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Abstract: This review devoted to the centenary of Alexander Friedmann’s prediction of the Universe
expansion presents the results obtained by him in 1922 and 1924 and an overview of their further
developments. Special attention is paid to the role of mathematics, which enabled Friedmann to
perform a radical departure from the conventional practice of considering our universe as a static
system. The effect of particle creation in the expanding universe is discussed concurrently with the
earlier investigated phenomenon of pair creation from a vacuum by an external electric field. The
numbers of scalar and spinor particles created at different stages of the Universe’s evolution are
presented, and the possible role of the effect of the creation of particles in the formation of relativistic
plasma and cold dark matter after the inflationary period is noted. It is stressed that by introducing
the concept of the expanding universe, Friedmann made a contribution towards the understanding
of the world around us that is compatible with those made by Ptolemy, Copernicus, and Newton in
previous epochs.
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1. Introduction

A hundred years ago, young mathematician Alexander Friedmann made an unex-
pected prediction that our universe expands with time. This prediction was in complete
contradiction with all the previous scientific concepts of the Universe developed over the
past millennia. One could mention the Ptolemy system, which was geocentric, and the
Copernicus, Kepler, and Galilei system, which was heliocentric. Based on the laws of
mechanics and gravitation discovered by him, Newton supposed [1] that our universe
has an infinitely large volume, contains infinitely many stars and exists in time forever.
As a theologian, Newton believed that the Universe was created by God. This means that
not only all material bodies but also space and time are created in one creation act. The
question of whether the existence of the Universe in time is finite or infinite must be solved
by physics. All the mentioned pictures of the world are static in the sense that they do
not change with time. And even Albert Einstein, after the creation of his general theory of
relativity [2], especially modified its equations by introducing the cosmological constant in
order to obtain the static model of the Universe [3] in agreement with the concepts of all
previous epochs.

Like Einstein, Friedmann described the Universe as a whole on a basis of the general
theory of relativity. In doing so, however, he restricted himself to the minimum number
of additional assumptions. Specifically, following Newton and Einstein, he assumed that
the 3-space of the Universe is homogeneous and isotropic, i.e., there are no preferential
points and preferential directions. Otherwise, Friedmann acted as a mathematician by
solving equations of the fundamental general theory of relativity and looking for the
results obtained with no prejudice caused by some physical considerations like the desired
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static character of any model of the Universe. This method of attack helped him to make
an outstanding prediction that our universe expands with time, which was very soon
confirmed by astronomical observations and became the cornerstone of modern cosmology.

In this brief review, we discuss the scientific results of Alexander Friedmann contained
in his famous papers [4,5] by placing more emphasis on the outstanding role of mathematics
in their obtainment. According to Friedmann’s prediction, our universe started its evolution
from a point (the so-called cosmological singularity), where it was characterized by the
infinitely large values of the scalar curvature and energy density. A universe with a
3-space of negative or zero curvature, expands infinitely long, whereas a universe with a
3-space of positive curvature expands to some maximum size and then contracts down to a
singular state.

Next, the outstanding phenomenon described by a unification of the general theory of
relativity and quantum field theory is considered. This is the effect of particle–antiparticle
pair creation from a vacuum, which occurs due to the Universe’s expansion, as was un-
derstood for the first time by Erwin Scrödinger [6]. The effect of particle creation makes
it possible to trace a mathematical analogy between the well-understood case of a non-
stationary electric field and the expanding space–time of the Friedmann Universe. Main
approaches to the definition of the concept of particles in the Friedmann cosmological
models and the calculation results for a creation rate are presented. The role of the effect
of particle creation at different stages of the Universe’s evolution, including the epoch of
inflation, is discussed.

This review is organized as follows. In Section 2, the Friedmann prediction of the
Universe’s expansion is considered with an emphasis on several facts from his biography
and mathematical educational background. Section 3 is devoted to the effect of particle–
antiparticle pair creation in the nonstationary electric field. Section 4 contains the primary
information relative to the effect of particle creation in the Friedmann Universe. The crucial
role of the effect of particle creation in the transition period between the inflationary and
the radiation-dominated stages of the Universe’s evolution is elucidated in Section 5. A dis-
cussion of the fundamental importance of Friedmann’s prediction for modern cosmology
is presented in Section 6, and we will finish with the conclusions in Section 7.

The system of units is one in which c = h̄ = 1 is used, where c is the speed of light
and h̄ is the reduced Planck constant.

2. Role of Mathematics in Friedmann’s Prediction of the Universe’s Expansion

It was difficult to imagine that Alexander Friedmann, who was born on 6 June 1888
to an artistic family (his father was a ballet artist and composer and his mother was
a pianist [7,8]) would become the outstanding mathematician and physicist who would
radically change our picture of the world. However, his exceptional abilities in mathematics
became apparent very early. In 1905, while still a schoolboy, Alexander Friedmann, together
with his schoolmate Yakov Tamarkin, obtained new interesting results in the field of
Bernoulli numbers. In the next year, it was David Hilbert who recommended their paper
for publication in the prestigious mathematical journal Mathematische Annalen [9].

After his graduation from high school, Friedmann became a student of the Department
of Mathematics at Saint Petersburg University, where he gained in-depth knowledge in
different areas of mathematics and physics. His successes were always evaluated as
“excellent”. Because of this, after his graduation from the university in 1910, Friedmann
remained at the same department in preparation for the position of Professor, under the
supervision of the famous mathematician and academician Vladimir Steklov. During the
next few years, he published many papers containing the solutions of several complicated
problems of mathematical physics. Starting from 1913, Friedmann took an interest in the
mathematical problems of dynamical meteorology, aerodynamics, and hydrodynamics, in
which he obtained a lot of fundamental results which are well known to all experts in these
fields and maintain their importance to the present day.
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In 1920, Friedmann had close contacts with several professors of Petrograd (as St. Pe-
tersburg was called at that time) University who had just begun delivering lectures in
the recently developed quantum physics and general theory of relativity. He took a great
interest in the latter and embarked upon giving lectures on tensor calculus at the university
as an introduction to the general theory of relativity. Friedmann was inspired by the idea
that the Universe around us takes the form of Riemannian space–time, in which all bodies
move freely along geodesic lines. This idea was radically different from Newton’s concept
of the gravitational force which acts between all material bodies through an empty space.

In 1922, Friedmann applied the formalism of the general theory of relativity to the
theoretical description of the Universe as a whole. As mentioned in Section 1, he restricted
himself to the minimum physical assumptions by presuming that the 3-space of the Uni-
verse is homogeneous and isotropic. In this regard, Friedmann followed Einstein [3] and
de Sitter [10].

Mathematically, the requirement of the homogeneity and isotropy of the 3-space is
expressed in the following distance (interval) ds between two infinitesimally close space–
time points xi = (t, χ, θ, φ) and xi + dxi = (t + dt, χ + dχ, θ + dθ, φ + dφ):

ds2 = gikdxidxk ≡ dt2 − a2(t)
[
dχ2 + f 2(χ)(dθ2 + sin2 θdφ2)

]
, (1)

where t is the time variable, and the spatial coordinates χ, θ, and φ are connected with the
standard Cartesian coordinates (x1, x2, x3) by the relations

x1 = a(t) f (χ) sin θ cos φ, x2 = a(t) f (χ) sin θ sin φ, x3 = a(t) f (χ) cos θ. (2)

The quantity a(t) in Equation (1) has the dimension of length. It represents the radius
of the curvature of space. As to the function f (χ), it is defined as

f (χ) =


sin χ, κ = 1,
sinh χ, κ = −1,
χ, κ = 0,

(3)

where κ is the sign of the curvature of the 3-space (κ = 0 corresponds to the flat 3-space).
Depending on the value of f (χ) in Equation (3), the interval (1) relates to the closed space
of the finite volume V = 2π2a3(t) and positive curvature, to the open space of an infinite
volume and negative curvature, or to the quasi-Euclidean space of an infinite volume and
zero curvature.

