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Abstract: The midrapidity transverse momentum distributions of the charged pions, kaons, protons,
and antiprotons, measured by ALICE Collaboration at ten centrality classes of Pb + Pb collisions at
√

snn = 5.02 TeV in the Large Hadron Collider (LHC, CERN, Switzerland), are successfully analyzed
using combined minimum χ2 fits with a thermodynamically non-consistent, as well as thermody-
namically consistent, Tsallis function with transverse flow. The extracted non-extensivity parameter q
decreases systematically for all considered particle species with increasing Pb + Pb collision centrality,
suggesting an increase in the degree of system thermalization with an increase in collision centrality.
The results for q suggest quite a large degree of thermalization of quark–gluon plasma (QGP) created
in central Pb + Pb collisions at

√
snn = 5.02 TeV with the average number of participant nucleons〈

Npart
〉

> 160. The obtained significantly different growth rates of transverse flow velocity, 〈βT〉, in
regions

〈
Npart

〉
< 71 ± 7 and

〈
Npart

〉
> 71 ± 7 with the temperature parameter T0 remaining constant

within uncertainties in region
〈

Npart
〉

> 71± 7 probably indicates that
〈

Npart
〉
≈ 71± 7 (corresponding

to 〈dNch/dη〉 ≈ 251 ± 20) is a threshold border value for a crossover transition from a dense hadronic
state to the QGP phase (or mixed phase of QGP and hadrons) in Pb + Pb collisions at

√
snn = 5.02 TeV.

The threshold border value for transverse flow velocity 〈βT〉 ≈ 0.46 ± 0.03 (corresponding to
〈

Npart
〉

≈ 71± 7), estimated by us in Pb + Pb collisions at
√

snn = 5.02 TeV, agrees well with the corresponding
border value 〈βT〉 ≈ 0.44 ± 0.02, recently obtained in Xe + Xe collisions at

√
snn = 5.44 TeV, and

with almost constant 〈βT〉 values extracted earlier in the Beam Energy Scan (BES) program of the
Relativistic Heavy-Ion Collider (RHIC, Brookhaven, GA, USA) in central Au + Au collisions in the
√

snn = 7.7 − 39 GeV energy range, where the threshold for QGP production is achieved. The correla-
tions between extracted T0 and 〈βT〉 parameters are found to be greatly different in regions 〈βT〉 < 0.46
and 〈βT〉 > 0.46, which further supports our result obtained for the threshold border value in Pb + Pb
collisions at

√
snn = 5.02 TeV.

Keywords: heavy-ion collisions at the LHC; transverse momentum distributions of particles; non-
extensive Tsallis statistics with included transverse flow; thermalization of collision system; decon-
finement phase transition
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1. Introduction

It is one of the main goals of modern experiments conducted using the RHIC (Relativis-
tic Heavy-Ion Collider, Brookhaven, NY, USA) and LHC (Large Hadron Collider, CERN,
Meyrin, Switzerland) to produce in collisions of high-energy heavy ions and investigate
in detail quark–gluon plasma (QGP), the plasma state of almost-free quarks and gluons.
Initially produced QGP expands hydrodynamically at an extremely high speed, reaching,
one after the other, the chemical and kinetic freeze-out stages, respectively, which fixes the
hadron abundances (yields) and final momenta of hadrons. Because of the extremely short
lifespan of QGP, it is impossible to detect and measure its properties directly. Therefore, to
extract important information on QGP and its evolution with changing collision energy
and centrality, one has to analyze the yields, properties, and transverse momentum or/and
(pseudo)rapidity spectra of the final particles with the help of efficient theoretical and
phenomenological models. Pions, kaons, and (anti)protons account for the predominantly
largest part of the final particles produced in high-energy collisions in the RHIC and LHC.
Therefore, the production of these particles, consisting of light (u, d, and s) quarks, has
been studied quite extensively [1–24] to deduce valuable information on the evolution and
properties of produced hot and dense matter, and mechanisms of particle production at
high-energy collisions.

The production and evolution of QGP are echoed in characteristic QGP signals, such
as (multi)strangeness enhancement, jet quenching, development of strong collective flow,
and J/ψ suppression, which have been detected and studied [25–35] in collisions of heavy
ions at high energies in the RHIC and LHC. Based on the detection and thorough analysis
of such signals, QGP has been discovered in collisions of heavy ions at high energies in
the RHIC and LHC [21]. The obtained QGP matter presented fluid-like behavior with low
viscosity [21]. The critical temperature, Tc ≈ 150–170 MeV, and corresponding critical energy
density, εc ≈ 1 GeV/fm3, for a phase transition from a nucleon to QGP matter have been
obtained from lattice QCD (quantum chromodynamics) calculations [36,37]. The analogous
QGP signatures with collective properties, similar to those in heavy-ion collisions, have also
been observed in proton + proton collision events with high multiplicities [8–10,23,38–49] in
the LHC.

It is necessary to briefly explain how the important parameters of the chemical and
kinetic freeze-out stages are generally obtained. The particle abundancies (yields) are
fitted with thermal or statistical hadronization models to extract the chemical freeze-out
temperature (Tch) and baryochemical potential (µb) [20,50–54]. The kinetic freeze-out tem-
perature (T0) and transverse expansion velocity (βT) of particles at the moment of kinetic
freeze-out are usually obtained from fitting the transverse momentum (pT) distributions
of particles with different theoretical and phenomenological models [1,20,23,24,49,55–67]:
hydrodynamics-based blast-wave models, the blast-wave model with Boltzmann–Gibbs
distribution (BGBW model), Tsallis (TBW model) statistics, and QCD-inspired Hagedorn
(power law) function with embedded transverse. Such studies are extremely important for
understanding the evolution of an early universe and structure of densely packed stars, as
well as mechanisms of particle production at high energies [68–70].

Different modifications of the so-called Tsallis distribution function, based on non-
extensive Tsallis statistics, have become efficient and standard functions for describing
the transverse momentum distributions of particles in proton + proton collisions at high
energies [71–83]. Compared to other power-law distributions, the Tsallis distribution func-
tion has a clear advantage expressed by its direct connection to thermodynamics through
entropy [80]. In addition to the effective temperature parameter, the non-extensivity index
q of the Tsallis function represents an important parameter, which shows the degree of devi-
ation of particle transverse momentum distribution from the exponential Boltzmann–Gibbs
distribution. Moreover, parameter q is said to measure the degree of non-equilibrium or
that of the non-thermalization of a system [84]. The importance of the q parameter and
its deep physical meaning, with a direct connection to thermodynamics, and the physical
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significance of q in non-extensive statistical mechanics have been proven once again in the
recent work [71] of Tsallis.

In Refs. [23,49,62–64,85], the transverse flow velocity was embedded using a simple
Lorentz transformation into a QCD-inspired (power law) Hagedorn function to successfully
reproduce the measured longer ranges of pT spectra of the final particles in heavy- ion as
well as proton + proton collisions at high energies. In a recent study [24], using the simple
Lorentz transformation, we incorporated for the first time the transverse expansion velocity
into both the simple, thermodynamically non-consistent, and thermodynamically consis-
tent Tsallis functions to successfully analyze the centrality dependencies of pT distributions
of the charged pions, kaons, and (anti)protons in Xe + Xe collisions at

√
snn = 5.44 TeV,

measured by ALICE Collaboration in Ref. [12]. Compared to other hydrodynamics-based
blast-wave models, the non-consistent Tsallis function with a transverse flow, as well
as the thermodynamically consistent Tsallis function with a transverse flow, obtained
for the first time in Ref. [24] and used in the present analysis, have fewer parameters,
and each of them carries a physical meaning [24]. As indicated in Refs. [1,49,57,63,64],
it is impossible to assign any physical meaning to collectivity parameters, such as trans-
verse flow velocity and kinetic freeze-out temperature, obtained from separate model fits
to pT distribution of single-particle species. On the other hand, the simultaneous com-
bined model fits to pT distributions of all analyzed particle species in a given collision
system can produce the physically meaningful collectivity parameters of the analyzed
system [1,20,23,24,49,57,62–64,85]. The combined (global) model fits permit us to compare
various collision systems using a few parameters [1,20,23,24,49,57,62–64,85].

The present study aims to investigate the midrapidity (mid-y) pT distributions of
identified charged particles, measured by the ALICE Collaboration [57] at different central-
ities of Pb + Pb collisions at

√
snn = 5.02 TeV, applying combined model fits with both the

non-consistent as well as thermodynamically consistent Tsallis functions with transverse
flow, introduced and used for the first time in Ref. [24] to successfully study the colli-
sion centrality dependencies of mid-y pT distributions of the identified charged particles
in Xe + Xe collisions at

√
snn = 5.44 TeV. The paper is organized as follows: the information

about the experimental data and theoretical models is presented in Section 2; the analysis
and results are presented in Section 3; and Section 4 summarizes the results and conclusions
of the present analysis.

