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Abstract: In this work, we report a study on bouncing cosmology with modified generalized Chap-
lygin Gas (mgCG) in a bulk viscosity framework. Reconstruction schemes were demonstrated in
Einstein and modified f (T) gravity framework under the purview of viscous cosmological settings.
We also took non-viscous cases into account. We studied the equation of state (EoS) parameter under
various circumstances and judged the stability of the models through the sign of the squared speed of
sound. We observed the mgCG behaving like avoidance of Big Rip in the presence of bulk viscosity
at the turnaround point and in non-viscous cases, a phantom-like behavior appears. The turnaround
point equation of state parameter crosses the phantom boundary, violating NEC. The role of the
mgCG’s model parameters was also investigated before and after the bounce. A Hubble flow dynam-
ics was carried out and, it was revealed that mgCG is capable of realizing an inflationary phase as
well as an exit from inflation. An f (T) gravitational paradigm was also considered, where the mgCG
density was reconstructed in the presence of bulk viscosity. The role of the parameters associated
with the bouncing scale factor, describing how fast the bounce takes place, was also studied in this
framework. Finally, the reconstructed mgCG turned out to be stable against small perturbations
irrespective of the presence of bulk viscosity and modified gravity scenario. Finally, the reconstruction
scheme was assessed using statistical analysis, Shannon entropy.

Keywords: modified generelized Chaplygin gas; bulk viscosity; bounce scale factor; Einstein gravity;
modified f (T) gravity; null energy condition; Big Rip singularity; Shannon entropy

1. Introduction

Countless observational studies of the cosmic universe, viz. Ia Supernovae
(SNe Ia) [1–4], the Cosmic Microwave Background (CMB) [5,6], Wilkinson Microwave
Anisotropy Probe(WMAP) [7–11], large scale redshift surveys structure (LSS) [12–17], show
that the current universe is in a phase of accelerated expansion [18]. Dark energy (DE)
is the term given to a hypothetical fluid with negative pressure that is spearheading the
universe’s accelerating expansion. This gravitationally repulsive exotic energy exerts a
repulsion characterized by the equation of state (EoS) parameter w = p

ρ < −1/3. Almost
three fourths of total mass-energy density of the universe [19] is made up of this unknown
cosmic fluid. Like dark matter, it is invisible. It can be detected from astrophysical obser-
vations between cosmic entities. Dark energy still remains an unknown form of energy.
DE, the exotic energy, is in the stress–energy–momentum tensor of the field equations in
Einstein’s theory of general relativity. There is a direct correlation between the matter–
energy of the universe and the global or local geometry of the universe in the General
Theory of Relativity (GTR) [20–24]. DE is detected by its impact on the rate at which the
universe expands and its effect on the rate at which galaxies and gravitationally bound
groups of galaxies form through gravitational perturbations. The oldest explanation of
dark energy is that it is an innate, fundamental energy density inherent to vacuum energy,
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which is the key ingredient in Einstein’s cosmological constant [25]. In [26], the method of
regularization of vacuum energy is observed. Martin et al. briefly described the method
of measurement of the cosmological constant as being constrained by experiments with
planet orbits in our solar system or atomic spectra in cosmology. In [27], the global nature
of the cosmological constant problem is emphasized by highlighting the significance of
radiative instability as well as Weinberg’s no-go theorem. In this lecture series, the defined
sequester is a new representational approach to the cosmological constant problem that
incorporates both general relativity and renormalization by cancellation of the standard
model vacuum energy.

The simplest candidate of DE is Einstein’s cosmological term symbolized as Λ with
ωΛ = −1 [28–31], introduced by Albert Einstein to augment his field equations of the
General Theory of Relativity. Numerous dark energy models having a time varying EoS
parameter supported by observations such as quintessence [32–34], phantom [35–38],
quintom [39–42], tachyon field [43–45], hessence [46–49], k-essence [50,51], Chaplygin
gas [52–55], holographic dark energy [56–60], etc., have been presented to find out the
cause behind the cosmic accelerated expansion. A broader picture of the various facets of
DE review is available in the studies [61–70]. Cold dark matter (CDM) [71,72] is another
dark component of the universe that presents Ω∼0.3 and is driven by the cosmological
interpretation of the rotation curves of galaxies and the formation of a large-scale struc-
ture. Of late, a theoretical model has been proposed with the introduction of an unusual,
hypothetical fluid, viz. Chaplygin Gas (CG) [73–75]. Chaplygin Gas is one of the many
candidates for dark energy and it is capable of unifying CDM and DE. This is also a perfect
fluid used in general relativity to model idealized distributions of matter, specified with
the equation of state

p = − A
ρα

. (1)

In this equation, p denotes pressure, density is denoted by ρ and A is a positive
constant. Initially, it was proposed that α = 1 [76]. Following that, according to the
general conclusion, it was proposed that α 6= 1 [77]. This equation of state, introduced
by Sergey Chaplygin, serves as an effective mathematical approximation for calculating
the aerodynamical lifting force on an aircraft wing. This isentropic fluid only admits a
supersymmetric generalization. Chaplygin Gas plays an important role in telling the story
of string theory. The foremost major feature of Chaplygin Gas is that it can describe a shift
to the current stage of cosmic acceleration from a decelerated cosmic expansion and as
a single substance, it can unify dark matter and dark energy, which together constitute
the dark sector of the universe. This non-homogeneous Chaplygin Gas provides a broad
realistic explanation uniting the disparate roles of DE and DM. This exotic fluid presents
the simplest deformations of the most typical ΛCDM models. A. Kamenshchik and M.
C. Bento proposed the generalized Chaplygin Gas (CGC) model [78,79] at the start of the
21st century, with A > 0 and 0 6 α 6 1 with equation of state Equation (1). Chaplygin
Gas can easily interpolate between a non-relativistic matter phase of vanishing pressure
(p = 0) and a negative-pressure era dominated by DE [80]. A modified Chaplygin Gas
(mCG) model was proposed by Debnath et al. [81] where isotropous pressure p of the
cosmological fluid adheres to