Working as a mathematician, Friedmann solved the following Einstein equations:

Rik −
1
2

gikR − Λgik = 8πGTik. (4)

where Rik is the Ricci tensor describing the curvature of space–time, R = gikRik is the scalar
curvature, Λ is the cosmological constant, G is the gravitational constant, Tik is the stress–
energy tensor of matter in the Universe, and gik is the metrical tensor, the components of
which for i, k = 0, 1, 2, 3 are defined in Equation (1) for the case of a homogeneous and
isotropic space. In this space, the stress–energy tensor is diagonal, and its components are
the energy density, T 0

0 = ε, and pressure, T 1
1 = T 2

2 = T 3
3 = −P, of matter. It is important to

note that Rik and R can be calculated for any given gik. Note that the stress–energy tensor
is also often called the energy–momentum tensor.

Substituting the metrical tensor gik defined in Equation (1) in Equation (4), one obtains
two Friedmann equations for the unknown scale factor a(t) and the energy density ε:

d2a
dt2 = −4πG

3
a(ε + 3P) +

1
3

aΛ,(
da
dt

)2
=

8πG
3

a2ε − κ +
1
3

a2Λ. (5)



Universe 2024, 10, 84 4 of 25

One should remember that the pressure P is connected with the energy density by the
equation of state.

Note that, initially, Einstein introduced his Equation (4) with Λ = 0 [2]. The cosmolog-
ical term Λgik was introduced by him later [3], specifically for obtaining the static model of
the Universe.

Friedmann considered dust-like matter with the equation of state P = 0 (in our
system of units, ε = ρ, where ρ is the density of matter). The closed universe (κ = 1) was
considered by Friedmann in Ref. [4], published in 1922, and the open universe (κ = −1)—in
Ref. [5], published in 1924.

For instance, if κ = 1 and Λ = 0, Equation (5) for dust-like matter is simplified to

d2a
dt2 = −4πG

3
aρ,(

da
dt

)2
=

8πG
3

a2ρ − 1. (6)

It is easy to check by the direct substitution that the solution of this system of equations
can be represented in the following parametric form:

a = ã0(1 − cos η), t = ã0(η − sin η),

ρ =
3

4πG
1
ã2

0

1
(1 − cos η)3 , 0 ⩽ η ⩽ 2π, (7)

where ã0 is the constant expressed via the total mass of matter in the closed universe M as
ã0 = 2GM/(3π).

If one considers t, η ≪ 1, Equation (7) reduces to

a(t) ≈
(

9ã0

2

)1/3
t2/3, ρ(t) ≈ 1

6πGt2 , (8)

i.e., according to Friedmann, the evolution of the Universe starts from a point-like state
a(0) = 0, where the density of matter ρ = ∞.

The Universe expands with time until the maximum size amax = 2ã0 is reached at
η = π, t = πã0 and then contracts to a point a(2πã0) = 0. For κ = −1 or 0, the expansion
of the Universe also starts from a point (called the cosmological singularity), where the
density of matter is infinitely large, but in this case the expansion goes on infinitely. Similar
results were later obtained for the radiation-dominated Universe, where matter has the
equation of state P = ε/3 (see Ref. [11] for details). This equation of state describes the hot
Universe at the early stages of its evolution.

Thus, if Λ = 0, all the solutions of Equation (5) are nonstationary and describe the
expanding (or contracting in the case κ = 1) Universe. According to Friedmann, the static
cosmological solution of Einstein equations is possible only for the closed universe (κ = 1)
with the cosmological constant Λ ̸= 0 satisfying the following conditions:

Λ = 4πG(ε + 3P), 4πGa2(ε + P) = 1. (9)

Under these conditions, Equation (5) reduces to

d2a
dt2 =

da
dt

= 0, (10)

which means that a = const. This is the static model of the Universe obtained by Einstein [3].
Friedmann did not discuss whether the Einstein model is stable relative to some disturbance
which occurs at a definite time. This problem was investigated later after an experimental
confirmation of the Universe’s expansion (see Ref. [12] for a summary of the obtained
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results). A more detailed consideration of the cosmological models with nonzero Λ can be
found in Ref. [13].

We only mention the famous solution of Equation (5) obtained by de Sitter [10] for the
empty universe with ε = P = 0 but with a nonzero cosmological constant Λ. In this case,
Equation (5) takes the following form:

d2a
dt2 =

1
3

aΛ,
(

da
dt

)2
= −κ +

1
3

a2Λ. (11)

In the most simple, quasi-Euclidean case (κ = 0), the de Sitter solution of Equation (11) is

a(t) = ã0 exp

(√
Λ
3

t

)
. (12)

The closed (κ = 1) and open (κ = −1) de Sitter solutions of Equation (11) are,
respectively,

a(t) =

√
3
Λ

cosh

(√
Λ
3

t

)
, a(t) =

√
3
Λ

sinh

(√
Λ
3

t

)
. (13)

The scale factors in Equations (12) and (13) are the exponentially increasing with time
functions which leave the scalar curvature constant, R = −4Λ. The de Sitter solution
found important applications in the theoretical description of the very early stages of the
Universe’s evolution near the cosmological singularity (see Section 5).

Although Friedmann’s papers [4,5] were published in the leading journal of that
time, his remarkable results did not gain widespread recognition for a long period of time.
Just after the publication of Friedmann’s paper [4], Albert Einstein claimed [14] that the
solutions found by Friedmann did not satisfy Equation (4) of the general theory of relativity.
It was, however, Einstein who made a mistake in his note [14]. After receiving a letter
explaining this from Friedmann, Einstein was obliged to recognize this fact in another
published note [15].

From the experimental viewpoint, the expansion of the Universe predicted by Fried-
mann should manifest itself as the moving of all remote galaxies away from the Earth. This
would lead to the redshift of the light emitted by them in accordance to the Doppler law.
In fact, the redshift of the light from the Andromeda Nebula was registered by Slipher [16]
as early as in 1913, i.e., before the Friedmann prediction.

In a systematic way, the experimental law connecting the redshift in the spectra of
observable galaxies with the expansion of the Universe was found by Georges Lemaître
in 1927 [17] and Edwin Hubble in 1929 [18] after they identified nebulas with remote
galaxies [19]. Lemaître’s paper contains a rederivation of the main properties of the
expanding universe from Einstein’s equations with no citation of the papers [4,5] by
Friedmann, who passed away untimely of typhus on 16 September 1925 at the age of 37.
Hubble’s paper [18] does not cite Alexander Friedmann’s papers either. Later on, the
properties of homogeneous isotropic metrics were studied by H.P. Robertson [20] and A.G.
Walker [21], whose papers also do not cite the Friedmann results.

In the meantime, after the elaboration of the theory of a hot universe by George
Gamov [22], the prediction of the relic radiation [23] and its discovery by Arno Penzias
and Robert Wilson [24], it became evident that the Friedmann solution describing the
expanding Universe formed the foundation of modern cosmology and radically changed
our picture of the world. Starting from the 1960s, Friedmann’s name as a pioneer of
the theory of the Universe’s expansion became more and more popular. Friedmann’s
background as a mathematician played a crucial role in his discovery, which was based
on Einstein’s equations of the general theory of relativity alone with no unnecessary
assumptions caused by either tradition or physical intuition. This is one more example of
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what was characterized by E.P. Wigner as “The unreasonable effectiveness of mathematics
in the natural sciences” [25].

Though being a mathematician, Friedmann considered his prediction of the Universe’s
expansion very seriously and expected that it would receive experimental confirmation.
In his book “The World as Space and Time”, written for the general reader and published in
1923 [26], Alexander Friedmann not only explained the main concepts of Einstein’s general
theory of relativity, but also discussed his own model of the expanding Universe, which
starts its evolution from a point. The front cover of this book is presented in Figure 1.
According to Friedmann’s estimation contained in Ref. [26], the interval between the
Universe’s creation and the present day is of about tens of billions of years. This estimation
is in qualitative agreement with modern measurements, which result in 13.7 billion years
for the Universe’s age. Thus, Friedmann predicted the most dramatic phenomenon of
nature, which completely changed our picture of the world.