2. Experimental Data and Models

In the present study, we analyzed the experimental data obtained by ALICE Col-
laboration [57] at the LHC using the central barrel of the ALICE detector having full
azimuthal coverage in the mid-(pseudo)rapidity |η| < 0.8 region [86]. In order to ob-
tain transverse momentum distributions of the primary charged particles, the raw pT
distributions were corrected by ALICE Collaboration for misidentification probability,
acceptance, reconstruction, and tracking efficiencies, and contaminations mostly due to
weak decays of Λ and Σ+ (affecting (anti)proton spectra), and of Ks

0 (affecting spectra of
charged pions), and interactions with the material were computed and subtracted from
the raw spectra. The pT spectra were extracted for 0–5%, 5–10%, 10–20%, 20–30%, 30–40%,
40–50%, 50–60%, 60–70%, 70–80%, and 80–90% collision centralities [57]. The average val-
ues of the number of participant nucleons (

〈
Npart

〉
) and charged-particle (pseudo-rapidity)

multiplicity density (〈dNch/dη〉) were obtained [57,87] by ALICE Collaboration using
Glauber–Monte Carlo model calculations for the analyzed centrality groups of Pb + Pb
collisions at

√
snn = 5.02 TeV, which are presented in Table 1.
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Table 1. The average number of participant nucleons and mean charged-particle multiplicity densi-
ties [57,87] in the analyzed groups of centralities of Pb + Pb collisions at

√
snn = 5.02 TeV.

Centr. 〈Npart〉 〈dNch/dη〉

0–5% 383 ± 11 1943 ± 56
5–10% 331 ± 10 1587 ± 47

10–20% 262 ± 7 1180 ± 31
20–30% 188 ± 5 786 ± 20
30–40% 131 ± 4 512 ± 15
40–50% 87 ± 4 318 ± 12
50–60% 54 ± 3 183 ± 8
60–70% 31 ± 2 96 ± 6
70–80% 16 ± 2 45 ± 3
80–90% 7 ± 1 18 ± 2

There are various forms [62,75,76,80–83,88,89] of the Tsallis distribution function. They
all demonstrate quite good quality fits of the experimental pT spectra of particles originating
from high-energy collisions. One of the simplest versions [82] of the Tsallis distribution is
presented at mid-y (<y> = 0) by the following expression:

d2N
2πNev pTdpTdy

= C
(

1 + (q− 1)
mT
T

)− q
q−1 , (1)

where C is the fitting constant, Nev is the total number of inelastic collision events,

mT =
√

p2
T + m2

0 is the transverse energy, m0 is the rest mass of a hadron, T represents the
effective temperature, and q is the so-called non-extensivity parameter. This function in
Equation (1) is called the simple, thermodynamically non-consistent Tsallis distribution
in the present study. Parameter q is important, and it shows the deviation of transverse
momentum distributions from the exponential Boltzmann–Gibbs distribution. This param-
eter is also said to measure the non-equilibrium level [84]. At q = 1, the Tsallis distribution
reduces to the exponential (equilibrated) Boltzmann–Gibbs distribution.

The following form [75,80–82] of the Tsallis function at mid-y (<y> = 0) obtained at
zero chemical potential µ (µ approaches zero and is negligible at high-collision energies
at the LHC) results in consistent thermodynamics for the pressure, temperature, particle
number, energy, and entropy densities:

d2N
2πNev pTdpTdy

= CqmT

(
1 + (q− 1)

mT
T

)−q/(q−1)
, (2)

which is referred to as a consistent Tsallis function or Tsallis function with thermodynamical
consistence in the present analysis. The thermodynamical consistence of this function has
been proven in Ref. [75]. Here, Cq is the fitting constant, which is related linearly to
the system’s volume (V) [75,80] through the expression Cq = gV/(2π)3, where g is the
degeneracy factor equal to 2, 3, 4 for protons, pions, and kaons, respectively.

The T values extracted from fits by Tsallis functions in Equations (1) and (2) denote the
effective temperature, which contains the effects of both the thermal motion and collective
flow (expansion). The transverse expansion velocity should be embedded into the Tsallis
distribution function in order to disentangle these two effects.

In Refs. [23,49,62–64,85], the transverse flow was incorporated into a QCD-inspired

Hagedorn function, d2 N
2πNev pTdpTdy = Cn

(
1 + mT

p0

)−n
, by setting p0 = nT0 and applying the

simple Lorentz transformation mT → 〈γT〉·(mT − pT〈βT〉) to create the final expression:

d2N
2πNev pTdpTdy

= Cn

(
1 + 〈γT〉

(mT − pT〈βT〉)
nT0

)−n
, (3)
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where Cn is the fitting constant, 〈γT〉 = 1/
√

1−
〈

βT
〉2, < βT > is the average transverse

flow velocity, T0 is the parameter estimating the kinetic freeze-out temperature, and n
is the free parameter. The function in Equation (3) is called the Hagedorn function with
an (embedded) transverse flow. The important substitution, mT → 〈γT〉·(mT − pT〈βT〉) ,
used to derive Equation (3) represents the Lorentz transformation into a system co-moving
with the average (common) transverse flow velocity, < βT >, of particles if such a flow of
particles exists in the co-moving frame [62]. The Hagedorn function with transverse flow,
presented in Equation (3), can describe quite well the pT spectra of particles produced in
proton + proton and heavy-ion collisions in the RHIC and LHC in Refs. [23,49,62–64,85],
allowing for the clear physical interpretation of the extracted parameters.

In comparison to Refs. [23,49,62–64,85], where the transverse expansion velocity was
incorporated into the Hagedorn function resulting in the final Equation (3), in the present
study, we embedded the transverse flow velocity into both the simple Tsallis function
(Equation (1)) and Tsallis function with thermodynamical consistence (Equation (2)), as
was performed for the first time in Ref. [24]. To describe mid-y pT distributions, d2 N

NevdpTdy ,
of the identified charged particles in different centrality classes of Pb + Pb collisions at√

snn = 5.02 TeV, we embedded the transverse expansion velocity into the simple Tsallis
function in Equation (1) by replacing mT → 〈γT〉·(mT − pT〈βT〉) [24]:

d2N
NevdpTdy

= 2πCpT

(
1 + 〈γT〉

(q− 1)(mT − pT〈βT〉)
T0

)−q/(q−1)
, (4)

which is called the simple or non-consistent Tsallis function with a transverse flow in
the present study. One can observe that Equations (3) and (4) have similar mathematical
structures and are almost equivalent, with the only difference being in parameters n and q.

Similarly, we inserted the transverse flow into the Tsallis function with thermodynam-
ical consistence in Equation (2) by performing the mT → 〈γT〉·(mT − pT〈βT〉) transforma-
tion to obtain [24]

d2N
NevdpTdy

= 2πCq pT〈γT〉(mT − pT〈βT〉)
(

1 + 〈γT〉
(q− 1)(mT − pT〈βT〉)

T0

)−q/(q−1)
, (5)

which is called a thermodynamically consistent Tsallis function with a transverse flow
in the present study. It is necessary to note that the functions in Equations (4) and (5)
were derived for the first time and used successfully in Ref. [24] to describe the mid-y pT
distributions of the identified charged particles in different centrality classes of Xe + Xe
collisions at

√
snn = 5.44 TeV.

In the present study, we conducted simultaneous (combined) fits by the model functions,
presented in Equations (4) and (5), of transverse momentum distributions of the studied
particle species in each of the ten centrality groups employing the nonlinear curve fitting
of Origin 9.1 Graphing and Data Analysis Software. T0 and 〈βT〉 were kept as the common
(shared) parameters for all studied particle species during the combined fitting procedures.

The experimental data points in the figures of the present study show the combined
(added) statistical and systematic errors. The combined errors are determined predomi-
nantly by the systematic uncertainties, which are much greater than the statistical ones.
More details on the calculation of the systematic errors in the measured pT distributions
can be found in Ref. [57]. The minimum χ2 fitting procedures were made taking into
account the combined statistical and systematic errors as the weights (1/(error)2) for the
data points. The region pT < 0.5 GeV/c in pion pT distributions, which has a significant
contribution from decays of baryon resonances, was excluded from fitting procedures,
similar to Refs. [1,23,24,49,57,63,64,85]. In the present study, we used the same pT intervals
for combined fits with the model functions in Equations (4) and (5) as in Ref. [24]: [0.5–5.0]
GeV/c for π+ + π−, [0.2–5.0] GeV/c for K+ + K−, and [0.3–5.0] GeV/c for p + p. By using
the identical pT intervals and model functions, and the same analyzed particle species as
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those in Ref. [24], we could directly compare the results obtained in the present study for
Pb + Pb collisions at

√
snn = 5.02 TeV with those extracted recently in Ref. [24] for Xe + Xe

collisions at
√

snn = 5.44 TeV.

3. Analysis and Results

The results of combined minimum χ2 fits using the thermodynamically consistent
Tsallis function with a transverse flow (Equation (5)) of midrapidity transverse momentum
distributions of the charged pions, kaons, protons, and antiprotons in ten groups of central-
ity of Pb + Pb collisions at

√
snn = 5.02 TeV are presented in Table 2. The corresponding

combined minimum χ2 fit curves with a consistent Tsallis function with a transverse flow
in four different centrality classes of Pb + Pb collisions are presented in Figure 1.

Table 2. The results of combined minimum χ2 fits with thermodynamically consistent Tsallis function
with transverse flow (Equation (5)) of pT spectra of particles in Pb + Pb collisions at

√
snn = 5.02 TeV.

n.d.f. denotes the number of degrees of freedom.

Centrality q (π+ + π−) q (K++ K−) q (p+
−
p) T0 (MeV) 〈βT〉 χ2/n.d.f.

