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Abstract: The 4+1 formalism in general relativity (GR) prescribes field equations for the spacetime
metric vy (x, T) which is local in the spacetime coordinates x and evolves according to an external
“worldtime” 7. This formalism extends to GR the Stueckelberg Horwitz Piron (SHP) framework,
developed to address the various issues known as the problem of time as they appear in electrody-
namics. SHP field theories exhibit a formal 5D symmetry on (x, T) that is strategically broken to
4+1 representations of the Lorentz group, resulting in a manifestly covariant canonical formalism
describing the T-evolution of spacetime structures as an initial value problem. Einstein equations for
Yuv (X, T) are found by constructing a 5D pseudo-manifold (combining 4D geometry and 7-dynamics)
and performing the natural foliation under broken 5D symmetry. This paper discusses weak grav-
itation in the 4+1 formalism, demonstrating the natural decomposition of the field equations into
first-order evolution equations for the unconstrained 4D metric, and the propagation of constraints
associated with the Bianchi identity.
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1. Introduction

The “problem of time” most commonly refers to the difficulty of quantizing canonical
formulations of general relativity (GR) in which time x? is both the parameter of system evo-
lution for initial value problems and a dynamical coordinate of the spacetime to be found
as a solution of such problems. The Stueckelberg Horwitz Piron (SHP) framework [1-8]
in relativity seeks to overcome these difficulties, as they find expression in classical elec-
trodynamics, introducing a chronological time T as a physical quantity distinct [9] from
coordinate time xU. Particles and fields, defined locally with respect to some coordinate
description of spacetime, evolve under the monotonic advance of 7, a quantity external
to the spacetime manifold. A classical event x#(T) or a quantum state (x, T) is observed
at spacetime location x* but occurs at chronological time 7, characterizing the temporal
ordering of events. Fields and potentials, including the electromagnetic field f,4(x, T) and
metric g,p(%, T), are made invariant under gauge transformations depending on both x
and T, indices in the first half of the Greek alphabet take values «, 8,7, = 0,1,2,3,5 and
the remaining Greek letters take values A, u, v = 0,1, 2, 3. These field theories will exhibit a
formal 5D symmetry containing O(3,1)—possibly O(4,1) or O(3,2)—but matter terms break
any higher symmetry to 4+1 representations of Lorentz symmetry.

Building on the insights of SHP electrodynamics, the 4+1 formalism for gravitation [10]
was constructed by conflating the 4D geometry of spacetime M with its evolution under
T to form a 5D pseudo-spacetime [11], writing 5D Einstein equations for the resulting
manifold, and strategically breaking the 5D symmetry when setting the Einstein tensor
(geometry) equal to the O(3,1) covariant energy—-momentum tensor (matter). The decompo-
sition of the symmetry-broken Einstein equations to 4+1 results in first-order differential
equations for the metric 7, (x, T) and the extrinsic curvature K, (x, T) of M. In this paper,
we discuss the linearized equations for weak gravitation in the 4+1 formalism, leading to a
straightforward derivation of the 4+1 differential equations and offering a directly intuitive
interpretation of their meaning.
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Section 2 provides a brief overview of the SHP framework for electrodynamics and
gravitation. In section 3 we obtain wave equations for the weak field approximation in SHP
and modify the field equations to break the 5D symmetry. Section 4 summarizes the 4+1
formalism for GR obtained by projection onto the spacetime as a 4D hypersurface of a 5D
pseudo-spacetime. In section 5 we specify the 4+1 formalism for weak fields and discuss
the relationship between the wave equations and the first order evolution equations and
their constraints.

2. Overview of the Stueckelberg Horwitz Piron Framework

The standard Feynman-Stueckelberg interpretation of antiparticles as particles trav-
eling backward in time required Stueckelberg to introduce [1,2] two closely related in-
novations. Clearly the evolution of such particles cannot be parameterized by the time
coordinate which is now allowed to reverse direction, and so Stueckelberg introduced an
evolution parameter we designate 7. Writing x# = dx* /dt for indices y,v,A =0,1,2,3, an
event trajectory is observed as a particle when E = Mcx? > 0, or as an antiparticle when
E = Mci® < 0. Thus, a continuous pair creation/annihilation process entails two sign
changes of the squared interval

¢ ds®(1) = —Hudxtdx’ = —x2(1) d7? w = diag(—1,1,1,1) . 1)

Stueckelberg’s interpretation of antiparticles requires that ds? be unconstrained, thus de-
moting the notion of fixed mass shells mc?ds?(7) from a priori constraint to a posteriori
conserved quantity relevant to T-independent interactions. Since ds? is not positive definite,
Stueckelberg concluded that T cannot be identified with the proper time of the motion.

