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Abstract: Underwater acoustic channels often have to face the interference of impulsive noise,
which is usually modeled by a-stable distribution in simulation experiments. To solve the problem
of underwater acoustic channel estimation under impulsive noise, this paper proposes a convex
combination-variable-step-size least mean p-norm algorithm. The algorithm incorporates a convex
combination into the variable-step-size least mean p-norm algorithm and uses the convex combination
of different convergence domains provided by changing the parameters of the Gaussian function
to further improve the effect after convergence. The simulation results of channel estimation show
that the convex combination—variable-step-size least mean p-norm algorithm provides a more stable,
robust, and universal solution than the variable-step-size least mean p-norm algorithm.

Keywords: adaptive filter; variable step size; convex combination; least mean p-norm; impulsive

noise; a-stable distribution

1. Introduction

In comparison to terrestrial communication, underwater acoustic communication
systems often experience greater interference due to the unique characteristics of their
environment [1]. One of the most typical sources of interference is the significant amount of
pulse noise generated by marine biological activities. Pulse interference refers to irregular
pulses or noise peaks that suddenly appear in the communication system, characterized by
their discontinuity, substantial amplitude, and short duration. Typically, pulse interference
is challenging to effectively eliminate or suppress using filters or other signal processing
techniques. This difficulty may lead to signal distortion or difficulty in signal recognition,
thereby severely impacting the reliability and accuracy of the communication system.

The significance of channel estimation lies in mitigating distortions and noise caused
by the channel in received signals, allowing for the accurate demodulation of data and
improving communication performance and spectral efficiency. There are various meth-
ods for channel estimation, primarily categorized into those based on reference signals,
blind /semi-blind methods, time-domain methods, and frequency-domain methods. Each
method has its advantages, drawbacks, and suitable scenarios, requiring selection and
design based on the characteristics of the channel and the requirements of the system.
To address more complex noise interference in channel estimation, Zhang X et al. pro-
posed a filtering gradient search method based on fractional-order derivatives and linear
pre-filtering. The rationality of the proposed algorithm has been demonstrated [2]. In
order to enhance the system’s robustness under pulse interference conditions, Zhu Y et al.
employed the correlation entropy as a cost function to reduce the system’s sensitivity to
pulse interference [3].

Many researchers have integrated deep learning with signal recognition and process-
ing, and empirical evidence has demonstrated the remarkable effectiveness of deep learning
in the field of signal processing [4—6]. However, deep learning technologies impose high
demands on experimental infrastructure, such as a high-quality graphics processing unit,
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making them inconvenient for use in certain specific scenarios. Therefore, this paper opts
for adaptive filtering to process signals.

The most important thing for adaptive algorithms is to choose a cost function, and the
least mean square (LMS) algorithm enjoys widespread adoption in engineering applica-
tions, this algorithm is favored for its straightforwardness and straightforward implementa-
tion [7]. However, using the second-order statistics of the error as the cost function performs
poorly in non-Gaussian noise environments and often requires combining other methods to
achieve better robustness in practical scenarios with impulsive noise [8-10]. There are many
marine organisms, such as snapping shrimp, that can emit impulsive noise [11], which
causes underwater acoustic channels to be frequently affected by impulsive noise. To make
adaptive algorithms more robust under impulsive noise conditions, the least mean p-power
(LMP) algorithm is often used to replace the least mean square algorithm [12-14]. Xiong K
et al., aiming to improve the robustness of adaptive algorithms in the presence of non-linear
interference, utilized the minimum average p-norm as a replacement for the traditional
minimum mean square error algorithm to upgrade the algorithm. In their paper’s appendix,
they provided a comparison of the algorithm’s excess mean square error and mean square
deviation (MSD), demonstrating the algorithm’s steady-state performance [15]. Therefore,
this paper uses the LMP as the cost function when facing underwater acoustic channels
with a lot of non-Gaussian noise.

The variable-step-size algorithm enables the filter to dynamically adjust the step size
in response to variations in the error signal; by doing so, it effectively resolves the trade-off
between the convergence rate and the quality of convergence, thereby enhancing the algo-
rithm’s overall performance [16-18]. Therefore, this paper adopts the variable-step-size
least mean p-norm (VSS-LMP) algorithm to implement the estimation of the underwater
acoustic channel. However, the traditional variable-step-size algorithm determines the
most suitable convergence domain when the variable step-size formula is determined,
and the performance often declines when the channel model is changed. Facing different
underwater acoustic channels, it is generally necessary to adjust the parameters of the
variable-step-size formula to make the algorithm achieve a more satisfactory effect. There-
fore, this paper hopes to build a universal algorithm that can achieve a satisfactory effect
without adjusting the parameters when facing different channel environments.