Figure 1. The front cover of the book [26]. Translation: Modern culture. A. Friedmann. The World as
Space and Time. Academia, Petersburg, 1923.

3. Quantum Creation of Particle–Antiparticle Pairs in a Nonstationary Electric Field

As was mentioned in Section 1, the Universe’s expansion results in the effect of particle
creation from the vacuum state of quantized fields. This is the quantum effect, which is
described by the quantum field theory in curved space–time. It is most important at the
very early stages of the Universe’s evolution near the cosmological singularity, where the
Universe should be considered as a quantum object.

The quantum field theory and the general theory of relativity are very dissimilar
theories. The former deals with the quantum fields defined on a flat Minkowski space–
time, whereas the latter treats the gravitational field as a classical curved space–time.
The quantum theory of gravitation is not yet available in spite of numerous attempts to
develop it undertaken by many authors during half a century. It is possible, however,
to consider the quantized matter fields defined not on a Minkowski background, but on a
curved space–time of the expanding Universe. This theory has been well elaborated on
since the beginning of the 1980s (see, for instance, the monographs [27–31]).

Some basic concepts of quantum field theory in curved space–time, including the
concept of a particle, are, however, much more complicated and, unlike the standard quan-
tum field theory, are not defined uniquely. Because of this, before considering the effect
of particle creation in the Friedmann Universe, we discuss in this section the creation of
particle–antiparticle pairs from a vacuum by the nonstationary space homogeneous electric
field. Quantum electrodynamics allows us to describe this phenomenon in a rather trans-
parent way [32–35]. At the same time, although, conceptually, the nonstationary electric
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field and the expanding space–time of the Universe are quite different, mathematically, the
description of the effect of particle creation in both cases turns out to be very similar. Thus,
the formalism briefly presented in this section will provide rather useful guidance in the
next section.

The spatially homogeneous nonstationary electric field directed along the z = x3 axis
can be described by the following vector potential:

Ak(x) =
(

0, 0, 0, A3(t)
)

, (14)

which leads to the following field strength:

E(t) =
(

0, 0,−dA3(t)
dt

)
= (0, 0, Ez(t)), (15)

It is assumed that the field is switched off at t → ±∞, i.e.,

lim
t→±∞

A3(t) = A3
± = const, lim

t→±∞
Ez(t) = 0. (16)

Let us consider first the complex scalar field of mass m interacting with the electric
field (15). A complete orthonormal set of solutions to the Klein–Fock–Gordon equation is
as follows: [(

∂

∂xk + ieAk

)(
∂

∂xk
+ ieAk

)
+ m2

]
φ(x) = 0 (17)

In the case of a vector potential, (14) takes the following form:

φ±
p(x) =

1
(2π)3/2

√
2ω−(p)

eipxg(±)(p, t), (18)

where p = (p1, p2, p3) is the momentum, the functions g(±) obey the following equation:

d2g(±)(p, t)
dt2 + ω2(p, t)g(±)(p, t) = 0, ω2(p, t) = m2 + p2

⊥ + (p3 − eA2(t))
2 (19)

and the following notations are used:

p2
⊥ = p2

1 + p2
2, ω−(p) = lim

t→−∞
ω(p, t). (20)

Equation (19) is the equation of oscillator with a variable frequency [34,35]. The positive-
and negative-frequency solutions of this equation are defined by the following asymptotic
behavior:

lim
t→−∞

g(±)(p, t) = e±iω−(p) t. (21)

An operator of the complex scalar field is

φ(x) =
∫

d3 p
[

φ
(−)
p (x)a(−)

p + φ
(+)
−p(x)a(+)

p
]
, (22)

where a(−)
p is the annihilation operator for particles and a(+)

p is the creation operator for
antiparticles defined at t → −∞ when the scalar field is free. The vacuum state at t → −∞
is defined as

a(−)
p |0in⟩ =

∗
a (−)

p |0in⟩ = 0, (23)

where
∗
a (−)

p is the annihilation operator for antiparticles (the creation operator for particles

is notated as
∗
a (+)

p ).



Universe 2024, 10, 84 8 of 25

The Hamiltonian of the complex scalar field is defined by [36]

H(0)(t) =
∫

d3xT00(x) =
∫

d3x
[

2∂0 φ∗(x)∂0 φ(x)

−
(

∂

∂xk − ieAk

)
φ∗(x)

(
∂

∂xk
+ ieAk

)
φ(x) + m2 φ∗(x)φ(x)

]
. (24)

Substituting Equation (22) in Equation (24) and performing the integration with respect
to x and to one of the momenta using (18), one obtains

H(0)(t) =
∫

d3 pω(p, t)
[

E(p, t)
(∗

a (+)
p a(−)

p +
∗
a (−)
−pa(+)

−p
)

+ F(p, t)
∗
a (+)

p a(+)
−p + F∗(p, t)

∗
a (−)
−pa(−)

p
]
, (25)

where

E(p, t) =
1

2ω−(p)ω(p, t)

∣∣∣∣∣dg(+)(p, t)
dt

∣∣∣∣∣
2

+ ω2(p, t)
∣∣∣g(+)(p, t)

∣∣∣2
,

F(p, t) =
1

2ω−(p)ω(p, t)

(dg(+)(p, t)
dt

)2

+ ω2(p, t)g(+)2
(p, t)

, (26)

E2(p, t)− |F(p, t)|2 = 1.

Using Equation (21), Equation (27) leads to

lim
t→−∞

E(p, t) = 1, lim
t→−∞

F(p, t) = 0. (27)

As a result, at t → −∞ the Hamiltonian (24) takes the following diagonal form:

lim
t→−∞

H(0)(t) =
∫

d3 pω−(p)
(∗

a (+)
p a(−)

p +
∗
a (−)
−pa(+)

−p
)

, (28)

as it should be for the Hamiltonian of free fields.
At any t, in the presence of a nonstationary electric field, the Hamiltonian (25) can be

diagonalized by means of the canonical Bogoliubov transformations, which preserve the
commutation relations for the creation–annihilation operators:

a(−)
p = α∗p(t)b

(−)
p (t)− βp(t)b

(+)
−p(t),

∗
a (−)

p = α∗−p(t)
∗
b
(−)
p (t)− β−p(t)

∗
b
(+)
−p(t), (29)

where
|αp(t)|2 − |βp(t)|2 = 1. (30)

Note that an addition of the creation operators to the annihilation ones in Equation (29)
due to the action of a nonstationary external field is equivalent to the fact that the negative-
frequency solution of the wave equation defined at t → −∞ becomes the linear combination
of the negative- and positive-frequency solutions defined at a later time t.

If the coefficients αp(t) and βp(t) are given by

βp(t)
αp(t)

=
E(p, t)− 1

F∗(p, t)
, |βp(t)|2 =

1
2
[E(p, t)− 1], (31)
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the Hamiltonian (25) takes a diagonal form at any t [34]:

H(0)(t) =
∫

d3 pω(p, t)
[
∗
b
(+)
p (t)b(−)

p (t)+
∗
b
(−)
−p(t)b

(+)
−p(t)

]
. (32)

In doing so, the operators
∗
b
(+)
p (t) and b(−)

p (t) can be considered the creation and
annihilation operators of quasiparticles defined at the moment t. The quasiparticle vacuum
is defined by

b(−)
p (t)|0t⟩ =

∗
b
(−)
p (t)|0t⟩ = 0. (33)

It is easily seen that

lim
t→−∞

βp(t) = 0, lim
t→−∞

αp(t) = 1, (34)

so that the creation and annihilation operators of quasiparticles at t → −∞ coincide with

the creation and annihilation operators a(±)
p ,

∗
a (±)

p and the quasiparticle vacuum |0−∞⟩=|0in⟩
defined in Equation (23).