Horwitz and Piron [3] took a similar approach in their canonical relativistic mechanics
for the many-body problem, leading to solutions for relativistic generalizations of the
classical central force problems, quantum mechanical potential scattering and bound
states [12-17]. Stueckelberg found that classical particle/antiparticle processes require that
electromagnetic field F*V must be supplemented by a vector field strength G*. Such a field
is also required in accounting for known phenomenology in the radiative transitions of the
bound states found by Horwitz and Arshansky [18-20]. Sa’ad, Horwitz, and Arshansky [4]
derived the vector interaction from the gauge theory associated with the canonical system.
Beginning with the action for a free particle

5= / dr %Mxﬂxy )
which leads to
oL 2
Mit =0 Py = Pyl = Mxy — ;—M — M2 = constant 3)

the action is made maximally U(1) gauge invariant (see also [21]) by writing
1. ... e, e
Sopp = /dT EMx”xy + Ex"ay(x, T)+ EC5a5(x, T) 4)
BT S
= / dt iMx”xy + Exﬁa,g(x, T) (5)
where o, 8,7 = 0,1,2,3,5, and x> = c57 in analogy to x0 = ct. This theory recovers
Maxwell electrodynamics [22] when ¢5 < ¢ and we will generally neglect (cs/c)?. Notice

that for a pure gauge potential a, = d,A(x, T), the interaction is just a total T-derivative.
The Lorentz force [23] found from this action is
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M.. _ e LV _ e .ﬁ 6
xu—g(x fyv+C5fy5)—Ex fup (6)
d 1. .. e
dT(_ZMxHxV> :C5Exﬁf55 (7)
with field strength
f,xlg(x, T) = a,xa/g - aﬁaa . (8)

The mass term in (5) breaks the apparent 5D symmetry of the interaction term xfa (%, 7)
and the SHP action leads to an electrodynamics that differs from a 5D Maxwell theory.
We notice that (7) describes mass exchange between particles and fields, determining the
condition for non-conservation of proper time. Nevertheless, the total mass, energy, and
momentum of particles and fields are conserved [23]. The kinetic term for the field is of the
general form

Stta = [ dd*x f*P(x,7) fup(x,7) ©)

in which we raise the five-index of f,5 suggesting a metric element 7. However, if we
view the Lagrangian density as

FPCT) fap(x,T) = 1 (2,T) fio (2, T) + 20 5 (%, T) fus (%, T) (10)

then 7% = o = £1 is merely the choice of sign for the vector-vector term. The notation
1> is a purely formal convenience, with 5-components denoting O(3,1) scalars, not to
be treated as elements of a 5D tensor. Similarly, x° is an external parameter and not a
timelike coordinate or a dynamical variable; = c5 is a constant scalar. Nevertheless, it is
convenient to write

ap = diag(—-1,1,1,1,0) (11)

in the form of a 5D flat space metric.

In this framework x#(7) is an irreversible event, occurring at time T with spacetime
coordinates x#, and we denote by M (1) the 4D block universe consisting of all spacetime
events occurring at T. The evolution of these events is generated by a scalar Hamiltonian K,
so that M (7) occurring at T evolves to an infinitesimally close 4D block universe M (T +dT)
occurring at T 4 d7. This permits the configuration of spacetime, including the past and
future of x° = ¢t, to change infinitesimally from moment to moment in 7, and so the metric
Yuv (X, T) of M(7) must evolve with 7. A t-independent metric would play the role of
an absolute background field in this framework, inconsistent with the goals of general
relativity.

To find field equations for 7, (x, T) we extend the methods of SHP electrodynamics
and generalize the 3+1 formalism as applied in Arnowitt Deser Misner (ADM) geometro-
dynamics [24]. That is, we interpret the electrodynamic action (5) as exhibiting a symmetry
breaking in the matter term

1. 5. e 1. . e
Sep = /dT EMx/Sx,g + Exﬁa/g —  Sgpp = /dT EMxVx” + Exﬁa/g(x, T) (12)

and approach the metric in a similar way, by posing 5D Einstein equations whose en-
ergy/matter terms, when joined to the geometrical field terms, break the higher sym-
metry to 4+1 representations of the Lorentz group. The metric g,p(x, T) determines the
squared interval

dx? = Sap(x, T)dX*dXP dX = (x2, ™) — (x1,71) (13)

in a pseudo-spacetime M5 = M x R formed by embedding the 4D hypersurfaces M ().
Unlike a 5D spacetime with symmetry O(4,1) or O(3,2), the symmetries of M5 can be seen
by taking

0X = (x2(mq +61) — x1(m1), 67) = (6x(711) + %107, 07) (14)
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representing the 4D spacetime geometry of x*(7) € M (7) and the canonical evolution
between the points X1 = (x1,71) € M(7) and Xp = (x2, 72) € M(12). After posing 5D
Einstein equations on M5 and breaking the 5D symmetry to O(3,1), the natural foliation
(see also [25,26]) recovers the embedded spacetime hypersurfaces M (1), decomposing the
field equations into a T-evolution problem for the spacetime metric 7, (x, T) and intrinsic
curvature K, (x, 7).

