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Abstract: In this paper, an improved multi-source thermal model is used to analyze the transverse
momentum spectra in pp collisions at high energies, ranging from

√
sNN = 62.4 GeV to 7 TeV. Via a

detailed comparison between the model results and experimental data at RHIC and LHC energies,
the thermodynamic properties of particle production are decided. It is shown that the excitation
factors of emission sources depend linearly on ln

√
sNN in the framework. Based on the variation

regularity of the source excitation factors, transverse momentum spectra are predicted in pp collisions
at higher energies; potential future pp colliders operating at

√
sNN = 33 and 100 TeV.

Keywords: high-energy pp collisions; transverse momentum spectra; multi-source thermal model
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1. Introduction

Inclusive measurements of produced particle spectra in high-energy pp collisions
can provide an insight into thermodynamic properties and the strong interaction in low-
energy, non-perturbative region of quantum chromodynamics (QCD) [1,2]. The study of the
particle distribution, which reflects quantitatively the mutiparticle production, can refine
the understanding of global properties of pp collisions at high energies. With increasing the
center-of-mass energy at LHC and a performance of the beam energy scan (BES) program
at RHIC, the discussion of the thermal QCD matter will be much broader and deeper. It
contributes significantly to the extension of the kinematic range in the longitudinal rapidity
and transverse momentum. Moreover, the particle distribution helps us to understand
the basic production mechanism of hadrons in nucleon–nucleon (pp) and nucleus–nucleus
(AA) collision experiments. The well-known transverse momentum pT distribution of
particles plays an important role in the observation of high-energy collisions. The pT spectra
can bring some more information about particle properties as well as matter evolution in
pp or AA collisions at RHIC and LHC energies [3,4].

At the later stages, the reaction system is dominated by hadronic resonances, and the
interacting system at the kinetic freeze-out stays at a thermodynamic equilibrium state or
a local equilibrium state. In the high-energy collision, the final-state particle production
and emission are influenced by not only the collective flow, but also the thermal motion of
particle sources. Considering the creation and subsequent decay of hadronic resonances
produced in chemical equilibrium at a certain temperature and baryon chemical potential,
statistical thermal models have obtained some valuable thermodynamic information of the
mutiparticle system in high- energy collisions in the past few years. It is an identifying
feature of the thermal models that these resonances listed by the Particle Data Group
(PDG) are considered to be in a thermal and chemical equilibrium [5]. Statistical thermal
models have successfully described the particle abundances at low transverse momentum

Universe 2022, 8, 124. https://doi.org/10.3390/universe8020124 https://www.mdpi.com/journal/universe

https://doi.org/10.3390/universe8020124
https://doi.org/10.3390/universe8020124
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/universe
https://www.mdpi.com
https://orcid.org/0000-0003-0291-7042
https://doi.org/10.3390/universe8020124
https://www.mdpi.com/journal/universe
https://www.mdpi.com/article/10.3390/universe8020124?type=check_update&version=2


Universe 2022, 8, 124 2 of 9

PT =
√

P2
x + P2

y [6–10]. In recent years, some phenomenological models or (semi-) empiri-
cal formalisms of particle distributions have been reported to quantitatively explain the

experimental results of the PT (or transverse mass mT =
√

P2
T + m2) spectra in pp and AA

collisions, up to LHC energies. In the study of particle distributions, different exponential
functions were applied in these statistical thermal models, for PT distribution, such as PT
exponential distribution function dN

PTdPT
= c exp(−PT/TPT ), P2

T exponential distribution

function or PT Gaussian distribution function dN
PTdPT

= c exp(−P2
T/T2

PT
), and P3

T exponential

distribution function dN
PTdPT

= c exp(−P3
T/T3

PT
). There are similar functions for mT distribu-

tion, such as mT exponential distribution function dN
mTdmT

= c exp(−mT/TmT ), Boltzmann

distribution function dN
mTdmT

= cmT exp(−mT/TB), and Bose–Einstein distribution function
dN

mTdmT
= c/[exp(mT/TBE)− 1].

In this work, considering these exponential functions, we add the rapidity shift con-
tribution of the longitudinal thermal source along the rapidity axis in the multi-source
thermal model. Then, the improved model is used to analyse the transverse momentum
spectra in pp collisions at RHIC and LHC energies.

