other atoms [29].
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Figure 15. Incident electron energy dependency of spin asymmetry functions U and T for the elastic
scattering from Tl at scattering angles 30○, 90○, and 150○.

4.1.4. Energy Dependent IECS, MTCS, VCS, INCS, TCS and TICS

Figure 16 presents our results of IECS, MTCS, VCS, INCS, TCS and TICS for e−−Tl
scattering by applying OPM over the energy range 1 eV to 1 MeV. The findings of IECS,
MTCS and VCS are compared with the Dirac–Hartree–Fock calculations of Mayol and
Salvat [37]. As can be seen from these figures, at energies close to and over 1 keV for MTCS
and VCS, the current estimates produce overall good agreement with the calculations
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of [37]. For IECS, it shows an excellent agreement with [37] throughout the compared
energy region. Our TICS results are compared with the experimental data of McFarland [59]
and Shimon et al. [60], and a reasonable agreement is observed. We found no experimental
data as well as theoretical calculations of e−−Tl scattering for INCS and TCS to compare
with our OPM predictions.
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Figure 16. Energy dependence of the (a) IECS, (b) MTCS, (c) VCS, (d) INCS, (e) TCS, and (f) TICS
for e−−Tl scattering. Theoretical works: OPM, Mayol and Salvat [37]. Experimental works: McFar-
land [59] and Shimon et al. [60]

4.1.5. Critical Minima and Maximum Spin Polarization

In this section, we provide a thorough analysis of the CM positions suggested by the
current OPM technique for e−−Tl scattering. Additionally, the maximum spin–polarization
(MSP) locations associated with these CM are identified. The thorough process of determin-
ing the CM is interesting for the examination of the polarization of the scattered electrons.
Additionally, the CM has an advantage over the DCS for judging theories because the
former only needs cross sections at a limited number of energies and angles. However, to
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our knowledge, no theoretical or experimental research has been carried out on the CM for
e−−Tl scattering.

Among the minimal DCS values, there are a few deep minima that are discernible.
Such a deep minima is qualified as a CM when it fulfills two crucial requirements [6,61]:
(i) the magnitude of the spin–flip amplitude must be larger than that of the direct amplitude,
i.e., ∣g(θ)∣ > ∣ f (θ)∣ and (ii) the DCS approaches its local minima that are several orders of
magnitude less than those at neighboring energies and angles. Moreover, in the vicinity
of a CM, the scattered electrons acquire total polarization (S = ±1). Plotting the energy
dependence of the DCS minima allows one to trace the positions of the absolute CM with
respect to both angle and energy [62]. However, special attention is needed to pay for
locating such CM points. It is important to note that numerous meticulous reruns of the
computations, used in this work, have confirmed the existence of the CM locations.

In the DCS distributions of e−−Tl scattering, the current analysis predicts a total of
13 deep minima. Table 1 lists the critical energy Ec, critical angle θc, direct amplitude
f (θ), and spin–flip amplitude g(θ) for these 13 deep minima. This table shows that
only one minimum, at (Ec = 18.3 eV, θc = 40.0○), does not meet the requirement (i) for
a CM. The remaining 12 deep minima satisfy the requirements of CM. In Figure 17, the
three-dimensional (3D) plot of the DCS clearly depicts the placements of these CM in
terms of impact energy and scattering angle. The maximum critical energy is found at
(Ec = 1696.0 eV, θc = 137.0○), while the highest critical angle is found at (Ec = 156.9 eV,
θc = 161.5○).

Table 1. The critical minima (CM) in the DCS for elastic e−−Tl scattering values, including their
energy and angular positions, for direct and spin–flip scattering amplitudes, and positions.