Direct application of the Euler-Lagrange equations to the free particle Lagrangian

1
L= EMg,X/g(x, )% %P (15)
leads to equations of motion
DxH Dx?
_ _ U 'lX'ﬁ _ _ =b 5 .a.‘B
= Do =i +Faﬁxx 0——DT =i —i—l"aﬁxx (16)
where I’ Z,S is the 5D Christoffel symbol found from g, 5(x, 7). However, because x° isnot a

dynamical variable in the SHP framework, the equation on the right must be replaced by
x°(t) = csT — #° = 0, a first example of breaking 5D symmetry to 4+1. In T-equilibrium,
where 7, (x) becomes T-independent and g,5 = 0, (16) reduces to

Di#
0= D—XT = ¥ 4+ T 2 (17)

which has been studied extensively by Horwitz [7,8] and will not be discussed here.

For simplicity, we treat matter as a non-thermodynamic (zero-pressure) dust of events
evolving geodesically under (16). Denoting by n(x, T) the number of events per spacetime
volume, the five-component event current is

7(x,7) = p(x, 7)) = Mn(x,7)%() (18)
the mass—energy-momentum tensor [4,27] is

TH = Mniti’ = pxtx?
T% = Mni*xP = px*xP — (19)
T = ¥53Pp = c55F .

The current satisfies the continuity equation
S0

dj
ox%

. d .
4+, =L v, =0 (20)

)
Vaj' = oT

which relates the event density as a function of 7 to the flow of the event 4-current into
spacetime. Similarly, T*? is conserved by virtue of (16) and (20), suggesting that the 4D
Einstein equations be extended to

1 8ntG
szﬁ - EgtxﬁR = CTTocﬁ (21)

with 5D Ricci tensor R,p and Ricci scalar R obtained from g,g. To approach the breaking
of the 5D symmetry exhibited in (21), we first consider insights from the linearized weak
field theory.
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3. Linearized Field Equations for Weak Fields

Up to a certain stage, linearization of the Einstein equations for SHP requires no more
than replacement of 4D indices A, i, v with 5D indices &, §, v in the standard derivation.
Posing the local metric as a small perturbation of the flat metric

Sap = Mup Fhap  —  9y8ap = Iyhap (hap)® ~ 0 (22)
Mg = diag(—1,1,1,1,0) (23)

the Ricci tensor reduces to linear terms in /1,4

1
Rup ~ 5 (999, + 00§ — 370, 1o — 0a9ph ) (24)

Invariance of the Ricci tensor under a translation x™ = x* + A*(x, T) permits us to apply
the 5D Lorenz gauge condition

Pl = 0P (h,xﬁ — ;wh) =0 — Phyp = %a,xh (25)
leading to the Einstein tensor in the form
Gup = Rup — %MR = —%8787 (haﬁ - ;Mh> = —%3737Ea5 (26)
and providing the 5D wave equation
— 0y fap = — (90 + %95 ) hup =~ Tap - (27)

This equation has the Green’s function [28]
1

\ — 11558 p X" xP

in which the first term is instantaneous in T and dominates at long distance for many
problems, leading to the generic approximate solution

1 s 9
G(x,7) = 5 -6(x*)8(7) + 5 25 5 50(~1s58upx" 2

22 92 (28)

/
X—X /
_ | z ‘,X,T)

x = x|

T t—‘x;x,‘,x’,'r olt
€ o) o
c

haﬁ(xf T) R c x— x| (29)

for known mass density p(x, T) and event velocity x, freely falling under (16). Choosing a
spacetime event density p(x — g(7)) centered on a trajectory g (7), and writing {* = %*/c
the mass—energy—-momentum tensor is

T = mp(x, )" 4P = mc?e"ePp(x —q(r)) (30)
producing the metric perturbation

hug(7) = 358l @

where

19
=/ P Gl 32)
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has units of inverse distance. In particular, taking q(7) = (ct,0,c57) and p(x) = 63(x),
describing an event distributed around the t-axis in its rest frame, we have ¢ = (1,0,c5/¢)
and

gl ) = Srrtads = ot (80+8°) (34 + 2°65) (33)