0–5% 1.088 ± 0.002 1.086 ± 0.002 1.088 ± 0.002 80 ± 3 0.60 ± 0.01 296/98
5–10% 1.093 ± 0.002 1.088 ± 0.002 1.090 ± 0.002 79 ± 3 0.59 ± 0.01 301/98

10–20% 1.096 ± 0.002 1.093 ± 0.002 1.092 ± 0.002 79 ± 3 0.58 ± 0.01 270/98
20–30% 1.102 ± 0.002 1.098 ± 0.002 1.095 ± 0.002 77 ± 2 0.57 ± 0.01 216/98
30–40% 1.108 ± 0.002 1.106 ± 0.002 1.098 ± 0.002 77 ± 2 0.53 ± 0.01 167/98
40–50% 1.117 ± 0.002 1.114 ± 0.002 1.100 ± 0.001 76 ± 2 0.49 ± 0.01 116/98
50–60% 1.124 ± 0.001 1.121 ± 0.001 1.107 ± 0.001 78 ± 2 0.43 ± 0.01 72/98
60–70% 1.131 ± 0.001 1.131 ± 0.001 1.112 ± 0.001 82 ± 2 0.33 ± 0.01 31/98
70–80% 1.136 ± 0.001 1.139 ± 0.001 1.116 ± 0.001 87 ± 2 0.22 ± 0.01 20/98
80–90% 1.142 ± 0.001 1.146 ± 0.001 1.118 ± 0.001 86 ± 3 0.14 ± 0.02 21/98

Table 3 presents the parameters obtained from combined minimum χ2 fits using the
thermodynamically non-consistent Tsallis function with a transverse flow (Equation (4)) of
mid-y pT distributions of the studied particle species in ten groups of centrality of Pb + Pb
collisions at

√
snn = 5.02 TeV. The corresponding combined minimum χ2 fit curves by the

non-consistent Tsallis function with transverse flow in four different centrality classes of
Pb + Pb collisions are illustrated in Figure 2.

Table 3. The results of combined minimum χ2 fits with thermodynamically non-consistent Tsallis
function with transverse flow (Equation (4)) of pT spectra of particles in Pb + Pb collisions at
√

snn = 5.02 TeV.

Centrality q (π++π−) q (K++ K−) q (p+
−
p) T0 (MeV) 〈βT〉 χ2/n.d.f.

0–5% 1.083 ± 0.003 1.079 ± 0.004 1.085 ± 0.003 119 ± 4 0.59 ± 0.01 268/98
5–10% 1.089 ± 0.003 1.082 ± 0.004 1.087 ± 0.003 117 ± 4 0.59 ± 0.01 271/98

10–20% 1.093 ± 0.003 1.088 ± 0.003 1.090 ± 0.003 118 ± 4 0.58 ± 0.01 243/98
20–30% 1.102 ± 0.003 1.095 ± 0.003 1.093 ± 0.002 117 ± 4 0.56 ± 0.01 193/98
30–40% 1.110 ± 0.003 1.106 ± 0.003 1.097 ± 0.002 117 ± 3 0.53 ± 0.01 150/98
40–50% 1.122 ± 0.002 1.117 ± 0.003 1.101 ± 0.002 117 ± 3 0.48 ± 0.01 102/98
50–60% 1.132 ± 0.002 1.128 ± 0.002 1.109 ± 0.002 120 ± 3 0.41 ± 0.01 62/98
60–70% 1.141 ± 0.002 1.142 ± 0.002 1.115 ± 0.001 129 ± 3 0.32 ± 0.01 15/98
70–80% 1.148 ± 0.002 1.153 ± 0.002 1.120 ± 0.001 138 ± 3 0.20 ± 0.01 15/98
80–90% 1.157 ± 0.002 1.164 ± 0.002 1.123 ± 0.002 137 ± 5 0.12 ± 0.02 18/98
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Figure 1. The obtained fit curves by consistent Tsallis function with transverse flow (Equation (5)) 
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Figure 1. The obtained fit curves by consistent Tsallis function with transverse flow (Equation (5)) 
of the experimental midrapidity transverse momentum spectra of the charged pions (●), kaons (Δ), 
and protons and antiprotons (▪) in Pb + Pb collisions at 𝑠  = 5.02 TeV at various centralities: 0–
5% (a), 20–30% (b), 50–60% (c), and 80–90% (d). 

) in Pb + Pb collisions at
√

snn = 5.02 TeV at various centralities: 0–5% (a),
20–30% (b), 50–60% (c), and 80–90% (d).

Figures 1 and 2 and χ2/n.d.f. values in Tables 2 and 3 show that the combined fits with
both consistent and non-consistent Tsallis functions with transverse flows reproduce quite
well the midrapidity transverse momentum distributions of the studied particle species
in ten centrality classes of Pb + Pb collisions at

√
snn = 5.02 TeV. It can be observed in

Tables 2 and 3 that the fits by the simple non-consistent Tsallis function with a transverse
flow result in slightly lower values of χ2/n.d.f. than those by the consistent Tsallis function
with transverse flow. Though the quality of the fits by the function in Equation (4) proved to
be slightly better than those by the function in Equation (5) from the mathematical point of
view, from a physics perspective it is still advantageous to use the function in Equation (5),
based on the Tsallis distribution with thermodynamical consistence. This is because the
consistent Tsallis distribution satisfies all the thermodynamic relations [75,80,81] (those for
the pressure, temperature, entropy, and particle densities, etc.) resulting from the equations
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of the first and second laws of thermodynamics. The clear advantage is, therefore, that
temperature parameter T in the Tsallis distribution with thermodynamical consistence [75]
can be considered as true temperature in the thermodynamic sense.
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Figure 1. The obtained fit curves by consistent Tsallis function with transverse flow (Equation (5)) 
of the experimental midrapidity transverse momentum spectra of the charged pions (●), kaons (Δ), 
and protons and antiprotons (▪) in Pb + Pb collisions at 𝑠  = 5.02 TeV at various centralities: 0–
5% (a), 20–30% (b), 50–60% (c), and 80–90% (d). 

) in Pb + Pb collisions at
√

snn = 5.02 TeV at various
centralities: 0–5% (a), 20–30% (b), 50–60% (c), and 80–90% (d).

Figure 3 illustrates the corresponding
〈

Npart
〉

dependencies of the obtained parameters
T0, 〈βT〉, and q of both consistent and non-consistent Tsallis functions with transverse
flow for the studied particles in Pb + Pb collisions at

√
snn = 5.02 TeV, extracted from

combined fits and presented in Tables 2 and 3. In addition, the obtained 〈βT〉 versus
〈dNch/dη〉 dependence is also presented. The analysis of 〈βT〉 and T0 behaviors and their
dependencies on collision centrality and multiplicity of particles is important [23,24,49,66]
because these parameters are also related to mapping the QCD phase diagram; however,
the chemical freeze-out temperature is commonly used in such phase diagrams.
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Figure 3. The
〈

Npart
〉

dependencies of the obtained T0 (a) and 〈βT〉 (b) parameters (•) of consistent
Tsallis function with transverse flow (Equation (5)), presented in Table 2, in Pb + Pb collisions at
√

snn = 5.02 TeV; (c) the 〈βT〉 versus 〈dNch/dη〉 dependence; (d) the
〈

Npart
〉

dependence for the
extracted q values of consistent Tsallis function with transverse flow (Equation (5)), presented in
Table 2, for the charged pions (•), kaons (N), and protons and antiprotons (
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Figure 1. The obtained fit curves by consistent Tsallis function with transverse flow (Equation (5)) 
of the experimental midrapidity transverse momentum spectra of the charged pions (●), kaons (Δ), 
and protons and antiprotons (▪) in Pb + Pb collisions at 𝑠  = 5.02 TeV at various centralities: 0–
5% (a), 20–30% (b), 50–60% (c), and 80–90% (d). 

). The results (Table 3)
obtained for the respective particles in Pb + Pb collisions at

√
snn = 5.02 TeV using non-consistent

Tsallis function with transverse flow (Equation (4)) are plotted by the corresponding open symbols.
The dashed and solid curves in panels (b,c) are minimum χ2 fits by the simple (single)-power
(Equations (6) and (8)) and two-power (Equations (7) and (9)) functions, respectively, of the 〈βT〉
versus

〈
Npart

〉
and 〈βT〉 versus 〈dNch/dη〉 dependencies, respectively, extracted using consistent

Tsallis function with transverse flow. For better visibility, the data (open symbols), extracted using
non-consistent Tsallis function with transverse flow (Equation (4)), are slightly shifted along the
positive directions of

〈
Npart

〉
and 〈dNch/dη〉 axes.

Figure 3a,b demonstrate that parameter T0 as well as 〈βT〉, obtained using both
consistent and non-consistent Tsallis functions with transverse flows, similarly depend
on
〈

Npart
〉
. Figure 3a shows that T0 values obtained from combined fits by the consistent

Tsallis function with a transverse flow (Equation (5)) are systematically smaller as compared
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to those from fits by a non-consistent Tsallis function with transverse flow (Equation (4)).
This can be explained by the extra 〈γT〉·(mT − pT〈βT〉) factor in Equation (5), which is
absent in Equation (4).

