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Abstract: In this paper, we discuss singularity theorems in quantum gravity using effective field
theory methods. To second order in curvature, the effective field theory contains two new degrees
of freedom which have important implications for the derivation of these theorems: a massive
spin-2 field and a massive spin-0 field. Using an explicit mapping of this theory from the Jordan
frame to the Einstein frame, we show that the massive spin-2 field violates the null energy condition,
while the massive spin-0 field satisfies the null energy condition, but may violate the strong energy
condition. Due to this violation, classical singularity theorems are no longer applicable, indicating that
singularities can be avoided, if the leading quantum corrections are taken into account.
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1. Introduction

The significance of singularity theorems in general relativity first presented in the seminal
papers of Penrose and Hawking [1,2] cannot be overemphasised. Since these foundational works,
several adaptions and refinements of the singularity theorems have been developed (see, e.g., [3-7]).
In general, all these theorems boil down to the same principle: the assumption of some energy
condition together with some global statement about space-time leads to the prediction of geodesic
incompleteness somewhere in the space-time. Geodesic incompleteness is then often taken as
equivalent to the existence of a singularity, although the latter is a slightly stronger statement
(see, e.g., [8]).

A crucial ingredient for the proof of most of singularity theorems is the Raychaudhuri equation!
that can be derived from the Einstein field equations. It is therefore crucial to assume classical general
relativity for singularity theorems to hold, and for any deviations of general relativity, one would have
to reassess the derivation of singularity theorems, as was done, for example, for f(R) gravity [10].

It is clear that general relativity needs to be embedded in a gravitational theory which can be
quantised, i.e., a theory of quantum gravity, if one accounts for the quantum properties of matter and
space-time. Such a theory of quantum gravity is not known yet, but many different approaches to such
a theory have been formulated. Furthermore, any theory of quantum gravity should in the infrared
limit reduce to general relativity. Despite the lack of a unique theory of quantum gravity, quantum
corrections to general relativity solutions can be calculated using effective field theory methods [11-17].
Calculations done in this framework apply to any ultraviolet complete theory of quantum gravity and
are valid at energies scales up to the Planck mass, and thus in the entire spectrum that can potentially
be probed experimentally.

1 However, see [9] for a recent example that doesn’t make use of this equation.
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It is expected that in a theory for quantum gravity, singularities will be resolved, since singularities
lead to pathologies both in general relativity and quantum field theory. However, singularities cannot
be avoided as long as singularity theorems hold. Therefore, an important question is whether the
assumptions of the singularity theorems break down in a theory for quantum gravity. A discussion of
possible quantum loop holes for the singularity theorems can, for example, be found in [18].

In this work, we discuss the validity of the singularity theorems in the framework of the effective
field theory approach to quantum gravity. A drawback of this approach is that the theory is not
valid at energy scales larger than the Planck mass which corresponds to regions of large curvature,
where singularities are expected to form. We shall assume that the physics responsible for the avoidance
of singularities becomes relevant at energies below the Planck scale and can thus be described within
our mathematical framework; an example would be, e.g., a bounce solution in a stellar collapse to
a black hole [19] or in Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmology which would
avoid a Big Crunch solution [20]. We note that this approach goes beyond general relativity and it is
applicable to any theory of quantum gravity that does not break diffeomorphism invariance.

This paper is organised as follows: in the next section, we derive the action for effective quantum
gravity in the Einstein frame. In section 4, we discuss singularity theorems in effective quantum gravity
using this action. In section 4, we then conclude. Furthermore, in appendix A, we discuss the classical
Hawking and Penrose singularity theorems, and in appendix B, we discuss a refined statement of
Hawking’s theorem using weakened energy conditions.

In this paper, we work in the (+ — ——) metric and use the conventions RPJW = ayrﬁa -,
_ pA _ 2 65n 2 _
Ry =R LAY Ty = WL Furthermore, x 8tGy.