To obtain the perturbed metric f,p from h,X/g we rearrange

~ 1
haﬁ = haﬁ + 5110(‘51’1 (34)
we find the trace & from
T aBy  _ af 1 _ 1 «p
h= n hzxﬁ =1 haﬁ - Eﬂaﬁh =({1- 577 Nap h. (35)
However, since *f1j,5 =5 — h = —(2/3)h, we will be led to the solution
-~ 24Gm . 1 - 2 4Gm
hoo = foo — Floh =35> hos = hos — 3ijosh = 0G5~ =
(36)
. 1 4Gm 1 1 4Gm
hij = hijj — 771]h = 36jj 2, hss = hss — *7755}1 303,

where i,j = 1,2,3 and we have neglected terms in é’% ~ 0. This metric structure, where
hoo = 2hj; and hgg = +2hs5, is not consistent with gravitational phenomenology. In
particular we expect |hs5| < |hoo|-

To obtain a reasonable solution we must break the 5D symmetry in the relationship
between the 5D Einstein tensor and the source term. Writing the linearized Einstein
equations as

1 8ntG

Raﬁ - EﬂaﬁR = CTTa‘B (37)

we take the trace 8rC

T
R (1 — T]aﬁﬂlxﬁ> C4 (WVVTI/IV + 7155'1"55) (38)
leading to the trace-reversed form
871G 31ap 55

Ruyg=—F |Tog+ —=—— (7" Ty + 1T . 39
«p C4 «p 71— %}’]lxﬁi’]aﬁ (77 nv n 55) ( )

As in SHP electrodynamics, we treat 1755 = ¢ as a notational device rather than a feature of
physical matter, and so we replace

n"f — 7% = diag(—1,1,1,1,0) (40)
in the source terms on the RHS leading to the O(3,1)-covariant field equations
8ntG 1 - 81tG
R;n/ =7 (Tyv - 77va) Rsy = TTSuc (41)
c 2 c
where T = ##"T),. These modified field equations lead to the wave equations

167G 1 - 167tG
— BWBWhW = CT (Tyv - 277}“/'1—‘) - a,ya’thIX = CTTS“ (42)
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which for the perturbation (33) have the solution
~ 1 - 2Gm - 4Gm
hoo = hoo — 5100k = =5 hos = hos = 0G[Ts0] = 0¢s 2,
(43)
- 1 - 2Gm ~ ,4Gm
hij = hij — Snijh = 6ij=5 = hss = hss = 0G[Tss] = 0655 =
Writing
2Gm 2Gm\ !
1+ —— - — 44
+ c2r ( c2r ) (44

the spacetime part of the metric becomes
: 2Gm 2Gm\ ™!
g;ﬂ/ = d1ag <— (1 — C2r ), (1 — C2r> 51]> (45)

2Gm

while

As we saw in the equations of motion (16) for an event, this approach respects the 5D
geometry of the fields, as expressed through the Ricci tensor, but breaks the 5D symmetry
of the physics to 4+1 in setting the equality between R, and the source Ty4.

4. Overview of 4+1 Formalism

The 3+1 formalism, including approaches such as ADM [24], decomposes the Einstein
equations into an initial value problem for the metric and extrinsic curvature of 3-space,
parameterized by the time coordinate t. This decomposition begins by choosing a time
direction in the 4D spacetime M, defining a foliation onto a collection of spacelike 3D
hypersurfaces. By projecting spacetime structures onto this foliation, one finds a pair of
first order differential equations for the t-evolution of space along with a pair of constraints
that must be met by the initial conditions.

For the SHP approach to GR, the 3+1 formalism has been extended to 4+1 by choice of
T as the time direction, foliation of the pseudo-spacetime M5, and decomposition of the
symmetry-broken Einstein equations (41) into an initial value problem. In this section we
summarize the 4+1 formalism. A detailed presentation can be found in [10].

The pseudo-spacetime M5 introduced in Section 2 is defined by the injective mapping
d: M — Ms = M x R with the natural foliation to level surfaces of the scalar field
S(X)=X/cs=T1

S={XeMs|S(X)=1}. (47)

The normalized gradient of S(X)

Ny = a# 9.5(X) = 0#55

V185 Virs

is normal to X; because S(X) = constant for X € X. The vectors g, with components

g”‘ﬁnanﬁ =0 (48)

X X~

form a coordinate frame for the tangent space 7 (X:) C 7 (Ms5) and a fifth basis vector for
T (Ms) may be chosen as the linear combination of 7 and {g, } prescribed by

g5 = NV'g, + Nn (50)
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often called the ADM parameterization. The 4-vector N¥ generalizes the shift 3-vector in
3+1 formalisms and N is the lapse function. Designating v, = guv = gy - g we find a
generalization of the ADM metric decomposition through ¢,5 = 8a - 8p