p = Aρ− B
ρα

, (2)

and 0 6 A 6 1, 0 6 α 6 1 and B is a positive constant. Fundamental characteristics of mCG
as a DE candidate were studied in [82–84]. Because the behavior of CG is similar to that of
dark matter (DM) with vanishing pressure in the early stages of the universe and similar
to that of a cosmological constant in later phases, this significant and interesting behavior
of the CG model has been widely studied in the literature [85]. Moreover, this model
was expanded to several forms [86–88]. These developments were the prime motivation
behind our study of the modified generalized Chaplygin Gas (mgCG) model along with
the equation of state
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p = ερ− (1 + ε)Aρ−γ, (3)

where ε, A and γ are three real parameters.
Based on observational studies, we can say that our current universe is facing an

accelerated expansion and it is important to note that this late-time acceleration is by no
means the lone accelerated phase of the cosmos. In the preliminary stage, the inflationary
phase is another phase of such expansion. Several irregularities of the Big Bang cosmol-
ogy were accordingly communicated in the works of [89,90] within the framework of the
inflationary cosmology exemplary for the early universe. Unification of early inflation
and late-time cosmic acceleration was demonstrated in [91,92] and denoted a phantom
cosmology uncovering the shift to the inflationary era, bearing in mind the transition to the
non-phantom standard cosmology and retrieving the recently observed dark energy era.
Furthermore, modern cosmologists continue to debate whether the universe began to ex-
pand as a result of a Big Bang singularity or as a result of a non-singular, bouncing scenario.
Inflation is one of many cosmological scenarios that provides an explanation for the early
universe and finds a possible answer to the horizon and flatness problems. In addition,
it predicts an almost scale-invariant curvature perturbation power spectrum. However,
tracing back in time, the inflationary scenario explains the consequences of an initial cosmic
singularity, well known as the Big Bang singularity, where geodesic incompleteness causes
the space-time curvature to diverge at the point of the space-time singularity.

A bouncing cosmology is an alternative to inflation that can produce a curvature
power spectrum that is scale invariant and the bouncing scenario leads to non-singular
universe evolution [92–102]. In the scenario of matter bouncing, the universe experiences a
matter-dominated period with the onset of the contraction. In addition, a bounce occurs
without any singularity. To put it another way, it implies that the universe transitioned
from an accelerated collapse era to an expanding era over the bounce without exhibiting
any singular behavior. Following the bounce, the universe immediately enters a phase of
matter-dominated expansion. Beside the Big Bang singularity, there are many other types of
finite-time singularities in cosmology studied in [103]. The severest amongst them is the Big
Rip or Type-I singularity; however, there are another three similar finite time singularities,
namely Type-II, Type-III or Type-IV singularities [104–108]. In the case of Type-I, II or III
singularities, the universe’s effective energy density and/or effective pressure diverge at the
point of singularity. In contrast, in the Type-IV singularity, the effective energy density and
the effective pressure of the universe stay finite during the instance of the singularity and
consequently the Type-IV singularity is the milder one among the finite-time singularities.
Specifically, unlike the Big Rip singularity, the geodesic incompleteness is absent in the
Type-IV singularity. As a result, the universe can easily pass through a Type-IV singularity
(if such a singularity exists) and the Type-IV has no catastrophic effects on observable
quantities. Thus, it is possible that the universe encountered a Type-IV singularity in the
past in the course of its evolution. It sailed through it without any geodesic incompleteness.
Nevertheless, the existence of a Type-IV singularity might exercise noteworthy influence on
the evolution of the universe, and also on the generation era of the primordial perturbation
modes, as the singularity can globally influence the Hubble parameter.

Viscous cosmology plays a pivotal role within the scientific community in the evolution
of the universe. A few studies and reviews on viscous cosmological analysis are presented
in [109–114]. In this context, bulk viscosity is attributed to space isotropy and shear viscosity
is linked to space anisotropy. Shear viscosities are not considered because the CMB describes
meaningful anisotropies, so bulk viscosity can make a case for the universe’s accelerated
cosmic expansion. In the early universe, when studying inflationary cosmology, the concept
of bulk viscosity was proposed in the literature without any requirement of dark energy.
Hence, bulk viscosity could be one of the reasons for the current accelerated expansion of
the universe. Nowadays, several authors have tried to explain the late-time acceleration
via bulk viscosity without any dark energy constituent. In theory, deviations from local
thermodynamic stability can cause bulk viscosity to form, but a detailed mechanism for
bulk viscosity formation is still elusive. In cosmology, when the matter content of the
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universe expands or contracts too fast as a cosmological fluid, then the effective pressure
is generated to bring the system back to its thermal stability. The manifestation of such
an effective pressure is bulk viscosity. To analyze the late acceleration of the universe, the
casual theory, according to which viscosity propagates at a finite speed, has been used.
Cataldo et al. [115] proposed a study on late-time acceleration using the casual theory
of bulk viscosity. Basically, they used an ansatz for the Hubble parameter (inspired by
the Eckart theory) and they have shown the transition of the universe from the Big Rip
singularity to the phantom behavior.

In the expansion history of the universe, unifying early-phase inflation and later-phase
acceleration can be felt in scalar-tensor gravity. Modified gravity provides a true union
of early-time inflation and late-time acceleration in this case. It can also form the basis
for explanations of both dark energy and dark matter [116,117]. Inflationary expansion
of the universe has been observed in several modified gravity frameworks viz. f (R)
gravity [118], scalar curvature corrections to general relativity [119], higher-derivative
quantum gravity [120], unimodular f (T) gravity [121], mimetic f (R) gravity [122,123] and
f (R, φ) gravity [124]. An extension of the General Theory of Relativity is that modified
gravity causes a transition from deceleration to acceleration in the evolution of the universe.
By introducing a scalar field after the conformal transformation, we can use f (R)-modified
gravity. Without choosing a DE candidate, f (T) gravity, the other modified gravity with
torsion T, can explain the late-time acceleration with the thermal expanding history of the
universe [125–129]. Torsion’s role in gravity has been extensively studied in recent decades,
with the main goal of bringing gravity closer to its gauge formulation and incorporating
spin in a geometric description. Based on the paradigm of f (T) gravity, where f (T) is an
arbitrary function of the torsion scalar, we can incorporate cosmological and astrophysical
applications both at the background and perturbation levels, in different eras along the
cosmic expansion. The f (T) gravity construction, as an alternative to a cosmological
constant, can provide a theoretical interpretation of the late-time universe acceleration and
it can easily accommodate the regular thermal expanding history, including the radiation
and cold dark matter dominated phases. Furthermore, in the early universe, inflation could
be achieved through the f (T) paradigm and the Big Bang singularity could be avoided due
to the appearance of non-singular bounces.

