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Abstract: The present review is dedicated to the problem of an array of transitions between highly-
excited atomic levels. Hydrogen atoms and hydrogen-like ions in plasmas are considered here.
The presented methods focus on calculation of spectral line shapes. Fast and simple methods
of universal ionic profile calculation for the Hnα (∆n = 1) and Hnβ (∆n = 2) spectral lines are
demonstrated. The universal dipole matrix elements formulas for the Hnα and Hnβ transitions are
presented. A fast method for spectral line shape calculations in the presence of an external magnetic
field using the formulas for universal dipole matrix elements is proposed. This approach accounts for
the Doppler and Stark–Zeeman broadening mechanisms. Ion dynamics effects are treated via the
frequency fluctuation model. The accuracy of the presented model is discussed. A comparison of this
approach with experimental data and the results of molecular dynamics simulation is demonstrated.
The kinetics equation for the populations of highly-excited ionic states is solved in the parabolic
representation. The population source associated with dielectronic recombination is considered.

Keywords: Stark–Zeeman effect; Rydberg atom; plasma spectroscopy

1. Introduction

The hydrogen atom is the simplest quantum system. Both the Schroedinger and the
Dirac equations can be solved analytically for an electron in the Coulomb field [1–3]. A sig-
nificant number of works have been dedicated to hydrogen spectra. Nevertheless, there
are theoretical issues which are important for plasma spectroscopy problems. For instance,
fast calculation of spectral line shapes in magnetized plasma could play a crucial role in
divertor plasma diagnostics [4,5]. This task is particularly complicated for transitions from
highly excited levels, which are used in certain diagnostic methods [6]. Another example
is magnetic field measurements in tokamaks via the Motional Stark Effect [7]. This latter
is sensitive to atomic kinetics effects. However, it is a complex task to solve the kinetics
equations for highly excited atomic levels;for instance, if the principle quantum number is
n ∼ 102, then it is necessary to deal with 1013 dipole matrix elements [8].

In this paper, we refer to a specific case of the Zeeman effect, namely, the Paschen–Back
effect. Thus, we suppose that the energy shift related to the Zeeman effect is mach larger
then the fine-structure energy splitting. The description of the Stark and Zeeman effects for
hydrogen atoms is natural in parabolic coordinates, as the energy shift in this basis has a
simple analytical form [1,3]. Moreover, the combined Stark–Zeeman effect for a hydrogen
atom in crossed electric F and magnetic B fields can be described as the specific basis,
which is closely related to the parabolic quantization [9]. Nevertheless, the problem of the
Rydberg radiation transition array for large principle quantum numbers n makes numerical
calculation of the hydrogen spectra very complex. The number of radiation transitions
is proportional to n2n̄2, where n and n̄ are the respective principle quantum numbers of
the upper and a lower states. However, the radiative transition array for Rydberg atoms
can be significantly simplified. Gulayev demonstrated that for large quantum numbers
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it is possible to neglect n · n̄ radiative transitions [10,11]. Moreover, the expressions for
the transition probabilities have a simple form for large n. These results were applied by
the authors of the present review to several problems connected with spectral line shape
formation and the atomic kinetics of a hydrogen atom (hydrogen-like ion) in plasma. Thus,
the purpose of the present paper is to provide the reader with simple analytical solutions of
complicated problems which could be used for practical calculations and fast estimations.

In the second section of this paper, we briefly discuss the Stark and Zeeman effects.
A universal representation of a spectral line shape for the Hnα (∆n = 1) and Hnβ (∆n = 2)
spectral lines in non-magnetized low-density plasma is presented for n � 1 in the third
section. Simple expressions of the transition probabilities for the hydrogen atom in crossed
electric and magnetic fields and applications of these results to spectral line shape calcula-
tions are presented in the Section 4. In Section 5, we show how it is possible to obtain simple
solutions of the atomic kinetics equations in parabolic coordinates for n � 1. A specific
case with dielectronic recombination as the population source is considered.

2. Stark and Zeeman Effects: A Brief Overview

The Stark effect in hydrogen atoms (hydrogen-like ions) has a unique feature in that
the energy shift of an atom has a non-zero linear term. This fact is connected with the
specific symmetry properties of electron wave functions in the Coulomb field [12]. Thus,
the energy shift ∆ES of the hydrogen atom in the external electric field F is equal to

∆ES =
3
2

Fn(n1 − n2) =
3
2

nFk, (1)

where n is the principle quantum number, n1 and n2 are the parabolic quantum numbers,
and k = n1 − n2 is the electric quantum number. Note that all expression in this paper
are written in their atomic units: h̄ = e = me = 1, where h̄ is the Planck constant, e is the
electron charge, and me is the electron mass. The parabolic quantum numbers and the
magnetic quantum number m are connected with the principle quantum number

n = n1 + n2 + |m|+ 1. (2)

The energy shift for the Zeeman effect ∆EZ is proportional to the magnetic quantum
number m:

∆EZ =
1
2c

Bm, (3)

where B is the magnetic field and c ≈ 137 is the speed of light in vacuum. Note that we

have omitted the
BmS

c
term in Formula (3), where mS is the spin projection, because in the

non-relativistic case, which is considered here, the transition probability is proportional to
δmS ,m̄S , where m̄S is the spin projection of a lower state.