As can be observed in Figure 3a,b, the
〈

Npart
〉

dependencies of parameters T0 and
〈βT〉 in non-central Pb + Pb collisions in region

〈
Npart

〉
< 71 ± 7 differ substantially

from those in semi-central and central Pb + Pb collisions in region
〈

Npart
〉

> 71 ± 7.
The border value

〈
Npart

〉
≈ 71 ± 7 is estimated as the middle between the 4th and 5th

points on the
〈

Npart
〉

axis (corresponding to 50–60% and 40–50% centrality in Table 1) in
Figure 3a,b. Figure 3a shows that parameter T0 on the whole decreases significantly in
region

〈
Npart

〉
< 71 ± 7, then T0 becomes quite stable being constant within fit uncertainties

in region
〈

Npart
〉

> 71 ± 7. As observed from Figure 3b, the parameter 〈βT〉 demonstrates
significantly different growth rates with increasing

〈
Npart

〉
in non-central Pb + Pb col-

lisions in the
〈

Npart
〉

< 71 ± 7 range and semi-central and central Pb + Pb collisions in
region

〈
Npart

〉
> 71 ± 7. It is important to mention that the 〈βT〉 values, obtained from

combined model fits of longer pT ranges (up to 5 GeV/c) at various centralities of Pb + Pb
collisions at

√
snn = 5.02 TeV in the present study and resented in Tables 2 and 3, proved

to be compatible with the corresponding 〈βT〉 at similar 〈dNch/dη〉 values in Pb + Pb
collisions at

√
snn = 2.76 TeV, obtained in Ref. [1] by ALICE Collaboration from combined

Boltzmann–Gibbs blast-wave fits of pT spectra of the studied particle species at lower pT
regions (up to 3 GeV/c). The absolute values of 〈βT〉, obtained in the present study from
combined fits of longer pT intervals of particles by both thermodynamically consistent
and thermodynamically non-consistent Tsallis functions with embedded transverse flow
at ten centrality classes of Pb + Pb collisions at

√
snn = 5.02 TeV, were found to be slightly

lower than the 〈βT〉 values extracted by ALICE Collaboration in Ref. [57] from combined
Boltzmann–Gibbs blast-wave fits of the pT spectra of particles at lower pT ranges at the
corresponding centralities of Pb + Pb collisions at

√
snn = 5.02 TeV. The results of the present

study for 〈βT〉 versus collision centrality agree well with the known fact of increasing the
transverse flow velocity with an increase in the centrality of heavy-ion collisions observed
earlier in Refs. [1,20,24,34,57,60,63] and other works.

As observed from Figure 3b, the parameter 〈βT〉 demonstrates a fairly high growth
rate at

〈
Npart

〉
< 71 ± 7 and substantially lower rate of increase at

〈
Npart

〉
> 71 ± 7. To

prove this observation, we fitted 〈βT〉 versus
〈

Npart
〉

dependence in Figure 3b, obtained
using the consistent Tsallis function with a transverse flow, with a single-power function

〈βT〉 = A·
〈

Npart
〉α·(A—fitting constant, α—exponent parameter) (6)

as well as two-power functions:

〈βT〉 = A1·u
(
71−

〈
Npart

〉)
·
〈

Npart
〉α1 + A2·u

(〈
Npart

〉
− 71

)
·
〈

Npart
〉α2 , (7)

where u(t) is the Heaviside function (u(t) = 0 if t < 0, and u(t) = 1 if t > 0), A1 and A2 are
fitting (normalization) constants, and α1 and α2 are exponent parameters.

As can be observed in Figure 3c, the parameter 〈βT〉 demonstrates quite a high
growth rate at 〈dNch/dη〉 < 251 ± 20 and a substantially smaller rate of increase at
〈dNch/dη〉 > 251 ± 20. The threshold border value 〈dNch/dη〉 ≈ 251 ± 20, corresponding
to border value

〈
Npart

〉
≈ 71 ± 7, was estimated as the middle point between 〈dNch/dη〉

values for 50–60% and 40–50% collision centralities in Table 1. Similarly to Figure 3b, we
fitted the 〈βT〉 versus 〈dNch/dη〉 dependence in Figure 3c, obtained using consistent the
Tsallis function with transverse flow, with a single-power function

〈βT〉 = A·〈dNch/dη〉α ·(A—fitting constant, α—exponent parameter) (8)

as well as a two-power function:

βT = A1·u(251− 〈dNch/dη〉)·〈dNch/dη〉α1 + A2·u(〈dNch/dη〉 − 251)·〈dNch/dη〉α2 . (9)
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Though, for the convenience, we used the same symbols for the parameters in
Equations (6) and (8) (and in Equations (7) and (9)), they should be considered as different
parameters in equations with different arguments of

〈
Npart

〉
and 〈dNch/dη〉.

The parameters obtained from minimum χ2 fits of 〈βT〉 versus
〈

Npart
〉

(〈βT〉 versus
〈dNch/dη〉) dependence in Figure 3b (Figure 3c) by the functions in Equations (6) and (7)
(Equations (8) and (9)) are presented in Table 4 (Table 5). As can be observed in Figure 3b
(Figure 3c) and χ2/n.d.f. values in Table 4 (Table 5), the single-power function cannot satisfacto-
rily describe the 〈βT〉 versus

〈
Npart

〉
(〈βT〉 versus 〈dNch/dη〉) dependence. At the same time,

the two-power function with two different exponent parameters in regions
〈

Npart
〉

< 71 ± 7
(〈dNch/dη〉 < 251 ± 20) and

〈
Npart

〉
> 71 ± 7 (〈dNch/dη〉 > 251 ± 20) reproduces these

dependencies in Figure 3b,c very well. Significantly differing growth rates of 〈βT〉 in regions〈
Npart

〉
< 71 ± 7 (〈dNch/dη〉 < 251 ± 20) and

〈
Npart

〉
> 71 ± 7 (〈dNch/dη〉 > 251 ± 20) with

T0 staying constant within uncertainties in region
〈

Npart
〉

> 71 ± 7 (〈dNch/dη〉 > 251 ± 20)
possibly suggests that

〈
Npart

〉
≈ 71 ± 7 (〈dNch/dη〉 ≈ 251 ± 20) is a threshold border

value for a crossover transition from a dense hadronic (nucleon) state to the QGP phase
(or mixed phase of QGP and hadrons) in Pb + Pb collisions at

√
snn = 5.02 TeV. We can

estimate the average transverse flow velocity, 〈βT〉, corresponding to a possible border
value

〈
Npart

〉
≈ 71 ± 7 (〈dNch/dη〉 ≈ 251 ± 20) for a crossover transition to the QGP state

(or mixed phase of QGP and hadrons) in Pb + Pb collisions. The threshold border value
〈βT〉 ≈ 0.46 ± 0.03, corresponding to

〈
Npart

〉
≈ 71 ± 7 (〈dNch/dη〉 ≈ 251 ± 20), was esti-

mated as the middle between 〈βT〉 values for 50–60% and 40–50% collision centralities in
Table 2, obtained from combined fits with the function in Equation (5) of transverse momen-
tum distributions of the considered particle species in Pb + Pb collisions at

√
snn = 5.02 TeV.

Table 4. The results of minimum χ2 fits with the functions in Equations (6) and (7) of 〈βT〉 versus〈
Npart

〉
dependence in Figure 3b, obtained using consistent Tsallis function with transverse flow

(Equation (5)).

Fitting Function Parameter Values χ2/n.d.f.

Equation (6) A = 0.143 ± 0.025
α = 0.252 ± 0.033 159/8

Equation (7)

A1 = 0.052 ± 0.007
α1 = 0.532 ± 0.034
A2 = 0.282 ± 0.022
α2 = 0.129 ± 0.014

6/6

Table 5. The results of minimum χ2 fits with the functions in Equations (8) and (9) of βT versus
〈dNch/dη〉 dependence in Figure 3c, obtained using consistent Tsallis function with transverse flow
(Equation (5)).

Fitting Function Parameter Values χ2/n.d.f.

Equation (8) A = 0.130 ± 0.026
α = 0.211 ± 0.030 177/8

Equation (9)

A1 = 0.038 ± 0.006
α1 = 0.468 ± 0.032
A2 = 0.274 ± 0.024
α2 = 0.105 ± 0.012

7/6

It is important to mention that similar results were obtained in our recent work [24]
from the analysis of transverse momentum distributions of identified charged particles
in different centrality classes of Xe + Xe collisions at

√
snn = 5.44 TeV. The results, simi-

lar to those presented in Figure 3, but obtained in Ref. [24] for
〈

Npart
〉

dependencies of
the extracted parameters T0, 〈βT〉, and q in Xe + Xe collisions at

√
snn = 5.44 TeV, are

demonstrated in Figure 4. The average transverse flow velocity, 〈βT〉, presented quite a
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large growth rate in region
〈

Npart
〉

< 44 ± 5 and a significantly smaller growth rate in
range

〈
Npart

〉
> 44 ± 5 with increasing

〈
Npart

〉
in Xe + Xe collisions at

√
snn = 5.44 TeV [24].