In information theory, the uncertainty of a random variable is called the entropy
inherent to the variable’s possible outcomes. The distribution of a discrete random variable
X that accepts values from the alphabet X is as follows:

p : X → [0, 1], (4)

H(X) = −
n

∑
i=1

P(xi) log P(xi), (5)

where Σ denotes the sum over possible values of the variable. Claude Shannon introduced
the concept of information entropy in his 1948 paper “A Mathematical Theory of Com-
munication” and that is why it is also referred to as Shannon entropy [130–135]. Shannon
entropy is a measure of uncertainty in statistical thermodynamics theory. In probabilistic
information theory, entropy is a measure of data produced uncertainty for some event
or variable. The higher value of Shannon entropy reflects the higher level of uncertainty
measured in the model. This evaluation is carried out on the basis of maximum entropy.
There are several ways in which uncertainty can be found. However, the sources of uncer-
tainty at the bouncing point have not been examined. In this study, we use the probabilistic
information theory and the initial conditions to quantify uncertainty. Moreover, we in-
corporated sources of deterministic uncertainty in this model. Here, we considered two
scenarios described as “pre” and “post” bounce scenarios. As this particular non-singular
bouncing model favours a late-time cosmic speed-up phenomenon, we wanted to find the
change in uncertainty for this speed-up. In this study, it is observed that the uncertainty is
significantly higher near the bouncing point due to inflation.
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The purpose of the present work is to have an insight into the bouncing behavior of
mgCG under the purview of modified theory of gravity. Furthermore, another focus of
the study is to implement a probabilistic information theory-based approach to discern
how the models behave from the point of view of uncertainty theory. The evolution of
uncertainty with changes in the mathematical expectations of the associated random vari-
ables is quantified through Shannon entropy, which is optimized by using the Lagrangian
optimization method. Details are given in subsequent sections.The plan of the work is
the following. In Section 2, we construct the mgCG realization of the bouncing scenario,
drawing forth the corresponding analytical solutions. In Sections 3–8, we proceed to the
reconstruction of generalized scenarios to explain inflationary expansion of the universe.
Finally, Section 9 is devoted to finding the uncertainty towards the turnaround point and
Section 10 is devoted to the conclusions.

2. Equation of State of Barotropic Fluid

Considering the bouncing scale factor [136] form of

a(t) = a0

(
1 +

3t2σ

2

) 1
3

. (6)

In this case, the scale factor at the turnaround point is a0 and a positive parameter
σ describes the bounce speed. Additionally, we have shown the advantages of taking
semi-analytic solutions and this estimation of mathematical solutions demonstrates the
existence of bouncing solutions in the framework of matter-dominated contraction and
expansion. Therefore, from Equation (6), the derived Hubble parameter is

H =
tσ

1 + 3t2σ
2

. (7)

Here, we have taken the background evolution fluid as barotropic mgCG whose
equation of state (EoS) [137] is

p = ερ− (1 + ε)Aρ−γ, (8)

where we have denoted thermodynamic pressure as p, total energy density as ρ and ε, A
and γ parameterize Equation (8). The constraints on the mgCG barotropic fluid described
above are ε > 1

3 , A > 0 and γ > 0. The transition of the vanishing pressure phase can
describe the evolution of the universe from a relativistic particle-dominated era (ε = 1

3 ) to a
dark energy-dominated negative pressure era. Here, we considered the universe to be filled
with dark energy and dark matter as a single component and neglected the contribution of
other components throughout this paper whereas dark matter with no pressure results in
pm = 0. Therefore,

ρ = ρx + ρm, (9)

where ρx denotes dark energy density, ρm denotes dark matter density and ρ denotes total
energy density.

In a Friedmann–Robertson–Walker (FRW) universe dominated with bulk viscous fluid,
the Friedmann field equations [138] are

6ä
a

= −(ρ + 3(p + Π)), (10)

and
3H2 = ρx + ρm, (11)

where the universe’s total energy density, originating from a scalar field of the background
effective fluid is ρ. Here, we assumed that the background fluid is a viscous Chaplygin
Gas that drives the early period of the universe’s expansion, where Π is the bulk viscous
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pressure and Π is described by Π = −3Hξ, where ξ is the viscosity coefficient, which is a
function of the Hubble parameter. Again, from the conservation equation of pressureless
dark matter, we know that

˙ρm + 3Hρm = 0. (12)

Or ρm = ρm0a(t)−3. (13)

From Equations (11) and (13), we obtain

ρx = 3H2 − ρm0a(t)−3. (14)

From Equations (8) and (14) we obtain the expression of reconstructed p of mgCG.

p = −12−γ A(1 + ε)

(
t2σ2

(2 + 3t2σ)
2

)−γ

+
12t2εσ2

(2 + 3t2σ)
2 . (15)

Therefore, the EoS parameter defined by ω = p
ρ , where p is thermodynamic pressure

and ρ is total energy density, can be derived from the form

ω = ε− 12−1−γ A(1 + ε)

(
t2σ2

(2 + 3t2σ)
2

)−1−γ

. (16)

Alternatively, ω can be written as

ω = ε− 12−1−γ A(1 + ε)

((
2 + 3t2σ

)2

t2σ2

)1+γ

. (17)

In Equation (17), we can notice, at the bouncing point t = 0, the denominator becomes
zero. The reconstructed density and EoS parameters are plotted in Figure 1 and Figure 2,
respectively. The reason for this divergence in Figure 2 is as follows; in Equation (17), ε is a
positive quantity and the following term tends to infinity towards the turnaround point for
all parameter values.