1 1
’)/HV N‘u 'YVV+UWNVNV —UWNV
Sup = ) . g = ) . (51)

which puts the unit normal into the form

1 1
= (N 85)" = 1 (~N#3 +.3)
1 (52)
ny = 0———=206; = oN&; = oN(g),

VT

where the second expression is implicit in parameterization (50) through n, = g, ﬁnﬁ. The
projection operator onto 7 (X¢) is

Pup = Qap — TNalip PP = ¢*F — gn*nf PMPW = Pf = 55 —ongnP  (53)
with completeness relations
Sup = Pap +onang (5% = Pg +onng. (54)
In particular, the spacetime components are
Yuv = GupESED = (P + onang) ESED = PogESES = Py, (55)

showing that the projector P,z when restricted to X+ acts as the 4D metric 7.

The 5D covariant derivative V., compatible with g, is associated with the Christoffel
connection Fgﬁ which appeared in the geodesic equations (16). The projected covariant
derivative on 7 (£;) compatible with P, p (and hence 7,y) is denoted D,

_ pa pbi B
(DX) gy, = PEPR - BE (VX g, ) - (56)
These covariant derivatives lead to the curvature and projected curvature tensors

[V, Vo] Xy = XsRS,5 [Dp, Da] Xo = X5R, (57)

along with the extrinsic curvature defined by

erﬁ = —Pxpg Viny = —vaﬂ’lﬁ - na%DﬁN . (58)

The spacetime part of the projected curvature R’;\ " is the 4D intrinsic curvature for M and

K,y characterizes the evolution of the unit normal to 7 (X7).
We may decompose the Riemann tensor into a sum of projections on 7 (X¢) and 1y,
by using the completeness relation (54) to write

R"p = (Pg + ongn® ) (Pg + ongnP > <P¥,+ mﬂnﬂr/) (Pg + ongn’ )R"Y&,a,ﬁ, (59)
leading to terms of the type

"B pr pd'\ RV 7 pa’ pB'\,6 7 B, 7 6 pa
(PuPRPT %) Ry (P2 PP )1 R (PP )70 RS (60)
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because the antisymmetry of the Riemann tensor leads to nf'n'nd R%’v’ = 0. Using (53) in
the second of (57) provides the Gauss relation

Ry = Ry, = o (KN K = KD K ) - 61)

This provides R" Ap (the spacetime components of the 5D intrinsic curvature) in terms
of the 4D intrinsic curvature R" VAp and the extrinsic curvature K,, (which collects the
5-components of Tgﬁ not present in R" A p). Replacing X5 = n; in the first of (57) and
projecting the three remaining indices onto 7 () leads to the Codazzi relation

’ / ! 5
(PLPRPY Y5 RS = DpKaoy — DaKpy (62)

and similarly projecting onto n? and n° leads to

/ / / 1 1B
(PW,PE )rﬂ n Ry, = —KIKyp — 05 DpDoN + PY PE Y VK (63)

Equations (61)—(63) generalize the corresponding relations in the 3+1 formalism and play a
central role in decomposing the Einstein equations into evolution equations.

To formulate an initial value problem we seek the 7-derivatives of the metric y,5 = Pyg
and extrinsic curvature K,g. Introducing the normal evolution vector m = Nn and writing
(50) as

g5 = Nfg, + Nn =N+m (64)

we find the Lie derivative along m as

and since (gs)” = 47, we obtain
1
'CgsAtx‘B = (5578714“5 + A,ﬂgaaég + Amaﬁég = 85Aaﬁ = aaTAaﬁ . (66)
The Lie derivative of the metric 7,4 along m is

L Yap = MV Yup + YopVat? + yay Vgm? (67)

which may be evaluated using (53) for Pyg = 744 in the first term and using (58) to obtain
1
L Yap = —2NKpp  —> EBT%W = LN Y — 2NKyy (68)

as the evolution equation for the metric. The Lie derivative of K, is
L Kyp = mTV o Kyp + Ky gVam? + Kay Vgm? . (69)

Again using (58) to evaluate V,m" and recalling (63) results in

/

1 1 ¥ B 5 pao
~Ln K+ 35 DuDpN + Koy Ky = (PM/ P ﬁ) nTn® R, (70)

so that using the Gauss relation (61) we can put (70) into the form

/

, 1 1 _ ;
P“aPﬁﬁR wp = 035 L Kag + 035 DaDpN + Ry — 0K Ky + 02K K5 . (71)
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In this expression only the Ricci tensor on the LHS refers to the 5D geometry of M5 and
may be eliminated using the Einstein field equations. Recalling the trace-reversed form (39)
we have in curved space