Ec θc ∣ f(θ) ∣ ∣ g(θ) ∣
(eV) (deg) (cm) (cm)

8.3 108.5 1.64 × 10−9 1.95 × 10−9

18.3 40.0 1.52 × 10−9 1.16 × 10−9

19.1 127.5 2.43 × 10−10 9.52 × 10−10

25.7 85.0 5.06 × 10−10 1.28 × 10−9

149.1 112.0 1.59 × 10−10 3.40 × 10−10

156.9 161.5 9.39 × 10−12 1.14 × 10−10

226.6 84.5 1.05 × 10−10 5.28 × 10−10

268.7 147.0 4.48 × 10−11 1.56 × 10−10

334.3 119.0 1.09 × 10−11 2.80 × 10−10

457.5 69.0 1.76 × 10−10 3.60 × 10−10

564.0 153.0 4.27 × 10−11 1.03 × 10−10

911.7 100.0 4.50 × 10−11 2.52 × 10−10

1696.0 137.0 1.31 × 10−11 1.81 × 10−10

As mentioned earlier, finding a CM location is important due to the scattered electrons
in its vicinity gaining total polarization (S = ±1). We have determined the energy, Em and
angle, θm at which the polarization reaches extreme values, Sm of both signs near each CM
obtained in the current investigation. A total of 25 such MSP points are discovered, and
they are given in Table 2. It is evident from this Table that 23 out of 25 MSP points achieve
substantial polarization (S ≥ 90%), and thus can be regarded as total polarization points.
The polarization for the two remaining MSP points are 78% and 80%. Walker [63] asserts
that the locations with S ≥ 50% may likewise be thought of as having entire polarization.
We might therefore refer the 25 MSP points, predicted in our model, as the total polarization
points. Figure 18 shows a 3D depiction of all 25 MSP points listed in Table 2 as a whole. In
the figure, the positions of these points in terms of impact electron energy and scattering
angle are clearly visible.
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Table 2. Maximum spin polarization points for e−−Tl elastic scattering, along with their locations as
well as energy and angle departures from the corresponding critical minima sites.

Sm Em θm ±∆E ±∆θ
(eV) (deg) (eV) (deg)

+1.00 8.9 102.0 0.6 6.5
−1.00 4.6 117.5 3.7 9.0
+0.99 17.3 41.0 1.0 1.0
+1.00 17.2 121.5 1.9 6.0
−1.00 19.9 130.0 0.8 2.5
+1.00 30.9 83.0 5.2 2.0
−0.97 15.9 70.5 9.8 14.5
+1.00 149.5 110.0 0.4 2.0
−0.78 151.0 114.5 1.9 2.5
+1.00 155.8 162.6 1.1 1.1
−0.95 158.1 160.5 1.2 1.0
+0.98 216.4 85.0 10.2 0.5
−0.92 239.9 83.5 13.3 1.0
+0.98 270.7 146.0 2.0 1.0
−0.99 267.0 147.5 1.7 0.5
+1.00 321.4 120.5 12.9 1.5
−1.00 353.4 117.5 19.1 1.5
+1.00 455.9 68.0 1.6 1.0
−0.80 480.5 69.0 23.0 0.0
−0.89 565.8 152.5 4.0 0.5
+1.00 558.3 153.5 3.5 0.5
+1.00 912.9 98.5 1.2 1.5
−0.95 925.8 101.0 14.1 1.0
+0.99 1748.0 135.5 52.0 1.5
−0.97 1639.0 138.5 57.0 1.5

Figure 17. A 3D view of the behavior of DCS for e−−Tl scattering for energies from 1 eV to 10 keV.
The sharp peaks are the critical minima.
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Figure 18. A 3D view of the behavior of of Sherman function S for e−−Tl scattering for energies from
1 eV to 10 keV. The sharp peaks show the position of total-polarization points.