The convex combination idea is generally used to balance the advantages and disad-
vantages of two algorithms. Shi L et al. utilized the maximum correlation entropy criterion
when combating pulse interference. To overcome the contradiction between convergence
speed and the steady-state mean square, the convex combination concept was employed,
leading to a significant improvement in the algorithm’s robustness against pulse noise
after the modification [19]. In order to reduce the impact of algorithm parameters on the
overall performance, Zhang Y et al. employed the convex combination concept to combine
minimum mean square error filters with different parameters. By comparing the excess
mean square error in the results, it was observed that the improved algorithm exhibited a
noticeable enhancement in performance [20]. In order to address the contradiction between
the convergence speed and steady-state error of adaptive filters, Ferrer et al. resolved this
issue by convexly combining two different types of minimum mean square error algorithms.
They experimentally validated the algorithm’s performance under both steady-state and
non-steady-state conditions. The study demonstrated that convex combination could ef-
fectively enhance the algorithm’s performance [21]. Based on this, this paper proposes a
convex combination—-variable-step-size least mean p-norm (CCVSS-LMP) algorithm, which
combines two variable-step-size adaptive algorithms with different convergence domains,
so that the overall algorithm can achieve better convergence effects without adjusting the
parameters when facing different channels. In Section 3 of this paper, the convergence effect
of the algorithm is tested, and by comparing the performance of the algorithm in different
scenarios, it is found that the proposed algorithm can achieve a relatively ideal convergence
effect without changing the parameters when facing different channel environments.
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2. CCVSS-LMP Algorithm

Figure 1 shows the system model of the CCVSS-LMP algorithm, where w;(n) and
wy(n) are two independent least mean p-norm filters, which jointly estimate the unknown
channel wy. In the two filters set in this paper, the update magnitude of w; (n) is larger than
that of w (n).
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Figure 1. System model of the proposed algorithm.

d(n) is the desired signal, as shown in Equation (1), where wo? is the transpose of wy,
d(n) = ng(n) +v(n) 1)

The input signal x(n) is as shown in Equation (2), where M is the system length, which
refers to the filter length in this paper.

x(1) = [Xn, X1, Xn_pir1)” 2)

The errors of the two filters wj (1) and w;(n) are e (1) and ep(n), respectively, and the
errors are obtained by Equation (3):

ej(n) = d(n) —w! (n)x(n),i =1,2 (3)
The weight of the whole system w(1n) can be seen as Equation (4):
w(n) = Aywi(n) + (1 — Ay)wy(n) 4)

In Equation (4), A, is a scalar between 0 and 1, and the idea is that if A, is given a
suitable value each time, the combination will extract the sum of the best attributes of each
filter [22]. Since a large step size is needed at the beginning, the initial value of A is set to 1.
And the update formula of A, is as shown in Equation (5), where 6, is the change factor of
the A, update formula, which is used to adjust the degree of change each time.

1, Anp1>1
A1 = An +0x(e2(n) —er1(n))e(n), 0<Au41 <0 (5)
0/ 0 S )\n+1

Relative to the weight of the whole system w(n), the error of the whole system e(n) is
as shown in Equation (6):
e(n) =d(n) —w'x(n) (6)
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By substituting Equations (3) and (4) into Equation (6), the simplified system error e(n)
and the relationship between the errors of the two filters e; (1) and ex(n) are as shown in
Equation (7):

e(n) = Ayer(n) + (1 — Ay)ex(n) (7)

To reflect the effect of variable step size, wq () and wy (1) adopt the deformed Gaussian
function to update the step size [23]. Compared with other step-size update formulas, the
deformed Gaussian function has the characteristics of simplicity and efficiency, as shown
in Equation (8):

2 _ 2
f(x) = afx7ePH ®)

The method frequently employed for forecasting future values is the weighted moving
average [24]. To make full use of the correlation between step sizes, this paper employs the
moving average technique to adjust the step size and combines the deformed Gaussian

function proposed in Equation (8) to obtain the step-size update formulas y1 and p; for the
filters w1 (n) and w;(n), as shown in Equation (9):

pilei(n+1)) = Bipi(e;(n)) + (1 — 0)aze;(n +1)e Peit+D) i =12 9)

where 01 and 0, are independent smoothing factors, which are used to maintain the stability
of the algorithm.
The weight update formulas of w; (1) and wy(n) are as shown in Equation (10).

wi(n+1) = w;(n) + pie;(n))]e;(n)|"2e;(n)x(n),i = 1,2 (10)

In Equation (10), p is the algorithm norm of LMP.
The algorithm flow of the proposed CCVSS-LMP algorithm is shown in Table 1.