8tG
Rap = A

1

78up 55

Tap+ —3 8" Ty + ¢ Tss ] (72)
«p 1— %gzxﬁgaﬁ ( " )

in which g, on the RHS must be replaced with a symmetry-broken form, just as we saw

in the linearized theory. Breaking the symmetry for the local metric is best achieved in a

vielbein formulation of GR, as discussed in a forthcoming paper. In the linearized theory,

we replace g, — 1ap — 7lap and will continue here by writing
8nG 1. -

Rap ™~~~ {Taﬁ — 5flap T} (73)

as an approximation, where again T = /" T),,. We decompose the source term by projecting
/ / / /
Toup = Tup (P,,‘i‘ +on” na) (Pg + onP nﬁ) = Sup +20n4pp + Nangk (74)

where o D
Saﬁ = Pg Pg Ta’ﬂ/ plg = —n* Pg Ta/ﬁ/ K= n“nﬁTaﬁ (75)

so that S, corresponds to the 4D energy-momentum tensor Ty, p, corresponds to the
mass current into the y direction Ts,, and « corresponds to the scalar mass density Tss. It is
useful in this context to regard mass as a quantity expressing the dynamical independence
of energy and momentum, providing a variable relation between them. In this notation,
T = 4" Ty = n"'S,y = S. Finally, the projected Ricci tensor becomes

/

g 81G

' B 1_ -] 8nG 1.
P‘X“P B A |:T0¢’/S’ — zﬂalﬁ/T] = CT |:Szxﬁ — Eﬂalgs (76)

4R wp ~ PP

providing an evolution equation for the extrinsic curvature

1
(CﬁT - £N>KW = -D,D,N
5

= 871G 1
+N [—URW + KKy — 2K K,y + o (sw - zqws)] . (77)

The double projection of the unbroken 5D field equation onto the time direction 7 is

1 811G 1 871G
(Raﬁ - Zg“ﬁR) n*nf = CTTaﬁn"‘nﬁ — R,,Cﬁn"‘n/5 - E(TR =g (78)
which using the Gauss relation (61) becomes
_ 8ntG
R— 0(1(2 - K””KW> = 0. (79)

This expression, called the Hamiltonian constraint, applies to the mass density of the

gravitational field, not the energy density as in 4D GR. The mixed projection with PP ﬁn"‘

g 1 ' 871G ' 1 ' 811G
n’*Pﬁﬁ (Raﬁ, - ngR) - n"‘P/jﬁCT P Pﬁﬁn”‘Raﬁ, - Egaﬁln“PﬁﬁR =3P (@0



Universe 2022, 8, 185 11 of 16
is combined with the Codazzi relation (62) and g, n" PP l; = n*Ppg = 0 to obtain
871G
DK — DK = P (81)

which is called the momentum constraint, referring to the flow of mass into the field.
Together, the evolution Equations (68) and (77) and constraints (79) and (81) are the 4+1
decomposition of the SHP Einstein equations. Notice however that the Hamiltonian
constraint does not reflect the breaking of 5D symmetry to O(3,1) and will be corrected in
Section 5.

The evolution equations and constraints contain only objects defined on X;. Unlike
the evolution equations, the constraints contain no t-derivatives. If they are satisfied by
the initial conditions, they will be satisfied for all T. The constraining relationship is said to
propagate, rather than evolving under second order differential equations.

5. The 4+1 Decomposition for the Linearized Theory
Under 4+1 decomposition, the metric is written

_ Suv  8us } _ |: ’7yv+hyv hy5 :| 82
sl [ Sus 855 hys 1155 + hss (82)

allowing us to identify

Yuv Ny v + hyv hyS
8xp]| = , = (83)
N, oN?*+ 9, NIN hus 1155+ hss
from which
ON? + 1 NENY = oN? + (0 + hyw ) HEhE ~ oN? — oN? = 0 + hss
. (84)
N = \/1+0’h55 ~ 1+§U’h55.
Then
W O'LNVNV — LNH Av uv M
wp s N2 UNZ n —h —(Th5
s = 1 1 ~ " (85)
_gmNy Jﬁ —0ohs (1 — ohss)
and the unit normal is
ny = 0N = 0+/1+ chssds = a(l + ;ah55) 5 (86)
1
n® = —hks), + (1 — Zah55>5g . (87)
Discarding terms of the order (A, ﬁ)z ~ 0, the Lie derivative of the metric reduces to
LNYuw = DuNy + DyNy, = 9Ny + 0y Ny, = 9, hs5y + 9yhsy, (88)

and we may neglect the Lie derivative LNKy

LKy = NY33 Ky + KpyduN* + Ky N* o (hep)® ~ 0 (89)
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along with terms quadratic in Ky,. Writing
1
—2NKy ~ -2 (1 + 2(7h55> Kyy = —2Kyy (90)
the evolution Equation (68) for 7, becomes
1
ga'r’hw = athV + avhSy - 2Kyv . 91)

and the evolution Equation (77) for K, reduces to

1 1 _ 8nG 1
where we used
1
DyDyN = 9),(3,N) —T';,0,N ~ 9,0,N = 500duhss (93)

The coupled Equations (91) and (92) provide the initial value problem for the metric and
extrinsic curvature on M in the linearized theory, given initial conditions for 7, and K,
that satisfy the constraints.