Figure 1. Reconstructed density evolution in the modified generalized Chaplygin Gas scenario with
ρm0 = 0.32, a0 = 0.2, ε = 0.43, γ = 0.89 and A = 0.96 varying σ = (2.34, 3.85, 4.56, 4.86) in units
for rainbow-dashed, red-solid curve, blue-solid curve and green-solid curve, respectively, with the
bouncing point arising at t = 0.
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Figure 2. Reconstructed EoS parameter evolution in the modified generalized Chaplygin Gas scenario
with ρm0 = 0.32, a0 = 0.2, ε = 0.43, γ = 0.89 and A = 0.96 varying σ = (2.34, 3.85, 4.56, 4.86) in units
for rainbow-dashed, red-solid curve, blue-solid curve and green-solid curve, respectively, with the
bouncing point arising at t = 0.

From Equations (15) and (10), we obtained the expression of bulk viscous pressure
(Π),

Π =
12−γ

(
t2σ2

(2+3t2σ)
2

)1−γ(
A(1+ε)(2+3t2σ)

2−3γ41+γσ

(
t2σ2

(2+3t2σ)
2

)γ

(2+3t2εσ)

)
t2σ2 .

(18)

By simplifying Equation (18), we can see that the denominator is zero at the bouncing
point t = 0. For that reason, the evolution of the reconstructed bulk viscous pressure
diverges in Figure 3 and increases infinitely towards the turnaround point.

-2 -1 0 1 2

-5

0

5

10

t

Π

Figure 3. Reconstructed bulk viscous pressure Π evolution in the modified generalized Chaplygin Gas
scenario with ρm0 = 0.32, a0 = 0.2, ε = 0.43, γ = 0.89 and A = 0.96 varying σ = (2.34, 3.85, 4.56, 4.86)
in units for black-solid, red-solid curve, blue-solid curve and green-solid curve, respectively.
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Here, the bulk viscous pressure (Π) can be written as a function of Hubble parameter
Π = −3Hξ where ξ is the coefficient of viscosity. Then, reconstructed ξ can be written as:

ξ(H) = −
3−1−γ4−γ

(
1+ 3t2σ

2

)(
t2σ2

(2+3t2σ)
2

)1−γ(
A(1+ε)(2+3t2σ)

2−3γ41+γσ

(
t2σ2

(2+3t2σ)
2

)γ

(2+3t2εσ)

)
t3σ3 .

(19)

Equation (19) can be simplified and towards bouncing point t = 0 the denominator
tends to zero and that is why the evolution of the reconstructed viscosity coefficient diverges
in Figure 4. The effective EoS parameter ωe f f can be defined as the ratio of effective pressure
(p + Π) and total energy density ρ. We can derive the expression of the effective EoS
parameter from Equations (14), (15) and (18) which is plotted in Figure 5 with respect to
cosmic time t. As bulk viscous pressure itself diverges towards the bouncing point, the
effective EoS parameter also diverges.

We plotted the reconstructed mgCG density evolution with respect to cosmic time
t in Figure 1 and discovered that mgCG energy density decreases due to contraction in
the pre-bounce scenario, is the lowest at the bouncing point at t = 0 and increases after
bounce due to expansion. This figure supports the inflationary expansion of the universe,
as it depicts a rapid increase in density due to inflation, followed by density stabilization in
later phases of the universe. The behavior of the background evolution of energy density in
Figure 1 is continuous and well behaved. The bounce is clearly visible in Figure 2, the EoS
parameter crosses the phantom boundary and there is an avoidance of Big Rip singularity
in a viscous mgCG scenario in Figure 5. In Figures 3 and 4, we plotted bulk viscous pressure
versus cosmic time t and viscosity coefficient ξ using Π = −3Hξ.

-2 -1 0 1 2

-6

-4

-2

0

2

4

6

t

�

(H
)

Figure 4. Reconstructed bulk viscosity coefficient ξ evolution in the modified generalized Chap-
lygin Gas scenario with ρm0 = 0.32, a0 = 0.2, ε = 0.43, γ = 0.89 and A = 0.96 varying
σ = (2.34, 3.85, 4.56, 4.86) in units for black-solid, red-solid curve, blue-solid curve and green-solid
curve, respectively.
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-2 -1 0 1 2
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-2.0

-1.5

-1.0

-0.5

0.0

t

ω
e
ff

Figure 5. Reconstructed effective EoS parameter evolution in the modified generalized Chaplygin Gas
scenario with ρm0 = 0.32, a0 = 0.2, ε = 0.43, γ = 0.89 and A = 0.96 varying σ = (2.34, 3.85, 4.56, 4.86)
in units for black-solid, red-solid curve, blue-solid curve and green-solid curve, respectively, with the
bouncing point arising at t = 0.

3. Bounce Cosmology with Respect to E-Folding Number

We have demonstrated the theory of perturbations for the framework of mgCG evo-
lution in every single bouncing layout associated with inflationary observables, which is
important for us. In particular, the Hubble horizon decays faster than the wavelengths
of the generated vacuum state fluctuations and contraction continues before the phase of
bounce. The fluctuations after leaving the Hubble radius form bounce and later in the
expanding phase, the fluctuations re-enter the inner parts of the horizon. Here, Equation (6)
is the form of the bouncing scale factor where a0 is the scale factor at the bouncing point
and the positive parameter σ denotes the speed of the bounce. Therefore, Equation (7) is
the derived Hubble parameter. Now, we considered the e-folding time scale N [139] in
spite of cosmic time t, associated with the scale factor as shown:

e−N =
a0

a
. (20)

Or N = ln( a
a0
), which implies H = Ṅ.