For each MSP point, we have also calculated the energy widths ∆E referring the energy
difference between Ec and Em and the angular widths ∆θ referring the angle difference
between θc and θm. The evaluation of these energy and angle widths is important because
their sum in the positive excursion and negative excursion define the width of the DCS
valley, respectively, along the energy and angular axes. For instance, in the case of CM
at (Ec = 268.7 eV; θc = 147.0○), the value of S = +0.98 at (Em = 270.7 eV; θm = 146.0○)
with ∆E = ∣ 268.7 − 270.7 ∣ = 2 eV and ∆θ = ∣ 147.0 − 146.0 ∣ = 1○. Similarly, for negative
excursion, S = −0.99 at (Em = 267.0 eV; θm = 147.5○) with ∆E = ∣ 268.7− 267.0 ∣ = 1.7 eV and
∆θ = ∣ 147.0− 147.5 ∣ = 0.5○. These result in the width of the DCS valley being ∆Ew = 2 + 1.7
= 3.7 eV along the energy axis and ∆θw = 1 + 0.5 = 1.5○ along the angular axis.

Figure 19 demonstrates the behavior of our DCS and S results at some incident
energies in the neighborhood of three CM (each from the low-, intermediate- and high-
energy domains) to support the obtained CM positions for the second criterion (i.e., at a
CM, the DCS attains a local minimum). At low-energy CM (Ec = 8.3 eV; θc = 108.5○), as
evident in Figure 19a, the DCS precisely reaches its lowest at 8.3 eV. If the energy is slightly
increased to 10.3 eV or little dropped to 6.3 eV, the DCS rises. A similar situation is seen also
for the other two CM positions. At (Ec = 268.7 eV; θc = 147.0○), in Figure 19c, the DCS value
is minimum at 268.7 eV comparing to those at 265.7 and 271.7 eV. Similarly, in Figure 19e
for the CM (Ec = 911.7 eV; θc = 100.0○), the lowest DCS value is at 911.7 eV then at 901.7
and 921.7 eV.

As mentioned earlier, a crucial characteristic of a CM point is that the maximum
values of the Sherman function for both signs can only be found in the proximity of it. As
seen in Figure 19b corresponding to the CM (Ec = 8.3 eV; θc = 108.5○), the values of Sm in
the current study range from +100% at (8.9 eV; 102.0○) to −100% at (4.6 eV; 117.5○). The
Sherman function behaves similarly for the CM at (Ec = 268.7 eV; θc = 147.0○) in Figure 19d
and (Ec = 911.7 eV; θc = 100.0○) in Figure 19f. All of these findings show that our current
electron–atom optical potential may reasonably predict CM positions within the context of
relativistic collision dynamics.
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Figure 19. Angular dependence of the DCS and S for some incident energies in the vicinity of the
CM at (Ec = 8.3 eV; θc = 108.5○) (a,b); (Ec = 268.7 eV; θc = 147.0○) (c,d); and (Ec = 911.7 eV; θc = 100.0○)
(e,f).

4.2. Positron Scattering
4.2.1. Angle Dependent DCS

The angular dependence DCSs for e+−Tl scattering predicted by our OPM theory are
depicted in Figures 20–23 over the energy from 10 eV to 1 MeV at angular region 0○ to
180○. As can be observed, the DCS results for the positron scattering drops monotonically
with increasing scattering angle, in contrast to electron scattering. Particularly, for positron
scattering, the features in the DCS observed for electron impacts are either nonexistent
or substantially weaker. This is caused by the lack of exchange between the positron and
the target electrons as well as the different polarization interactions between electrons
and positrons (see Figures 4 and 5). Additionally, positrons can enter the electronic shells
without being considerably deflected by the target electrons, whereas primary electrons are
repulsed. The basic origin of the structures, namely, diffraction, is thus suppressed [29,64].
Our OPM results agree well with the theoretical results of Dapor and Miotello [38]. This
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outcome demonstrates the considerable role played by the exchange component of the
OPM in the development of interference structures in the DCS.