The relationship between 7, and Ky, can be clarified somewhat in the linearized
theory. Using (58), (86) and (87) for K4, na, and n* we evaluate

! / / i 1
Kep = — (55; —on® na) (55 —onf nﬂ) <285/h55(52, - UF%W) — Ky =0T, (94)

showing explicitly that the extrinsic curvature contains 5-components of the 5D Christoffel
symbol not present in the 4D intrinsic curvature. Similarly, rewriting (91) as

1
5 (Ouhtsy + duhsy, — 057y0) = Ky (95)

we again recognize the LHS as ;7551",5“,. Thus, Ky, replaces the “velocity” d5v,, with a
“momentum” extracted from 1"’5W components that do not explicitly appear in the initial
value problem, converting the second order wave equation to a pair of first order equations.
In [10] we showed that in the 4+1 canonical ADM formalism, the momentum precisely
conjugate to y,y is

" = —g /[y (K" — yK) . (96)

The linearized evolution equation for K, and the constraints can be understood by
splitting the Einstein equations into spacetime and 5-parts. The Bianchi identity for the
symmetry-broken linearized Einstein tensor is

1_ 1_ 2
V.G =V, (R"‘ﬁ -5 “ﬁR) — 0% (R‘Xﬁ - 2;7“/3R> + o(h,xﬁ) =0 (97)
which we rewrite as 1
— 56 — _ B 2
G = -9, o(h,xﬁ) . (98)

The RHS must contain g,p, dr8ss, and 02 8up, and so the components of G on the LHS
may be at most first order t-derivatives. Therefore, the five field equations

1_ 871G
Gsp = Rsp — 5715pR = Rep = — 5~ T5p (99)
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define constraints among the initial conditions for the second order field equations: The
metric, its first-order T-derivative, and the source current jg = Tsp. The ten field equations

1 8tG 871G 1 -
are unconstrained and contain second T-derivatives of the metric. From the linearized 5D
Ricci tensor (24) with no gauge fixing, we split the spacetime part as
_ 1 1
RP“/ = RP‘V + 8550(8141’151/ + avhy5 — 85]’1141/) - anavah&; (101)
where
5 1 A b A Ao
R =5 (aya Iy + 000 g — O — 3,00 hM) (102)

contains the terms belonging to the 4D Ricci tensor on M, and the last term in (101) is from
the 5-piece of q“ﬁhaﬁ. Comparing with (95) we recognize the extrinsic curvature K, in the
second term of (101) and using (100) to replace R, we arrive at

1 1 _ 8nG 1 -

which differs from the evolution equation (92) by the sign of the first term on the RHS.
Equation (103) may be approached by seeking a gauge condition that resolves this sign
reversal, but this similarly shows that consistency of the linearized 4+1 formalism requires
the 55 term in (103) to vanish.

Applying the 5D Lorenz gauge condition (25), expanded as

Phr = 3007 s + 3001 s — s (104
to the 5-component of (27) we obtain
Rsp = %(—35351155 - aAaAhSﬁ) = —%avath . (105)
Comparing with (99) for § = p, 5 this provides

167G 167G 167G 167G
CTTE‘% = *CTPV, — 87871155 = 7T55 = c K (106)

— 379, hsy =

and as expected, the RHS of these expressions match the RHS of constraints (79) and (81).
Again using (95) to evaluate

1 1 1
K = —Eava5h55 a‘qu,l = 5 <—858Vh;w + a”ayh&, + ana5h - 8V85h55> (107)
we find
i 1/o o5
Bkl — 3K = 5 (asa hys + aﬂayh5v) = 370, hs, . (108)

which combined with the first of (106), provides the momentum constraint (81).