2. Effective Quantum Gravity in the Einstein Frame

While an ultraviolet complete theory of quantum gravity is still elusive, it has been shown [11-17]
that quantum gravity can be well described by an effective field theory as long as one considers
physical effects taking place at energies below the Planck scale. The effective field theory is obtained by
integrating out the graviton fluctuations and potentially other massless degrees of freedom. After the
various low energy fields have been integrated out, one finds the following action

: R o
5= / d*x /gl {21(2 +c1()R? + 2 () Ru R + ¢3(p) Ruvpe R¥P7 + aR In (yz) R
+BRyy In (;2) RM + yRyype In (;2) RMP7 4 O(Kz)} + Sm, 1)

where y is the renormalisation scale. The action is given up to second order in curvature and higher
order corrections are suppressed in the O(x?) term. The effective action of any ultraviolet complete
theory of quantum gravity that respects diffeomorphism invariance can be written in this form when
expanded to second order in curvature. We emphasise that the Wilson coefficients c; depend on the
UV completion of the theory and are only calculable within a specific UV-complete model of quantum
gravity. Nevertheless, it is expected that these coefficients are non-zero unless some undiscovered
symmetry protects them or if fine tuning occurs. Moreover, the values are bounded by the E6t-Wash
experiment [21] to ¢; < 1061, The non-local Wilson coefficients «, B, v are calculable and independent
of such a specific UV-completion. The values of these coefficients are given in Table 1.

We will now map this theory to the Einstein frame, in which the theory is represented as standard
general relativity with additional matter fields. After this frame transformation, the usual singularity
theorems are applicable, if the new fields satisfy the given energy conditions. Mappings to the Einstein
frame for R and Ry, theories have been discussed in [25-30]. Furthermore, the case of higher derivative
gravity without non-local interactions has been discussed in [31]. Here we follow the same approach
but include the non-local terms in the effective quantum gravity formalism.
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Table 1. Non-local Wilson coefficients of various fields. All numbers should be divided by 11, 520772,
¢ denotes the value of the non-minimal coupling for a scalar theory. We refer to [22,23] for the
calculation of the values for the scalar, fermion and vector field. It is known that the graviton self
interactions [24] make the form factors ill-defined, as the Wilson coefficients become gauge dependent.
However, there is a well-defined procedure to resolve these ambiguities [12,13].

w B v

Scalar  5(6f —1)2 -2 2

Fermion -5 8 7
Vector -50 176 —26
Graviton 250 —244 424

Using the Gauss-Bonnet theorem, the effective action can be rewritten as?

1 4 2pf 2 7 4
5= —@/d 1\/I] {R = RLIR = K2Cyupo L2 CH7 + O() b + S, @)

where C is the Weyl tensor and

>

1= 3 [pert0 +eali) + s + Gu+ prnin (5, ®
L= [+ 4ea(p) + (B+4m)n (1) | @

We apply a Legendre transform to the function

fi(R) = R —x*RL;R, ©)
and find ) A
S= =55 [ @018l {9 R = Vi(9) — ¥ CuupeLaCM + O(x*)} + S, ©)
where
R aV(;;;P)/ @)
p =00, ®)

We integrate the first equation and fix the integration constant such that

Vig) = — 3 (0 DE@ - 1), ©)

where we use the notation L] ! to denote the Green'’s function of the operator Li. If we apply
a conformal transformation to the metric

_ 2x2
v — v = |Plguv = exp ?X Suvs (10)

Due to the presence of a In(O) term in L, the Gauss-Bonnet theorem does not hold in full generality. However, it is valid
up to this order in « [15,32-34]

2
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where we have introduced a new field x, we can rewrite the action as

1 4 fia1 )5 - 2o il o 5 =
S = —@/d x\/|377|{R—0— Verly — VEXVux — S0E — K" Cpuype L2CHP7

_2K2£m (X,gf’“/) O 4} 11
o007 g0 &

where we have used that the Weyl tensor does not transform under a conformal rescaling of the metric.
Furthermore, X represents all matter fields.