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3

DC
S (

a2 0/Sr
)

 

 

DC
S (

a2 0/Sr
)

 O P M( a )  E i = 1 0  e V  ( e + , T l )

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3
 

 

  

( b )  E i = 2 0  e V  ( e + , T l )

 O P M

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3
 

 

 

( c )  E i = 3 0  e V  ( e + , T l )

DC
S (

a2 0/Sr
)

 O P M
0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3
 

 

  

( d )  E i = 5 0  e V  ( e + , T l )

DC
S (

a2 0/Sr
)

 O P M

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3
 

 

( e )  E i = 7 0  e V  ( e + , T l )

DC
S (

a2 0/Sr
)

S c a t t e r i n g  A n g l e  q  ( d e g . )

 O P M
0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3
 

  

( f )  E i = 9 0  e V  ( e + , T l )
DC

S (
a2 0/Sr

)

S c a t t e r i n g  A n g l e  q  ( d e g . )

 O P M

Figure 20. Angle dependence of the differential cross section (DCS) for e+−Tl scattering at (a) 10 eV,
(b) 20 eV, (c) 30 eV, (d) 50 eV, (e) 70 eV, and (f) 90 eV.
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Figure 21. Angle dependence of the differential cross section (DCS) for e+−Tl scattering at (a) 100 eV,
(b) 250 eV, (c) 500 eV, (d) 1000 eV, (e) 1500 eV, (f) 2000 eV.
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Figure 22. Angle dependence of the differential cross section (DCS) for e+−Tl scattering at (a) 2500 eV,
(b) 3000 eV, (c) 3500 eV, (d) 4000 eV, (e) 4500 eV, (f) 5000 eV.
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Figure 23. Angle dependence of the differential cross section (DCS) for e+−Tl scattering at (a) 10 keV
and 20 keV, (b) 30 keV and 50 keV, (c) 100 keV and 200 keV, (d) 300 keV and 400 keV, (e) 500 keV and
700 keV, and (f) 900 keV and 1 MeV.

4.2.2. Angle Dependent Sherman Function S(θ)
Angular dependent OPM results of the Sherman function for positron impact on Tl

are presented in Figures 24–26 at Ei = 10 eV−1 MeV. As evident in these figures, our OPM
calculations display fluctuations with minima and maxima, and, at higher energies, it
shows stronger amplitude. Unlike in the case of electron scattering from thallium, e+−Tl
shows a negligible amount of polarization in the scattered beam. As the spin polarization
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depends on the spin–orbit interaction as well as on the spatial interaction potential, these
tiny values of spin polarization indicate that the interaction between the positrons and
the Tl atoms is much weaker than that of e+−Tl. The lack of experimental and any other
theoretical results impedes any comparison.
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Figure 24. Angular dependent Sherman function S(θ) for e+−Tl scattering at (a) 10 eV, (b) 20 eV, (c)
30 eV, (d) 50 eV, (e) 70 eV, and (f) 90 eV.



Atoms 2023, 11, 37 31 of 40

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 0
0 . 0 0 0 0 0

0 . 0 0 0 0 1

0 . 0 0 0 0 2

0 . 0 0 0 0 3

0 . 0 0 0 0 4

0 . 0 0 0 0 5

 

 
Sh

erm
an

 Fu
nc

tio
n S

(q)

 O P M

( a )  E i = 1 0 0  e V  ( e + T l )

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 0
0 . 0 0 0 0 0

0 . 0 0 0 0 2

0 . 0 0 0 0 4

0 . 0 0 0 0 6

0 . 0 0 0 0 8

0 . 0 0 0 1 0
 

 

  

( b )  E i = 3 0 0  e V  ( e + T l )

 O P M

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 0
0 . 0 0 0 0 0

0 . 0 0 0 0 5

0 . 0 0 0 1 0

0 . 0 0 0 1 5
 

 

 

Sh
erm

an
 Fu

nc
tio

n S
(q)

( c )  E i = 5 0 0  e V  ( e + T l )

Sh
erm

an
 Fu

nc
tio

n S
(q)