Therefore,

N =
1
3

ln
(

1 +
3t2σ

2

)
. (21)

Then, we converted the cosmic time (t) in terms of e-folding number N and found
the thermodynamic pressure p, density ρ and EoS parameter (ω) in terms of e-folding
time scale.

t(N) = ±
√

2(−1 + e3N)

3σ
. (22)

and we obtained

p = 2e−6N(−1 + e3N)εσ− 2−γ A(1 + ε)
(
e−6N(−1 + e3N)σ)−γ. (23)

ρTotal = 2e−6N
(
−1 + e3N

)
σ. (24)



Universe 2023, 9, 136 10 of 27

We have shown the evolution of the time derivative of e-fold number Ṅ versus time t
in Figure 6. It has been demonstrated that the scale factor at the bouncing point, i.e., a = a0;
we have N = 0. In Figure 6, Ṅ is symmetric about the bouncing time t = 0 and it supports
the realization of nonsingular bounce. It has been observed that before the bounce t < 0,
we have Ṅ < 0 due to contraction of the universe as ȧ < 0 and after the bounce t > 0,
expanding attribute of Ṅ occurred due to expansion of the universe.

Figure 6. Evolution of expression of time derivative of e-folding Number with respect to cosmic time
with ρm0 = 0.32, a0 = 0.2, ε = 0.43, γ = 0.89 and A = 0.96 varying σ = (2.34, 3.85, 4.56, 4.86) in
units for rainbow-dashed curve, rainbow-dotted curve, black-solid curve and rainbow-solid curve,
respectively, the bouncing point at t = 0.

Here, we plotted the evolution of the expression of ω defined by ω = p
ρ and ωe f f

defined by ωe f f = p+Π
ρ with respect to time derivative of the e-folding number in

Figures 7 and 8.

-3000 -2500 -2000 -1500 -1000 -500 0
-1.0

-0.5

0.0

0.5

1.0

N


ω

Figure 7. Evolution of expression of ω with respect to time derivative of e-folding number.
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Figure 8. Evolution of expression of ωe f f with respect to time derivative of e-folding number.

4. Hubble Flow Dynamics

In the early universe, cosmic inflation is one of the main paradigms for explaining
cosmological parameters and contains phase of exponential expansion of the universe and it
accomplishes the paths for initiating in homogeneities on cosmological scales. We consider
the Hubble flow parameters [140], proposed in the studies of cosmologists Hoffman [141],
Turner [142] and Kinney, defined by

εi+1 = dlnεi
dN . (25)

where N is the e-folding time scale.

ε1 = 1− ä
aH2 = − Ḣ

H2 . (26)

ε2 = ε̇1
Hε1

. (27)

For inflation, ä > 0, ε1 has to be less than 1. It is very obvious for vanishing inflationary
epoch ε1 has to take the value of unity.

ε1 = 3
2 −

1
t2σ

. (28)

ε2 = −2
t2σ

+ 12
−2+3t2σ

. (29)

Here, we plotted Hubble flow parameters in Figure 9 and Figure 10, respectively.
From Figure 9 we can see at first ε1 is symmetric about the turnaround point. It shows an
increasing pattern before the bounce. Then, after the bounce it has an increasing pattern
also. Hence, we understand that across the bounce ε1 << 1 that suits the required condition
for inflation. After that, it crosses the boundary of ε1 = 1 and it indicates a nice exit from
inflation. Thus, we have demonstrated the capability of realization of the inflationary era
and as well as an exit from inflation with mgCG background fluid by Figure 10. In the
pre-bounce scenario H < 0 and ε1 and ε̇1 < 0. We have observed in Figure 10 just before
bounce ε2 < 0 which supports the theory and immediately after the bounce H > 0 and ε2
is also less than zero by supporting inflation. Then, it becomes positive.
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Figure 9. Hubble flow parameter ε1 for the reconstructed mgCG density with time t.
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Figure 10. Hubble flow parameter ε2 for the reconstructed mgCG density with time t.

5. Inflation via Scalar Field

In this section, we introduce a scalar field φ which is minimally coupled dependent on
a potential V(φ) [143]. Therefore, in a curved space-time the Lagrangian [144] will be

Lφ = −1
2
Gαβ∂αφ∂βφ−V(φ). (30)

Here, Gαβ is the metric tensor and ∂αφ, ∂βφ are covariant derivatives. Therefore,
by considering the scalar field φ the effective mgCG energy density ρ̃c and the isotropic
pressure incorporated with bulk viscosity will be

ρ̃c =
φ̇2

2
+ V(φ). (31)
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p̃c =
φ̇2

2
−V(φ). (32)

Now we want to demonstrate inflationary dynamics through the scalar field. In this
present section, we considered a flat FRW universe filled with viscous mgCG in the scalar
field framework. Taking ρ̃c = ρ for our background evolution of viscous mgCG, we have
the following from Equations (31) and (32)

φ̇2 = (1 + ε)

(
−12−γ A(

t2σ2

(2 + 3t2σ)2 )
−γ +

12t2σ2

(2 + 3t2σ)2

)
. (33)

Hence,

φ(t) =
√
(1 + ε)(

2−γ3−γ/2
√

At(1 + 3t2σ
2 )−γ( t2σ2

(2+3t2σ)2 )
−γ/2

2F1

[
1−γ

2 ,−γ, 1 + 1−γ
2 ,− 3t2σ

2

]
−1 + γ

+√
t2σ2

(2+3t2σ)2 (2 + 3t2σ) log
[
2 + 3t2σ

]
√

3tσ
).

(34)

Then, we can easily find the expression of V(φ(t)). The basic purpose of this section is
to demonstrate whether it is possible to have inflationary expansion from the viscous mgCG
in scalar field formalism in a post-bounce scenario. Therefore, from Equations (31) and (32),
we calculated this particular expression of potential.