Now, one can find the number of scalar quasiparticles with the momentum p and
antiparticles with the momentum −p created from the vacuum state |0in⟩:

N(0)
p (t) = ⟨0in|

∗
b
(+)
p (t)b(−)

p (t)|0in⟩ = ⟨0in|b
(+)
−p(t)

∗
b
(−)
−p(t)|0in⟩ = |βp(t)|2δ3(p = 0). (35)

These quasiparticle pairs were created by the electric field during the time interval
from −∞ to t in the space of an infinitely large volume V. Taking into account that

δ3(p = 0) =
1

(2π)3

∫
d3x =

V
(2π)3 , (36)

for the total number of scalar quasiparticle pairs with any momentum created in the unit
space volume, one obtains

n(0)(t) =
1
V

∫
d3 pN(0)

p (t) =
1

(2π)3

∫
d3 p|βp(t)|2. (37)

In the asymptotic limit t → ∞, the electric field is switched off and in this "out"

region the quasiparticles described by the operators b(±)
p (∞),

∗
b
(±)
p (∞) become the real free

particles. Thus, the total number of real boson pairs created by the electric field during the
time of its existence is

n(0) = lim
t→∞

n(0)(t) =
1

(2π)3

∫
d3 p[ lim

t→∞
|βp(t)|2]. (38)

Similar results have been obtained for the fields and particles with nonzero spin.
By omitting the technical details, here, we present only several facts concerning the case
of spinor particles. Thus, after the separation of variables in the Dirac equation writ-
ten for the spinor field interacting with the space homogeneous nonstationary electric
field (14) and (15), it reduces to the oscillator equation with the following complex fre-
quency [34,35]:

d2 f (±)(p, t)
dt2 +

[
ω2(p, t) + ie

dA3(t)
dt

]
f (±)(p, t) = 0, (39)

where ω2(p, t) is presented in Equation (19) and the positive- and negative-frequency
solutions are defined by the following asymptotic behaviors:
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lim
t→−∞

f (±)(p, t) =
1√

4ω−(p)[ω−(p) + p3 − eA3
−]

e±iω−(p)t. (40)

The Hamiltonian of the spinor field interacting with the electric field (14) is given by

H(1/2)(t) = ∑
r=1,2

∫
d3 pω(p, t)

[
E(p, t)

(∗
a (+)

pr a(−)
pr − ∗

a (−)
−pra(+)

−pr

)
+ F(p, t)

∗
a (+)

pr a(+)
−pr + F∗(p, t)

∗
a (−)
−pra(−)

pr

]
, (41)

where the index r = 1, 2 corresponds to two possible spin projections on the axis x3 and the
coefficients E and F are defined as

E(p, t) =
4(m2 + p2

⊥)

ω(p, t)
Im

[
f (+)∗(p, t)

d f (+)(p, t)
dt

]
− p3 − eA3

ω(p, t)
,

E2(p, t) + |F(p, t)|2 = 1. (42)

Similar to the case of a scalar field, the Hamiltonian (41) becomes diagonal in the
asymptotic limit t → −∞:

H(1/2)(t) = ∑
r=1,2

∫
d3 pω−(p)

[∗
a (+)

pr a(−)
pr − ∗

a (−)
−pra(+)

−pr

]
. (43)

At any t, the Hamiltonian (41) can be diagonalized by the canonical Bogoliubov trans-
formation, preserving the anticommutation relations between the creation and annihilation
operators of spinor particles:

a(−)
pr = α∗p(t)b

(−)
pr (t)− βp(t)b

(+)
−pr(t),

∗
a (−)

pr = α∗−p(t)
∗
b
(−)
pr (t)− β−p(t)

∗
b
(+)
−pr(t), (44)

where
|αp(t)|2 + |βp(t)|2 = 1. (45)

If the coefficients of the Bogoliubov transformation (44) are equal to

βp(t)
αp(t)

=
1 − E(p, t)

F∗(p, t)
, |βp(t)|2 =

1
2
[1 − E(p, t)], (46)

the Hamiltonian (41) takes the diagonal form at any t in terms of the creation and annihila-
tion operators of quasiparticles [34]:

H(1/2)(t) = ∑
r=1,2

∫
d3 pω(p, t)

[
∗
b
(+)
pr (t)b(−)

pr (t)−
∗
b
(−)
−pr(t)b

(+)
−pr(t)

]
. (47)

Similar to Equation (33), the vacuum state of the quasiparticles is defined as

b(−)
pr (t)|0t⟩ =

∗
b
(−)
pr (t)|0t⟩ = 0. (48)

The number of spinor quasiparticles with momentum p and spin projection r (and
respective antiquasiparticles) created from the ground state |0in⟩ during the time interval
from −∞ to t is given by

N(1/2)
pr (t) = ⟨0in|

∗
b
(+)
pr (t)b(−)

pr (t)|0in⟩ = ⟨0in|b
(+)
−pr(t)

∗
b
(−)
−pr(t)|0in⟩ = |βp(t)|2δ3(p = 0). (49)

This number does not depend on the spin state r.
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The total number of fermion quasiparticle pairs created in the unit space volume
during the time interval from −∞ to t is obtained from Equation (49) with the help of
Equation (36):

n(1/2)(t) =
1
V ∑

r=1, 2

∫
d3 pN(1/2)

pr (t) =
2

(2π)3

∫
d3 p|βp(t)|2. (50)

Thus, the total number of real fermion pairs created in the unit volume by the electric
field is

n(1/2) =
2

(2π)3

∫
d3 p[ lim

t→∞
|βp(t)|2]. (51)

The most simple exactly solvable example allowing an exact calculation of the numbers
of created pairs (38) and (51) is the electric field of the following form [32,34]:

A3 = −E0

k0
tanh(k0t), Ez(t) =

E0

cosh2(k0t)
. (52)

This field is switched off in the asymptotic regimes t → ±∞ (see Figure 2).

−E0/k0

0

E0/k0

A3

t 0

E0

Ez

t

(b)
(a)

Figure 2. (a) The component of the vector potential and (b) the strength of the space homogeneous
nonstationary electric field (52), which is switched off in the asymptotic regimes t → ±∞, are shown
as the functions of time.

In the limiting case k0 → 0, Equation (52) describes the space homogeneous constant
electric field. Thus, Equations (38) and (51) allow for the rederivation of the famous
Schwinger results for the pair creation from vacuum by a strong constant field derived by
him [37,38] using another formalism.

For the inflationary cosmology (see Section 5, the effect of the exponential growth of
the number of scalar particles created with some values of momentum by the periodic in
time external field is of much importance. This effect was independently discovered in
Ref. [39] for the sinusoidally depending on time A3 and in Ref. [40] for the electric field of
arbitrary form with a period T:

A3(t + T) = A3(t) (53)

during the interval [0, nT]. Outside this interval, the electric field was assumed to be equal
to zero, so that A3− = A3+ = const.

It was shown that the number of pairs of scalar particles created by the periodic field
with some momenta p belonging to the instability zones of the oscillator equation during
the time nT is the exponentially increasing function of the number of field periods n [40]:

n(0)
p = |βp(nT)|2 =

sinh2[nD(p)]
sinh2 D(p)

1
4ω2

+(p)

[
ω2
+(p)g1(p, T) +

dg2(p, t)
dt

∣∣∣∣
t=T

]2

. (54)
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Here, g1(p, t) and g2(p, t) are the solutions of the oscillator Equation (19) satisfying the
following initial conditions: g1(p, 0) = 0,

g1(p, t)
dt

∣∣∣
t=0

= 1,

 g2(p, 0) = 1,
g2(p, t)

dt

∣∣∣
t=0

= 0,
(55)

and coshD(p) = g2(p, T), ω+(p) = ω−(p).
From Equation (54), it can be seen that the number of created pairs n(0)

p increases with
the number of field periods n as exp[2nD(p)].

The effect of particle creation from a vacuum by an electric field is not observed yet be-
cause it becomes sizable for the fields of the order of m2/e, which are too large (∼ 1016 V/cm
for electrons). With the discovery of graphene, in which the fermion quasiparticles are
massless or very light, the possibility of observing the creation of these quasiparticles in
much weaker fields was proposed [41–46]. This is some kind of a condensed matter analogy
to Schwinger’s particle creation from a vacuum in quantum electrodynamics.