 O P M
0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 0

0 . 0 0 0 0 0

0 . 0 0 0 0 5

0 . 0 0 0 1 0

0 . 0 0 0 1 5

0 . 0 0 0 2 0

0 . 0 0 0 2 5
 

 

  

Sh
erm

an
 Fu

nc
tio

n S
(q)

( d )  E i = 1 0 0 0  e V  ( e + T l )

 O P M

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 0
0 . 0 0 0 0 0

0 . 0 0 0 0 5

0 . 0 0 0 1 0

0 . 0 0 0 1 5

0 . 0 0 0 2 0

0 . 0 0 0 2 5

0 . 0 0 0 3 0

0 . 0 0 0 3 5
 

 

Sh
erm

an
 Fu

nc
tio

n S
(q)

( e )  E i = 1 5 0 0  e V  ( e + T l )

Sh
erm

an
 Fu

nc
tio

n S
(q)

S c a t t e r i n g  A n g l e  q  ( d e g . )

 O P M
0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 00 . 0 0 0 0

0 . 0 0 0 1

0 . 0 0 0 2

0 . 0 0 0 3

0 . 0 0 0 4

0 . 0 0 0 5
 

  

( f )  E i = 2 0 0 0  e V  ( e + T l )

S c a t t e r i n g  A n g l e  q  ( d e g . )

 O P M

Figure 25. Angular dependent Sherman function S(θ) for e+−Tl scattering at (a) 100 eV, (b) 300 eV,
(c) 500 eV, (d) 1000 eV, (e) 1500 eV, (f) 2000 eV.
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Figure 26. Angular dependent Sherman function S(θ) for e+−Tl scattering at (a) 5 keV and 7 keV,
(b) 9 keV and 10 keV, (c) 20 keV and 50 keV, (d) 70 keV and 100 keV, (e) 200 keV and 500 keV, and (f)
700 keV and 1 MeV.

4.2.3. Energy-Dependent DCS and Spin Polarization Parameters

The energy-dependent DCS and the corresponding values of Sherman function S(θ)
computed in the 1 eV to 1 MeV energy range for e+−Tl scattering at 30○, 90○, and 150○

are displayed in Figure 27. The available theoretical results for DCS from Dapor and
Miotello [38] in the energy region from 500 eV to 4000 eV are included. From Figures 27a,c,e,
it is clear that just one DCS minimum and (or) maximum can be found in the low-energy
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(≤30 eV) zone. The influence of the correlation–polarization potential [29,55] can be found
as the cause of this minimum and/or maximum DCS. When compared to the results of the
electron impact, it is evident that the diffraction structures brought on by the interference
of projectile electrons, scattered from the individual target electrons, are suppressed in
the low-energy zone [29]. The DCS for both lepton species monotonically drops in the
Coulombic zone between 10 keV and 1 MeV, with slightly smaller positron cross sections
due to nuclear repulsion. Similar structures in the DCS are seen for both leptons at
ultra-relativistic energies, albeit positrons start at a somewhat higher energy because
of their greater distance from the nucleus at constant collision energies. As evident from
Figure 27a,c,e, our DCS calculations show good agreement with the pattern of Dapor and
Miotello [38] at comparable higher energies but a slight disagreement in magnitude at
low energy.
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Figure 27. Energy variation of DCS and corresponding Sherman function S(θ) for e+−Tl scattering at
30○, 90○, and 150○. The solid red line represents our OPM prediction. The open solid circles (blue) are
the theoretical calculations of of Dapor and Miotello [38].
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The Sherman function for positron scattering is constant up to some energy before
peaking, as demonstrated in Figure 27b,d,f. Furthermore, as the scattering angle increases,
the maximum values move toward higher energy and, at around 1 MeV, it appears with an
opposite sign. This graphic shows that the S(θ) for positron scattering is much small than
that for electron scattering. Up to a few keV, this robust suppression of the spin asymmetry
occurs without revealing any discernible structure. The positrons interact with the target
nucleus in a repellent manner at a given energy and angle. Hence, a degree of reduction is to
be anticipated that prevents them from getting as close to the nucleus as the electrons [29,55].
More theoretical and experimental research is required to assess our OPM predictions.