Interestingly, the probable crossover transition border to the QGP state (or mixed phase of
QGP and hadrons) was estimated to be between 50–60% and 40–50% collision centralities
coinciding for both Xe + Xe collisions at

√
snn = 5.44 TeV in Ref. [24] and Pb + Pb collisions

at
√

snn = 5.02 TeV in the present analysis. The significantly different growth rates of
〈βT〉 in regions

〈
Npart

〉
< 44 ± 5 and

〈
Npart

〉
> 44 ± 5 with parameter T0 stabilizing and

becoming practically constant in range
〈

Npart
〉

> 44 ± 5 were observed in Xe + Xe colli-
sions [24], indicating that

〈
Npart

〉
≈ 44 ± 5 (corresponding to 〈dNch/dη〉 ≈ 158 ± 20) could

be a threshold border value for a crossover transition from a dense hadronic state to the
QGP phase (or mixed phase of QGP and hadrons) in Xe + Xe collisions at

√
snn = 5.44 TeV.

It is interesting to note that the threshold border value 〈βT〉 ≈ 0.44 ± 0.02 (correspond-
ing to

〈
Npart

〉
≈ 44 ± 5 and 〈dNch/dη〉 ≈ 158 ± 20), recently estimated in Xe + Xe colli-

sions at
√

snn = 5.44 TeV in Ref. [24], agreed within uncertainties with the corresponding
〈fiT〉 ≈ 0.46 ± 0.03 obtained for Pb + Pb collisions at

√
snn = 5.02 TeV in the present analy-

sis, and with nearly constant 〈βT〉 values extracted from the BES program at the RHIC [20]
in central Au + Au collisions in the

√
snn = 7.7−39 GeV energy range, where the threshold

for QGP production is surely reached [20,90–94].
It is worth presenting in more detail the results of Ref. [20], where the chemical

and kinetic freeze-out temperatures and average transverse flow velocities extracted in
central (0–5%) Au + Au collisions at BES energies from

√
snn = 7.7 to 39 GeV are com-

pared with those obtained in central (0–5% and 0–7% centrality) heavy-ion collisions at
AGS, SPS, top RHIC, and up to LHC energies (see Figure 38 in Ref. [20]). The extracted
〈βT〉 increased at low

√
snn < 7.7 GeV energies and remained nearly constant across BES

energies in central Au + Au collisions, changing from 0.44 ± 0.04 at
√

snn = 7.7 GeV
to 0.49 ± 0.04 at

√
snn = 39 GeV [20]. After it, 〈βT〉 gradually and steadily increased to

LHC energies [20]. The obtained chemical freeze-out temperature presented an increase
from

√
snn = 7.7 to 19.6 GeV, then remained constant within the errors across higher BES,

top RHIC, and up to LHC energies [20]. The chemical freeze-out temperature proved
to be ≈ 160 ± 5 MeV in central heavy-ion collisions in the

√
snn ≥ 19.6 GeV range [20],

agreeing with the critical deconfinement phase transition temperature, Tc ≈ 150–170 MeV,
coming from lattice QCD calculations [36,37]. The yield of pions is characterized by a linear
increase with increasing

√
snn at lower collision energies, and it shows a kink structure at√

snn ≈ 19.6 GeV in central Au + Au collisions at the BES [20]. This has been interpreted as
a clear change in the mechanism of particle production at

√
snn ≈ 19.6 GeV [20].

As observed in Figure 3d, the parameter of non-extensivity q for the charged pions,
kaons, and (anti)protons, resulting from both consistent and non-consistent Tsallis functions
with transverse flow, shows similar dependencies on

〈
Npart

〉
. The q values demonstrate

a systematic decrease with increasing
〈

Npart
〉

and collision centrality for all studied par-
ticle species. A similar result, as observed in Figure 4c, is obtained for q versus

〈
Npart

〉
dependencies for the analyzed particle species in Xe+Xe collisions at

√
snn = 5.44 TeV in

Ref. [24]. This observation is in agreement with the fact that the level of thermalization of
the system increases with increasing centrality of heavy-ion collisions at high energies. The
relation q(pions)≈ q(kaons) > q(anti(protons)) was satisfied, as observed in Figure 3c, which
agrees with the q(mesons) > q(baryons) relation found previously in high-energy collisions
in Refs. [23,49,63,82,83,85,95]. On the whole, the gap between q(mesons) and q(baryons)
decreases with an increase in Pb + Pb collision centrality, as observed in Figure 3c, and
q(mesons) practically coincides within uncertainties with q(baryons) in central collisions
with

〈
Npart

〉
> 160. This could indicate quite a large degree of thermalization of QGP

produced in central Pb + Pb collisions at
√

snn = 5.02 TeV with
〈

Npart
〉

> 160.
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Figure 4. The same as Figure 3, but obtained in Ref. [24] for 〈𝑁 〉 dependencies of the extracted 
parameters T0 (a), 〈𝛽 〉 (b), and q (c) in Xe+Xe collisions at 𝑠  = 5.44 TeV. The dashed and solid 
curves in panel (b) are minimum χ2 fits by the simple (single)-power and two-power functions, 
respectively, of the 〈𝛽 〉 versus 〈𝑁 〉 dependence, obtained using thermodynamically consistent 
Tsallis function with transverse flow (Equation (5)). For better visibility, the data (open symbols) 
extracted using thermodynamically non-consistent Tsallis function with transverse flow (Equation 
(4)) are shifted by +3 units along the positive direction of the 〈𝑁 〉 axis. 

It is worth presenting in more detail the results of Ref. [20], where the chemical and 
kinetic freeze-out temperatures and average transverse flow velocities extracted in central 
(0–5%) Au + Au collisions at BES energies from 𝑠  = 7.7 to 39 GeV are compared with 
those obtained in central (0–5% and 0–7% centrality) heavy-ion collisions at AGS, SPS, top 
RHIC, and up to LHC energies (see Figure 38 in Ref. [20]). The extracted 〈𝛽 〉 increased 
at low 𝑠  < 7.7 GeV energies and remained nearly constant across BES energies in cen-
tral Au + Au collisions, changing from 0.44 ± 0.04 at 𝑠  = 7.7 GeV to 0.49 ± 0.04 at 𝑠  = 
39 GeV [20]. After it, 〈𝛽 〉 gradually and steadily increased to LHC energies [20]. The ob-
tained chemical freeze-out temperature presented an increase from 𝑠  = 7.7 to 19.6 GeV, 
then remained constant within the errors across higher BES, top RHIC, and up to LHC 
energies [20]. The chemical freeze-out temperature proved to be ≈ 160 ± 5 MeV in central 

Figure 4. The same as Figure 3, but obtained in Ref. [24] for
〈

Npart
〉

dependencies of the extracted
parameters T0 (a), βT (b), and q (c) in Xe+Xe collisions at

√
snn = 5.44 TeV. The dashed and solid curves

in panel (b) are minimum χ2 fits by the simple (single)-power and two-power functions, respectively,
of the βT versus

〈
Npart

〉
dependence, obtained using thermodynamically consistent Tsallis function

with transverse flow (Equation (5)). For better visibility, the data (open symbols) extracted using
thermodynamically non-consistent Tsallis function with transverse flow (Equation (4)) are shifted by
+3 units along the positive direction of the

〈
Npart

〉
axis.

Quite a significant correlation exists [1,24] between the temperature and flow velocity
parameters. To verify it quantitatively, we studied the correlations between the extracted
parameters T0 and 〈βT〉, presented in Tables 2 and 3. The dependencies of T0 versus
〈βT〉 parameters extracted from fits with consistent (Equation (5)) and non-consistent
(Equation (4)) Tsallis functions with transverse flow and presented in Tables 2 and 3 are
illustrated in Figure 5a,b, respectively. The 1-sigma confidence ellipse of the covariance of
the parameters T0 and 〈βT〉, corresponding to a 68% confidence interval, and the calculated
Pearson correlation coefficient, rxy, between parameters T0 and 〈βT〉 are also presented
in the figures. It is necessary to mention that the Pearson correlation coefficient indicates
the degree of a linear correlation between two sets of data (two parameter sets), and it
can adopt values between −1 and +1. The orientations and shapes of the confidence
ellipses and values of rxy in Figure 5a,b show the high degree of anticorrelation (negative
correlation) between parameters T0 and 〈βT〉 for fits by both consistent and non-consistent
Tsallis functions with transverse flows. As can be observed in Figure 5a,b, the rxy values
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are close to −1 in both cases, and they also indicate a noticeably greater degree of negative
correlation between parameters T0 and 〈βT〉 in Table 3 than that in Table 2.
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We presented above that the extracted parameter 〈βT〉 demonstrates significantly
differing growth rates in regions

〈
Npart

〉
< 71±7 and

〈
Npart

〉
> 71 ± 7, and T0 remains prac-

tically constant in region
〈

Npart
〉

> 71 ± 7, which probably indicates that
〈

Npart
〉
≈ 71 ± 7

(〈dNch/dη〉 ≈ 251±20) is a border value for a crossover transition from a dense hadronic
state to the QGP phase (or mixed phase of QGP and hadrons) in Pb + Pb collisions at√

snn = 5.02 TeV. The border value 〈βT〉 ≈ 0.46 ± 0.03, corresponding to
〈

Npart
〉
≈ 71±7,

was estimated above from the 〈βT〉 data presented in Table 2. As can be observed in
Figure 5a, the characters of T0 versus 〈βT〉 dependence are remarkably different in re-
gions