V(φ(t)) =
1
2

(
12−γ A(1 + ε)(

t2σ2

(2 + 3t2σ)2 )
−γ − 12t2(−1 + ε)σ2

(2 + 3t2σ)2

)
. (35)

We plotted non-singular φ̇(t) in Figure 11 and the scalar field in Figure 12 respectively.
So, the evolution of kinetic energy and the scalar field with cosmic time t is presented in
Figure 11 and Figure 12, respectively. From Figure 12 we can show in the early universe,
i.e., the pre-bounce scenario, the manner of the scalar field is decaying and rising in the
later time of the universe. We have shown in Figure 13 the difference v − φ̇2 and this
figure is consistent with explaining inflationary expansion of the universe as v > φ̇2 at the
turnaround point and after the bounce scenario.
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Figure 11. Evolution of kinectic energy with respect to cosmic time t.
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Figure 12. Evolution of scalar field φ(t) with respect to cosmic time t.
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Figure 13. Evolution of v− φ̇2 with respect to cosmic time t.

6. Fractional Density

In this section, we consider density parameter Ω. The definition of the density param-
eter is the ratio of the actual (or observed) density to the critical density of the Friedmann
universe. Numerous studies explaining the expansion rate of the universe indicate that
the universe is very close to reaching the critical density that would cause it to expand
indefinitely. To study the expansion of the universe in a different way, we expressed the
density as a fraction of the density required for the critical condition. To prove our universe
is dominated by dark energy in this expansion era, we have studied fractional densities.
The previous history of the Big Bang is viewed as being at first radiation dominated, then
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matter dominated and now having passed into the era where dark energy is the dominant
influence. Let us define the fractional densities [145]:

ΩDE =
ρmgCG

3H2 . (36)

ΩDM =
ρm

3H2 . (37)

ΩDE + ΩDM = 1. (38)

Here, reconstructed ΩDM and ΩDE are as follows:

ΩDM =
ρm0(2 + 3t2σ)

12t2σ2 . (39)

ΩDE = 1− ρm0(2 + 3t2σ)

12t2σ2 . (40)

Here, we plotted the reconstructed fractional densities against cosmic time t in
Figure 14 and it is clear that there is a transition from a matter dominated universe to
an energy dominated universe. In the above figure, we can see dark matter is decreasing
with time and dark energy is increasing with time with mgCG background evolution fluid.

Figure 14. Evolution of fractional density with respect to cosmic time t with decreasing matter
density shown by the solid-curve and increasing energy density by the dashed-curve with ρm0 = 0.32,
a0 = 0.2, ε = 0.43, γ = 0.89 and A = 0.96 varying σ = (2.34, 3.85, 4.56, 4.86) in units.

7. MGCG in f(T) Gravity

Here, introducing torsion T as a fundamental component [146], we considered “telepar-
allelism” connected with the Weitzenböck as a theory of gravity apart from Einstein’s
General Theory of Relativity. There are many cosmological studies (e.g., [147]), consid-
ered “teleparallelism” as a gravitational model with Lagrangian density as a function of T
[ f (T)] to unify the inflationary epoch with the late time cosmological acceleration. In the
study of Bamba et al. [148], finite-time future singularities have been studied with their
thermodynamics. In the theory of modified teleparallel f (T) gravity [149], the action I is
given by

I =
1

16πG

∫
d4x
√
−g[ f (T)] + Lm. (41)
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Here, the matter Lagrangian density and gravitational constant are denoted by Lm
and G, respectively, and g is the determinant of the metric tensor gµv. In the exponential
teleparallel f (T) gravity scenario, by choosing energy density and pressure as ρm and pm,
respectively, the modified Friedmann equations are [150]

H2 =
κ2

3
(ρm + ρT). (42)

2Ḣ + 3H2 = −κ2(pm + pT). (43)

Based on cosmological principles, the Big Bang theory is made up and from the
Robertson–Walker metric; we can obtain the definition of κ, where κ is the spatial curvature,
scaled so as to take the values 0 or ±1. Here, we have taken the spherical universe and
κ = 1.

Here, we constructed the f (T) theory subject to bouncing scale factor by taking mgCG
as the background evolution fluid of the universe.

ρT =
1

2κ2 (2T f ′ − f − T), (44)

and

pT =
−2Ḣ

κ2 [2T f ′′ + f ′ − 1]− ρT . (45)

In the above-stated equations, ρT and pT are the Torsion contributed matter energy
density and the pressure counterpart of standard ρm and pm. We can write f (T), f ′ and f ′′

in terms of cosmic time t easily. Therefore,

f ′ =
ḟ
Ṫ

, (46)

f ′′ =
Ṫ f̈ − T̈ ḟ

Ṫ3 . (47)

Here, the upper dot denotes the cosmic time derivative. For a pressureless dark matter
pm = 0 and the continuity equation can be integrated to ρm = ρm0a−3.

f (t) =
2ρm0 + 2

√
6ρm0 t

√
σArcTan

[√
3
2 t
√

σ

]
+ tC1

2 + 3t2σ
. (48)

In this case, for background evolution, we chose ωT = ωmgCG in the bulk viscous
scenario. Then, from Equation (3), we can write,

ωmgCG = ε− (1 + ε)Aρ−γ−1. (49)

ωT = ωmgCG. (50)

ρT =
A(1 + ε)

ε−ωT

1
γ+1

= 121+γ(
t2σ2

(2 + 3t2σ)2 ). (51)

In Figure 15, we present the arbitrary torsion contributed function f (t). The evolution
of the reconstructed torsion contributed density is presented in Figure 16. where a symmet-
ric pattern is observed around the bouncing point. In the pre-bounce scenario f (t) has a
decaying pattern and after bounce in the inflationary scenario f (t) follows an increasing
pattern. After the inflationary expanding era f (t) regains its falling behavior. So, we can
say this model shows realistic reconstruction. Figure 16 shows increasing energy density
in both pre- and post-bounce scenarios and is continuous at t = 0 for f (T) gravity also.
However, after the inflation rhoT has a falling pattern tendency and then it remains stable
for all values of σ. The torsion reconstructed EoS parameter is plotted in Figure 17. In the
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pre-bounce scenario, at first the EoS parameter avoids Big Rip singularity by transiting
from less than −1 to −1

3 but t tends to the turnaround point again; it crosses the phantom
boundary. In the inflationary era, there is a transition from less than −1 to −1

3 which is
the avoidance of Big Rip singularity in the post-bounce scenario and afterwards again it
crosses the phantom boundary in the later universe. However, wT always has crossed −1

3
as required in accelerated expansion of the post-bounce scenario.