2. The Statistical Thermal Model

In order to interpret the identified particle spectra produced in multiparticle produc-
tion processes, Hagedorn suggested a statistical model [11]; the transverse momentum PT
spectrum obeys a thermalised Boltzmann distribution.

f (PT) =
dN

PTdPT
= c exp

[
− PT
< PT >

]
, (1)

where the < PT > is a mean transverse momentum averaged over all events in the event
sample. It is an exponential function and can only describe the transverse momentum
spectrum in the transverse mass range 0.2 < mT − mπ < 0.7 GeV [12]. In the model,
a rapidity distribution (or pseudorapidity distribution) width of the corresponding source
is not taken into account for the PT distribution function. In order to be consistent with
the range of the experimental observations, the pseudorapidity interval integral has been
included in the particle distribution,(

E
d3N
dP3

)
η

=
∫ ηmax

ηmin

dη
dy
dη

(
E

d3N
dP3

)
, (2)

where
dy
dη

(η, PT) =

√
1− m2

m2
T cosh2 y

. (3)

Moreover, we compute the rapidity y as a function in terms of η and PT

y =
1
2

ln
[√P2

T cosh2 η + m2 + PT sinh η√
P2

T cosh2 η + m2 − PT sinh η

]
. (4)

Then, the issue can be resolved by the multisource thermal model. According to the
geometrical picture of nucleons in high-energy collisions, the thermalized cylinder model
and the relativistic diffusion model [13] are developed. Final-state particles are emitted
from thermalized sources, which are located in a projectile cylinder, and a target cylinder
is created in pp collisions. For intermediate energy collisions, the two cylinders overlap
completely and can be treated as one cylinder. For high-energy collisions, the two cylinders
overlap partly. For ultra-high energy collisions, the two cylinders move apart. In the
rapidity y space in pp collisions, the y range of the projectile cylinder (Pc) is in yPc1 − yPc2
and the y range of the target cylinder (Tc) is in yTc1 − yTc2. The yTPc present the rapidity
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center of the collision system. Then, the y spectrum fp(y) of final-state particles measured
in pp collisions is defined as

fp(y) =
kt

yTc2 − yTc1

∫ yTc2

yTc1

fts(y, yts)dyts +
kp

yPc2 − yPc1

∫ yPc2

yPc1

fts(y, yts)dyts . (5)

The fts(y, yts) is a rapidity distribution function of particles, which come from the
same thermalized source at the sole rapidity yts location. The kt and kp are the contributions
of Tc and Pc, respectively. The yts denotes the locations of the emission sources at y space.

For the investigation of the transverse momentum PT and transverse mass mT distri-
butions, the rapidity shifts of the emission source in the two cylinders cannot be ignored. In
the rapidity space, these sources have different rapidity shifts and distribute nonuniformly
in the rapidity region. In order to clarify the relation between the sources and the particles,
the sources are grouped into n sections according to their longitudinal locations. The
source number of every group is not the same because of different interaction mechanisms
or event samples. The produced fragments or particles emit isotropically from different
emission sources created in the high-energy collisions. The source number of the ith group
is presented by mi. The transverse momentum spectrum contributed by the jth source of
the ith group can be described by an exponential distribution

fij(PTij) =
1

< PTij >
exp

[
−

PTij

< PTij >

]
. (6)

The source-excitation factor < PTij > is defined as

< PTij >=
∫

PTij fij(PTij)dPTij , (7)

It is the mean transverse momentum of the particles, which come from the same
considered source. In the same group, we have

< PTi1 >=< PTi2 >= · · · =< PTimj >=< PTi > . (8)

By computing the convolution of the exponential function Equation (6), the transverse
momentum distribution contributed by the ith group , given by

fi(PT) =
Pmi−1

T
(mi − 1)! < PTi >mi

exp
[
− PT
< PTi >

]
, (9)

which is known as an Erlang distribution. For all the sources, the transverse momentum
distribution is

f (PT) =
n

∑
i=1

ci fi(PT) , (10)

It is a multi-component Erlang distribution. The parameter ci is a share of the ith
group. In the improved model, the particle rapidity cut is naturally and consistently taken
into account. The Monte Carlo method can simplify the transverse-momentum distribution
calculation. By Equation (6), the transverse momentum is given by

PTij = − < PTij > ln Rij , (11)

where Rij is a random number distributed in [0, 1].