The above brief discussion allows one to conclude that in quantum field theory and,
specifically, in quantum electrodynamics, a description of the effect of particle creation
from a vacuum by an external field is based on the S-matrix picture. The concept of real
particles is defined in the "in" and "out" regions where the external electric field is switched
off. It is common knowledge that in the absence of external fields the theory is invariant
relative to the transformations from the Poincaré group, the Casimir operators of which
classify particles by the values of their mass and spin [36]. Thus, in curved space–time,
which does not become flat in the asymptotic regions, one could expect difficulties with
the definition of the concept of particles. In the next section, it is shown that in the case of
the expanding Universe, these difficulties can be solved in close analogy to the concept of
quasiparticles in the presence of a nonstationary electric field.

4. The Effect of Particle Creation in the Friedmann Universe

As discussed in Section 2, the Friedmann models of the Universe are described by the
interval (19). By solving the Einstein equations (4) for the metrical tensor gik defined in
Equation (1), one obtains the scale factors of the closed, open, and quasi-Euclidean models.
The matter fields (scalar and spinor, for instance) should be considered in the background
of curved space–time defined in Equation (1).

The general covariant generalization of the Klein–Fock–Gordon equation (17) with the
electric field Ak = 0 is given by(

∇k∇k + ξR + m2
)

φ(x) = 0, (56)

where ∇k is the covariant derivative and ξ is the so-called coupling coefficient. The most
simple case ξ = 0 is referred to as the minimal coupling. In the case ξ = 1/6, considered in
Refs. [47,48], Equation (56) becomes invariant under the conformal transformations when
m = 0. This is called the conformal coupling.

As was first noticed by Schrödinger [6], the positive-frequency solution of Equation (56)
with ξ = 0 in the space–time with metric (1) defined at some moment t0 becomes the linear
combination of the negative- and positive-frequency solutions of the same equation defined
at a later moment t. Schrödinger interpreted this fact as a creation of matter merely by the
expansion of the Universe.

In more detail, the theory of particle creation in the expanding Universe was consid-
ered by Parker [49,50] (see also the review in [51]). This consideration was restricted to the
quasi-Euclidean model with a flat 3-space (κ = 0). The space–time of this model, as well
as of the other Friedmann models, is not asymptotically flat. Therefore, as discussed in
the end of Section 3, the standard concept of particles used in quantum field theory is
not applicable.
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To solve this problem, Parker elaborated the concept of the so-called adiabatic particles.
For this purpose, the solution of Equation (56) was searched in the form of WKB-like
approximation including some unknown function, which was next determined from the
demand that the number of created particles and of its derivatives of several first orders
would take the minimum values. The creation rate of scalar particles defined in this
way in the present epoch of the Universe’s evolution was calculated and found to be
negligibly small. A similar approach was applied to the effect of creation of spinor particles
in the expanding Universe with κ = 0 [52]. A simple model was proposed where the
scalar particles described by the field equation with minimal coupling are created near the
cosmological singularity with a black-body spectrum [53].

The separation of variables in Equation (56) for the quasi-Euclidean, closed and open
models of the Universe [κ = 0, ±1 in Equations (1) and (3)] was made in the form

φJ(x) =
1

a(η)
gλ(η)ΦJ(x), (57)

where the dimensionless time variable η is connected with the proper synchronous time
t by dt = a(η)dη, λ is the dimensionless momentum quantum number connected with
the magnitude of the physical momentum by p = λ/a(η), J = (λ, l, m) is the collective
index, and the explicit expressions for the functions φJ in terms of the associated Legen-
dre polynomials and spherical harmonics Ylm in spaces with κ = 0, ±1 were found in
Refs. [54–56].

The substitution of Equation (57) into Equations (1) and (17) results in the following
equation for the functions gλ:

d2gλ(η)

dη2 +
[
ω2

λ(η)− q(η)
]

gλ(η) = 0, (58)

where

ω2
λ(η) = λ2 + m2a2(η), q(η) = 6

(
1
6
− ξ

)[
1

a(η)
d2a(η)

dη2 + κ

]
. (59)

For κ = 0, −1 the dimensionless momentum λ varies from 0 to ∞, and for κ = 1, it holds
λ = 1, 2, 3, . . . .

It is seen that Equation (58) describes the oscillator with a variable frequency like
it was for a scalar field interacting with the nonstationary electric field [compare with
Equation (19)]. In this case, the role of the electric field is played by the time-dependent
scale factor of the Universe. Equation (58) takes the most simple form for the scalar field
with conformal coupling (ξ = 1/6), which is physically the most natural generalization
of the Klein–Fock–Gordon equation in curved space–time [47,48]. The point is that the
massless particles are not characterized by the parameter with a dimension of length and,
thus, the corresponding field equation must be invariant with respect to the conformal
transformations. Because of this, we consider Equations (56) and (58) with ξ = 1/6. As a
result, the function gλ satisfies the following equation:

d2gλ(η)

dη2 + ω2
λ(η)gλ(η) = 0, (60)

where
ω2

λ(η) = λ2 + m2a2(η). (61)

An important difference in the scale factor of the expanding Universe a(η) from the
vector potential of an external field A3(t) is that a(η) does not become constant at any η,
which means that the space–time of the Universe does not become static. In this situation,



Universe 2024, 10, 84 14 of 25

the corpuscular interpretation of the field can be performed at some moment η0 by imposing
the initial conditions on the solutions of Equation (60):

gλ(η0) =
1√

ωλ(η0)
,

dgλ(η)

dη

∣∣∣∣
η=η0

= iωλ(η0)gλ(η0) (62)

and defining the positive- and negative-frequency solutions of Equation (56) as

φ
(+)
J (x) =

1√
2 a(η)

gλ(η)Φ∗
J (x),

φ
(−)
J (x) =

1√
2 a(η)

g∗λ(η)ΦJ(x). (63)

Similar to the case of the nonstationary electric field, the functions φ
(±)
J lose the

meaning of the negative- and positive-frequency solutions at a later moment η > η0.
The field operator of the complex scalar field is defined similarly to Equation (22):

φ(x) =
∫

dµ(J)
[

φ
(−)
J (x)a(−)

J + φ
(+)
J (x)a(+)

J

]
, (64)

where the measure on the set of quantum numbers is different for different values of κ:

∫
dµ(J) =


∞∫
0

dλ
∞
∑

l=0

l
∑

m=−l
, κ = −1, 0,

∞
∑

λ=1

λ−1
∑

l=0

l
∑

m=−l
, κ = 1.

(65)

Then, the vacuum state at the moment η0 is defined as

a(−)
J |0η0⟩ =

∗
a (−)

J |0η0⟩ = 0. (66)

From the above, it becomes clear that it is not possible to introduce the universal
concept of particles in the expanding space–time of the Friedmann Universe. It is possible,
however, to define the quasiparticles depending on time like it was done in Section 3 for
the case of a nonstationary electric field using the method of the diagonalization of the
Hamiltonian of a quantized field. Such an approach was suggested in Refs. [57,58] as an
alternative to the adiabatic particles introduced in Refs. [49–51].