In his famous work [12], Fock investigated the enhanced O(4) = O(3)⊗O(3) symme-
try of electron wave functions in the Coulomb field. These symmetry properties lead to the
existence of the specific basis in which electron states are related to two new motion integrals:

j1,2 =
1
2
(L±A), (4)

where 1 relates to + and 2 relates to −, A is the Runge–Lenz vector, and L is the or-
bital momentum vector. These vectors obey the quantum angular momentum algebra.
The parabolic quantum numbers are connected with projections of vectors (4) i1,2 onto the
z axis [13]: {

i2 − i1 = n1 − n2 = k,
i2 + i1 = m,

(5)

|j1 j2i1i2 >≡ |ni1i2 >= (−1)0.5(2n2+|m|−m)|n1n2m > . (6)
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The Hamiltonian of the hydrogen atom in crossed F–B fields can be represented as

H =
p2

2
− Z

r
+ Fr +

1
2c

BL, (7)

where p and r are the respective momentum and the coordinate operators of an electron

and Z is the charge of the nucleus. The perturbed part Fr +
1
2c

BL can be rewritten in
another way:

∆H = Fr +
1
2c

BL = E1j1 + E2j2, (8)

where
E1,2 =

1
2c

B∓ 3
2

nF. (9)

The relation in (9) is valid because A = − 2
3n

r in this basis. The energy shift in crossed
F–B fields is equal to

∆ω = E1n′ + E2n′′, (10)

where n′ and n′′ are projections of (4) onto the vectors from (9).
Using the angular momentum properties of the vectors in (4), we can express the wave

functions in {n, n′, n′′} representation in terms of the {j, i1, i2} states:

|n, n′, n′′ >=
j

∑
i1=−j

j

∑
i2=−j

dj
i1n′(α1)d

j
i2n′′(α2)|ni1i2 >, (11)

where dj
m1m2(β) is the Wigner d-function:

j =
n− 1

2
. (12)

In (11), α1,2 are the angles between the vectors j1,2 and E1,2. We choose the reference
frame in which the direction of the magnetic field coincides with the z axis:

cosα1,2 =
1
2c B∓ 3

2 nFcosθ

E1,2
, (13)

where θ is the angle between the electric field F and magnetic field B.
The dipole matrix elements in the basis from (11) can be written as follows:

an̄n̄′ n̄′′
nn′n′′ =

j̄

∑
ī1=− j̄

j̄

∑
ī2=− j̄

j

∑
i1=−j

j

∑
i2=−j

d j̄
ī1n̄′(ᾱ1)d

j̄
ī2n̄′′(ᾱ2)d

j
i1n′(α1)d

j
i2n′′(α2)an̄ī1 ī2

ni1i2
, (14)

where a = X, Y, Z; here, the intensity of radiation in the dipole approximation is propor-
tional to the squared absolute value of the coordinate matrix element. Calculations of such
matrix elements were performed for the first time in [14]. However, the authors of this
work considered only the first transitions of the Lyman and Balmer series. The Wigner
d-functions can expressed in terms of the Jacobi polynomials P(a,b)

c (z) [15]:

dj
k,k′(α) = ξk,k′

[
s!(s + µ + ν)!
(s + µ)!(s + ν)!

]1/2(
sin

α

2

)µ(
cos

α

2

)ν

P(µ,ν)
s (cos α), (15)

where µ = |k− k′|, ν = |k + k′|, s = j− 1
2
(s + ν),
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{
ξk,k′ = 1, k′ ≥ k
ξk,k′ = (−1)k′−k, k′ − k.

Generally, there are no selection rules for the parabolic quantum number (n1, n2).
However, there are strict selection rules for the magnetic quantum number (∆m = 0,±1).
Here, ∆m = 0 corresponds to the π-component of the spectral line (Z-matrix element,
the field is parallels to the z axis), and ∆m = ±1 corresponds to the σ-component (X-
matrix element). The accurate formulas for the dipole matrix elements in the parabolic
representation were obtained by Gordon [3,16]:

Zn̄1n̄2|m|
n1n2|m|

= (−1)n̄1+n̄2
1

(|m|!)2

√
(n1 + |m|)!(n2 + |m|)!(n̄1 + |m|)!(n̄2 + |m|)!

n1!n2!n̄1!n̄2!
×

×
(

4nn̄
(n− n̄)

)|m|+2(
(n− n̄)
n + n̄

)n̄+n{[
2(n̄1 − n̄2)

n2 + n̄2

(n + n̄)
− (n1 − n2)

4nn̄
(n + n̄)2

]
×

×ψ|m|(n1, n̄1)ψ|m|(n2, n̄2)− 2
[

n̄ψ|m|(n1, n̄1 − 1)ψ|m|(n2, n̄2)− n̄2ψ|m|(n2, n̄2 − 1)ψ|m|(n1, n̄1)

]}
, (16)

Xn̄1n̄2|m|−1
n1n2|m|

= (−1)n̄1+n̄2
1

((|m| − 1)!)2

√
(n1 + |m|)!(n2 + |m|)!(n̄1 + |m| − 1)!(n̄2 + |m| − 1)!

n1!n2!n̄1!n̄2!
×

×
(

4nn̄
n− n̄

)|m|+1(
(n− n̄)
n + n̄

)n̄+n{
ψ|m|−1(n1, n̄1)ψ|m|−1(n2, n̄2)−

−
(

n− n̄
n + n̄

)2

ψ|m|−1(n1, n̄1 + 1)ψ|m|−1(n2, n̄2 + 1)
}

, (17)

ψ|m|( f1, f2) = F
(
− f1,− f2, |m|+ 1,− 4nn̄

(n− n̄)2

)
, (18)

where F(a, b, c, z) is the hypergeometric function. Upon the introducing the notation

β1 =
f1 f2

|m|+ 1
4nn̄

(n− n̄)2 for the first term of the hypergeometric series (18), β2 for the second,

etc., we obtain the following:

ψ|m|( f1, f2) = 1− β1 + β2 − ... + (−1) f1 = 1− f1 f2

|m|+ 1
4nn̄

(n− n̄)2 +

+β1
( f1 − 1)( f2 − 1)

2(|m|+ 2)
4nn̄

(n− n̄)2 + ... + (−1) f1 β f1−1
f2 − f1 + 1
(|m|+ f1) f1

4nn̄
(n− n̄)2 . (19)

The Y-matrix element, where Y ∝ sin ϕ and ϕ is the azimuth angle, can be obtained

using the well known relation sin ϕ =
eiϕ − e−iϕ

2i
. The absolute value of the matrix element

X coincides with Y. However, for ∆m = −1 there is an additional phase (−1) for Y-
matrix element.

