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Abstract: We calculate double-differential cross sections of ultrasoft X-ray bremsstrahlung in electron
scattering by Ar, Kr, and Xe atoms in the soft-photon approximation. The calculations are done for
the isochromatic spectra (i.e., dependence on the electron energy at a fixed photon energy of 165 and
177 eV). The results are consistent with the absolute values of the differential cross sections measured
by Gnatchenko et al. (Phys. Rev. A 80, 022707 (2009)) for the above-mentioned photon energies. For
low electron energies, our theoretical isochromatic spectra are in quantitative agreement with the
experimental data for Ar. For Kr, the agreement is qualitative while agreement with the Xe data
is poor.

Keywords: ultrasoft X-ray bremsstrahlung; isochromatic spectra

1. Introduction

The long-wavelength range of the bremsstrahlung (BS) spectra has been studied for
a long time because it is the region where the famous “infrared catastrophe” arises [1].
The relative intensity of BS in the long-wavelength range was first measured in [2] on thin
metal targets bombarded by low-energy electrons. The experimental data were described
well by the nonrelativistic Sommerfeld theory [3] which, in fact, is the theory of BS on
a Coulomb center, accounting for the exponential screening of nuclei by the atomic elec-
trons [4]. BS spectra play an important role in engineering and technical applications such
as ion beam monitoring [5], plasma diagnostics [6], medical tomography imaging [7], etc.

In addition to the BS photon spectra, the dependence of BS cross sections on the scatter-
ing electron energy at a fixed photon energy (isochromatic spectra) is also of interest. These
spectra were first measured for solid targets in [8], and the results are cited in a well-known
monograph [9]. Korsunsky et al. [8] observed an increase of the BS probability from the
zero value (at the minimal possible electron energy equal to the fixed photon energy) and a
decrease of the BS probability at higher electron energy. A similar shape of the isochromatic
spectra was registered for atomic targets in [10,11] in which the quasi-resonance character
of the isochromatic spectra was observed. It should be noted that the detection technique
for the isochromatic BS soft X-photons was proposed in [12,13]. A technique for detecting
isochromatic BS photons in the UV range was proposed earlier in [14].

An analysis of the Sommerfeld [3] formula performed in [10] showed that an isochro-
matic spectrum maximum is achieved at the initial electron energy, Ei, equal to the following:

Emax
i = 1.53 h̄ω, (1)

where ω is the photon frequency.
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It should be noted that the knowledge of BS cross sections on atomic targets is impor-
tant for studying BS generated in electron scattering on molecules [15] and clusters [16].
The “atomic” BS data are also used in Monte Carlo simulation of BS on solid targets (see,
e.g., [17,18]).

All the above-cited works studied relative BS intensities only. At the same time, there
exist some absolute BS cross-section value measurements. For example, high-precision
('5.5%) absolute cross sections of BS on thin C, Al, Te, Ta, and Au targets have been
recently measured in [19], which also contains references to earlier absolute BS cross-section
measurements on solid targets.

To the authors’ best knowledge, the first absolute BS intensity measurements on atoms
(Ne, Ar, Kr, and Xe) were performed in [20] for incident electron energies ranging from
28 to 50 keV. The experimental results were shown to be in qualitative agreement with
the theory that takes into account not only the traditional BS mechanism (developed by
Sommerfeld [3] for the nonrelativistic case and by Bethe and Heitler [21] and Sauter [22] for
the relativistic case) but also the polarization bremsstrahlung (PBS) theory [23–25], which
takes into account the photons emitted by the electrons of the atomic target. However,
the quantitative difference between the experimental and theoretical results was quite
significant, and this discrepancy increased with the decrease of BS photon energy. Similarly,
discrepancy exists between the experimental cross sections measured in [19] and the data
tabulated in [26,27], which also increases with the decrease of the BS photon energy. García-
Alvarez et al. [19] noted this fact as one important result of their study. Similar discrepancy
between theory and experiment was also observed in recent calculations [28].