〈
Npart

〉
< 71 ± 7 and

〈
Npart

〉
> 71 ± 7. The analogous situation can be observed in

Figure 5b. To check and quantify this observation, we studied the correlations between
parameters T0 and 〈βT〉, presented in Figure 5a,b, separately in regions 〈βT〉 < 0.46 and
〈βT〉 > 0.46. The results of the separate analysis of the data presented in Figure 5a,b
(Tables 2 and 3) in region 〈βT〉 < 0.46 are shown in Figure 6a,c, respectively. The corre-
sponding results for the correlation analysis of the same data in region 〈βT〉 > 0.46 are
demonstrated in Figure 6b,d, respectively. As can be observed in Figure 6a,c, the negative
correlation between T0 and 〈βT〉 is quite strong in region 〈βT〉 < 0.46. In contrast to the
strong negative correlation in region 〈βT〉 < 0.46, the correlation between parameters T0
and 〈βT〉 is significantly positive in region 〈βT〉 > 0.46 in Figure 6b,d. Hence, it can be
observed that not only does parameter 〈βT〉 show significantly differing growth rates in
regions

〈
Npart

〉
< 71 ± 7 (〈 dNch

dη 〉 < 251 ± 20) and
〈

Npart
〉

> 71 ± 7 (〈 dNch
dη 〉 > 251 ± 20), but

also the character of correlation between parameters T0 and 〈βT〉 differs considerably in the
corresponding intervals 〈βT〉 < 0.46 and 〈βT〉 > 0.46. This further supports our conjecture
that

〈
Npart

〉
≈ 71 ± 7 (〈dNch/dη〉 ≈ 251 ± 20) is probably a threshold border value for a

crossover transition from a dense hadronic (nucleon) state to the QGP phase (or mixed
phase of QGP and hadrons) in Pb + Pb collisions at

√
snn = 5.02 TeV.
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Figure 6. (a)—Dependence of T0 versus 〈βT〉 parameters (•) in region 〈βT〉 < 0.46 obtained from
fits with thermodynamically consistent Tsallis functions with transverse flows (Equation (5)) and
presented in Table 2. (b)—Dependence of T0 versus 〈βT〉 parameters (•) in region 〈βT〉 > 0.46 obtained
from fits with thermodynamically consistent Tsallis functions with transverse flows (Equation (5)) and
presented in Table 2. (c)—The same as in panel (a), but obtained from fits with non-consistent Tsallis
functions with transverse flows (Equation (4)) and presented in Table 3. (d)—The same as in panel
(b), but obtained from fits with non-consistent Tsallis functions with transverse flows (Equation (4))
and presented in Table 3. The 1-sigma confidence ellipse (corresponding to a 68% confidence interval)
of the covariance of parameters T0 and 〈βT〉 and the calculated Pearson correlation coefficient, rxy,
between T0 and 〈βT〉 are also shown in the figures.

Now, we can directly compare the results for the threshold border values of
〈

Npart
〉
,

〈dNch/dη〉, and 〈βT〉 estimated in the present analysis in Pb + Pb collisions at
√

snn = 5.02
TeV, with those extracted in a recent study [24] for Xe + Xe collisions at

√
snn = 5.44 TeV,

where the same theoretical model functions, methods, particle species, and identical pT
intervals were used. The results for the threshold border values of

〈
Npart

〉
, 〈dNch/dη〉,

and 〈βT〉 estimated in Pb + Pb and Xe + Xe collisions [24] along with the ratios of
the corresponding quantities for two collision types are presented in Table 6. As can be
observed in Table 6, the ratio (1.61 ± 0.24) of the estimated border values of

〈
Npart

〉
in

Pb + Pb and Xe + Xe collisions coincides with the ratio (1.59 ± 0.24) of the corresponding
〈dNch/dη〉 in these two collision types. It is interesting to compare these ratios for the
border values of

〈
Npart

〉
, as well as 〈dNch/dη〉, with the ratio of the mass numbers of the
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corresponding 208Pb and 132Xe nuclei equal to A(208Pb)
A(132Xe)

≈ 1.58. It can be observed that all
the three ratios practically coincide with each other, satisfying the following relation:〈

Npart
〉

Pb + Pb〈
Npart

〉
Xe + Xe

≈ 〈dNch/dη〉Pb + Pb
〈dNch/dη〉Xe + Xe

≈ A(208Pb)

A(132Xe)
≈ 1.6 (10)

Table 6. The threshold border values of
〈

Npart
〉
, 〈dNch/dη〉, and 〈βT〉 estimated in the present

analysis for Pb + Pb collisions at
√

snn = 5.02 TeV and compared to those extracted in a recent
study [24] for Xe + Xe collisions at

√
snn = 5.44 TeV. The ratios of the corresponding quantities for

two collision types are presented in the last column.

Quantity Xe + Xe Collisions at
√

snn = 5.44 TeV [24] Pb + Pb Collisions at
√

snn = 5.02 TeV Pb + Pb
Xe + Xe〈

Npart
〉

44 ± 5 71 ± 7 1.61 ± 0.24
〈dNch/dη〉 158 ± 20 251 ± 20 1.59 ± 0.24
〈βt〉 0.44 ± 0.02 0.46 ± 0.03 1.07 ± 0.08

This result is quite interesting, and can be understood if one recalls that the volume of
a nucleus is directly proportional to the number of nucleons, that is, to the mass number, A,
of the nucleus. Similarly, the number of participant nucleons at some collision centrality
is proportional to the volume of the overlap region of two identical colliding nuclei (such
as in Pb + Pb and Xe + Xe collisions), which, in turn, should also be proportional to the
volume of the nucleus, that is, to its mass number A.

In the end, it is interesting to mention the method of generic (non)extensive statistics
(in which the underlying system autonomously manifests its extensive and non-extensive
nature), which has been used to analyze the high-energy collision data at the LHC in
Refs. [96–98] in comparison to the results of extensive Boltzmann and non-extensive Tsallis
statistics. In Ref. [96], the yields and their ratios for the identified particles, measured
by ALICE Collaboration, were described well using additive thermal approaches taking
into account the missing resonance states, van der Waals repulsive interactions, finite
volume corrections, and pion chemical potentials, as well as the light and strange quark
occupation factors. In Ref. [97], the generic (non)extensive statistics approach was used
to describe the transverse momentum spectra of strange hadrons in Pb + Pb collisions at√

snn = 2.76 TeV, p + Pb collisions at
√

snn = 5.02 TeV, and in p + p collisions at
√

snn = 7 TeV.
The obtained results were compared to those extracted using non-extensive Tsallis and
extensive Boltzmann statistics. The differences in the resulting fit parameters (temper-
ature (T), volume (V), and non-extensive parameter d) among three types of statistics
were observed in addition to the significant dependencies of the parameters on the size
and type of the collision system [97]. It was determined that non-extensive parameter d
decreases with increasing collision centrality and energy, indicating that the system departs
from non-extensivity (non-equilibrium) and approaches extensivity (equilibrium) with the
Boltzmann statistics becoming the proper statistical approach in describing the system in
central collisions. It is important to mention that, in the present study, the non-extensivity
parameter q values for all studied particle species, resulting from both consistent and
non-consistent Tsallis functions with transverse flows, demonstrated a systematic decrease
approaching q ≈ 1 value with increasing collision centrality (

〈
Npart

〉
). A similar result was

obtained for q versus
〈

Npart
〉

dependencies for the analyzed particle species in Xe+Xe
collisions at

√
snn = 5.44 TeV in our recent study [24]. Considering that at q ≈ 1 the non-

extensive Tsallis distribution reduces to the exponential (equilibrated) Boltzmann–Gibbs
distribution, our results for q versus

〈
Npart

〉
dependence agree well with those for the

dependence of non-extensive parameter d on collision centrality in Ref. [97]. In Ref. [98], the
extensive Boltzmann–Gibbs (BG) and non-extensive Tsallis statistics, generic (non)extensive
statistics, and other empirical models were used for the description of the transverse mo-
mentum spectra of the charged pions, kaons, and protons produced in p + p and A + A
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collisions in a wide interval of collision energies. The analytical expressions for the depen-
dencies of the fit parameters on the energy, size of a collision system, and type of the used
statistics were obtained [98]. It was deduced that the Tsallis distribution function is more
effective within the lower pT range compared to the higher pT interval, and that the Tsallis
statistics are more suited for p + p than A + A collisions, while the Boltzmann statistics
better describes A+A collisions compared to p + p interactions [98]. It was concluded [98]
that the generic (non)extensive statistics was well suited for describing the pT spectra of
the charged particles and their antiparticles in both p+p and A+A collisions in a wide range
of collision energies. As compared to the pure Tsallis statistics analysis (without embedded
transverse flow) used for the comparison with other models in Ref. [98], for the description
of pT spectra of the identified particles at different centralities of Pb + Pb collisions at√

snn = 5.02 TeV in the present study, we used both thermodynamically non-consistent
as well as thermodynamically consistent Tsallis distribution functions with incorporated
transverse flows (presented in Equations (4) and (5)), which were derived and applied to
successfully reproduce the transverse momentum spectra of identified particles in a range
up to pT = 5 GeV/c at various centralities of Xe + Xe collisions at

√
snn = 5.44 TeV in our

recent study [24]. As observed in Figures 1 and 2, both thermodynamically non-consistent
as well as thermodynamically consistent Tsallis functions with embedded transverse flows
could reproduce quite well the pT spectra of the charged pions, kaons, and (anti)protons in
the region up to pT = 5 GeV/c at various centralities of Pb + Pb collisions at

√
snn = 5.02 TeV

in the present study.