The Gordon Formulas (16) and (17) are very cumbersome. Moreover, the number
of terms in the hypergeometric series (18) becomes large with the growth of n. Thus, it
is reasonable to use a number of approximate expressions for the Rydberg transitions.
The situation becomes more complicated for the probability transition in a Rydberg atom in
crossed F–B fields (14), where it is necessary to calculate n4 (∆n� n) terms in the sum (14)
n4 times. Furthermore every term contains four d-functions and complex hypergeometric
series. Nevertheless, in the present paper we show how this radiative transition array can
be significantly simplified.
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3. Stark Broadening of Rydberg Atoms

For ∆n � n the number or radiative transitions grows following n4. For Rydberg
atomic states, the expressions for the transitions probabilities (16) and (17) become very
complicated, mostly because of the large number of terms in the series (18). However,
in his works [10,11], Gulayev noticed that the last term in the sum (18) is much larger

then all the other when
(

∆n
n

)2

≥ 1. This circumstance allows the Gordon formulas to be

simplified. In addition, Gulayev found that the transition probability is very sensitive to
the new quantum number K:

K = (n1 − n2)− (n̄1 − n̄2) = k− k̄. (20)

The Stark energy shift can be rewritten in terms of the quantum number K:

∆ωS = −3
2

F(Kn− ∆nk̄). (21)

In the present paper, we consider the Hnα (∆n = 1) and Hnβ (∆n = 2) spectral lines.
For the Hnα lines, it is possible to account for the transitions with K = 0,±1 while neglecting
all other transitions. For the σ component K = 0,

X|m|−1
|m| =

1
4

b
√
(n1 + |m|)(n2 + |m|), (22)

X|m|+1
|m|

1
4

b
√

n1n2, (23)

where b ≈ 2n. The σ-component for the Hnα spectral series corresponds to the central part
of the intensity profile.

For the π-component K = ±1,

Zm
m =

1
4

b
{√

n1(n1 + |m|)δK,1 −
√

n2(n2 + |m|)δK,−1

}
, (24)

where the π-component corresponds to the “wings” of a spectral line for the Hnα lines.
The conditions for K and ∆|m| set the limitations for the parabolic quantum numbers,

leading to existence of the approximate selection rules for the parabolic quantum numbers
n1 and n2. For the σ component with ∆|m| = −1, n1 = n̄1 and n2 = n̄2; for the σ-component
with ∆|m| = +1, n1 = n̄1 + 1 and n2 = n̄2 + 1; for π-component with K = 1, n1 = n̄1 + 1
and n2 = n̄2; and for the π-component with K = −1, n1 = n̄1 and n2 = n̄2 + 1.

For the Hnβ series, all transitions can be neglected except those with K = ±1 and
K = ±2. The case of K = ±1 corresponds to the σ-component:

X|m|−1
|m| =

1
4

√
n1(n1 + |m|)(n̄1 + |m|)(n̄2 + |m|), (25)

X|m|+1
|m| =

1
4

√
n1(n1 + |m|)n̄1n̄2. (26)

The case of K = ±2 corresponds to π-component:

Zm
m = (n̄1 + |m|+ 2)(n̄1 + 2). (27)

The approximate selection rules are as follows: for K = 1 and ∆|m| = −1, n1 =
n̄1 + 1 and n1 = n̄1; for K = 1 and ∆|m| = +1, n1 = n̄1 + 2 and n2 = n̄2 + 1. The
expressions (25)–(27) are written for the positive values of K. For negative K, it is necessary
to switch n1 ↔ n2 and n̄1 ↔ n̄2. This works for the selections rules as well; both the σ
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and π components correspond to the wings of the Hnβ spectral lines, which have a dip in
the center.

Note that the transition probabilities in the parabolic basis depend on an absolute
value of m. The additional phase in the relation (6) does not influence the atom in an
external electric field, as the transition probability is proportional to the absolute value
of the squared dipole matrix element. Thus, the description of Stark broadening in non-
magnetized plasma can be performed in both the {n1, n2, m} and {j, i1, i2} bases. However,
as this phase is important for evaluation of the sum (14), it is important to be careful with
the signs when describing the Stark–Zeeman spectra.

The stark shift (linear term) does not depend on the magnetic quantum number m.
This opens up the opportunity to perform a simple calculation that derives the expressions
which describe the radiation intensity as a function of the energy shift. For the Hnα lines:

I(σ)(∆n = 1) ∝ ∑
m

[(
x|m|−1
|m|

)2

+

(
x|m|+1
|m|

)2]
≈ 1

24
n2(2n3 − 3n2|k|+ |k|3), (28)

I(π)(∆n = 1) ∝ ∑
m

(
Z|m||m|

)2

=
1

24
n2(n3 + 3n2|k| − 3k2 − |k|3). (29)

For the Hnβ lines:

I(σ)(∆n = 2) ∝ ∑
m

[(
x|m|−1
|m|

)2

+

(
x|m|+1
|m|

)2]
≈

≈
[
(n2 − k2)(n + |k|)2(n− |k|) + 2

3
|k|(n + |k|)(n− |k|)3 − 1

5
(n− |k|)5], (30)

I(π)(∆n = 2) ∝ ∑
m

(
Z|m||m|

)2

= (n− |k|)
[
(n + |k|)4 − 2

3
(n + |k|)2(n− |k|)2 +

1
5
(n− |k|)4

]
(31)