It is important, however, that the stress–energy tensor and respective Hamiltonian
of the quantized scalar field satisfying Equation (56) with ξ = 1/6 should be obtained by
the variation in the action not with respect to the field φ, but with respect to the metrical
tensor gik. This is the so-called metrical stress–energy tensor [59]. As a result, the metrical
Hamiltonian of the scalar field in the space–time of the expanding Universe takes the
following form:

H(0)(η) = a2(η)
∫

d3x f 2(χ) sin θTmetr
00 (x)

= a2(η)
∫

d3x f 2(χ) sin θ

[
2

∂φ∗(x)
∂η

∂φ(x)
∂η

− a2(η)gik ∂φ∗(x)
∂xi

∂φ(x)
∂xk (67)

+a2(η)

(
m2 +

1
6

R
)

φ∗(x)φ(x)− 1
3

(
R00 +∇0∇0 − a2(η)∇k∇k

)
φ∗(x)φ(x)

]
.
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After a substitution of Equation (64) in Equation (67), using the properties of func-
tions (62), one obtains [60,61]

H(0)(η) =
∫

dµ(J)ωλ(η)
[

EJ(η)
(∗

a (+)
J a(−)

J +
∗
a (−)

J̄ a(+)
J̄

)
+FJ(η)

∗
a (+)

J a(+)
J̄ + F∗

J (η)
∗
a (−)

J̄ a(−)
J

]
, (68)

where J̄ = (λ, l,−m) and the coefficients EJ and FJ are expressed via the solutions of
Equation (60) as

EJ(η) =
1

2ωλ(η)

(∣∣∣∣dgλ(η)

dη

∣∣∣∣2 + ω2
λ(η)|gλ(η)|2

)
,

FJ(η) =
(−1)m

2ωλ(η)

[(
dgλ(η)

dη

)2

+ ω2
λ(η)g2

λ(η)

]
, (69)

E2
J (η)− |FJ(η)|2 = 1.

From Equation (70), it is seen that EJ(η) in fact depends on λ and does not depend
on l and m, whereas FJ(η) depends also on m. The quantity EJ(η) represents the adiabatic
invariant of the oscillator (60) and (61). From Equation (62), it follows that

EJ(η0) = 1, FJ(η0) = 0, (70)

i.e., the Hamiltonian (68) takes the diagonal form at the initial moment η0:

H(0)(η0) =
∫

dµ(J)ωλ(η0)
(∗

a (+)
J a(−)

J +
∗
a (−)

J̄ a(+)
J̄

)
(71)

in perfect analogy to Equation (28) obtained for the case of an electric field.
Similar to the case of a nonstationary electric field, at any moment, the Hamiltonian (68)

can be diagonalized by the canonical Bogoliubov transformations:

a(−)
J = α∗J (η)b

(−)
J (η)− (−1)mβ J(η)b

(+)
J̄ (η),

∗
a (−)

J = α∗J (η)
∗
b
(−)
J (η)− (−1)mβ J(η)

∗
b
(+)
J̄ (η), (72)

|αJ(η)|2 − |β J(η)|2 = 1.

For this purpose, the coefficients αJ and β J should be chosen as

β J(η)

αJ(η)
= (−1)m EJ(η)− 1

F∗
J (η)

, |β J(η)|2 =
1
2
[EJ(η)− 1]. (73)

Substituting Equation (73) with the coefficients (73) in Equation (68), one finds that the
Hamiltonian of the scalar in the Friedmann Universe takes the following diagonal form:

H(0)(η) =
∫

dµ(J)ωλ(η)

(
∗
b
(+)
J b(−)

J +
∗
b
(−)
J b(+)

J

)
(74)

at any moment η.
The annihilation operators for quasiparticles and antiquasiparticles give the possibility

to define the time-dependent vacuum state by the following equation:

b(−)
J (η)|0η⟩ =

∗
b
(−)
J (η)|0η⟩ = 0, (75)
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which is similar to Equation (33) in the case of a nonstationary electric field. It is evident that

b(±)
J (η0) = a(±)

J ,
∗
b
(±)
J (η0) =

∗
a (±)

J . (76)

Next, one can define the number of quasiparticle pairs created from the vacuum state
|0η0⟩ during the time interval from η0 to η in the unit space volume:

n(0)(η) =
1

2π2a3(η)

∫
dµ(λ)⟨0η0 |

∗
b
(+)
J (η)b(−)

J (η)|0η0⟩

=
1

2π2a3(η)

∫
dµ(λ)⟨0η0 |b

(+)
J̄ (η)

∗
b
(−)
J̄ (η)|0η0⟩ (77)

=
1

2π2a3(η)

∫
dµ(λ)|β J(η)|2,

where

∫
dµ(λ) =


∞∫
0

λ2dλ, κ = −1, 0,

∞
∑

λ=1
λ2, κ = 1.

(78)

For the calculation of the number of created scalar particles, it is reasonable to put
η0 = 0 and impose on the scale factor a(η) the requirement of smoothness at the initial
moment η0 = 0. This requirement does not contradict to the fact that at the point η = 0,
there was the cosmological singularity where the invariants of the curvature tensor become
infinitely large.

The typical scale factors used in the Friedmann cosmological models have the form
a(t) = a0tq; see, for instance, Equation (8), where q = 2/3 for dust-like matter ε = ρ, P = 0.
In the vicinity of the cosmological singularity, matter is in the radiation-dominated state
(P = ε/3). In this case, q = 1/2.

The calculations show that in the epoch t ≪ m−1 the number of quasiparticle pairs (78)
created in the unit volume does not depend on the value of q [60,62]:

n(0)(t) =
m3

24π2 . (79)

An independence of the result (79) on time means that the decrease in the quasi-
particle density due to the Universe’s expansion is compensated for by the creation of
new quasiparticles.

In the epoch t ≫ m−1, for the radiation-dominated equation of state (q = 1/2), one
obtains [62]

n(0)(t) = 5.3 × 10−4m3(mt)−3/2. (80)

It was shown [62] that, for t ≫ m−1, the similar result

n(0)(t) ∼ m3(mt)−3q (81)

holds for any q satisfying the inequalities 0 < q < 2/3.
The corresponding results have been obtained also for the energy density of created

pairs (see Refs. [60,62] and the review [61]).
The creation of spinor particles in the space–time of the expanding Universe can be

considered in perfect analogy with the scalar case, although the mathematical formalism
becomes more involved. Thus, the general covariant generalization of the Dirac equation
takes the form (

iγk(x)
−→∇ k − m

)
ψ(x) = 0, (82)
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where
−→∇ k is the covariant derivative of a bispinor ψ in the Riemannian space–time and

γk(x) is the 4-vector relative to the general coordinate transformations, which is expressed
via the standard Dirac γ-matrices and the tetrad h k

(a) as

γk(x) = h k
(a)γ

a. (83)

An important characteristic feature of Equation (82) is that in the limiting case m → 0,
it becomes invariant under the conformal transformations with no additional modifications.

The separation of the variables in Equation (82) for the space–time (1) was performed
in Refs. [55,63]. This results in the oscillator equation for the time-dependent functions fλ±:

d2 fλ±(η)

dη2 +

[
ω2

λ(η)± im
da(η)

dη

]
fλ±(η) = 0, (84)

where ωλ is defined in Equation (61). It is seen that although, physically, the space–
time of the expanding Universe has little in common with the nonstationary electric field
considered in Section 3, mathematically, Equation (84) is similar to Equation (39). In doing
so, the mass of a spinor field in Equation (84) plays the same role as the electric charge in
Equation (39), whereas the scale factor of the Universe a is akin to the vector potential A3.

The positive- and negative-frequency solutions of Equation (84) at the moment η0 are
defined by the following initial conditions [61]:

f (+)
λ± (η0) = ±

[
ωλ(η0)∓ ma(η0)

ωλ(η0)

]1/2

, f (−)
λ± (η0) =

[
ωλ(η0)± ma(η0)

ωλ(η0)

]1/2

. (85)

It holds also that

d f (+)
λ± (η)

dη

∣∣∣∣∣∣
η=η0

= iωλ(η0) f (+)
λ± (η0),

d f (−)
λ± (η)

dη

∣∣∣∣∣∣
η=η0

= −iωλ(η0) f (−)
λ± (η0). (86)

Now, the operator of the spinor field can be written in the form

ψ(x) =
∫

dµ(J)
[
ψ
(−)
J (x)a(−)

J + ψ
(+)
J (x)a(+)

J

]
, (87)

where the collective index J includes four quantum numbers J = (λ, j, l, M). In the case
κ = 0, −1 it holds that 0 ≤ λ < ∞, j = 1/2, 3/2, . . . , for κ = 1 one has λ = 3/2, 5/2, . . . ,
j = 1/2, 3/2, . . . , λ − 1, and in both cases, l = j ± 1/2, −j ⩽ M ⩽ j.