We can drop the total divergence term, since it does not affect the equations of motion, and apply
the Gauss-Bonnet theorem to rewrite the Weyl tensor. We then find

oL 2K .
_ 22/d4 |g{ RV — APl 2Ry LoRM + Z-RLoR

e(x)r
21( Lm (X,g")
R 2
We consider the function
_ _ L 2%% .
fo(Ruy) = R — 2Ry LoRMY + 5 RL2R, (13)

and apply a Legendre transform to this part of the action, which results in

N 21? / a'xylgl {W‘“Rw V() — 2V — AP ]

©n
|

p(0)*

2 L (X, 8M) 4 }
_ O , 14
0007 ) (9

where?
Ryv = W/ (15)
9fr (R,

P = f;}g}: ) (16)

We integrate the first equation and fix the integration constant such that*

1 1FiV3 . 1FiV/3
W) = —ga ("’”” S ’fgw> L' (l/’”” g Fiv3 g"”) 7)
We perform another metric transformation such that

S = v = \/mg_yp (¢7l)pvf (18)

3

Note that the spin-2 field is symmetric in its indices, since Ry, is symmetric.
4

The potential V; is real, which can easily be shown by evaluating the expression.
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where we define the determinants

|g| = det (g), (19)
|| = det (7%) , (20)
and we write
P =9, (21)
P = g, (22)
lpyv = gypl,z’pv- (23)

We obtain the transformed action

) ) o
5=z [/l {R-2 (v TaVix
+ g (vapw — Vo Qo + Qe Q% — Qon Q% )
_wwm]_wW%_%%Mxﬂ”+mw} (24)

o0 VTwl Vvl ()21l

where 1

Qu(9%) = 787 (%) (vygm(tlﬂ/s) + Voo (') — vagzw(llj“/s)) : (25)
We again drop the total derivative terms, and we define a new spin-2 field ¢ such that
3
gl = (1+5¢) o —xe, (26)
with ¢ = &',. We find
1 A .

a2 () = ~3 (Cvaz ! ¢l 16) . (27)

After this transformation, the action becomes

B R len e Vilp()]
°7 ﬁ4@{ ‘+VWMme2wm

- {;‘:‘jg - %gyvggyv - éyvvyvvg‘f' gyvvpvvgpy}

Vo (v (S v
A e g ot @

where we used that ¢(x) = 1+ O(x), ¢h, = 8l + O(x). In addition, we expand the terms containing
a potential using . = L + O(«) and find

- Lgig — Egﬂ”igyv — "V, Vg + é””vavépy}
— [6" (16 L0) g — E(16k2L0) 1] + L (X M)} +O),  (29)

where indices on ¢ are raised and lowered with §. We then find the equations of motion for the
scalar field: X
Ox = —(6x°Ly) ' x + O (x). (30)
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We can solve the equation of motion for the Green’s function (6K2i1 )~ ! by Fourier transformation:

1
/ Al -k 4 x(k)=0®x). (1)
{ 42 [301(,;1)+cz(y)+C3(y)+(31x+ﬁ+'y) In (;—’f)] }
This results in the mass of the scalar field given by
mp = ! (32)

3c c C 4
4?3 + B+ )W (74;12K2(31i+ﬁ+7) exp [ 1(”)32@(;?2“? 3(V)D

which corresponds to earlier results (see, e.g., [35]). We can do a similar analysis for the tensor field,
which yields (cf. [35])

my = (33)

1
262(B+41)W (= gy oxp | 2 |)

This resulting action is

S= / d4 4 { s> t5 V”XVM* *moX

{ e — ECFVGCW - ‘:Wvﬂvvé + ngpv”gpﬂ}

%’” (6w = G8] + Lm <X,g”“)} +O(x). (34)

We can then find the equation of motion for the metric

(Ryv % Su ) {Tyv + vy?(vv)C - %g;w?p?(va + %M%vaxz
— 28008 — &V VoG + 280085 + 877V Voo
+ 280,V V& + 285,V V& + 2807V Vol
— 280, VoV, — 287, VoV, &%, — 2877V, Vo up
+ g | 3608 - 307080 79,008 + 701Vt
20 (¢ — ] + 33800 (67780 — 0] |
+O33). (35)
This can be rewritten in the form
Ry =x? {Tw — %Tg,w + VuxVux — %m%gwx2

