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Abstract: Taking the generalized uncertainty principle (GUP) into account, we apply the corrected
state density to investigate the entropy density, energy density, pressure and equation of state for
the perfect relativistic gases of massless particles with an arbitrary spin of s ≤ 2 surrounding a
new four-dimensional neutral Gauss–Bonnet black hole. The modifications of these thermodynamic
quantities by the gravity correction factor and particle spin are shown, and the expressions have
completely different forms from those in flat space-times. For example, the energy density is not
proportional to the fourth power of the temperature. In other words, the energy density differs from
that of blackbody radiation. The quantum gravity effects reduce these quantities and are proportional
to the gravity correction factor. The result that the equation of state is not zero is compatible with the
non-vanishing trace of the stress tensor.

Keywords: effects of quantum gravity; Gauss–Bonnet black hole; thermodynamic quantity; equation
of state; generalized uncertainty principle

1. Introduction

Black hole thermodynamics have always been one of the hot topics in theoretical
physics. Although great progress has been made in many aspects, there are still many
unanswered questions such as the statistical origin of black hole entropy. At the same time,
some new topics have arisen with the successful detection of gravitational waves. Recently,
the thermodynamic properties of black holes in modified gravity such as Hawking radiation
and phase transition have extensively been studied. However, there are few studies on the
thermodynamic quantities of gases around a black hole, of which the number of studies
taking the GUP into account is even lower. Li [1,2] used the quantization procedure referred
to as the Boulware vacuum state [3] and killing time, t, to investigate the thermodynamic
quantities around the Schwarzschild and Reissner–Nordström black hole, and found that
their forms differ from those in flat space-times because of the appearance of additional
spin-dependent terms. Since then, this method was extended to other Einstein gravity
black holes [4–9]. However, gravitational interactions were not considered.

More than a decade ago, an idea was proposed by Mead [10] which suggested that
the uncertainty principle could be affected by gravity. If the gravity is strong enough, the
conventional Heisenberg uncertainty relation is no longer suitable and should be replaced
by the inequality of the GUP, ∆X∆P ≥ }

2

[
1 + λ(∆P)2

]
, given by theories of quantum

gravity such as string theory, loop quantum gravity and quantum geometry [11–27], where
∆X and ∆P are the generalized coordinate and momentum, λ is the gravity correction
factor and the order of the Planck area. Based on the GUP, the state density, d3Xd3Y

(2π})3 , sup-

ported by Heisenberg uncertainty relation should be modified to d3Xd3Y
(2π})3(1+λP2)

3 . In this

paper, we shall make use of the corrected state density to study the thermodynamic quanti-
ties for the Weyl neutrino (s = 1/2), electromagnetic (s = 1), mass-less Rarita–Schwinger
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(s = 3/2) and gravitational (s = 2) fields around a novel modified-gravity black hole. The
hole in four-dimensional Gauss–Bonnet space-time was initially proposed by Glavan and
Lin [28] and was further proven to be a solution to the well-defined theory developed by
Aoki, Gorji and Mukohyama [29,30]. The solution has shed new light on the theory of
gravity [31,32], Ads/CFT correspondence and astrophysics. For example, new features
were found in holographic superconductors [33], black hole shadows [34], and black hole
microstructure [35]. Thermodynamic properties such as horizons, phase transition and
entropy of the black hole have been studied [35–37]. It was shown that the range of dynam-
ical stability of the background black hole is constrained by small values of Gauss–Bonnet
coupling only [38]. As far as we are aware, there is no research on the thermodynamic
quantities of gases around this hole.

2. Four-Dimensional Gauss–Bonnet Gravity Space-Time and Field Equations

The metric of the four-dimensional Gauss–Bonnet gravity reads [28]

ds2 = f (r)dt2 − dr2

f (r)
− r2(dθ2 + sin2 θdϕ2), (1)

f (r) = 1 +
r2

2α

(
1−

√
1 +

8αM
r3

)
(2)

where M is the black hole mass, and α is the coupling parameter describing the Gauss–
Bonnet contribution to the action. There exists no real solution at short radial distances for
which r3 < |8αM| when α < 0, while the metric (1) reduces to the Schwarzschild black hole
in General Relativity in the limit α = 0. Therefore, we shall focus on the case of α > 0 in
the following. Solving the equation f (r) = 0 yields the horizon radii r± = M±

√
M2 − α.

Obviously, Gauss–Bonnet coupling decreases the outer horizon radius and increases the
inner one, then thins the unidirectional membrane between them. We note that the inner
and outer horizons coincide and the black hole becomes an extreme one when α = M2. The
Hawking temperature is

TH =
1

4π
f ′(r+) =

1
4π

(
6M

r2
+ + 2α

− 2
r+

)
(3)

where the prime denotes the derivation to r.
The following null tetrad vectors can be established as

lµ = [ f−1(r), 1, 0, 0]; nµ =
1
2
[1, f (r), 0, 0]; mµ =

1√
2r

[
0, 0, 1,

i
sin θ

]
. (4)

Making use of the Newman–Penrose formula [39], we obtain gain the non-vanishing
spin coefficients and component of the Weyl tensor.