However, the authors in [19,20] did not consider BS for photon energies in the ultrasoft
X-ray region. Therefore, the absolute BS cross sections measured in [12,13] in the low-
energy photon energy range are of great interest. These authors recorded the BS photon
spectra for 600 eV electrons scattered on Ar, Kr, and Xe atoms, as well as the isochromatic
spectra for the electron energies from 0.4 to 2 keV. Their results differ by 3–4 times from the
calculations by Pratt et al. [29,30], who used the radial electron wavefunctions obtained in
partial-wave series by numerically integrating the radial Dirac equation with a relativistic
self-consistent screened potential. In recent calculations [28], the Dirac equation for the
continuum wave function was solved by the power-series method with the interaction
potential obtained from the Kohn–Sham density functional theory.

In the present work, we develop an interpretation of the experimental results of [12,13]
using the soft-photon approximation (SPA); the validity conditions are discussed below.
The general SPA formulas are presented in Section 2. SPA was used for interpretation of the
ultrasoft X-ray spectra recorded in [31,32]. The BS photon spectra were measured in [12,13]
for Ar, Kr, and Xe gaseous targets. Two types of BS spectra were recorded:

(i) “Convenient” BS (or photon BS spectrum) that is the spectral and angular distribution
of BS photons emitted in collisions with electrons whose energy, Ei, is fixed. Such
spectra were analyzed in our recent study [33].

(ii) Isochromatic BS spectrum that is the angular distribution of BS photons as function
of the colliding electron energy, Ei (which varies in some interval), at a fixed photon
energy, h̄ω. The isochromatic spectra are analyzed in Section 3 of the present work.

The results are discussed in Section 4. The main conclusions are given in Section 5.

2. Methods
2.1. General Formalism of Soft-Photon Approximation (SPA)

In the nonrelativistic SPA framework, the double-differential cross section, dσBS, of BS
in the electron scattering on a target can be factorized. In particular, dσBS is the product
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of the differential cross section, dσs, of the electron scattering on the same target without
γ-radiation, by the probability, dwγ, of the photon radiation [1]:

dσBS = dσs dwγ, (2)

dwγ =
α

4π2

[
k
ω
(vi − v f )

]2 dω

ω
dΩγ.

where α '1/137 is the fine structure constant, vi, v f are the electron velocity in the initial
and final state, respectively; k is the photon wave vector, and dΩγ is the element of solid
angle to which the photon is radiated. The cross section in (2) is averaged over the electron
spin in the initial state and summed over the photon polarizations and the electron spin in
the final state.

If the ejection direction of the electron is not fixed, we should integrate Equation (2)
over this direction. To do this, we choose the z axis directed along the vi vector and write
dσs in the following form:

dσs(Ei, θ) = σs(Ei, θ)dΩv f , (3)

where θ is the polar angle of the v f vector, Ei is the energy of the impact electron. Then,
Equation (2) can be written in the following form:

dσBS =
α

4π2ω
σs(Ei, θ)

[
v2

i
c2 cos2 Θ− 2vi

cω
(kv f ) cos Θ

+
(kv f )

2

ω2

]
dΩv f dω dΩγ

=
α

4π2c2ω
σs(Ei, θ)

[
v2

i cos2 Θ

− 2viv f cos Θ(sin Θ sin θ cos ϕ + cos Θ cos θ) +

+ v2
f (sin Θ sin θ cos ϕ + cos Θ cos θ)2

]
dΩv f dω dΩγ.

where ϕ is the azimuthal angle of the v f vector, Θ is the polar angle of the k vector (i.e., the
angle between vi and k vectors), and the azimuthal angle of the k vector is assumed to be
zero. After integration over ϕ, we obtain the following:

dσBS =
α

2πc2ω
σs(Ei, θ)Q(Θ, θ) sin θ dθ dω dΩγ, (4)

where

Q(Θ, θ) = v2
i cos2 Θ− 2viv f cos2 Θ cos θ + v2

f

(
1
2 sin2 Θ sin2 θ + cos2 Θ cos2 θ

)
. (5)