— 28008 — &V Vg + 284008, + &7V Voo

+ 280,V Ve +28°, VoV + 280V Vol

— 280, VeV 8%, — 285,V o V%, — 2877V VoGup

+ G [8008 — &P D0 — 2877V Vil + 2877V, Vo

203 ({8 — ] + 3138 (676 — 8] | + 00 G6)
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3. Singularity Theorems in Effective Quantum Gravity

3.1. Massive Scalar Field

It is known that a massive scalar field always satisfies the null energy condition, but can easily
violate the strong condition (cf. [36,37]). The energy momentum tensor is given by

1
T = VX Vox = 58w (V”xvp)c + mzx%) : (37)
Hence,
Twotv" = (v%vmz >0, (38)

where v is an arbitrary null vector. We conclude that the null energy condition is satisfied. However,

1 1
Ty — Egva =VuxVux — ngm%)cz 39)

which leads to , 1
(THV — zng> eV = (tﬂvyx)z — Em%xz, (40)

where t is an arbitrary normalised time-like vector. We see that this expression could be both larger and
smaller than 0. Consequently, the strong energy condition does not necessarily hold. We conclude that
the scalar field arising in effective quantum gravity could resolve cosmological singularities, but not
black hole singularities.

3.2. Bounds on the Mass of the Massive Scalar Field

Using the results from Appendix B, we can derive a bound on the mass of the scalar field for
which the cosmological singularity theorem still holds. First, consider the action (34) containing only
the massive scalar. Equation (36) then reduces to

N - 1 SR 1
Ry = 1 {T;u/ - ETgW + VuxVox — zm(z)gyvxz} + O<K3)- (41)

Let us consider a globally hyperbolic four-dimensional space-time with compact Cauchy
hypersurface S, and assume |x| < Xmax is bounded towards the past of S. Then,

T — 2T SURV 1 2,22 T — 2T
/0 e IRy (T)F"9Y(t)dt > —5K moxmax/o e nldt
2

3K
Z _E 2?CrznaXI (42)

where 4 is a normalised tangent vector to a past directed time-like geodesic and where we have used
the strong energy condition in the first line. We find that

e R C 3x?
- = _|_/ en— 1Ry1/ T F(T)’)/V(T)d”[ > 5T Em%sznax (43)

for any C > 0. The right hand side is maximised for C = \/g KM Xmax- By Theorem A3, we then find
that M is past geodesically incomplete, if

3
0> \/; K110 Xmax (44)
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everywhere on S. Hence, for
2 Omin
my <4/ 5—, 45
’ \[?m Xmax 4
the singularity theorem still holds.

We can use the expression for the mass of the scalar (32) to find a condition for the Wilson
coefficients. Let us first ignore the non-local terms «, 8, y. We then find

1
2
my = . 46
M ETmETm) )
We thus find that the singularity theorem holds for
3 Xmax "
3er(p) +ca(p) +e3(p) > : (47)

8912‘nir1
where we have assumed 3c¢1 (i) + c2(i) + c3(p) > 0, as the opposite would imply that the scalar field
is tachyonic®. If we include the non-local contributions, we find instead

2,2,2

2
3c1(p) +ca(u) +c3(p) > Re <27;12nax +GatB+q)In l_W]) , (48)

min min

where only the logarithm has a complex part that accounts for the decay width of the field [38-40].

We can make an estimate of the expansion parameter for our universe by assuming the FLRW
metric and by assuming that we live on a compact Cauchy hypersurface with a Hubble parameter that
is constant along the surface. We find

Ormin = %H ~10718g71 (49)

where the Hubble parameter is fixed by experiment6. In addition, we require an estimate for Xmax,
which will rely on theoretical prejudice. However, for the effective action to be consistent, one would
expect that both the scalar and tensor fields arising in the Einstein frame do not exceed the Planck
scale. We thus make the rough estimate

C5
Amax =\ 8GR

=10%2s 1 (50)

Hence,
3xPax 121

=10"~". 51
502 (51)

min

Furthermore, the non-local part leads to a correction given by

2,2,2

(Ba+p+7)In l—3"2’;2"m] ~ 102, (52)

min

where we have used the known values for «,f,7 assuming only standard model fields.
Furthermore, we have set the cutoff scale u ~ x~!. These non-local corrections are thus negligible
compared to the local contributions.