The vacuum state at the moment η0 is defned by Equation (66). Substituting Equation (87)
in the Hamiltonian of the spinor field

H(1/2)(η) =
i
2

a3(η)
∫

d3x f 2(χ) sinθ ψ+(x)
↔
∂ ηψ(x), (88)

one obtains it in the same form as in Equation (24), but with the coefficients EJ and FJ
expressed via the solutions of Equation (84):

EJ(η) =
1

ωλ(η)

[
ma(η)

(
1 − | f (+)

λ+ |2
)
− λRe

(
f (−)
λ− f (+)

λ−

)]
,

FJ(η) =
1

ωλ(η)

[
ma(η) f (+)

λ+ f (+)
λ− − λ

2

(
f (+)
λ+

2
− f (+)

λ−
2
)]

, (89)

E2
J (η) + |FJ(η)|2 = 1.
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These coefficients satisfy the initial conditions (70). As a consequence, at the moment
η0, the Hamiltonian H(1/2)(η0) takes the diagonal form. At any moment, the Hamiltonian
of the spinor field can be diagonalized by the Bogoliubov transformations:

a(−)
J = α∗J (η)b

(−)
J (η)− β J(η)b

(+)
J̄ (η),

∗
a (−)

J = α∗J (η)
∗
b
(−)
J (η) + β J(η)

∗
b
(+)
J̄ (η), (90)

|αJ(η)|2 + |β J(η)|2 = 1.

which preserve the anticommutation relations for the creation and annihilation operators.
The Hamiltonian H(1/2)(η) takes the diagonal form (74) at any moment η if the

Bogoliubov coefficients are defined as

β J(η)

αJ(η)
=

1 − EJ(η)

F∗
J (η)

, |β J(η)|2 =
1
2
[1 − EJ(η)]. (91)

The number of spinor quasiparticle pairs created in the unit space volume is given
by [63]

n(1/2)(η) =
1

π2a3(η)

∫
dµ(λ)⟨0η0 |

∗
b
(+)
J (η)b(−)

J (η)|0η0⟩

=
1

π2a3(η)

∫
dµ(λ)⟨0η0 |b

(+)
J̄ (η)

∗
b
(−)
J̄ (η)|0η0⟩ (92)

=
1

π2a3(η)

∫
dµ(λ)|β J(η)|2,

where J = (λ, j, j ± 1/2, M), J̄ = (λ, j, j ∓ 1/2,−M) and

∫
dµ(λ) =


∞∫
0

dλ
(

λ2 − κ
4

)
, κ = −1, 0,

∞
∑

λ=3/2

(
λ2 − 1

4

)
, κ = 1.

(93)

It is notable that that the geometric nature of the spinor field reveals itself by the
presence of κ in the measure of integration (93).

By using Equations (90), (91), and (93), one can calculate the number of spinor quasi-
particles created at different epochs of the Universe’s evolution for the scale factors of
power type a(t) = a0tq. Thus, for t ≪ m−1, in the case κ = 0, it holds [64] that

n(1/2)(t) =
q2

3q − 1
m2

t
. (94)

From the comparison of Equations (79) and (94), it is seen that n(1/2)/n(0) ∼ (mt)−1 ≫ 1.
The additional terms which appear for κ = ±1 are much smaller than (94).

For the epoch t ≫ m−1, the density of the created spinor quasiparticles is expressed
as [61]

n(1/2)(t) = K(q)m3(mt)−3q +
3q2m

256πt2 , (95)

where for the radiation-dominated matter (q = 1/2), the coefficient is equal to
K(1/2) = 3.9 × 10−3.

As is seen from the above, in the nonstationary curved space–time, the concept of
particle loses its unique meaning. The effect of particle creation takes place with any
concept of a particle but, for instance, the number of created adiabatic particles may
differ from the number of quasiparticles defined by the method of the diagonalization
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of the Hamiltonian by means of the Bogoliubov transformations. The covariant quantity
describing the quantum effects in the nonstationary space–time of cosmological models
is the renormalized vacuum expectation value of the stress–energy tensor of quantized
fields. This quantity includes the contributions of both the particle creation and vacuum
polarization (see the monographs [27–31] for the obtained results).

5. The Role of Particle Creation in the Transition from Inflationary to
Radiation-Dominated Epochs and Further Developments

As discussed in Sections 2 and 4, at the radiation-dominated stage of its evolution the
Friedmann Universe is described by the power-type scale factor a(t) = a0t1/2. This result
is obtained by solving the classical Einstein equations, and it does not take into account
the quantum effects. However, the extension of the radiation-dominated scale factor down
to the Planck time tPl = G1/2 = 5.39 × 10−44 s creates serious problems. One of them is
the following. Calculations show that, at the Planck time, the size of the Universe was
a(tPl) ∼ 10−3 cm, i.e., it was by almost 30 orders of magnitude larger than the Planck
length lpl = 1.62 × 10−33 cm traveled by light during tPl .

From this it follows that if the radiation scale factor were valid down to t0 = 0,
at t = tPl the Universe would comprise of about 1089 causally disconnected domains. No
evidence, however, was found regarding differences in the temperature of relic radiation
received from different directions in the sky. Thus, the initial expansion of the Universe
happened much faster than it is predicted by the power-type law. This inconsistency was
called the horizon problem.

As noted in the end of Section 4, the covariant description of the vacuum quantum ef-
fects in curved space–time is provided by the renormalized vacuum expectation value of the
stress–energy tensor of quantized matter fields. In Refs. [65,66] published in the beginning
of 1980, this quantity was considered a single source of curved space–time of the Universe.
For this purpose, the self-consistent Einstein equations with no cosmological term,

Rik −
1
2

Rgik = 8πG⟨0|Tik|0⟩ren (96)

have been solved and the de Sitter solutions were obtained. For instance, for a stress–
energy tensor of massless scalar field in the closed Friedmann model, the solution of
Equation (96) is

a(t) =

√
G

360π
cosh

(
t

√
360π

G

)
, (97)

i.e., for t > tPl , the Universe’s expansion goes on exponentially fast. The comparison
of Equation (97) with Equation (13) shows that the vacuum stress–energy tensor of the
quantized scalar field plays the same role as the cosmological term in Einstein’s equations (4)
with Tik = 0. In Ref. [66], it was shown that under the impact of the creation of scalarons
and their subsequent decay into standard particles the exponentially fast de Sitter expansion
of the Universe passes into the power-type expansion of the radiation-dominated stage of
its evolution.

In 1981, another approach to the understanding of the exponentially fast expansion
of the Universe near the cosmological singularity was suggested, which was called infla-
tion [67]. This approach introduces the minimally coupled classical scalar field ϕ = ϕ(t)
called the inflaton field with the following Lagrangian:

L(ϕ) =
1
2

[(
dϕ

dt

)2
− m2ϕ2

]
. (98)

The corresponding Klein–Fock–Gordon equation in the space–time with metric (1) is

d2ϕ

dt2 +
3
a

da
dt

dϕ

dt
+ m2ϕ = 0. (99)
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In the simplest case of the quasi-Euclidean model (κ = 0), the second equality in
Equation (5) with Λ = 0 is

1
a2

(
da
dt

)2
=

8πG
3

ε, (100)

where the space–time is determined by the energy density of the inflaton field:

ε =
1
2

[(
dϕ

dt

)2
+ m2ϕ2

]
. (101)

According to Ref. [68], at the inflationary stage, the second term on the left-hand side
of Equation (99) is much larger than the first one and the term m2ϕ2 in Equation (101) is
much larger than (dϕ/dt)2. As a result, the scale factor a(t) found from Equations (100)
and (101) takes the following quasi exponential form:

a(t) = ã0 exp

(
2m

√
πG
3

ϕt

)
. (102)

In subsequent years, many papers were published devoted to different versions of the
inflationary cosmology (see, e.g., Refs. [69–72] and the monographs [73,74]).