α = −β = − ctgθ

2
√

2r
, ρ = − 1

r ,

µ = − 1
2r f (r), γ = 1

4 f ′(r),

Ψ2 = 5
12 f ′′ (r) + 1

6r f ′(r) + 1
6r2 [1− f (r)].

(5)

These show that the metric (1) is of Petrov type D [40].
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According to the results obtained by Teukolsky [41], the field equations of the Weyl
neutrino, electromagnetic, massless Rarita–Schwinger and gravitational fields can be com-
bined into

{[D− (2s + 1)ρ](∆− 2sγ + µ)
−[δ + (2s− 2)α](δ− 2sα)− (2s− 1)(s− 1)Ψ2

}
ϕp = 0 (p = s);

{[∆ + (2s− 2)γ + (2s + 1)µ](D− ρ)
−[δ + (2s− 2)α](δ− 2sα)− (2s− 1)(s− 1)Ψ2]ϕp = 0 (p = −s).

(6)

where D = lµ∂µ, ∆ = nµ∂µ, δ = mµ∂µ are the directional derivatives.
Adopting the Wentzel–Kramers–Brillouin (WKB) approach and setting the mode

functions as ϕp = exp[−iEt + iSp(r, θ, ϕ)], we can obtain from Equation (6)

E2

f (r)
− f (r)P2

r −
1
r2 P2

θ −
1

r2 sin2 θ
(Pϕ + p cos θ)2 + η(r, p) = 0 (7)

with Pµ = ∂µSp being the conjugate momenta and

η(r, p) = s+p
2 f ′′ (r) + (s+p)s+p+1

r f ′(r) + 2s
r2 f (r)

+2(2s− 1)(s− 1)Ψ2 − (s− p)
(8)

It should be noted that the existence of the spin makes Equation (7) differ from the
Hamilton–Jacobi equation of a massless scalar particle, gµνPµPν = 0. The momentum of a
particle is

P2 =
E2

f (r)
+ η(r, p) (9)

which reaches infinity at the outer event horizon, hence WKB approximation is valid [42].

3. Thermodynamic Quantities

Taking the GUP into account, the number of eigenstates with an energy smaller than E
is modified and reads

g(E) =
1

(2π)3 ∑
p

∫ drdθdϕdprdpθdpϕ

(1 + λP2)
3 (10)

It is not difficult to perform the integrals in momentum space or θ and φ to obtain

g(E) =
2

3π∑
p

∫ r2dr√
f (r)

(
E2

f (r)
+ η(r, p)

)3/2[
1− λ

(
E2

f (r)
+ η(r, p)

)]−3

(11)

The quantum state density (11) is convergent at the event horizon as a result of the
non-vanishing λ. This is one of the advantages of the GUP. On the other hand, to obtain
the integral r, we employ the framework of ‘t Hooft [42]. That is, the boundary conditions
for the wave function are chosen as φp = 0 at r = r+ + ε and r = r+ + L, the region of
integration of r is a spherical shell from r+ + ε to r+ + L where 0 < ε << L. Because
the GUP determines a minimum space length, ∆Xmin =

√
λ, we set the proper distance

of the above spherical shell from the horizon to be
√

λ, i.e.,
∫ r++ε

r+

√
f−1(r)dr =

√
λ. In

other words, the UV cutoff does not need to be introduced manually, which is the other
advantage of the GUP.

At the inverse temperature, βH = T−1
H , the free energy of a system is given by

F = (−1)2sβ−1∑α
ln
[
1− (−1)2se−βEα

]
(12)
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where α expresses a set of quantum numbers. Considering that the energy distribution is
continuous, Equation (12) can be rewritten as

F = −
∫ ∞

0

g(E)dE
eβHE ∓ 1

(13)

where the plus sign corresponds to the Fermi case and the minus sign to the Bose one.
Making use of the corrected state density (11) to accomplish the E integral, we have

F = −
∫ r2dr√

f (r)

[
15+(−1)2s

16
2ωπ3

45β4
H[ f (r)]3/2 +

3+(−1)2s

4
π∑p η(r,p)

6β2
H[ f (r)]1/2

]
+λ
∫ r2dr√

f (r)

[
63+(−1)2s

64
16ωπ5

63β6
H[ f (r)]5/2 +

15+(−1)2s

16
π3∑p η(r,p)

3β4
H[ f (r)]3/2

] (14)

where ω = ∑p 1 = 2 is the degeneracy of the particle spin.
The total entropy and energy of the system of the black hole and spin field read

S = β2
H

∂F
∂βH

=
∫ r2dr√

f (r)

[
15+(−1)2s

16
8ωπ3

45β3
H[ f (r)]3/2 +

3+(−1)2s

4
π∑p η(r,p)

3βH[ f (r)]1/2

]
−λ
∫ r2dr√

f (r)

[
63+(−1)2s

64
32ωπ5

21β5
H[ f (r)]5/2 +

15+(−1)2s

16
4π3∑p η(r,p)

3β3
H[ f (r)]3/2

]
,

(15)

U = ∂(βHF)
∂βH

=
∫ r2dr√

f (r)

[
15+(−1)2s

16
2ωπ3

15β4
H[ f (r)]3/2 +

3+(−1)2s

4
π∑p η(r,p)

6β2
H[ f (r)]1/2

]
−λ
∫ r2dr√

f (r)

[
63+(−1)2s

64
80ωπ5

63β6
H[ f (r)]5/2 +

15+(−1)2s

16
π3∑p η(r,p)

β4
H[ f (r)]3/2

]
.