5 We do not consider the tachyonic case, as it is unphysical. It can be shown, however, using Equation (40) that in this case,

the strong energy condition is satisfied.
6 We take Hy ~ 70 kms~! Mpc~ 1.
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We conclude that the singularity theorem holds, if the local Wilson coefficients satisfy the condition
3e1(p) + eap) +es(p) 2 10 (53)

or, equivalently,
my <1073* eV /2. (54)

The singularity theorem can thus be violated for a large range of values.
The scalar and spin-2 particles give rise to corrections to the Newtonian potential according to
the formula

d(r) = —GNT”” (1 + %e*Re(mo)r - ;%Re(mz)r) . (55)

The E6t-Wash experiment [21] sets bounds on deviations from this potential. Assuming that the
corrections do not cancel each other, both corrections should satisfy these experimental bounds, i.e.,

Mg, My > 1073eV/c? (56)

Hence, the singularity theorem can be violated for all feasible values of the Wilson coefficients.

It might seem counterintuitive that tiny Wilson coefficients already lead to a breakdown of
the assumptions of the singularity theorems, while large Wilson coefficients do not. In particular,
the smaller the Wilson coefficients, the closer the action is to the Einstein—Hilbert action.
However, small Wilson coefficients lead to very massive scalar fields, which can violate the strong
energy condition, as can be seen in Equation (40). Furthermore, the Einstein equation is a second order
differential equation, while the introduction of the terms quadratic in the Ricci scalar and tensor make
it a fourth order equation. As is well known, solutions of differential equations are generically not
stable against perturbations that change the class of the differential equation (cf. [41] for a discussion
of this fact in the context of general relativity).

3.3. Spin-2 Massive Ghost

Let us now turn to the massive spin-2 field. Since this field is a ghost, one would expect it to
violate the null energy condition. Indeed, we can write the energy momentum tensor explicitly

Tyv = —ZCWEC - gvyvv‘:*‘ ZCypmgpv + ngyvvgpa
+ 287,V Ve +28°, Vo Vi€ + 280V Vel
— 280, VoV &, — 287,V o V&%, — 2877V NV oCup

+ G | 3608 = 30 Dl — 70Tl + U0V
— 20 [y — G| + 5B [ G — 8] 7)

In order to show that the field can violate the null energy condition, we construct a counterexample.
We consider the special case in which the tensor field is aligned with the metric:

1
Cuv = 8w (58)

This results in an energy momentum tensor given by

Ty = —% (8 €OE + EV, Vo +EV,V,8) . (59)
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Hence,

Ty ot o”

— %évyvyé‘v”v"

= — 5 (ke

<0, (60)

where v is an arbitrary null-like vector and where we assumed the field ¢ to be an eigenvector of VVVV
with eigenvector k;ky, as is the case if the field exhibits sinusoidal behaviour with wave vector k.

Since the spin-2 field can violate the null energy condition, it can violate the strong energy
condition as well. We conclude that the massive spin-2 field can resolve both kinds of singularities,
since it does not satisfy any of the required energy conditions.

The fact that the ghost field can resolve singularities is less of a surprise, if one takes into account
that the ghost field leads to a repulsive contribution to Newton’s potential [42,43], and could thus
result in an effective repulsive force at small distances.

4. Conclusions and Outlook

It is well known that the classical singularity theorems by Penrose and Hawking [1,2] only hold if
general relativity is assumed. Quantum gravity, however, leads to deviations from general relativity,
as can easily be shown using effective field theory methods. Furthermore, one of the main objectives
of quantum gravity theories is to resolve singularities. In this work, we have discussed the validity
of the classical singularity theorems in the context of the unique effective field theory for quantum
gravity at second order in curvature.

We have considered singularity theorems by making an explicit mapping to the Einstein frame.
The local terms in this theory give rise to an additional scalar and tensor field at second order in
curvature. Moreover, the inclusion of the non-local terms at this order only gives rise to a shift in the
mass of these fields.