The intensity profiles of the Hnα and Hnβ spectral lines are presented in Figures 1 and 2.
The Hnα spectral lines have peak in the center and the Hnβ spectral lines are deep, as ex-
pected. Even for a constant electric field, both of these spectral series have a universal
representation. It is possible to calculate any line from these series using the scale multiply-

ing factor ωF =
3
2

nF. However, it is necessary to average these profiles over an electric field
distribution to calculate universal representation of spectral lines under Stark broadening.
These calculations were performed in [17]. The universal expression for the intensity profile
can be represented as follows:

J(z) ∝ ∑
K

∞∫
0

H(β)dβ

+1∫
−1

dxI(∆n, K, x)δ(z + (K− ∆nx)β), (32)

where H(β) is the electric field distribution, β = F/F0 is the dimensionless electric field,
F0 = 2.603N2/3, and x = k/n. The formulas for I(∆n, K, x) can be derived from the
expressions (28)–(31):

I(∆n = 1, K = 0, x) ∝ 2− 3|x|+ |x|3, (33)

I(∆n = 1, K = ±1, x) ∝ 1± 3x∓ 3x2 − |x|3, (34)

I(∆n = 2, K = ±1, x) ∝ (1− |x|)
[
(1− x2)(1± x)2 ± 2

3
x(1± x)(1− |x|)2 − 1

5
(1− |x|)4], (35)
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I(∆n = 2, K = ±2, x) ∝ (1− |x|)
[
(1± x)4 − 2

3
(1± x)2(1− |x|)2 +

1
5
(1− |x|)4]. (36)

In the present paper, we consider only low-density plasma, which can be treated as
ideal. Thus, we can use the Holtsmark function as the field distribution H(β):

H(β) =
2β

π

∞∫
0

x sin (βx)e−x3/2
dx. (37)

Figure 1. The intensity distribution of the Hnα spectral line with a fixed value of the electric field F

for n� 1. The energy shift is measured in units of ωF =
3
2

nF.

Figure 2. The intensity distribution of the Hnβ spectral line with a fixed value of the electric field F

for n� 1. The energy shift is measured in units of ωF =
3
2

nF.

The universal representations of the Hnα and Hnβ spectral line intensity profiles are
presented in Figures 3 and 4. This approach works for every line from the corresponding
spectral series when n� ∆n. It significantly simplifies calculations, as there is no need to
calculate the n4 matrix elements. Note that only quasistatic ion broadening is considered
here. To account for the impacts of electron and Doppler broadening mechanisms, it is
necessary to calculate the convolution of the function J(z = ω/ωF0) with the Voigt profile.
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Figure 3. Normalized intensity profile of the Hnα spectral line. The energy shift is measured in units

of ωF =
3
2

nF0.

Figure 4. Normalized intensity profile of the Hnβ spectral line. The energy shift is measured in units

of ωF =
3
2

nF0.

4. Semiclassical Method of Line Shape Calculation in Magnetized Plasmas

The presence of a magnetic field is common for many plasma devices. Different
types of tokamak plasma diagnostics are based on Stark–Zeeman spectral line shape
analysis [4–6]. However, modeling of such spectra is a very complicated task, as it is
necessary to diagonalize the Hamiltonian of an atom in crossed magnetic and fluctuating
electric fields. A great deal of theoretical work has been dedicated to this issue [14,18–23].
However, these calculation are often hard to reproduce. In [23], the authors suggested
a fast and simple algorithm for calculation of spectral line shapes in the presence of an
external magnetic field in plasma. This method is based on semiclassical approximation of
the expression (14), which has the same form for a constant ∆n. The form of these matrix
elements does not depend on n, which is why this algorithm is called universal.

The straightforward calculation of the matrix elements (14) is a very complicated
issue, especially for Rydberg atomic states. Nevertheless, the expression (14) can be
significantly simplified when n � ∆n. It is possible to obtain the universal formulas
for the transition probabilities, which have a universal form for every series (fixed ∆n).
The Gulayev approach [10,11], discussed above, plays a crucial role in this simplification.
The details of the derivation of the simplified dipole matrix elements are presented in [24,25].
For the Hnα lines:

Zn̄n̄′ n̄′′
nn′n′′ =

1
4

b
[

Z(1)n̄n̄′ n̄′′

nn′n′′ + Z(2)n̄n̄′ n̄′′

nn′n′′

]
, (38)

Z(1)n̄n̄′ n̄′′

nn′n′′ =

(√
j− n′ cos

α1

2
δn̄′ ,n′+1/2 +

√
j + n′ sin

α1

2
δn̄′ ,n′−1/2

)
×

×
(√

j− n′′ sin
α2

2
δn̄′′ ,n′′+1/2 −

√
j + n′′ cos

α2

2
δn̄′′ ,n′′−1/2

)
,
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Z(2)n̄n̄′ n̄′′

nn′n′′ =

(√
j− n′ sin

α1

2
δn̄′ ,n′+1/2 −

√
j + n′ cos

α1

2
δn̄′ ,n′−1/2

)
×

×
(√

j− n′′ cos
α2

2
δn̄′′ ,n′′+1/2 +

√
j + n′′ sin

α2

2
δn̄′′ ,n′′−1/2

)
,

Xn̄n̄′ n̄′′
nn′n′′ =

1
4

b
[

X(1)n̄n̄′ n̄′′

nn′n′′ − X(2)n̄n̄′ n̄′′

nn′n′′

]
, (39)

X(1)n̄n̄′ n̄′′

nn′n′′ =

(√
j− n′ sin

α1

2
δn̄′ ,n′+1/2 −

√
j + n′ cos

α1

2
δn̄′ ,n′−1/2

)
×

×
(√

j− n′′ sin
α2

2
δn̄′′ ,n′′+1/2 −

√
j + n′′ cos

α2

2
δn̄′′ ,n′′−1/2

)
,

X(2)n̄n̄′ n̄′′

nn′n′′ =

(√
j− n′ cos

α1

2
δn̄′ ,n′+1/2 +

√
j + n′ sin

α1

2
δn̄′ ,n′−1/2

)
×

×
(√

j− n′′ cos
α2

2
δn̄′′ ,n′′+1/2 +

√
j + n′′ sin

α2

2
δn̄′′ ,n′′−1/2

)