Table 1. The algorithm flow of CCVSS-LMP.

Proposed CCVSS-LMP algorithm

Initialize .
wy(n )—wz( )=20
d(n) = wgx(n) +o(n)
Start the calculation
Iterate for n > k
ei(n) =d(n) —w] (n)x(n),i=1,2
w(n) = A(m)wy (n) + (1= A(n))wa(n)
pilei(n+1)) = Oipiei(n)) + (1—9)ael(”+1)€’ﬁ'“"("“),i=1,2
(1) = ;) + e () e (n) P Ze; (m)x(m), i = 1,2
A(n+1) = A(n) +6x(e2(n) —e1(n))(A(n)er(n) + (1 — A(n))ez(n))
A(n+1) = max(0, min(1,A(n+1)))
Finish

3. Simulation Analysis of the Proposed Algorithm

To verify the performance of the algorithm, the filter length is set to 256, and the
sampling number is 8 x 10%. To verify the robustness of the algorithm when the channel
changes abruptly, the channel changes at 4 x 10%, and the change effect is achieved by
inverting the channel in this experiment. The normalized mean square deviation (NMSD)
curve is used to measure the performance of the algorithm in this paper [25], which reflects
the error between the filter estimate and the actual channel and can intuitively show the
convergence effect of the algorithm. The expression is as shown in Equation (11).

2
NMSD = 10log;, lWOHwH(zn)H] (11)
wo
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The a-stable distribution model is an extension of the Gaussian distribution, applicable
to an infinite number of independent and identically distributed random variables with
potentially infinite variance; their sum will tend to a stable distribution, which is suitable
for modeling the impulsive noise that occurs in underwater acoustic channels [12,26]. The
most prominent feature of the a-stable distribution is that the probability distribution
function has a heavy tail, and the characteristic function is defined as Equation (12).

¢(t) = exp{jat — 7|t|*[1 + jpsgn(t)w(t,a)] } (12)

In Equation (12), w(t, «) is defined as in Equation (13), where « is the characteristic
exponent, and the range of values is (0,2].

_ [tan(am)/2, a #1
it e) = {(z/n) log|t| & = 1 {13)

In Equation (12), the sign function sgn(t) is defined as in Equation (14):

1, t>0
sgn(t) =140, t=0 (14)
-1, t<0

Since the second-order statistics no longer converge under a-stable distribution noise,
the traditional signal-noise ratio function will lose its meaning under a-stable distribution
noise. In order to assess the signal-noise ratio (SNR) of useful signals and pulse noise
effectively, it is imperative to employ new methodologies [27]. This paper employs the
generalized signal-noise ratio (Formula (15)) in evaluating the system’s signal-noise ratio.

SNR = 10log (052 /7) (15)

In Equation (15), s> denotes the variance of x(1), and - denotes the scale parameter
of the impulsive noise in Equation (12).

3.1. Analysis of Algorithm Parameters

Some parameters are used in this paper, among which the most important one is the
selection of the deformed Gaussian function in Equation (8). The Gaussian function is an
even function, so only the positive half-axis is considered in the analysis. The function is a
unimodal function, and it has output only at the peak position and zero at other positions.
Therefore, the algorithm can update its step size and other parameters according to the
error only in the peak region, which is the best convergence region of the function. The
selection of the variable-step-size parameters a and f in the deformed Gaussian function
determines the best convergence region of the Gaussian function. In this paper, the effects
of different values of « and 8 on Equation (8) are compared respectively under the initial
values of & = 0.0006 and B = 0.004, as shown in Figures 2 and 3.

As shown in Figure 2, the output increases with an increase in « for the same input,
which means that the filter can provide larger feedback for the same error input. We hope
that the algorithm can produce fast feedback to the error in the initial stage of the filter.
Since wy(n) has a faster update speed by default in this paper, the setting of « for w (1)
should be larger than that for w;(n).

As shown in Figure 3, the output decreases with an increase in f for the same input,
and the input corresponding to the output peak also decreases continuously, which means
that only small input can affect the output. In order to make w,(1) have a smaller step-size
update and achieve a better steady-state effect, the setting of 5 for w,(n) should be larger
than that for wq(n).
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Figure 2. The values of the deformation function under different «.
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Figure 3. The values of the deformation function under different 8.

Due to the faster step-size update of the filter w; (1) than that of wy(n), 81 should be
smaller than 6,. Through extensive experiments, we found that the ideal effect can be
obtained when 6 is between 0.8 and 0.9 and 6, is between 0.9 and 1.0. In the experiments
of this paper, the smoothing factors are set as 8; = 0.85 and 6, = 0.98.