Figure 28 depicts the energy variation of the spin asymmetry U and spin asymmetry T
for e+−Tl scattering at 30○, 90○, and 150○. Due to the sum rule as given in Equation (27), T
is mostly close to unity in the low-energy regime, whereas S and U are small. As is the case
for electron scattering, structures appear for both in U and T (see in Figure 15), in contrast
to the positron scattering. Regardless of angle, the energy behavior of T for both projectiles
is different from that of U. With increased projectile energy, T decreases while U grows. In
terms of asymptotics, U tends to 1 and T tends to 0.
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Figure 28. Energy variation of the spin asymmetry parameters U and T for e+−Tl scattering at 30○,
90○, and 150○.
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4.2.4. Energy Dependent IECS, MTCS, VCS, INCS, TCS and TICS

This section furnishes the energy dependent scattering observables, namely, IECS σel ,
MTCS σm , VCS σv, INCS σinel , TCS σtot, and TICS σion, as defined in Equations (19)–(23)
and (29), respectively, for the scattering of positron from Tl, which is depicted in Figure 29.
The positron scattering, in contrast to the electron scattering, has a repulsive static potential
(Vst), and there is no exchange potential (Vex). In addition, the correlation polarizations
of both electron and positron may vary in the restricted range sections. These figures
show that, at energies ranging from roughly 500 eV to 5000 eV, the current computations
produce strong general agreement with the known calculations of [38]. However, our
OPM predictions show a little discrepancies with the results from [38]. In particular, the
theory of [38] does not yield the structures which appear in our IECS, MTCS, and VCS
shown in Figure 29a–c. The small deviation of our results at lower energies from that
of [38] is ascribed to the difference of solving the Dirac equation. However, the outcomes
of [38] closely reflect our estimation of IECS, MTCS, and VCS. Our TCS results, shown in
Figure 29e, appear to exceed our IECS results after the first excitation energy, as we see for
electron projectiles. The INCS result, shown in Figure 29d, decreases as energy increases.
The TICS value, displayed in Figure 29f, first increases with increasing positron energy and
then shows smooth decreasing tendency with the further increasing of projectile energy.
We found no experimental or theoretical findings to compare our INCS, TCS, and TICS.

4.2.5. Comparison of Electron and Positron Impact Results

Figure 30 depicts a comparison of our results of the energy variations of the IECS,
MTCS, VCS, and DCS at 90○, TCS, and Sherman function S(θ) at 90○ for the scattering
of electrons and positrons from thallium atoms. For electron scattering, we found some
R–T structures at lower energies, shown in Figure 30, but as the energy increases, the
structure gradually diminishes. In Figure 30, the IECS, MTCS, VCS, and TCS results both
for the electron and positron scattering are distinguishable at lower energy, but the results
become similar at higher energies. Figure 30a,e demonstrate that the two curves for both
electron and positron scattering become identical after 10 keV for IECS and 5 keV for TCS.
However, according Figure 30b,c, the MTCS and VCS results for both electron and positron
scattering are identical at ultimate high energy. This analysis reveals that the exchange,
correlation, polarization, and absorption potentials basically decline at high energies. At
high projectile energies, the static potential takes over as the main factor and contributes
equally to both scatterings.

We compare our observations for the energy-dependent DCS and the associated
Sherman function at 90○ for the scattering of electrons and positrons from thallium in
Figure 30d,f. At low energy, DCSs of electron scattering are impressively distinct from
those of positron scattering, as illustrated in Figure 30d. We see that the R–T structures
diminish as the energy increases, eventually disappearing after 10 keV. This happens due
to the dominance of the static potential predominates in the high energy region. However,
there is only one DCS minimum in positron scattering at low energies. The absence of
exchange potential for positron scattering might be responsible for the lower number of
DCS minima, and perhaps these low energy minima are caused by the influence of the
correlation polarization potential. Furthermore, throughout all energies, the values of
positron DCS are less than those of electron DCS.