Yn̄n̄′ n̄′′
nn′n′′ =

1
4i

b
[

X(1)n̄n̄′ n̄′′

nn′n′′ + X(2)n̄n̄′ n̄′′

nn′n′′

]
. (40)

For the Hnβ lines:

Zn̄n̄′ n̄′′
nn′n′′ =

1
4

b
[

Zn̄n̄′ n̄′′
1nn′n′′ − Zn̄,n̄′ ,n̄′′

2nn′n′′

]
, (41)

Zn̄n̄′ n̄′′
1nn′n′′ =

[
(j− n′)cos2

(
α1

2

)
δn̄′ ,n′+1 + sin(α1)

√
(j− n′)(j + n′)δn̄′ ,n′ +

+(j + n′)sin2
(

α1

2

)
δn̄′ ,n′−1

]
×
[
(j− n′′)sin2

(
α2

2

)
δn̄′′ ,n′′+1 +

−sin(α2)
√
(j− n′′)(j + n′′)δn̄′′ ,n′′ + (j + n′′)cos2

(
α2

2

)
δn̄′′ ,n′′−1

]
,

Zn̄n̄′ n̄′′
2nn′n′′ =

[
(j− n′′)cos2

(
α2

2

)
δn̄′′ ,n′′+1 + sin(α2)

√
(j− n′′)(j + n′′)δn̄′′ ,n′′ +

+(j + n′′)sin2
(

α2

2

)
δn̄′′ ,n′′−1

]
×
[
(j− n′)sin2

(
α1

2

)
δn̄′ ,n′+1 −

+sin(α1)
√
(j− n′)(j + n′)δn̄′ ,n′ + (j + n′′)cos2

(
α1

2

)
δn̄′ ,n′−1

]
,

Xn̄n̄′ n̄′′
nn′n′′ =

1
4

b
[

Xn̄n̄′ n̄′′
1nn′n′′ − Xn̄,n̄′ ,n̄′′

2nn′n′′ − Xn̄n̄′ n̄′′
3nn′n′′ + Xn̄n̄′ n̄′′

4nn′n′′

]
, (42)

Xn̄n̄′ n̄′′
1nn′n′′ =

[
(j− n′′)sin2

(
α2

2

)
δn̄′′ ,n′′+1 − sin(α2)

√
(j− n′′)(j + n′′)δn̄′′ ,n′′ +

+(j + n′′)cos2
(

α2

2

)
δn̄′′ ,n′′−1

]
×
[

1
2

sin(α1)

(
(j + n′)δn̄′ ,n′−1 − (j− n′)δn̄′ ,n′+1

)
+

+δn̄′ ,n′cos(α1)
√
(j + n′)(j− n′)

]
,
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Xn̄n̄′ n̄′′
2nn′n′′ =

[
(j− n′)cos2

(
α1

2

)
δn̄′ ,n′+1 + sin(α1)

√
(j− n′)(j + n′)δn̄′ ,n′ +

+(j + n′)sin2
(

α1

2

)
δn̄′ ,n′−1

]
×
[

1
2

sin(α2)

(
(j + n′′)δn̄′′ ,n′′−1 − (j− n′′)δn̄′′ ,n′′+1

)
+

+δn̄′′ ,n′′cos(α2)
√
(j + n′′)(j− n′′)

]
.

Here, Xn̄n̄′ n̄′′
3nn′n′′ can be obtained by switching n′ ⇔ n′′ (which is possible for bar values

as well) and α1 ⇔ α2 in Xn̄n̄′ n̄′′
1nn′n′′ . The same connection exists between Xn̄n̄′ n̄′′

2nn′n′′ and Xn̄n̄′ n̄′′
4nn′n′′ :

Yn̄n̄′ n̄′′
nn′n′′ =

1
4i

b
[
− Xn̄n̄′ n̄′′

1nn′n′′ − Xn̄,n̄′ ,n̄′′
2nn′n′′ + Xn̄n̄′ n̄′′

3nn′n′′ + Xn̄n̄′ n̄′′
4nn′n′′

]
. (43)

It is easy to see that the expressions (38)–(43) have simple structures compare to
Formula (14). The derivation of the expressions (38)–(43) is closely related to the specific
properties of the Wigner d-functions. The parabolic quantum numbers n1, n2 (i1, i2) obey
the approximate selection rules (see the previous section) for a constant value of ∆n. It can
be helpful to get rid of two sums in (14). The left two sums can be treated separately. Each
sum contains two Wigner functions and the factor which corresponds to the dipole matrix
element. Using the recurrence relations, the d-function with higher j can be reduced to the
sum of two d-functions of order j̄. The coefficients in the recurrence relations coincide with
the Gulayev matrix elements. This circumstance allows for use of the orthogonality relation
for the d-functions. The latter leads to the presence of the Kronecker’s delta symbols in the
expressions (38)–(43). Note that the delta symbols control the addition rules for the angular
momentum. The use of the matrix elements (38)–(43) is the key feature of the universal
approach. For n� ∆n, it is possible to consider only n2 dipole matrix elements instead of
n4 · n4 = n8, which significantly simplifies the calculations. Moreover, these expressions
have a simple structure and contain only the square roots and trigonometric functions.