2.2. SPA: Validity Conditions

SPA is valid when the irradiated photon energy is low as compared to the scattering
electron energy, Ei:

ω � Ei/h̄. (6)

Apart the condition (6), it is also required for SPA validity that the momentum,
q = pi − p f , transferred to the atom from the scattering electron, is much higher than
the electron momentum change due to irradiation of the photon [1]. In the nonrelativistic
approximation, this condition takes the following form [1]:

h̄ω/(viq)� 1. (7)

It is seen that the condition (7) is violated at low transferred momentum values, i.e.,
at small scattering angles, θ. However, the contribution of the small angles into BS cross
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section is small due to the angular factor, Q(Θ, θ) in Equation (4). This factor is plotted in
Figure 1 as function of the scattering angle, θ, for the value of Θ = 83◦ used experimentally
in [12,13]. It is clearly seen that Q(Θ, θ) is small for θ → 0.

30 60 90 120 150 1800

0.1

0.2

0.3

0.4

0.5

q, degree

Q
(Q

,q
)/
v i

2

Figure 1. The angular factor, Q(Θ, θ)/v2
i , from Equation (5) at Θ = 83◦ and v f ' vi.

3. Results on Isochromatic Spectra

Wavelength dependence of the BS intensity was obtained in experiment [13] and
analyzed theoretically in [33].

Now, we proceed to the analysis of the isochromatic spectra. These spectra show
the dependence of BS intensity on the electron energy, Ei, at a fixed photon energy, h̄ω.
The authors in [13] list the experimental values for a modified (as compared to that in
Equation (4)) differential BS cross section. This modification, as compared to Equation (4),
implies calculating the angle-differential cross section of BS photon radiation into a finite
small wavelength interval, ∆λ, integrated over the scattering angle, θ,

dσBS

dΩγ
=

α

2πc2
∆λ

λ

∫ π

0
σs(Ei, θ)Q(Θ, θ) sin θ dθ, (8)

where λ = 2πh̄/k is the photon wavelength, the factor Q(Θ, θ) is defined in Equation (5).
In other words, a change dω/ω → ∆λ/λ should be done in Equation (4). In the experiment
presented in [13], photons were registered in the wavelength interval of ∆λ = 0.1 nm.
Equation (8) requires knowledge of the following integrals:

Jab(Ei) =
∫ π

0
σs(Ei, θ) cosa θ sin1+b θ dθ, (ab) = (00), (10), (20), (02). (9)

In particular, the cross section of elastic electron–atom scattering is σel(Ei) = 2πJ00(Ei).
Equation (8) implies using differential cross sections of elastic electron–atom scattering,

σs(Ei, θ), tabulated as functions of the scattering angle, θ. Such data can be obtained by
numerical simulation using various models for interaction of the incident electrons with
atoms. For instance, the cross-section database [34] contains data for the majority of
atoms of the Periodic system. These data were used in our earlier work [33] for analysis
of experimental BS photon spectra at fixed energy of an electron scattering on rare gas
atoms [13].

In the case of electron scattering on argon atom, the data calculated in [35] can be used
as an alternative to the NIST database [34]. The results of the cross-section calculation at
particular electron energies, Ei, using both datasets are presented in Table 1.
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Table 1. Simulated cross section in elastic electron–atom scattering (Å2).

Ei, keV Ar Kr Xe

[34] [35] [36] [34] [36] [34] [36]

0.4 2.30 2.21 1.99 2.98 2.92 4.20 3.82
0.5 2.05 1.97 1.76 2.69 2.51 3.86 3.42
0.6 1.85 1.78 1.59 2.46 2.27 3.58 3.11
0.7 1.70 1.63 1.45 2.28 2.03 3.34 2.76
0.8 1.57 1.51 1.34 2.14 1.94 3.14 2.71
0.9 1.47 1.41 1.25 2.01 1.81 2.98 2.64
1.0 1.38 1.33 1.17 1.90 1.73 2.83 2.29
1.5 1.07 1.03 0.91 1.53 1.19 2.33 1.94
2.0 0.88 0.86 0.76 1.30 1.01 2.02 1.65