Figure 30f presents our OPM results of Sherman function for e±−Tl scattering. For
electron scattering, the Sherman function oscillates with larger magnitudes, and the highest
oscillation occurs at 15 eV. However, no structure is observed for positron scattering up to
1 MeV. We can conclude that the Sherman function S for electron and positron scattering
will concede at high energy.
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Figure 29. Energy dependence of (a) IECS, (b) MTCS, (c) VCS, (d) INCS, (e) TCS, and (f) TICS for
e+−Tl scattering. Shown are results from the OPM approach (solid line red) in comparison with
Dapor and Miotello [38] (open circles blue).
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Figure 30. A comparison of the energy dependence of our OPM results for both e±−Tl scattering.
(a) IECS, (b) MTCS, (c) VCS, (d) DCS at 90○, (e) TCS, and (f) Sherman function S(θ) at 90○. Solid red
lines represent for electron scattering and blue dotted lines represent for positron scattering.

5. Conclusions

In the current work, we report theoretical investigations of elastic differential, integral
elastic, momentum transfer, viscosity, inelastic and total cross sections, and spin asymmetry
parameters for electron and positron scattering in the post-transition metal thallium. The
calculations are performed within the framework of Dirac relativistic partial wave analysis
using a complex optical potential model (OPM) over the range of projectile kinetic energies
of 1 eV ≤ Ei ≤ 1 MeV. OPM involves the interaction of incident leptons with both the
nuclei and bound electrons of the target atom. All the above results agree reasonably
well with the sparsely available experimental data, and other theoretical predictions using
different interaction potentials and methods. This means that OPM can be used to generate
cross-sectional data on scattering of electrons and positrons from atoms, covering both the



Atoms 2023, 11, 37 38 of 40

atomic and nuclear energy range. However, at low energies below 24 eV, the predictions
contradict experimental data and other calculations related to the Sherman function S
(θ). Nevertheless, the current method is suitable for generating data over a wide range
of incident energies, making it more advantageous for modeling phenomena in applied
science and technologies.

Critical minima of DCS distributions and total spin polarization in the elastic scattering
of electrons in the Tl atom have been systematically studied. The energies and angular
positions of 13 CMs of DCSs are revealed and discussed. Twenty-five maximum polariza-
tion points are determined near the CM positions. At these points, the spin polarization
is over or equal to 90%. Large differences are seen in the spin asymmetries S, U and T
at low collision energies associated with electron and positron scatterings. For electron
impact collisions, their diffraction structures correspond to those of the DCSs, leading to
large polarizations. On the other hand, for the positron, the spin asymmetry approaches
closely to zero asymptotically (S and U or T). This finding testifies to the oversensitivity
of the aforesaid spin parameters to the choice of potential and the collision dynamics.
The presence and absence of the exchange potential in electron and positron interactions
with the atom respectively and the difference in the short range correlation polarization
potential used for the above two projectiles are responsible for the observed differences
mentioned above.

The present work includes DCS, IECS, MTCS, VCS, INCS, and TCS of e+−Tl scattering
in the energy range 1 eV–1 MeV. Our DCS results show a good agreement with other
theoretical calculations. The integrated cross-sections IECS, MTCS, VCS, INCS, and TCS
could not be compared with other sources of data, experimental, or theoretical. However,
the energy variation of these scattering observables follow the patterns of lepton–atom
scattering. Thus, the OPM method, easy to implement, stands out to be a suitable method
for generating atomic data for e±−Tl scattering. However, future experiments and theo-
retical calculations are needed to confirm the exact locations of CMs in e−−Tl collisions.
Our results may guide future research. This realm of raw data are required for computer
simulations of various processes involved in many areas of science and technology.
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