-1.0 -0.5 0.0 0.5 1.0

0.35

0.40

0.45

t

f(
t)

Figure 15. Reconstructed arbitrary torsion contributed function f evolution with respect to cosmic
time t in the modified generalized Chaplygin Gas scenario with ρm0 = 0.32, a0 = 0.2, ε = 0.43,
γ = 0.89 and A = 0.96 varying σ = (2.34, 3.85, 4.56, 4.86) in units for orange-solid curve, red-solid
curve, blue-solid curve and green-solid curve, respectively, with the bouncing point arising at t = 0.

Figure 16. Reconstructed torsion contributed density evolution ρT in the modified generalized
Chaplygin Gas scenario with ρm0 = 0.32, a0 = 0.02, ε = 0.64, γ = 0.68 and A = 2.3 varying
σ = (2.65, 2.85, 1.56, 1.86) in units for rainbow-dashed curve, red-solid curve, blue-solid curve and
green-solid curve, respectively, with the bouncing point arising at t = 0.
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Figure 17. Reconstructed torsion contributed EoS parameter evolution ωT in the modified generalized
Chaplygin Gas scenario with ρm0 = 0.32, a0 = 0.2, ε = 0.43, γ = 0.89 and A = 0.96 varying
σ = (2.34, 3.85, 4.56, 4.86) in units for black-solid curve, red-solid curve, blue-solid curve and green-
solid curve, respectively, with the bouncing point arising at t = 0.

8. Stability Analysis

Here, we have implemented a study on stability analysis in the framework of Einstein’s
as well as modified f (T) gravity. Here, we used square speed of sound [151,152] to find
the stability of the model.

V2
s =

dp
dρ

. (52)

The stability of the model depends on V2
s ≥ 0. If the value is negative it shows

instability of the model. Here, we incorporated the squared speed of sound for mgCG
reconstruction schemes in Einstein’s as well as modified f (T) gravity scenario and plotted
V2

s versus cosmic time t. In Figure 18, we plotted V2
s in Einstein’s framework which is

continuous and well behaved. In Figure 19, we present the stability analysis by plotting
V2

s in a modified f (T) gravity scenario. Here, for the f (T) gravity scenario it diverges and
does not exist near the turnaround point.

Figure 18. Evolution of square speed of sound V2
s > 0 for Einstein gravity scenario.
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Figure 19. Evolution of square speed of sound V2
s > 0 for modified f (T) gravity scenario.

The square speed of sound diverges at the bouncing point for the model in the f (T)
modified gravity framework although it is continuous in Einstein’s gravity framework.
This indicates the possible instability of the model at the bouncing point and requires
further study.

9. Uncertainty Towards Bouncing Point

Here, we present a detailed study on observational H(z) data from Luminous Red
Galaxies of Sloan Digital Sky Survey Data Release Seven (SDSS DR7), which are available
at [153]. Initially let us have a glance at the illustrative statistics related to the data set
regarding the bouncing scenario. In the above stated dataset, we have Hubble data H(z)
with respect to redshift (z) data. We know that

1
a(t)

= 1 + z, (53)

where a(t) refers to scale factor and z refers to the Hubble dataset. We converted the
redshift dataset to cosmic time.

In the subsequent section, we present a rigorous study on finding uncertainty towards
a bouncing point through a probabilistic information theory using the method of Shannon
entropy maximization. Here, we applied the probabilistic information theory to obtain
a deterministic picture of the uncertainty correlated with the evolution of the universe.
The Shannon entropy quantifies the uncertainty associated with a stochastic variable
explained in a given probability space. For this case, an entropy maximizing probability
distribution is acquired by construction of Lagrangian [154]

L = −
n

∑
x=1

px ln px − α(
n

∑
x=1

px − 1)− β(
n

∑
x=1

pxyx − E(y)), (54)

∂L
∂α

= 1−
n

∑
x=1

pxyx, (55)

∂L
∂β

= E(y)−
n

∑
x=1

pxyx, (56)

∂L
∂px

= − ln px − 1− α− βyx. (57)
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Solving the above equations, the entropy maximizing probability distribution becomes

px =
exp(−βyx)

∑n
x=1 exp(−βym)

where m = 1, 2, 3, . . . , n (58)

In Equation (58), the probabilities prevail in the manner explained above. It must be
noted that β is attained through the Newton–Raphson method. This probability distribution
is used to calculate the uncertainty in respect of Shannon entropy H(p) as

H(p1, p2, p3, . . . , pn) = −
n

∑
x=1

px ln px (59)

Here, we varied the E[t], where t is the cosmic time. This adaptation is conducted
by taking the cosmic time towards bouncing point from the pre-bounce scenario as well
as from the post-bounce scenario. Appropriately, the entropy maximizing probability
distribution was attained for all expectations. It should be mentioned that the values of β
are attained through application of the Newton–Raphson method on the following equation

n

∑
x=1

(tx − E(t)) exp(−βtx) = 0 (60)

The variation of Shannon entropy with respect to cosmic time is presented in Figure 20.
It is clear from Figure 20 that the uncertainty, computed through Shannon entropy, is lower
at early times and it is greater near the turnaround point of the universe. After, the bounce
uncertainty is higher as the inflationary expansion has occurred. As Shannon entropy is
an estimation of randomness in a system, we observe that the uncertainty is reduced as
we evolve from Big Bang inflationary to late time universe. Therefore, the reconstruction
scheme presented here has the potential to be considered as a unifying model for early
inflation and late time acceleration.

-10 -5 0 5 10

-3.5

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

Mean Time

U
n

c
e

rt
a

in
ty

Figure 20. Uncertainty towards turnaround point.

From the Figure 20, we can see, at the very early contracting phase of the universe,
uncertainty is very much less and after that uncertainty is increasing when cosmic time
leads to the turnaround point. After that, at the inflationary era uncertainty is higher and
later the universe uncertainty is decreasing at the post-bounce scenario.