It can be seen that the cross sections of elastic electron scattering on Ar calculated
in [34,35] coincide within 4%. However, the angle-differential cross sections differ signifi-
cantly. As it is seen from Figure 2, the differential cross section has a sharp maximum for
the forward scattering. This maximum calculated in [35] is two times higher as compared
to the results of [34], and the differential cross section drops down for the scattering angles
θ > 15◦. Cross sections of electron scattering on Ar, Kr, and Xe atoms were also calculated
in [36]. They are presented in Table 1 as well and their values are less as compared to those
of [34]. This difference increases with the electron energy, Ei, up to 40% at Ei = 2 keV.
Unfortunately, the angle-differential cross sections are not listed in [36].

30 60 90 120 150

10
-1

10
0

10
1

10
2

0
q, degree

s
 (
E

 ,q
),

 b
oh

r 
 /

sr
s

2
i

180

Figure 2. The differential cross section of elastic e–Ar scattering at Ei = 0.4 keV from [34] (solid line)
and from Figure 7a of [35] (dashed line).

The results of our calculations of isochromatic BS spectra by Equation (8) are given
in Figures 3–5 in comparison with the experimental data shown in Figures 5–7 of [13],
respectively. We note a misprint in [13]: the cross section shown in these figures should
be measured in mbarn/sr, not barn. As seen from these figures, the calculated BS cross
sections increase with the initial electron energy, Ei, for Kr and Xe, and slightly decrease for
Ar. We recall that calculations of the isochromatic spectra according to Pratt et al. [29,30]
(as given in [13]) predict a monotonic decrease of the BS intensity as a function of Ei.
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Figure 3. Isochromatic spectrum for Ar: double-differential BS cross section (8) as a function of the
initial electron energy at the fixed photon energy of 177 eV. Solid line: elastic-scattering differential
cross sections are taken from [34]; dashed line: from [35]. Black points with error bars: experimental
values adopted from Figure 5 in [13] by manual digitization.
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Figure 4. Same as in Figure 3 for Kr, h̄ω = 165 eV. Experimental values adopted from Figure 6 in [13].
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Figure 5. Same as in Figure 4 for Xe, h̄ω = 177 eV. Experimental values adopted from Figure 7
in [13].
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Note the maximum value of BS cross sections is reached at Ei = Emax
i (see Equation (1))

and predicted by Sommerfeld [3] in the pure Coulomb potential. Under the conditions of
the experiment of [13], this maximum should be observed at Ei ≈ 0.26 keV.

4. Discussion

In the geometry of the experiment [13] (Θ = 83◦), according to Equation (5), the main
contribution into the BS cross section (8) is made by the following term:(

dσBS

dΩγ

)
0
=

α

4πc2
∆λ

λ
v2

f sin2 ΘJ02(Ei), (10)

where the factor J02(Ei) is defined by Equation (9). The Ei-dependence in Equation (10) is
due not only to the v2

f factor but also to the J02(Ei) dependence.
For the total (scattering + impact ionization) cross section σtot(Ei), this dependence

on Ei in the range 0.5–2.0 keV, according to [36], can be approximated by the following
equation:

σtot(Ei) ∼ E−B
i , (11)

where parameter B varies from 0.90 for He to 0.59 for Xe. These values make the slow
dependence (11) unable to compensate the linear increase of v2

f . However, the dependence
of J02 on Ei can differ from (11). Of course, the discrepancy between theory and experiment
can be also due to inaccuracy of SPA in this case.