In the linearized theory we discard the terms K*> — K*Ky,, in the Hamiltonian con-
straint (79) and must evaluate R. Recalling the definition of Ri op in the second of (57), we
insert the projectors

[Dp, Da] Xy = PEPEPY [V, Vo | Xy — Rog=PEPYPI RS,y (109)
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and using the idempotent P, as the metric on the projected hypersurface find

R = PYPPIRS 5 ~ PTPPE(9aTS 5 — 3T, ) (110)

for the projected Ricci scalar, neglecting terms of o (hi ﬁ)‘ Using the (86) and (87) in the
projectors, we are eventually led to

R= % (—0,07h +20,073) = —%ava7 (h—n3). (111)

Returning now to the wave equations, in the notation of the 4+1 decompostion, the space-
time field Equation (42) is

161G
A

167G 1 -

where h = q”“hyv. Combining the trace with the second of (106) we obtain

1 __— 1 - 8nG
— 50,9 (h - h5) = 59,0 (= lss) = — =~ (S + o) (113)
leading us to
_ 8G

which modifies the Hamiltonian constraint (79) found for unbroken 5D symmetry.

We have seen that breaking the 5D symmetry of the Einstein equations on M5 to O(3,1)
produces two modifications in the 4+1 formalism. First, in the evolution equation for Ky,
we see that 5 + ok — S, stating that the energy density S, but not the mass density «, acts
as a source for evolution of the extrinsic curvature. Second, in the Hamiltonian constraint
we see that ok — S + ok , so that the energy density and mass density contribute
independently to the Ricci scalar.

We recall from (19) and (75) that

K= n"‘nﬁTaﬁ = Ts5 = c%p(x, T) (115)

representing the mass density in spacetime [27]. From conservation of the mass—energy—
momentum tensor and (75)

VT = %amﬁ FVTH =0 — TP =V, T =Vl (116

relating the flow of energy-momentum into spacetime to the time variation of the local
mass density p(x, T). Because of the factor c% in (115) the second of (106) shows that only a
very large scalar mass density will contribute to the perturbed metric. Nevertheless, from
the definition (18) of the event current, p(x, T) and hence x are non-vanishing.

The significance of x may also be considered by modifying the second of (100) as

8nG 1
Ry = Y Spv — iﬂuv(s + %) (117)

which is the 5D symmetric form presented in [10]. Again using (75) we see that the
modification introduces the full 5D trace 5*f Typ = S + ox. Writing

Alx,T) = (74:—4(;1( (118)
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permits us to rearrange (117) as

8nG 1
Ruyv + Aijyy = e <S],n/ - 277;41/5) (119)

where the mass density plays the familiar role of a scalar (but local) cosmological term,
not derived from the energy—-momentum tensor Sy,. Once again, the factor of ¢ will
generally result in a small A, that depends on the motions of the events contributing to the
mass density.

6. Summary

In the canonical SHP formalism, the block universe M () consists of spacetime events
x#(7) that occur at a universal time 7. The T-evolution of these events is generated by a
scalar Hamiltonian. This structure describes an evolving spacetime formulated as an initial
value problem in a natural way. Just as Stueckelberg characterized particle trajectories as
defined by T-evolving events, the 4+1 formalism constructs the structure of spacetime by
integrating a coupled pair of first order differential equations in 7y, Ky, and Tyg, specified
at some T, and tested for consistency by constraint equations. As in SHP electrodynamics,
one finds field equations by writing a familiar 5D theory whose symmetry is restricted to
tensor and scalar representations of O(3,1). One then finds the of 4+1 equations of motion
by foliation of 5D pseudo-spacetime, so that geometrical structures and the field equations
can be projected onto the resulting 4D hypersurfaces.

This paper clarifies the breaking of the 5D symmetry in the field equations, at the
interface between the Ricci tensor (geometry) and the matter/energy source represented by
Typ- We also derive the 4+1 equations of motion, for the linearized field equations, by de-
composing the 5D Ricci tensor into spacetime components Ry, providing 10 unconstrained
equations for the metric, and Rs, leading to 5 constraints on the initial conditions. The
Bianchi identity establishes the significance of this separation.

This 4+1 formalism has the advantage of employing the external time T as evolution
parameter, manifestly preserving the 4D spacetime symmetries at each step. Spacetime
geometries are obtained from specific spacetime event trajectories, with possible coordinate
time x°(7) reversal, generally thought of as closed timelike curves. In a forthcoming paper,
the 4+1 formalism will be derived using a quintrad frame defining a vielbein field that
permits a more direct decomposition to an initial value problem for the 4D metric extrinsic
curvature. Examples given in [10] include the absence of T-evolution for a standard
Schwarzschild metric, and the perturbation associated with a T-varying mass. Future
directions include solution of the weak field derived from a single arbitrarily moving
event with varying mass, and calculation in the full nonlinear framework of more complex
scenarios, such as black hole collisions, in which the use of x? as both an evolving solution
and an evolution parameter may produce considerable difficulties.
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