The model of inflation has inspired a renewed interest in the effect of particle creation
in the nonstationary external fields and in the space–time of the expanding Universe.
The point is that at the end of the inflationary stage of the Universe’s evolution, the energy
density becomes very low and the inflaton field oscillates near the minimum of its potential
[in Equation (98), the simplest potential V = m2ϕ2/2 is chosen]. The standard elementary
particles were created during this period, which was called the process of reheating after
inflation [73,75].

The theory of the process of reheating is based on the effect of the exponential growth
of the number of particle–antiparticle pairs created from vacuum by the time-periodic field
with some momenta belonging to the instability zones of the Klein–Fock–Gordon equation
(see Section 3). In this case, the role of a periodic electric field is played by the oscillating
inflaton field [76,77]. The theory of reheating after inflation has been elaborated on by
many authors (see, e.g., Refs. [78–87]). The main features of this theory are summarized in
Ref. [68].

Over the last 25 years, the effect of particle creation in the expanding Universe contin-
ued to attract the considerable attention of experts in quantum field theory and cosmology.
Here, we mention only several papers devoted to this subject. Thus, in Ref. [88], the effect
of the creation of light particles called moduli during and after inflation was investigated
not only numerically but also analytically. It was shown that the dominant contribution
to the particle creation is given by the long-wavelength fluctuations of light scalar fields
generated during inflation.

In Ref. [89], the complex WKB approximation technique was used to study the thermal
particle creation in both the black holes and in the space–time of the expanding Universe.
According to the results obtained, the temperature of the particle spectrum is determined
by the slope of the scale factor of the cosmological model.

The effect of particle creation in the anisotropic expanding Universe (see the pioneer
Ref. [90]) was further considered in Ref. [91] using the formalism of squeezed vacuum
states for a minimally coupled scalar field. The semiclassical Einstein equations of the form
of Equation (96), but in the anisotropic case, were discussed. Note that Ref. [90] presented
the powerful regularization method for the vacuum stress–energy tensor and derived the
dynamical equations for the nonstationary Bogoliubov coefficients, which were actively
used in both anisotropic and isotropic spaces.

In Ref. [92], the above Equations (81) and (95) were used to describe the creation
of superheavy scalar and spinor particles, the decay of which could explain the baryon
number of the Universe and the nature of cold dark matter. Note that previously the
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creation of superheavy particles as the constituents of dark matter in various models of
inflation was analyzed in Ref. [93]. It was hypothesized that the decay products of the
superheavy constituents of cold dark matter are observed as the cosmic rays of ultra-high
energy [92].

The method of the diagonalization of the Hamiltonian of a quantized massless scalar
field with minimal coupling was used in Ref. [94] to calculate the particle creation rate in
the expanding Universe of the quasi-Euclidean type. It was assumed that the background
matter is described by the equation of state of a perfect fluid, which may violate the
strong energy condition ε + P ⩾ 0, ε + 3P ⩾ 0. According to the results obtained, the
particle creation rate decreases with time if the strong energy condition is satisfied and
increases otherwise.

The creation of dark matter particles, which interact only gravitationally, in the expand-
ing Universe of the quasi-Euclidean type was investigated in Ref. [95]. In the suggested
model, the real scalar field with an arbitrary coupling ξ, the quanta of which can be consid-
ered the candidates for dark matter particles, enters into the Lagrangian density along with
the inflaton field, but does not interact with it. By calculating the particle creation rate from
the adiabatic vacuum [28] during the transition period from inflation to reheating, it was
shown that heavy scalar particles of this kind can be effectively produced if their mass is of
the order of or less than the mass of an inflaton field.

The method of Hamiltonian diagonalization discussed in Sections 3 and 4 was also
applied in Ref. [96] to describe the creation of superheavy particles conformally coupled to
gravity in the model of quintessential inflation [97]. It was argued [96] that the subsequent
decay of these particles leads to the formation of relativistic plasma and eventually results
in the universally accepted picture of the hot universe.

Similar to the creation of particles in a nonstationary electric field, which has a con-
densed matter analogy with quasiparticles in graphene, there are the condensed matter
analogies to the particle creation in cosmology. Recently, it was found [98] that the expand-
ing Universe resembles the ultracold quantum fluid of light, where a spatial coordinate
plays the role of time. According to the authors, they observed the acoustic peaks in the
power spectrum, which is in quantitative agreement with theoretical predictions. The ob-
served spectrum was compared with that of the cosmic microwave background power
spectrum. Another possibility for the simulation of the process of particle creation in
the expanding Universe in the laboratory by means of ultra-cold atoms in Raman optical
lattices was considered in Ref. [99].

Some more recent publications devoted to the effect of particle creation in the expand-
ing Universe are reflected on in the review [100].

6. Discussion

Herein, we have considered the prediction of the Universe’s expansion made by
Alexander Friedmann a century ago that holds the greatest importance and interest today.
Particular attention has been given to the way in which this discovery was made. According
to the adduced arguments, it is not an accident that such a breakthrough result was obtained
by a mathematician. Several outstanding physicists, including the great Einstein, worked on
the same subject, but they were tied by some additional considerations of a methodological
character implying the static character of our Universe.

Quite to the contrary, Friedmann restricted himself only to the necessary minimum
assumptions, such as the homogeneity and isotropy of space, and searched for the formal
mathematical consequences following from the fundamental Einstein equations with no
prejudice. In doing so, Friedmann discovered that typical cosmological solutions of Einstein
equations describe the expanding Universe. This example shows that the mathematical
formalisms of fundamental physical theories, such as the general theory of relativity, may,
in some sense, be more clever than their creators and again raises the question raised by
Wigner about the unreasonable effectiveness of mathematics in natural sciences [25].
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The importance of Friedmann’s prediction of the Universe’s expansion is difficult to
overestimate. After a comprehensive experimental confirmation, the concept of the expand-
ing Universe laid the groundwork for the modern picture of the world. As substantiated in
Ref. [101], this fact gives grounds to include the name of Friedmann along with the names
of Ptolemy, Copernicus, and Newton, who created the scientific pictures of the Universe
accepted in previous epochs.

The expansion of the Universe leads to many outstanding consequences and one of
them, foreshadowed by Erwin Schrödinger, is the creation of particle–antiparticle pairs from
the vacuum of quantized fields. According to a comparison performed in Sections 3 and 4,
the effect of the creation of particles in the expanding Universe is mathematically analogous
to that in the nonstationary electric field in spite of quite different physical situations in
both cases.

The main results obtained in the literature on the creation of particles in the expanding
Universe by the method of Hamiltonian diagonalization and other methods show that
this effect played an important role at the very early stages of its evolution and, especially,
during the transition period between the inflationary and radiation-dominated epochs.
According to the results obtained, the effect of pair creation could also contribute to the
formation of dark matter.

7. Conclusions

To conclude, in this brief review, devoted to the one hundredth anniversary of Alexan-
der Friedmann’s prediction of the Universe’s expansion, we have considered several facts of
his biography which were helpful for making this outstanding discovery. The results pub-
lished by Friedmann in 1922 [4] and 1924 [5] were presented above with emphasis on the
role of mathematics in their obtainment. Some historical facts, including the dispute with
Albert Einstein, and further developments of the Friedmann cosmology, are elucidated.

The Universe’s expansion leads to the quantum creation from a vacuum of particle–
antiparticle pairs. This effect was discussed above in close connection with a more familiar
effect of pair creation by the nonstationary electric field. The comparison studies of these
two effects by the method of Hamiltonian diagonalization was performed and both the
similarities and distinctions between them were analyzed. Several results for the numbers of
scalar and spinor pairs created at different stages of the Universe’s evolution are presented.
Special attention was paid to the inflationary stage of the Universe’s evolution and to the
transition period to the epoch of the radiation-dominated Universe, where the effect of
particle creation was of primary importance for the formation of relativistic plasma and
cold dark matter.

By and large, the prediction of the Universe’s expansion made by Alexander Fried-
mann laid the foundation for the development of modern cosmology during the last century
and offered possibilities for the description of vacuum quantum effects in a nonstationary
space–time by the formalism of quantum field theory in the presence of external fields.
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