(16)

On the other hand, the total entropy and energy of a system can be given as

S =
∫

σ(r)
4πr2dr√

f (r)
; U =

∫
ρ(r)4πr2dr, (17)

where the spherical volume elements chosen for the black hole are spherically symmetric,
and σ and ρ are the entropy density and energy density. The factor 1/

√
f (r) does not

appear in the integral for the total energy of the thermal excitations [43].
Comparing Equation (16) with Equation (17) yields

σ(r) = 15+(−1)2s

16
2ωπ2

45 T3 + 3+(−1)2s

4
∑p η(r,p)

12 T

−λ

[
63+(−1)2s

64
8ωπ4

21 T5 + 15+(−1)2s

16
π2∑p η(r,p)

3 T3
]

,
(18)

ρ(r) = 15+(−1)2s

16
ωπ2

30 T4 + 3+(−1)2s

4
∑p η(r,p)

24 T2

−λ

[
63+(−1)2s

64
20ωπ4

63 T6 + 15+(−1)2s

16
π2∑p η(r,p)

4 T4
]

,
(19)

where T(r) = TH√
f (r)

is the local temperature [44]. Obviously, the expression of the energy

density is inconsistent with Stefan–Boltzmann law. Only for the scalar field, our result (19)
is reduced to the Stefan–Boltzmann law when λ = 0.

The pressure, entropy density and energy density satisfy the formula [45]

P(r) = σ(r)T(r)− ρ(r) (20)
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Substituting (18) and (19) into (20), we have the pressure equation,

P(r) = 15+(−1)2s

16
ωπ2

90 T4 + 3+(−1)2s

4
∑p η(r,p)

24 T2

−λ

[
63+(−1)2s

64
4ωπ4

63 T6 + 15+(−1)2s

16
π2∑p η(r,p)

12 T4
] (21)

and the state equation,

ρ(r)− 3P(r) = −3 + (−1)2s

4
∑p η(r, p)

12
T2 − λ

63 + (−1)2s

64
8ωπ4

63
T6. (22)

4. Discussion and Conclusions

We take the GUP into account and use the modified density to calculate the entropy
density, energy density, pressure and equation of state for the perfect relativistic gases of
massless particles with a spin of s = 1/2, 1, 3/2 and 2 around a four-dimensional neutral
Gauss–Bonnet black hole. It is shown through Equations (18), (19) and (21) that the entropy
density, energy density and pressure all include four terms. The first term is the exact same
as that in a flat space-time, and the second term only depends on the spin value of the
particles, while the last two ones are proportional to the gravity correction factor and arise
from the state density modified by the GUP. To be more specific, the third term only comes
from the gravity correction factor and is spin-independent, while the forth one is the joint
contribution of the thermodynamic quantities of the gravitation interactions and spin fields.
We note that this cross impact does not appear in the equation of state Equation (22).

It should be noted that the Hamilton–Jacobi equation of a massless scalar particle is
recovered if we set η = 0 in Equation (9). Therefore, we can gain the entropy density, energy
density, pressure and equation of state for the scalar field only if we set η = 0, s = 0, and
ω = 1 in Equations (18), (19), (21) and (22):

σ(r) =
2π2

45
T3 − λ

8π4

21
T5 (23)

ρ(r) =
π2

30
T4 − λ

20π4

63
T6 (24)

P(r) =
π2

90
T4 − λ

4π4

63
T6 (25)

ρ(r)− 3P(r) = −λ
8π4

63
T6. (26)

Obviously, quantum gravity effects decrease the thermodynamic quantities. Mean-
while, that the equation of state Equation (26) is negative means that the decrease in the
energy density is greater than that in the pressure.

That the equations of state Equations (22) and (26) are not zero show the non-vanishing
trace of the stress tensor, while the trace anomaly is an unescapable consequence as result
of all renormalization schemes of curved space-time.

It is interesting to note that, when r is big enough, Ψ2 → 0 and η(r, p)→ p − s. Then,
the contribution of the spin only comes from the spin state, p = −s.

In conclusion, we utilize the corrected state density according to the GUP to investigate
the quantum gravity effects on the thermodynamic quantities such as the entropy density,
energy density, pressure and equation of state as well as the effects of spin fields. The
quantum gravity effect decreases the thermodynamic quantity and is proportional to
the gravity correction factor. In addition, that gravitation affects the state equation and
thermodynamic quantities, which was argued by Li and Liu, is shown once again [46].
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