In the case of argon (see Figure 3), the maximum in the isochromatic spectrum mea-
sured in [13] appears at the electron energy, Eexpt

i = 0.7 keV, which is greater compared
to that given by Equation (1). For the energies less than 0.7 keV, our theoretical results are
in satisfactory accord with the experiment. However, theoretical dependence of BS cross
section on Ei, obtained using the differential cross section of elastic scattering from [34]
has a less sharp maximum at Etheor

i = 1.11 keV. When the differential cross-section data
from [35] are used, the maximum appears at Etheor

i = 1.31 keV. In both cases, the calcu-
lated cross section decreases with Ei slower compared to the experiment. Unfortunately,
we have no explanation of such a behavior of the cross section. We note that using the
elastic cross sections from [35] results in lesser BS cross section compared to using the data
from [34] that make better agreement with the experiment. This can be caused by the fact
that the results in [35] give (i) a more sharp maximum at the forward differential cross
section and (ii) less magnitude of the cross section in the θ > 15◦ domain, as compared
to [34] (see also Figure 2). It is this angular domain that makes the main contribution into
the value of J02(Ei) in (9) due to sin3 θ in the integral. Thus, in the case of Ar, we have
quantitative agreement with the experiment at the electron energy Ei < Eexpt

i = 0.7 keV,
and a qualitative agreement for higher energies.

In the case of krypton (see Figure 4), the experimental isochromatic spectrum [13]
has the maximum at Eexpt

i = 1.0 keV which is higher than the value given by (1) as well.
Our BS cross section calculated using the differential cross section of elastic scattering
from [34], slowly increases in the studied energy range, Ei = 0.4–2.0 keV. Unfortunately,
the authors in [35] do not provide differential cross sections of elastic e–Kr scattering, so
our calculations for Kr can achieve only qualitative agreement with the experiment yet.

An even worse situation takes place for xenon (see Figure 5). Both experimental and
theoretical isochromatic spectra increase with the electron energy, Ei, the former [13] in-
creasing much faster than the latter. Extrapolating the Ar and Kr data, one can suppose that
Eexpt

i increases with the nuclear charge of the atomic target. Probably, one has Eexpt
i > 2 keV

for Xe. A similar discrepancy between theoretical and experimental BS spectra in e–Xe
scattering with fixed electron energy, Ei = 0.6 keV, was noted in our earlier work [33]. A
possible explanation of this discrepancy could be due to greater role of so-called polariza-
tion BS [23,31,37] for Xe, as compared to the lighter rare gases. Indeed, the main atomic
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feature responsible for the polarization bremsstrahlung is the dipole polarizability [23].
The contribution of polarization BS into the experimental BS spectra of rare gases should
increase with the nuclear charge since the polarizabilities of these gases are 11, 17 and
27 bohr3 for Ar, Kr and Xe, respectively [38]. The discrepancy between theory and exper-
iment for Kr isochromatic spectra can be also due to polarization BS, as well as to some
inelastic processes, such as impact ionization (in Equations (4) and (8), we take into account
conventional BS and elastic cross section only).

The main disadvantage of the presented theory is that it does not reproduce the BS
intensity decrease for sufficient high electron energy, Ei > Eexpt

i , as seen from Figure 4.

5. Conclusions

The isochromatic spectra recorded in [10] and studied in detail in [13] are quasi-
resonant, i.e., demonstrate a prominent maxima at some electron energy Ei = Eexpt

i . It
should be noted that the experimental values of Eexpt

i are much higher than those given by
the BS theory, Emax

i , in pure Coulomb potential (1). This excess of Eexpt
i value increases with

the target nucleus charge. Therefore, the isochromatic spectra reported in [13] for Xe did
not display any maxima, since the electron energies studied in [13] did not exceed 2 keV,
which is probably lower than the Emax

i value for Xe. Our model gives the first quantitative
description of the increase of BS intensity at low Ei < Emax

i in the isochromatic spectra for
Ar and the first qualitative description for Kr and Xe. The other theoretical models [29,30]
predict a monotonic (without maxima) decrease of the BS intensity as a function of Ei.

It should be emphasized that the agreement with experiment demonstrated in this
work is achieved with the help of very simple analytical expressions.

Unlike the BS spectra with the fixed electron energy [13,33], the isochromatic spectra
can possibly be more sensitive indicators of the polarization component of BS since this
component appears not only in xenon, but probably also in krypton.
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