We have shown that the massive spin-2 ghost field can violate the null energy condition and
thus the strong energy condition as well. This is independent of its unknown mass. Although this is
expected from a ghost field, it shows that the ghost field can be useful for resolving singularities in
quantum gravity. We emphasise that the ghost field in effective theories for quantum gravity is not
problematic, since it results from integrating out the low energy quantum degrees of freedom. In this
framework, it must thus be treated as a classical field, and not be quantised again [43].

Furthermore, we have shown that the scalar field satisfies the null energy condition, but may
violate the strong energy condition. The latter is a necessary assumption of Hawking’s original theorem
that proves the necessity of a big bang singularity. Violation of the strong energy condition depends
on the unknown mass of the scalar field. However, using a singularity theorem with weakened energy
conditions [6], we have shown that the scalar field can lead to avoidance of the big bang singularity for
the entire mass range that is allowed by experiment.

We note that explicit examples of singularity avoidance in our framework have already been
found in a big bounce scenario [20] and a collapse to a black hole [19]. Moreover, other examples of
singularity resolution in various theories such as higher derivative gravity [44,45], string theory [46]
and polynomial gravity models [47] have been found. The topic has also extensively been discussed
within many ultraviolet complete approaches to quantum gravity.

It is important to notice that the breakdown of the assumptions of Hawking’s and Penrose’s
singularity theorem does not imply the non-existence of singularities. However, it does imply
that singularities can potentially be avoided. If the assumptions for the singularity theorems hold,
the singular solutions of general relativity are the necessary endpoint of a collapsing star or universe.
When considering perturbative corrections in the effective field theory approach, it is expected that
these singular solutions such as the Kerr black hole will remain to be viable solutions. However, it is



Universe 2020, 6, 171 11 of 17

possible that new solutions such as the ones discussed in [48-50] are present when the higher order
curvature corrections are taken into account. If the singularity theorems are no longer applicable,
such non-singular solutions can become the physically relevant solutions.

Finally, we should notice that the results discussed in this paper only hold up to second order
in curvature. Inclusion of higher orders might force us back into a regime where the singularity
theorems hold or might draw us further away from this regime. The effects of these higher order
terms are sub-leading but not negligible, as singularities form in highly curved regions of space-time.
It is interesting, however, that singularities can potentially already be resolved at the second order in
curvature without making assumptions about the correct UV-complete theory of quantum gravity.
This fact may help guide the way to singularity resolution in ultraviolet complete theories of
quantum gravity.
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Appendix A. Classical Singularity Theorems

Appendix A.1. Hawking’s Cosmological Singularity Theorem

In this appendix, we state and prove Hawking’s singularity theorem [2].

Theorem Al. Let M be a globally hyperbolic n-dimensional space-time with n > 2 and a Cauchy surface
S. Assume that 3C > 0 such that 6, < —CVx € S, where 0 = %g”"afgw is the expansion parameter.
Furthermore, assume that matter within this space-time satisfies the strong energy condition

<Tw - ;gWT> Y > 0 (A1)

for every normalised time-like vector t# everywhere in the future of the Cauchy surface S. Then, the space-time
M is geodesically incomplete towards the future of S. Moreover, if 0, > C V' x € S and the strong energy
condition is satisfied everywhere in the past of S, then M is geodesically incomplete towards the past of S.

Proof. Consider an n-dimensional globally hyperbolic space-time M with Cauchy surface S.
Then, we can find an open neighborhood $ O S and a coordinate system on $ such that the metric is
given by

ds? = —dt* + gj(t, ¥)dx'dx’. (A2)

In order to prove Hawking’s singularity theorem [2], we can write down the Raychaudhuri
equation [51]:

dae 62
E — —m _U—‘uUU—V’/‘ —Rlﬂ/t’/ttv, (A3)
where the expansion 6 and shear 0y, are given by
1 14
0 = ngargvy =7 (A4)

1 1
(75 = > (g”"aTgpu - 11_1(55g"‘73Tgap> ’ (A5)

V = /det(g) (A6)

where we defined
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and the time-derivative by V = 9;V. Furthermore, 6 and 0}, are taken along a time-like path 7y
parametrised by T with normalised tangent vectors t#, and y(0) € S.
If we use the Einstein field equation, we can rewrite the Raychaudhuri equation to
de 62 w2 1 .