3. Discussion and Conclusions

In order to identify the validity of the updated model, the pseudorapidity spectrum of
produced particles is obtained by Equation (5) and Figure 1 presents the pseudorapidity
distributions of charged particles produced in pp collisions at

√
sNN = 200 GeV. Black
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circles stand for experimental data taken from the PHOBOS collaboration [14]. Solid
lines stand for our model results. In the symmetric collision system, the pseudorapidity
spectrum is symmetric. In the calculation, the χ2 per number of degrees of freedom (χ2/ndf)
testing provides a statistical indication of the most probable value of corresponding model
parameters. It is seen that the model results agree well with the experimental data. In
the framework of the multi-source thermal model, some emission sources are created
in the collision system. The final-state particles emit from the thermal sources. By the
characteristic of the particle spectra, we can discuss the thermodynamic properties. It is of
great significance to better understand the production mechanism in high-energy collisions.
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Figure 1. (Color online) Pseudorapidity distribution of charged particles produced in pp collisions
at
√

sNN = 200 GeV. Filled circles represent experimental data measured by the PHOBOS Collabora-
tion [14]. The theoretical result is presented by a curve.

Figure 2 presents the transverse momentum spectra of produced charged hadrons
(pion, kaon, proton) in pp collisions at

√
sNN = 62.4 GeV and at

√
sNN = 200 GeV. The

scattered symbols stand for the experimental data from the PHENIX Collaboration [15–17]
and the STAR Collaboration [18,19]. The solid lines stand for the model results. The
maximum value of χ2/ndf is 1.15 and the minimum value of χ2/ndf is 0.08. Figure 3
presents the transverse momentum spectra of produced charged hadrons (pion, kaon,
proton) in pp collisions in the range |y| < 1 at

√
sNN = 0.9, 2.76 and 7 TeV. The scattered

symbols stand for the experimental data from the CMS Collaboration [20]. The solid lines
stand for the model results, which are in good agreement with the experimental data. The
maximum value of χ2/ndf is 1.04 and the minimum value is 0.10. The PT spectra from the
the improved model are in good agreement with the experimental data.

According to the pseudorapidity distributions, the sources may be divided into two
groups. The target cylinder and the projectile cylinder correspond to one group, respec-
tively. The source number of every group is not the same, because of different interaction
mechanisms or event samples. The parameter values are obtained by fitting the experi-
mental data. In the calculations, we take one source in the first group k1 = 1 and take two
sources in the second group k2 = 2. For pions, kaons, and protons, the PT mean in the
second group < PT2 > is fixed, i.e., 0.11 GeV/c, 0.20 GeV/c, and 0.26 GeV/c, respectively.
As can be seen in Figure 4, the PT mean of the first group < PT1 > increases regularly with
ln
√

sNN. The fitting functions are < PT1 >= aln
√

sNN+b. The values of a and b are given
for pion, kaon, and proton in Table 1. Based on the linear functions, we can predict the
< PT1 > taken in the model for pp collisions at higher energies. When

√
sNN is increased to

33 and 100 TeV, the < PT1 > values for pions, kaons, and protons are taken to be 0.4354 and
0.4626, 0.7766 and 0.8574, 0.8051 and 0.8887, respectively. The prediction of the transverse
momentum spectra for pions, kaons and protons is given in Figure 5.
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Figure 2. (Color online) Transverse momentum spectra of identified charged hadrons (pions, kaons,
protons) in pp collisions at

√
sNN = 62.4 and 200 GeV. Experimental data from the PHENIX Collabo-

ration [15–17] and the STAR Collaboration [18,19] are shown by the scattered symbols. The model
results are shown by the solid line.
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Figure 3. (Color online) Transverse momentum spectra of identified charged hadrons (pions, kaons,
protons) in pp collisions in the range |y| < 1, at

√
sNN = 0.9, 2.76 and 7 TeV. Experimental data

measured by the CMS Collaboration [20] are shown by the scattered symbols. The model results are
shown by the solid line.