We can start with the radiation intensity of an atom in a constant electric field and
magnetic field:

Ii0(F, ω, θ) = ∑
τ,ρ
|a(ρ)τ (F)|δ(ω−ωτ(F, θ)), (44)

ωτ(F, θ) = E1(F, θ)n′ + E2(F, θ)n′′ − Ē1(F, θ)n̄′ − Ē2(F, θ)n̄′′, (45)

where τ is the full set of all quantum numbers related to the initial and final states, ρ denotes
the polarization, θ defines the angle between the magnetic field and an ion microfield,
and a(ρ)τ (F, Ω) is the dipole matrix element. In order to obtain ion static profile, we need to
average the expression (44) over the electric microfield:

I0(ω) = ∑
τρ

+∞∫
0

dF
π∫

0

dθH(F)|a(ρ)τ (F, θ)|2δ(ω−ωτ(F, Ω)). (46)

Formula (46) describes the ionic static profile. However, in a low-density plasma
the effects of ion thermal motion might significantly influence the spectral line shape
formation. We use the frequency fluctuation model (FFM) [26] to account for the effects
of the ion dynamics. The FFM involves the description of stochastic ‘jumps’ between
different inhomogeneous spectral components of a line profile. In [27], the authors showed
that the complex numerical method necessary to implement the FFM in the spectral line
shape calculation algorithm is equivalent to the solution of the kinetics equation for the
autocorrelation function with a strong-collisions integral. Thus, complicated numerical
calculations can be replaced by the following simple analytical expression:
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Ii(ω) =
ν

π

J0(ω)J2(ω)− J2
1 (ω)

J2
2 (ω) + ν2 J2

1 (ω)
, (47)

Jk(ω) =

+∞∫
−∞

Io(ω′)(ω−ω′)k

ν2 + (ω−ω′)2 dω′, (48)

ν = N1/3
i vTi, (49)

where Ni and vTi are the concentration and thermal speed of ions, respectively, and ν is the
jumping frequency or the inverse lifetime of a particular value of the microfield. There are
other models accounting for ion dynamics effects (see, e.g., [28–30]). A cross-comparison
between them can be found in [31]. The FFM is chosen to keep this algorithm fast and
simple. Here, Ii(ω) is the ionic profile which accounts for the ion dynamics effects. In order
to evaluate the resulting intensity, it is necessary to account for the impact electron and
Doppler broadening mechanisms. To obtain the resulting profile, it is necessary to calculate
the convolution of Ii(ω) with the Voigt profile V(ω):

V(ω, D, γ) =

+∞∫
−∞

F(ω′, D)U(ω−ω′, γ)dω′, (50)

F(ω, D) =
1√
πD

exp
[
−
(

ω

D

)2]
. (51)

The expression (51) relates to the Doppler broadening. Here, D is the Doppler parameter

D =
ωnn̄

c

√
2Tr

Mr
, (52)

where ωnn̄ =
1
2

(
1
n2 −

1
n̄2

)
and Mr and Tr are the respective mass and temperature of

the radiators:
U(ω, γ) =

γ

π

1
γ2 + ω2 . (53)

The Lorentz distribution (53) corresponds to the electron broadening. Generally,
calculating the γ parameter is a complicated process. Here, we use the simplified approach
to electron broadening (see [1]):

γ = 16NevTeρ2
0

[
0.33 + ln

ρm

ρ0

]
, (54)

where Ne and vTe are the density and thermal velocity of electrons, respectively, and ρm is
the Debye radius in the plasma:

ρ2
0 =

2
3v2

Te
I(n, n̄), (55)

I(n, n̄) = 2
(

∑
ab
|rab|2

)−1

∑
aa′bb′

ra′b′ rba

(
δbb′ ∑

a′′
raa′′ ra′′a′ + δaa′ ∑

b′′
rb′b′′ rb′′b− 2raa′ rb′b

)
, (56)

where r is the coordinate operator and a and b denote different states referring to levels n,
n̄, for example,

I(n, 1) =
9
4

n2(n2 − 3),
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I(n, 2) =
9
4
(n4 − 9n2 + 12),

I(n, 3) =
9
4
(n4 − 19n2 + 72).

More accurate calculations of the electron broadening width are discussed in [32].
The convolution of the ionic Ii(ω) and Voigt V(ω) profiles is equal to the resulting

intensity profile:

I(ω) =

+∞∫
−∞

Ii(ω
′)V(ω−ω′, D, γ)dω′. (57)

Figure 5 shows a comparison between calculations performed using the method pre-
sented in this paper (universal approach) and experimental data from [33] considering
the Dα line. These data was obtained as part of the Alcator C-Mod tokamak fusion ex-
periment. The universal approach formally works when ∆n � n. Nevertheless, simple
semiclassical calculations reproduce all of the main features of the experimental profile;
the experimental line width and location of the triplet peaks are in agreement with the
corresponding values obtained through the universal approach. Moreover, we used the
simplest models for the microfield distribution, electron impact broadening, and method of
accounting for ion dynamics effects. As can be seen from Figure 5, there is satisfactory a
correspondence between the experimental datapoints and the theoretical curve.

Figure 5. Normalized intensity profile as a function of the energy shift for the Dα line (transition
3− 2), showing a comparison between the universal approach and the experimental data from [33]:
B = 6.73 T, Ne = Ni = 9.4 · 1014 cm−3, T = 0.95 eV, and the observation direction is perpendicular to
the magnetic field.

A comparison between the universal approach and the molecular dynamics (MD)
simulation results from [20] for Dβ line in presented in Figure 6. The line widths, obtained
within the universal approach and MD simulation are approximately equal. Also, the there
is no triplet for both lines. Again, one can see a good correspondence. So, the universal
approach opens the way for fast calculations of spectral line shapes even for the first Balmer
lines. It is very important for divertor plasma diagnostics, because one has to do a great
number of calculations while fitting experimental profile.
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Figure 6. Normalized intensity profile as a function of the energy shift for the Dβ line (transition 4− 2),
showing a comparison between the universal approach and MD simulation calculations from [20]:
B = 5 T, Ne = Ni = 1.0 · 1015 cm−3, T = 1 eV, and the observation direction is perpendicular to the
magnetic field.