Assuming the strong energy condition

1
(Tw 3 gWT> the' >0, (A8)
we find 5
do 0
dt = n-1 (A9)
Hence,
d _ 1
el 12n71. (A10)

Assume 3 C > 0 such that 6,(0) < —C Vx € S; then, we can integrate (A10) and obtain

1 T

1
> .
f(t) " n—-1 C (A1)
Hence for T € (—oo, HT_1>
1 T \ !
o(t)<—|(=-— . Al2
@< (¢-) (A12)
We can rewrite in terms of V and integrate to find
n—1
0 < V(t) < V(0) (1 - nC_T 1) . (A13)
Therefore,
lim V(t)=0. (A14)

n—1
=T

We thus conclude that any geodesic emanating from the Cauchy surface will develop a focal point
for0 <7< % Furthermore, since S is a Cauchy surface and M is globally hyperbolic, any point
y € M is connected to a point x € S through a causal path of maximal proper time. We thus conclude
that no geodesic y(7) can be extended to T > ”T_l Therefore, the space-time is geodesically incomplete
towards the future. This proves the future version of the theorem. The past version immediately
follows by inverting the time direction in the proof. O

We conclude this subsection by mentioning an immediate result of the theorem: if there exists
a Cauchy surface S such that the Hubble parameter H > Hy > 0 on the entire surface S, and the
strong energy condition is expected to hold anywhere in the past of this surface, then the space-time
is geodesically incomplete towards the past. More precisely, no geodesic can be extended beyond
T=Hy ! towards the past. To see this, we recall that the Hubble constant given by
i 4
H==-=(n-1)— Al5
S = (n-1)y, (A15)
for the FLRW metric
ds* = —dt* + a(t)2dx>. (A16)
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Appendix A.2. Penrose’s Black Hole Singularity Theorem
In this appendix, we state and prove Penrose’s singularity theorem [1]. Here, we closely follow

the proof provided in [8].

Theorem A2. Let M be a globally hyperbolic n-dimensional space-time with n > 3 and a non-compact Cauchy
surface S. Assume that M contains a compact trapped surface’ U. Furthermore, assume that matter within this
space-time satisfies the null enerqy condition

Tyotv” >0 (A17)

for every null-like vector v everywhere in the future of the trapped surface U. Then, the space-time M is
null-geodesically incomplete towards the future of U.

Proof. Consider a globally hyperbolic n-dimensional space-time with non-compact Cauchy surface S,
and a compact trapped surface U. Then, we can find an open neighborhood U © U and a coordinate
system on U such that the metric is given by (cf. [8,52])

ds?> = —2¢%dvdu + gap(dx? + cAdv) (dx® + Bdv), (A18)

A

where x* is an arbitrary but fixed local coordinate system on the (n — 2)-dimensional surface U.

Furthermore, g and c are respectively a scalar and vector function of the coordinates. In this metric,
we can evaluate the Ricci tensor and find

Ryy = —%3u (gABaugAB) - 31 (gACauch) (gBDaugDA) : (A19)

We can define the area of a bundle of orthogonal null geodesics locally by

A = y/det(gap), (A20)

which allows us to define the null expansion as

A 1
0="1""=_-¢"%0,984, (A21)

where the dot represents a derivative with respect to 1. Furthermore, we can define the null shear by

1 1
0'1? = E (gACaugCB — P zéggCDaugDC) . (AZZ)

We then find the null Raychaudhuri equation given by

o 62

du~ n-2

— o084 — Ry (A23)
Furthermore, we can use the Einstein equation and the fact g,,;, = 0 to write

Ruy = €% Ty (A24)

7 A codimension 2 spacelike and achronal submanifold such that the null expansion parameter is negative everywhere on U

for each family of orthogonal future going null geodesics.
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Imposing the null energy condition results in

(A25)

Using that U is a trapped surface 3C > 0 such that 6, < —C Vx € U, one can integrate this

equation in a similar way as was done in the proof of Theorem A1. One obtains
lim A(u)=0. (A26)
u— 122

Therefore, all future going null-like geodesics develop a focal point for an affine distance 0 < u < ”T’z

Let us now assume that all null geodesics can be extended beyond this focal point, and let us pick
such a geodesic [ arbitrarily. Then, at least a small segment of this geodesic is prompt, and lies in the
lightcone 9] (U). Furthermore, the part of [ that lies in 9/ " (U) is connected, and the part beyond its
first focal point cannot be in 9]t (U), since it is not prompt. Therefore, I N 9] (U) is a finite non-empty
interval which has to be closed, since 9] " (U) is closed in M.