Table 1. Values of a and b for pion, kaon and proton.

Particle a b

pion 0.0246± 0.006 0.180± 0.011
kaon 0.0728± 0.002 0.019± 0.001

proton 0.0755± 0.0003 0.020± 0.002
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Figure 4. (Color online) The dependence of the different parameters on ln

√
sNN. The symbols

represent the parameter values used in the calculations for different experimental collaborations. The
solid lines denote the fitted results.
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Figure 5. (Color online) The the transverse momentum spectra of pions, kaons and protons in pp (or
pp) collisions at

√
sNN = 33 TeV and 100 TeV.

The thermodynamic properties of particles produced in high-energy collisions have at-
tracted much attention, since attempts have been made to understand the strongly coupled
QGP by studying the possible production mechanisms. Many exponential distributions in
the thermodynamics and statistical physics are reported in the description of the particle
spectra. Statistical thermal models have been successful in describing particle production
in various systems at different energies [21–24]. In our previous work [25], to obtain the
chemical potentials of quarks by ratios of negatively/positively charged particles, we have
investigated the transverse momentum spectra of the CMS and ALICE Collaborations by
using the Tsallis distribution. The results at low PT region in the present work are better
than those in the previous work [26], where an emission source location dependence of the
exciting degree has been studied specifically. In this work, we embed the exponential distri-
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bution into the geometrical picture of the high-energy collision in the multisource thermal
model, and the sources are classified according to their longitudinal locations. Using the
collision-energy dependence of the transverse momentum spectra, the collision-energy
dependence of the source-excitation factors is discussed. By adopting the different formula
of the transverse momentum spectrum in the model, the elliptic flow dependences of the
transverse momentum, centrality, and participant nucleon number in GeV and TeV energy
regions have been studied in the previous works [27,28]. It helps to understand particle
production mechanisms from different angles. In the non-equilibrium statistical relativistic
diffusion model with three sources, a central source and two fragmentation sources [13,29]
are included. The multisource thermal model can use two cylindrical sources to describe
the rapidity or pseudorapidity distributions. In this work, we embed the exponential
distribution into the geometrical picture of the high-energy collision in the multisource
thermal model and give the transverse momentum spectra in pp collisions at RHIC and
LHC energies. In the rapidity space, particles emit from the thermal sources, which are at
different locations due to stronger longitudinal flow [30–32]. The improved multisource
thermal model can reproduce the experimental data of pions, kaons, and protons. The
rapidity width is naturally taken into account by the location differences of these sources.
The model parameter < PT > reflects the source excitation and is related to the temperature.
It can probe the thermodynamic properties of the collision system, carrying information
about the system evolution and the equation of state (EoS). The model provides the re-
searcher with another tool to parametrize the experimental data. Admittedly, it is simplistic
to provide a geometrical picture of high-energy collisions. However, it proves to be helpful
to understand the particle distribution. We use the statistical approach to extract the infor-
mation on the particle production mechanism. The present work is a successful attempt. By
fitting more data, we can obtain empirical regularities of the particle distribution, in order to
extract the information of particles created at the collisions. By analyzing the corresponding
pseudorapidity distributions and describing systematically the transverse momentum spec-
tra, the model parameters are extracted. It is found that the excitation factors of emission
sources < PT1 > used in the calculations exhibit linear dependences on ln

√
sNN. The other

parameters do not change obviously and can be regarded as constant values.
In summary, the particle spectra of pions, kaons and protons produced in pp collisions

at RHIC and LHC energies have been studied systematically in the improved multisource
thermal model. The investigation indicates that the improved model is successful in
the description of hadron production. At the same time, the changing law of the model
parameters is obtained from the transverse momentum spectra. According to the parameter
change pattern, we give model predictions of the transverse momentum spectra of pions,
kaons, and protons produced at potential future pp colliders operating at

√
sNN = 33 and

100 TeV. With more accumulated data or higher collision energy, the LHC and the next-
generation pp colliders offer more opportunities to look for new physics up to and beyond
the TeV scale.
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