4. Summary and Conclusions

We analyzed the mid-y pT distributions of the charged pions, kaons, and protons and
antiprotons measured by ALICE Collaboration at ten centrality classes of Pb + Pb collisions
at
√

snn = 5.02 TeV, applying combined minimum χ2 fits with the non-consistent as well
as thermodynamically consistent Tsallis functions with transverse flow. Combined fits of
mid-y pT distributions of (π+ + π−), (K+ + K−) and (p + p) with both non-consistent and
thermodynamically consistent Tsallis functions with transverse flows reproduced quite
satisfactorily the spectra of analyzed particle species in all studied groups of Pb + Pb
collision centrality.

Combined fits by both consistent and non-consistent Tsallis functions with transverse
flow resulted in similar collision centrality (

〈
Npart

〉
) dependencies of the parameters T0,

〈βT〉, and q, obtained in Pb + Pb collisions at
√

snn = 5.02 TeV. The parameter 〈βT〉 demon-
strated a fairly large growth rate at

〈
Npart

〉
< 71 ± 7 and substantially lower rate of increase

at
〈

Npart
〉

> 71 ± 7. This observation was verified quantitatively: the single-power function
failed to describe 〈βT〉 versus

〈
Npart

〉
dependence in the whole

〈
Npart

〉
range, whereas the

two-power function with two different exponent parameters in regions
〈

Npart
〉

< 71 ± 7
and

〈
Npart

〉
> 71 ± 7 reproduced this dependence very well.

The significantly differing growth rates of 〈βT〉 in regions
〈

Npart
〉

< 71 ± 7 (〈dNch/dη〉
< 251 ± 20) and

〈
Npart

〉
> 71 ± 7 (〈dNch/dη〉 > 251 ± 20) with T0 staying constant within

uncertainties in region
〈

Npart
〉

> 71 ± 7 (〈dNch/dη〉 > 251 ± 20) probably indicate that〈
Npart

〉
≈ 71 ± 7 (〈dNch/dη〉 ≈ 251 ± 20) is a threshold border value for a crossover transi-

tion from a dense hadronic state to the QGP phase (or mixed phase of QGP and hadrons)
in Pb + Pb collisions at

√
snn = 5.02 TeV. The threshold border value 〈βT〉 ≈ 0.46 ± 0.03

(corresponding to
〈

Npart
〉
≈ 71 ± 7 and 〈dNch/dη〉 ≈ 251 ± 20), estimated in Pb + Pb

collisions at
√

snn = 5.02 TeV in the present analysis, agreed well with the corresponding
border value 〈βT〉 ≈ 0.44 ± 0.02, recently obtained in Xe + Xe collisions at

√
snn = 5.44 TeV

in Ref. [24], and with almost constant 〈βT〉 values extracted [20] in the BES program at
the RHIC in central Au + Au collisions in

√
snn = 7.7 − 39 GeV energy range, where the

threshold for QGP production was reached [20,90–94].
The ratio (1.61 ± 0.24) of the estimated border values of

〈
Npart

〉
in Pb + Pb collisions at√

snn = 5.02 TeV and Xe + Xe collisions at
√

snn = 5.44 TeV coincided with the ratio (1.59 ± 0.24)
of the corresponding 〈dNch/dη〉 in these two collision types, and with the ratio of the mass
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numbers of the corresponding 208Pb and 132Xe nuclei equal to A(208Pb)
A(132Xe)

≈ 1.58. Hence, the

relation 〈Npart〉Pb+Pb

〈Npart〉Xe+Xe
≈ 〈dNch/dη〉Pb+Pb
〈dNch/dη〉Xe+Xe

≈ A(208Pb)
A(132Xe)

≈ 1.6 was satisfied.

The characters of T0 versus 〈βT〉 dependence were found to be considerably different
in regions 〈βT〉 < 0.46 and 〈βT〉 > 0.46. The negative correlation between T0 and 〈βT〉
was quite strong in region 〈βT〉 < 0.46. In contrast to the strong negative correlation
in region 〈βT〉 < 0.46, the correlation between parameters T0 and 〈βT〉 was significantly
positive in region 〈βT〉 > 0.46. Hence, it was observed that not only does parameter 〈βT〉
show significantly differing growth rates in regions

〈
Npart

〉
< 71 ± 7 (

〈
dNch

dη

〉
< 251 ± 20)

and
〈

Npart
〉

> 71 ± 7 (
〈

dNch
dη

〉
> 251 ± 20), but also the character of correlation between

parameters T0 and 〈βT〉 differs considerably in the corresponding intervals 〈βT〉 < 0.46
and 〈βT〉 > 0.46. This finding further supports our conjecture that

〈
Npart

〉
≈ 71 ± 7

(〈dNch/dη〉 ≈ 251 ± 20) is probably a threshold border value for a crossover transition
from a dense hadronic state to the QGP phase (or mixed phase of QGP and hadrons) in
Pb + Pb collisions at

√
snn = 5.02 TeV.

The non-extensivity parameter q demonstrates a systematic decrease with increasing〈
Npart

〉
(collision centrality) for all studied particle species. This observation is in agree-

ment with the known fact that the level of thermalization of the system increases with
the increasing centrality of heavy-ion collisions at high energies. On the whole, the gap
between q(mesons) and q(baryons) decreases with an increase in Pb + Pb collision cen-
trality, and q(mesons) practically coincides within uncertainties with q(baryons) in central
collisions with

〈
Npart

〉
> 160. This could indicate quite a large degree of equilibrium and

thermalization of QGP produced in central Pb + Pb collisions at
√

snn = 5.02 TeV with〈
Npart

〉
> 160.

Author Contributions: Formal analysis, K.K.O., F.-H.L. and I.A.L.; Investigation, K.K.O., K.A.M.,
M.Z.S. and B.J.T.; Methodology, K.K.O. and A.D.; Validation, K.K.O., F.-H.L., A.I.F., I.A.L. and A.D.;
Visualization, A.I.F. and A.D.; Writing—original draft, K.K.O.; Writing—review & editing, K.K.O.,
F.-H.L. and A.I.F. All authors have contributed equally to this work. All authors have read and agreed
to the published version of the manuscript.

Funding: The work of K.K.O., K.A.M., M.Z.S., and B.J.T. was supported by the Ministry of Innovative
Development of Uzbekistan within the fundamental project № F3-20200929146 for the analysis of
open data on heavy-ion collisions at the LHC. The work of F.-H.L. was supported by the National
Natural Science Foundation of China under Grant № 11575103, and the Shanxi Provincial Natural
Science Foundation under Grant № 201901D111043. The work of A.I.F. and I.A.L. was supported by
Grant № AP08855403 for the program # BR10965191 “Complex Research in Nuclear and Radiation
Physics, High Energy Physics and Cosmology for the Development of Competitive Technologies” of
the Ministry of Education and Science of the Republic of Kazakhstan.

Data Availability Statement: The data analyzed in this article are included within the paper and
cited as references at relevant places within the text of the manuscript.

Conflicts of Interest: The authors do not have any conflicts of interest regarding the article.

References
1. Abelev, B. et al. [ALICE Collaboration] Centrality dependence of π, K, p production in Pb-Pb collisions at

√
snn = 2.76 TeV. Phys.

Rev. C 2013, 88, 044910. [CrossRef]
2. Abelev, B. et al. [ALICE Collaboration] Multiplicity Dependence of Pion, Kaon, Proton and Lambda Production in p-Pb Collisions

at
√

snn = 5.02 TeV. Phys. Lett. B 2014, 728, 25.
3. Aamodt, K. et al. [ALICE Collaboration] Strange particle production in proton-proton collisions at (s)1/2 = 0.9 TeV with ALICE at

the LHC. Eur. Phys. J. C 2011, 71, 1594. [CrossRef]
4. Adam, J. et al. [ALICE Collaboration] Multi-strange baryon production in p-Pb collisions at

√
snn = 5.02 TeV. Phys. Lett. B 2016,

758, 389. [CrossRef]
5. Aamodt, K. et al. [ALICE Collaboration] Production of pions, kaons and protons in pp collisions at (s)1/2 = 900 GeV with ALICE

at the LHC. Eur. Phys. J. C 2011, 71, 1655. [CrossRef]

http://doi.org/10.1016/j.nuclphysa.2013.02.191
http://doi.org/10.1016/j.nuclphysa.2009.10.142
http://doi.org/10.1016/S0375-9474(16)30231-7
http://doi.org/10.1016/j.nuclphysa.2009.10.142


Universe 2022, 8, 401 19 of 22

6. Adam, J. et al. [ALICE Collaboration] Production of K∗(892)0 and ϕ(1020) in p–Pb collisions at
√

snn = 5.02 TeV. Eur. Phys. J. C
2016, 76, 245. [CrossRef]

7. Adam, J. et al. [ALICE Collaboration] K∗(892)0 and ϕ(1020) meson production at high transverse momentum in pp and Pb−Pb
collisions at

√
snn = 2.76 TeV. Phys. Rev. C 2017, 95, 064606. [CrossRef]

8. Adam, J. et al. [ALICE Collaboration] Enhanced production of multi-strange hadrons in high-multiplicity proton-proton collisions.
Nat. Phys. 2017, 13, 535. [CrossRef]

9. Acharya, S. et al. [ALICE Collaboration] Multiplicity dependence of light-flavor hadron production in pp collisions at
(s)1/2 = 7 TeV. Phys. Rev. C 2019, 99, 024906. [CrossRef]

10. Acharya, S. et al. [ALICE Collaboration] Multiplicity dependence of (multi-)strange hadron production in proton-proton collisions
at (s)1/2 = 13 TeV. Eur. Phys. J. C 2020, 80, 167.