If we take an arbitrary point p € 9] (U), then this point can be reached by a null geodesic
originating from U. This point is thus determined by the point 4 € U, where the geodesic emanates,
the value of the affine parameter u measured along the geodesic and the direction (i.e., ingoing or
outgoing) of the geodesic. Since U is compact and since the affine parameters measured along the
geodesics range over a compact interval, we find that 9] " (U) is compact.

However, by construction, 9J*(U) is an achronal codimension 1 submanifold of M.
Furthermore, by assumption, M is a globally hyperbolic manifold with noncompact Cauchy
hypersurface S, and thus does not allow for an achronal codimension 1 submanifold (see, e.g., [8]).
Hence, we arrive at a contradiction and conclude that at least one of the future going null
geodesics orthogonal to U cannot be extended beyond an affine distance (n — 2)/C, which proves
the theorem. [J

Appendix B. Singularity Theorems for Weakened Energy Conditions
In this section, we state a theorem and its proof from [6]. The theorem is similar to Hakwing’s

cosmological singularity theorem, but uses relaxed conditions on the energy momentum tensor.

Theorem A3. Let M be a globally hyperbolic n-dimensional space-time (n > 2) with a compact Cauchy surface
S. Assuming that 3 C > 0 such that along every future directed geodesic <y issuing orthogonally from S, we have

T .
timinf [ ¢ 3% Ry (0)7#(1)7" (2)dr > 0(x0) + 5, (A27)

T—oo JO

where xog = v(0) € S, 0(xg) is the expansion at xo, and §(T) is a normalised time-like tangent vector of (7).
Then, M is geodesically incomplete towards the future of S. Moreover, if

T T
lim inf ef%RW(T)’?"(T)f?V(T)dT > —0(x0) + % (A28)

T—oo JO
with -y a past directed geodesic, then M is geodesically incomplete towards the past of S.

For the proof, we will use the following lemma which is proved in [6].

Lemma A1. Consider the initial value problem

(A29)
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where q(t) and p(t) are continuous on [0,00) and q(t) > 0Vt € [0,00). If

/ q(t)~ldt = oo, (A30)
0
T
lim inf / p(t)dt > —xq, (A31)
T—oo JO
Equation (A29) has no solution on [0, c0). Moreover, it implies that lim;_s, x(t) — oo for t, € (0,00).

Proof of Theorem A3. We follow the same argument as in the proof of Theorem Al and find the

Raychaudhuri equation
o 62

dt = n—1

— 0" — Ry th't, (A32)

which can be rewritten to

t q(7) +p(T) (A39)
with
x(T) = —(0+ C)e 1, (A34)
p(t) = <nC21 + oo th”tv) et (A35)
9(1) = (n— Ve 1. (A36)

Then, g(7) satisfies condition (A30), while p(T) satisfies condition (A31), if

T/ 2 .
lim inf ( c + oy + th’*tv> e tdr > 6(0) +C, (A37)
T—oo JO -1
which is satisfied, if
liminf [ e STR T > 0(0) + < (A38)
iminf || P TRt > 00) + 5

By assumption (A27), this holds for all geodesics emanating from the Cauchy
surface S. Thus, lim;—, x(T) — oo for some 7, € (0,00), which immediately implies that
limz e, 6(t) — —oo. Hence,

Vy:[0,00) = M with (0) €S 31, € (0,00) st }Ln; V(t) = 0. (A39)
v
By compactness of S, sup{ty|y : [0,00) — M, ¥(0) € S} < oco. Furthermore, since M is globally

hyperbolic, every point y € J*(S) can be connected through a geodesic v with maximal proper time.
The past version can be obtained with a similar proof by inverting the direction of time. [

Let us finally note that one can derive a similar theorem for the black hole case [6].
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