10. Discussion and Concluding Remarks

In the concluding remarks, there are a few important points to be discussed. We
started with modified generalized Chaplygin Gas (mgCG) as the background evolution.
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The mgCG can interpolate the phases between standard pressure at high energy density
fluids and negatively constant pressure with low density energy fluids by varying GCG
to the mgCG [155]. The study of Zhang and Zhu [156] is the most relevant study in this
framework of the manuscript, in which taking Chaplygin Gas to act as DE interacting
with DM results in an EoS parameter (ω) in a bulk viscous scenario capable of crossing
ω < −1. Other references [156–160], which are relevant to this work, take a different
variant of noninteracting Chaplygin Gas with a f (T) reconstruction scheme and establish
the necessary conditions for crossing the phantom boundary.

In this paper, we looked at a bouncing scale factor of the form a(t) = a0(
1+3t2σ

2 )
1
3

where a0 is the scale factor at the bouncing point and σ is a positive parameter describing
the speed with which the bounce occurs. The bouncing point appeared at t = 0. This model
realized big-bounce in the framework of Einstein gravity as well as f (T) modified gravity,
which violates the null energy condition (NEC) p + ρ ≥ 0 for all values of σ. Incorporating
the Friedmann equation, we derived the mgCG reconstructed density, the EoS parameter
and the effective EoS parameter, respectively, and plotted them against cosmic time t.
In the very first section of this manuscript, we plotted the reconstructed mgCG density
evolution with respect to cosmic time t in Figure 1 and the figure supports the inflationary
expansion of the universe; we can see in the figure that density increases due to inflation
after the bounce and then remains stable in the later phase of the universe. Figure 1 shows
non-singular bounce, which is a very obvious result of taking nonsingular scale factor and
in Figure 2 we can see the EoS parameter crosses the phantom boundary but in Figure 5
avoidance of Big Rip has been demonstrated. Our next purpose was to show inflationary
dynamics. In Figure 6, we used the e-folding time scale to calculate the time derivative of
the e-fold number Ṅ versus time t and plotted it against the cosmic t. The scale factor at
the bouncing point, a = a0, has been shown to be N = 0. In Figure 6, Ṅ is symmetric about
the bouncing time t = 0 and allows for nonsingular bounce realization. It is observed that
before the bounce t < 0, Ṅ < 0 due to universe contraction as a time-varying expansion
factor ȧ < 0 and after the bounce t > 0, Ṅ > 0 due to universe expansion. We plotted
Hubble flow parameters in Figures 9 and 10. Figure 9 depicts an increasing pattern of
ε1 prior to the bounce. Following the bounce, ε1 << 1 meets the necessary condition
for inflation. After that, it crosses the boundary of ε1 = 1 and indicates a nice exit from
inflation. As a result, Figure 10 depicts the realization of inflation. In Figure 10, just before
the bounce, ε2 < 0 is less than zero, supporting the inflationary theory and immediately
after the bounce H > 0, ε2 is less than zero, also supporting inflationary theory. Then, it
becomes positive.

We have shown in Figure 12 the minimally coupled scalar field φ(t) and demonstrated
its behavior. In the pre-bounce case, it behaves in a decaying manner and in a rising
manner in the later time of the universe. We have shown in Figure 13 the difference
v− φ̇2 and this figure explains the inflationary expansion of the universe as v > φ̇2 at the
turnaround point and the post-bounce scenario as well. The fractional densities are plotted
in Figure 14 and we can clearly understand the transition from DM domination to energy
domination. In the next phase, we have shifted to a modified gravity framework which is
chosen to be f (T) gravity. The scale factor for this purpose has been chosen in bouncing
form a(t) = a0(

1+3t2σ
2 )

1
3 . Our intention was to demonstrate the cosmology of f (T) gravity

where the function f , density ρT supports the inflationary cosmology of the universe by
considering a correspondence between ωc and ωT . The torsion contributed EoS parameter
always crosses −1

3 as required in accelerated expansion of the post-bounce scenario and it
also supports inflationary cosmology. During the bounce, this model is stable in Einstein’s
and as well as the f (T) modified gravity scenario against small perturbations. We checked
the stability analysis of gravitational perturbations through square speed of sound.

Through the application of Shannon entropy, we analyzed the outcomes. The variation
of Shannon entropy with cosmic time is presented in Figure 20. It is clear from Figure 20 that
the uncertainty, computed through Shannon entropy, is lower at early stages of the universe.
It is more significant in the later stage of the universe towards the turnaround point. After
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the bounce, uncertainty is higher as the inflationary expansion has occurred. Shannon
entropy is an estimation of randomness in a system. We observe that the uncertainty is
reduced as we evolve from Big Bang inflationary to late time universe. Therefore, the
reconstruction scheme presented here has the potential to be considered a unifying model
for early inflation and late time acceleration.

While concluding, let us mention the newness of the current work with respect to some
related works. First, let us mention the work by us in [161] where generalized Chaplygin
Gas was studied in a f (T) gravity framework and the Shannon entropy approach was
adopted to optimize the uncertainty associated with the model. Contrary to [161], the cur-
rent work is extended much further by focusing on the realization of cosmological bounce
in a reconstruction scheme for modified gravity with modified generalized Chaplygin Gas
as the background fluid. In this context, another relevant work by one of the authors of the
current paper, namely “A study on the bouncing behavior of modified Chaplygin Gas in
presence of bulk viscosity and its consequences in the modified gravity framework” where
modified Chaplygin Gas is studied in f (T) gravity for non-singular bounce, concentrating
on the suitability of the bouncing scale factor in inflationary cosmology as well. The current
work deviates much from [162] in the sense that here every cosmological consequence was
throughly checked for pre-bounce and post-bounce scenarios. Furthermore, the Shannon
entropy theory was extensively incorporated to visualize the uncertainty associated with
the bouncing point with respect to pre-bounce contraction and post-bounce expansion. We
hope to expand this research to include other types of modified gravity, as well as the baro
holographic fluid.
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