11. Acharya, S. et al. [ALICE Collaboration] Evidence of rescattering effect in Pb-Pb collisions at the LHC through production of
K∗(892)0 and ϕ(1020) mesons. Phys. Lett. B 2020, 802, 135225.

12. Acharya, S. et al. [ALICE Collaboration] Production of pions, kaons, (anti-)protons and ϕ mesons in Xe–Xe collisions at√
snn = 5.44 TeV. Eur. Phys. J. C 2021, 81, 584. [CrossRef]

13. Khachatryan, V. et al. [CMS Collaboration] Strange particle production in pp collisions at (s)1/2 = 0.9 and 7 TeV. JHEP 2011, 5, 064.
[CrossRef]

14. Adair, A. et al. [CMS Collaboration] Study of the inclusive production of charged pions, kaons, and protons in pp collisions at
(s)1/2 =0.9, 2.76, and 7 TeV. Eur. Phys. J. C 2012, 72, 2164.

15. Chatrchyan, S. et al. [CMS Collaboration] Study of the production of charged pions, kaons, and protons in pPb collisions at√
snn = 5.02 TeV. Eur. Phys. J. C 2014, 74, 2847. [CrossRef]

16. Adler, C. et al. [STAR Collaboration] Multiplicity distribution and spectra of negatively charged hadrons in Au+Au collisions at√
snn = 130 GeV. Phys. Rev. Lett. 2001, 87, 112303.

17. Sirunyan, A.M. et al. [CMS Collaboration] Measurement of charged pion, kaon, and proton production in proton-proton collisions
at (s)1/2 = 13 TeV. Phys. Rev. D 2017, 96, 112003. [CrossRef]

18. Abelev, B.I. et al. [STAR Collaboration] Strange particle production in p+p collisions at (s)1/2 = 200 GeV. Phys. Rev. C 2007, 75,
064901.

19. Adams, J. et al. [STAR Collaboration] Identified particle distributions in pp and Au+Au collisions at
√

snn = 200 GeV. Phys. Rev.
Lett. 2004, 92, 112301.

20. Adamczyk, L. et al. [STAR Collaboration] Bulk Properties of the Medium Produced in Relativistic Heavy-Ion Collisions from the
Beam Energy Scan Program. Phys. Rev. C 2017, 96, 044904. [CrossRef]

21. Braun-Munzinger, P.; Koch, V.; Schäfer, T.; Stachel, J. Properties of hot and dense matter from relativistic heavy ion collisions.
Phys. Rept. 2016, 621, 76. [CrossRef]

22. Burtebayev, N.; Fedosimova, A.; Lebedev, I.; Dmitriyeva, E.; Ibraimova, S.; Bondar, E.F. Fluctuations of Initial State and
Event-by-Event Pseudo-Rapidity Correlations in High Energy Nuclear Collisions. Universe 2022, 8, 67. [CrossRef]

23. Olimov, K.K.; Liu, F.-H.; Musaev, K.A.; Shodmonov, M.Z. Multiplicity Dependencies of Midrapidity Transverse Momentum
Distributions of Identified Charged Particles in proton-proton Collisions at (s)1/2 = 7 TeV at the LHC. Universe 2022, 8, 174.
[CrossRef]

24. Olimov, K.K.; Liu, F.-H.; Musaev, K.A.; Olimov, K.; Shodmonov, M.Z.; Fedosimova, A.I.; Lebedev, I.A.; Kanokova, S.Z.; Tukhtaev,
B.J.; Yuldashev, B.S. Study of midrapidity pt distributions of identified charged particles in Xe+Xe collisions at (snn)1/2 = 5.44 TeV
using non-extensive Tsallis statistics with transverse flow. Mod. Phys. Lett. A 2022, 37, 2250095.

25. Aad, G. et al. [ATLAS Collaboration] Observation of a Centrality-Dependent Dijet Asymmetry in Lead-Lead Collisions at√
snn = 2.76 TeV with the ATLAS Detector at the LHC. Phys. Rev. Lett. 2010, 105, 252303.

26. Chatrchyan, S. et al. [CMS Collaboration] Jet momentum dependence of jet quenching in PbPb collisions at
√

snn = 2.76 TeV.
Phys. Lett. B. 2012, 712, 176.

27. Adamczyk, L. et al. [STAR Collaboration] Dijet imbalance measurements in Au + Au and pp collisions at
√

snn = 200 GeV at
STAR. Phys. Rev. Lett. 2017, 119, 062301. [CrossRef]

28. Adams, J. et al. [STAR Collaboration] Evidence from d + Au measurements for final state suppression of high pT hadrons in
Au+Au collisions at RHIC. Phys. Rev. Lett. 2003, 91, 072304.

29. Aamodt, K. et al. [ALICE Collaboration] Suppression of Charged Particle Production at Large Transverse Momentum in Central
Pb + Pb Collisions at

√
snn = 2.76 TeV. Phys. Lett. B. 2011, 696, 30. [CrossRef]

30. Chatrchyan, S. et al. [CMS Collaboration] Study of high-pT charged particle suppression in PbPb compared to pp collisions at√
snn = 2.76 TeV. Eur. Phys. J. C. 2012, 72, 1945.

31. Sirunyan, A.M. et al. [CMS Collaboration] Measurement of prompt and nonprompt charmonium suppression in PbPb collisions
at 5.02 TeV. Eur. Phys. J. C. 2018, 78, 509. [PubMed]

32. Adamczyk, L. et al. [STAR Collaboration] Centrality and transverse momentum dependence of elliptic flow of multistrange
hadrons and ϕmeson in Au+Au collisions at

√
snn = 200 GeV. Phys. Rev. Lett. 2016, 116, 062301. [CrossRef]

33. Adare, A. et al. [PHENIX Collaboration] Scaling properties of azimuthal anisotropy in Au+Au and Cu+Cu collisions at√
snn = 200-GeV. Phys. Rev. Lett. 2007, 98, 162301.

http://doi.org/10.1016/S0375-9474(16)30231-7
http://doi.org/10.1016/S0375-9474(16)30231-7
http://doi.org/10.1016/S0375-9474(16)30231-7
http://doi.org/10.1016/S0375-9474(18)30498-6
http://doi.org/10.1016/S0375-9474(20)30412-7
http://doi.org/10.1016/S0375-9474(14)00570-3
http://doi.org/10.1016/S0375-9474(14)00602-2
http://doi.org/10.1016/S0375-9474(17)30377-9
http://doi.org/10.1016/S0375-9474(17)30384-6
http://doi.org/10.1016/j.physrep.2015.12.003
http://doi.org/10.3390/universe8020067
http://doi.org/10.3390/universe8030174
http://doi.org/10.1016/S0375-9474(17)30384-6
http://doi.org/10.1016/j.nuclphysa.2009.10.142
http://www.ncbi.nlm.nih.gov/pubmed/30956556
http://doi.org/10.1016/S0375-9474(16)30235-4


Universe 2022, 8, 401 20 of 22

34. Huovinen, P.; Kolb, P.; Heinz, U.W.; Ruuskanen, P.; Voloshin, S. Radial and elliptic flow at RHIC: Further predictions. Phys. Lett. B
2001, 503, 58. [CrossRef]

35. Acharya, S. et al. [ALICE Collaboration] Anisotropic flow of identified particles in Pb + Pb collisions at
√

snn = 5.02 TeV. JHEP
2018, 9, 006.

36. Borsanyi, S.; Endrődi, G.; Fodor, Z.; Jakovác, A.; Katz, S.D.; Krieg, S.; Ratti, C.; Szabo, K.K. The QCD equation of state with
dynamical quarks. JHEP 2010, 2010, 77.

37. Borsanyi, S.; Fodor, Z.; Hoelbling, C.; Katz, S.D.; Krieg, S.; Szabo, K.K. Full result for the QCD equation of state with 2 + 1 flavors.
Phys. Lett. B 2014, 730, 99. [CrossRef]

38. Jiang, K.; Zhu, Y.; Liu, W.; Chen, H.; Li, C.; Ruan, L.; Tang, Z.; Xu, Z. Onset of radial flow in p+p collisions. Phys. Rev. C 2015, 91,
024910. [CrossRef]

39. Bashir, I.; Bhat, R.A.; Uddin, S. Evidence of collective flow in p-p collisions at LHC. arXiv 2015, arXiv:1502.04185v2.
40. Bashir, I.; Parra, R.A.; Bhat, R.A.; Uddin, S. Particle Transverse Momentum Distributions in p-p Collisions at (s)1/2=0.9 TeV. Adv.

High Energy Phys. 2019, 2019, 8219567.
41. Khuntia, A.; Sharma, H.; Tiwari, S.K.; Sahoo, R.; Cleymans, J. Radial flow and differential freeze-out in proton-proton collisions at

(s)1/2=7 TeV at the LHC. Eur. Phys. J. A 2019, 3, 55.
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