5. Level Population Kinetics for Rydberg Ions

The problem of statistical and dynamical intensities of Stark components is a long-
standing issue [3]. If collisions in plasma are frequent enough, then the population of
the atomic states is proportional to the corresponding statistical weights. However, if the
atomic level radiation decay rate has the same order as the collision frequency, then the
so-called dynamical intensities of the Stark components are observed. The description of
the Stark splitting is reasonable in the parabolic basis, as already mentioned above. Thus,
the kinetics equations for the atomic level must be solved in parabolic coordinates. Here,
we face two fundamental problems: the first relates to the description of Rydberg radiation
cascade, while the second concerns the need to consider “3D” kinetics equation. Atomic
kinetics equations are commonly treated only for the principle quantum numbers n (the
1D case); however, in order to describe the dynamical populations of Stark states, it is
necessary to consider all three quantum numbers {n, k, m} (the 3D case).

In the present section, we follow the work of [8] and demonstrate the derivation of
solutions to atomic kinetics equations for highly excited atomic levels of multi-charged
hydrogen-like ions. Dielectronic recombination is considered as the population source for
the ionic states. At first, we obtain the applicable area of the method. Here, we consider
quasi-static broadening and neglect the ion dynamics effects:

∆ω̄S
ν
� 1, (58)

where ∆ω̄S ∼
n2

Z
F is the average Stark shift, ν is the jumping frequency (49), and Z is

the average ion’s nucleic charge. The second condition corresponds to the requirement of
non-mixing of Stark states for the radiation decay time:

A� νc, (59)

where A is the radiation decay width and νc is the collision frequency. According to
estimations from [8], these demands leads to the following condition for T ∼ 1÷ 100 eV:(

Z
n2

)3

� Ne

1018 �
(

Z
n

)7

, (60)

where Ne is expressed in cm−3. Using the relation (60), we can obtain the condition for Z:

Z4 � 10n. (61)
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In [34], the authors obtained the probabilities of radiative transitions between highly
excited atomic states in the spherical basis:

A(Γ) =
4Z4

π
√

3c3n3l2
. (62)

where ω = Z2/2n2 − Z2/2n′2. In order to obtain the kinetics equation in parabolic coordi-
nates, we must turn the expression (62) into its parabolic representation. The connection
between the spherical and the parabolic wave functions was obtained by Park [35]:

|j, i1, i2 >=
n−1

∑
l=0

C(l, i1 + i2|j, i1, i2)|n, l, m >, (63)

where C(l, i1 + i2|j, i1, i2) is the Clebsch–Gordan coefficient. The straightforward calculation
of C(l, i1 + i2|j, i1, i2) is a very cumbersome and complex issue. When dealing with large n,
it is possible to use the semiclassical approximation for the Clebsch–Gordan coefficients [15]:

|C(n, k; l, m)|2 =
2l

π[(l2 − l2
min)(l

2
max)]

1/2
, (64)

where

l2
min =

1
2

{
[(n− 1)2 + m2 − k2]−

[
[(n− 1)2 + m2 − k2]2 − 4(n− 1)2m2

]1/2}
,

l2
max =

1
2

{
[(n− 1)2 + m2 − k2] +

[
[(n− 1)2 + m2 − k2]2 − 4(n− 1)2m2

]1/2}
.

Using the relation (62) with (64) allows us to derive the expression for the radiation
decay probability in the parabolic representation:

B(k, m) =

lmax∫
lmin

A(n, l)|C(n, k; l, m)|2dl. (65)

Simple evaluation of the integral (65) leads to the following result:
B(k, m) =

4Z4

π
√

3c3

1
n3(n− 1)|m| , m 6= 0,

B(k, m) =
4Z4

π
√

3c3

2
n3

1
[(n− 1)2 − k2]1/2 , m = 0.

(66)

The radiation decay values obtained from formula [36] are in agreement with the
accurate quantum expressions [36]. Note that if m 6= 0, then the radiation decay (66) does
not depend on the electric quantum number k.

The kinetics equation for the atomic states describes the radiative cascade in the space
of the corresponding quantum numbers. The population kinetics are based on the balance
between arrival in a given state and departure from that state. For the Rydberg atomic and
ionic levels, the quantum kinetics equation can be transformed into the classical continuity
equation. This equation was first obtained by Belyaev and Budker [37]:

ṅ
∂ f (2)

∂n
+ l̇

∂ f (2)

∂l
= q(n, l), (67)

where f (2) is the distribution function in the principle and orbital quantum numbers
space and q(n, l) is the population source. The changes of the quantum number in the
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semiclassical approach can be determined using the classical relations for the loss of energy
and angular momentum [38]:

n
t
=

Z4

c3l5

(
3− l2

n2

)
, (68)

dl
dt

=
2Z2

c3n3l2 . (69)

As the kinetics equation (67) is obtained in terms of the spherical quantum numbers,
the next step is the derivation of the analogous equation in the parabolic representation.
In [8], the authors showed how the spherical and parabolic quantum numbers are connected
with corresponding classical values; for instance, we have the following relation:

k2 = (n2 − l2)

(
1− m2

l2

)
. (70)

The expression in (70) plays a crucial role in the derivation of the semiclassical kinetics
equation [8,39,40]:

ṅ
∂ f (3)Z

∂n
+ k̇

∂ f (3)Z
∂k

+ ṁ
∂ f (3)Z
∂m

= q(3)(n, k, m), (71)

where

k̇ = ṅ
∂k
∂n

+ l̇
∂k
∂l

+ ṁ
∂k
∂m

= Z4
[l2 −m2]

(
n2(3n2 − l2)− 2l4

)
n3l7k

. (72)

ṁ =
m
l

l̇. (73)

Equation (71) can be solved via the characteristic method. The solution of (71) can
represented as follows:

f (3)Z (n, k, m) = ϕ(n, k, m) +

∞∫
n+1

q(3)(n′, k[n′, m, C1], m[n′, k, C2])dn′

ṅ(n′, k[n′, m, C1], m[n′, k, C2])
, (74)

where ϕ(n, k, m) depends on the boundary conditions. The characteristics C1 and C2 of the
kinetic equation can be obtained from the simple relations:

k2 = n2(1− C2/3
1 ) + m2, (75)

m2 =
k2

ln
n2

n2 − k2 − k2C2

. (76)

The boundary condition must be chosen based on the requirement of matching the so-
lution (74) with the direct population case when n 7−→ ∞ (the case in which the transition
cascades can be neglected). As already mentioned, in the present review the population
source q describes dielectronic recombination. In order to calculate the dielectronic recombi-
nation rate, we need to take the following facts into consideration: for all ions, the electrons
(except for the optical one) are not affected by the action of the electric microfield and
must be treated in both spherical and parabolic representations in the same way; evolution
of the optical electron is determined by the authorization probability, which can easily
be described in the parabolic representation. Thus, the expression for the dielectronic
recombination rate can be represented as follows [8]:

q(3)DR(n, k, m) =

(
4π

T

)3/2 g f

gi
WR

WA(n, k, m)

WR + WA(n, k, m)
exp

(
− ωc

T
+

Z2

2n2T

)
, (77)
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where WR = 2 fijω
2
c /c3 is the rate of radiation stabilization of the core, fij is the oscillator

strength in the core, gi and g f are the respective statistical weights of an upper and a lower
state, T is the temperature of the electrons, ωc is the transition frequency in the core, and
WA is the auto-ionization rate:

WA(n, k, m) =

lmax∫
lmin

WA(n, l)|C(n, k; l, m)|2dl. (78)

The auto-ionization width in the spherical representation can be obtained using the
so-called Kramers electrodynamics approach [39]:

WA(n, l) =
fij

πn3 lG0

(
ωc(l + 1/2)3

3Z2

)
, (79)

where
G0(x) = x[K2

2/3(x) + K2
1/3(x)]. (80)

Here, Kp(x) is the modified Bessel function of the second kind. The analysis of the
expression (79) shows that the main impact on the auto-ionization rate is that we have
terms with orbital numbers equal to

le f f =

(
3Z2

ωc

)
. (81)

Integration of the formula leads to

WA(n, k, m) =
fij

πn3 I(n, k, m), (82)

where I(n, k, m) is the universal function:

I(n, k, m) =
2le f f

π

tmax∫
tmin

t2G0(t3)√
(t2 − t2

min)(t
2
max − t)

, (83)

tmin ≈
(n− 1)m√

(n− 1)2 + m2 − k2
,

tmax ≈
(n− 1)m

tmin
.

Substitution of the expression (82) into the general formula for the dielectronic recom-
bination rate leads to the following result for the population source:

q(3)DR(n, k, m) =
B(Z, T)

c3
(

1 +
n3

n∗3

) , (84)

where

B(Z, T) = 2
g f

gi

(
2π

T

)3/2

ω fije
−

ω

T , (85)

n∗3 =
c3l2

e f f

ω2
c πlmax

(
lmin
lmax

)2 ∞∫
1

t2e2(tlmin/le f f )
3
dt√

t2 − 1
. (86)

In the above expression (86), n∗ is the effective principle quantum number of a consid-
ered level, while lmin and lmax are described in (64). Here, we want to underline that the
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semiclassiacal approach is valid for the dielectronic recombination description. Indeed,
an electron’s initial energy E0 must be less then the energy of the excited core. The latter
has one order with Z:

E0 � Z � Z2. (87)

The condition corresponds to the semiclassical approach applicability area:
Z
v
� 1,

where v is the speed of a projectile electron.
Using semiclassical approximations for transitions probabilities, we can obtain a

spectral line profile which accounts for dynamical level populations:

Idyn
(

n, ∆n,
∆ω

ωF

)
= ∑

K,k,m,ρ
|a(ρ)K,k,m|

f (3)Z (n, k, m)

∑
k,m

f (3)Z (n, k, m)
δ

(
∆ω

ωF
+ Kn− ∆nk

)
. (88)

Figure 7 shows a comparison between the statistical and dynamical profiles for the Hnα

(n� 1) lines. Both curves are normalized on their maxima, and an appreciable difference
between the two types of intensities can be seen. Note that because we have obtained
a universal representation, this statement is valid for any plasma parameters within the
method’s area of applicability. Thus, it is necessary to account for population kinetics
effects for Rydberg states of multi charged ions.

Figure 7. Intensity profile I(∆ω/ΩF) showing a comparison between the statistical and dynami-

cal profiles, with the energy shift measured in units of
(

ωF =
3

2Z
F
)

for the Hnα spectral line.

6. Conclusions

In the present review, we have considered Rydberg hydrogen atoms (hydrogen-like
ions) in a low-density plasma, demonstrating several methods for spectral line shape
calculations. When dealing with the spectra of highly excited atoms or ions, one faces the
problem of fast growth of the Rydberg radiative transition array. In the present review, we
have obtained a number of solutions to this issue that can help to overcome such difficulties.
The semiclassical approach shows good results for an electron in the Coulomb field even
when n ∼ 1. This circumference was tested for the Balmer spectra in the presence of a
constant magnetic filed (Figures 5 and 6). A comparison of the semiclasical approach to
experimental data and MD simulation shows good correspondence. We hope that the
results presented here can be useful for researchers, as these methods can help to obtain
calculations and estimations more quickly and easily. Moreover, even advanced models
and MD simulations may not always be in agreement [31]. Thus, within tolerable accuracy
limits, the presented approaches could be used in experimental interpretation.
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