3.2. Simulation Channel Analysis and Analysis of Parameters of the Algorithm

This paper first analyzes the unknown system using simulation. The channel and
the two filters wq(n) and wy(n) of the unknown system follow a Gaussian distribution
with zero mean and unit variance. The parameters of the experiment are set as follows:
a1 = 0.00059, B = 0.0049, ap = 0.00032, B, = 0.0049, 6, = 0.0004, p = 1.15, and a-stable
distribution parameters & = 1.45 and o = 0.039. The impulse noise image is shown in
Figure 4; noise signals are introduced into the adaptive algorithm in an additive manner,
and v(n) in Equation (1) represents the impulse noise added to the system. The performance
comparison of CCVSS-LMP and pre-combination algorithm are shown in Figure 5.
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Figure 4. Image of impulse noise in the system.
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Figure 5. Performance comparison of CCVSS-LMP and pre-combination algorithm.

In Figure 5, LMP1 and LMP2 are independent algorithms before convex combination,
where LMP1 and w; (1) have the same parameter settings, and LMP2 and w;(n) have the
same parameter settings. Through simulation experiments, it can be found that under
the same number of iterations, the performance of the proposed CCVSS-LMP algorithm
is significantly better than that of the improved algorithm, and it can still maintain the
convergence effect of the original algorithm after the system undergoes mutation.

Figure 6 shows the curve of the change in A;, and it can be seen that A, starts from 1
initially and always shows a downward trend with a change in the number of iterations and
can still continue to maintain the downward trend from 1 to 0 after the system undergoes
mutation, which is consistent with the expectation for A;.
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Iteration x10%

Figure 6. The variation curve of A, parameter value.

In order to balance each experiment and ensure that the experimental results are
not affected by some special cases, 100 independent Monte Carlo simulations are used
to compare the algorithms, and the average values of NMSD and A, are obtained at the
end [28]. The simulation results are shown in Figures 7 and 8. From Figure 7, it can be seen
that after excluding the interference of accidental situations, the proposed algorithm still
outperforms the improved algorithm. From Figure 8, it can be seen that as the algorithm
iterates, A, can always drop to a value close to 0, which is consistent with the overall
expectation for the algorithm.

10 T T T T T T T
LMP1
5l LMP2
proposed

NMSD(dB)

30 . . . . . .

Iteration x10%

Figure 7. Comparison of algorithms based on Monte Carlo simulation.

The same parameters may not be suitable for all algorithms, and it is easier to compare
the advantages of the proposed algorithm by comparing it with the improved-parameter
algorithm [29]. Under the same simulation conditions, it is compared with the VSS-LMP,
the LMS, and the convex combination—-least mean square (CC-LMS) algorithm, where the
step size of LMS is set to 0.005, the step size of CC-LMS is set to 0.001 and 0.0001, and the «,
B, and 6 of VSS-LMP are set to 0.0006, 0.004, and 0.98, respectively, and Figure 9 is obtained.
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Figure 8. A, value variation curve based on Monte Carlo simulation.
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Figure 9. Comparison of different algorithms in simulation channel.

By analyzing Figure 9, it can be found that under the same simulation environment,
the proposed algorithm can obtain faster convergence speed and lower error after con-
vergence than the ordinary VSS-LMP algorithm by convex combination. By comparing
with the LMS and CC-LMS algorithms, it can be observed that the least mean squares
(LMS) algorithm exhibits suboptimal performance in the context of an underwater acoustic
channel, particularly in the presence of impulse interference. Even if the LMS algorithm
is improved by the convex combination method, it is still difficult to achieve an ideal
convergence effect. And the proposed algorithm has a significant bending curvature when
the iteration number reaches approximately 42,900 after the channel undergoes mutation,
which is consistent with the effect shown in other convex combination algorithms.

To further compare the impact of algorithm parameters on the convergence effect, we
conducted an ablation study on the proposed CCVSS-LMP algorithm. Contrasting the
algorithm under different parameter settings allows for an intuitive demonstration of the
roles played by these parameters in the algorithm.

In this paper, we first compared the impact of different values of 6 on the algorithm,
as illustrated in Figures 10 and 11.



Electronics 2024, 13, 758 10 of 17

10 : : :
——61=0.800
——61=0.850
61 =0.900
0 ——61=0.950| |
- 91 =1.000
m
S
a_
3 -10
=
Z
20\
-30 : : :
0 2 4 6 8
Iteration x10%

Figure 10. The impact of the value of 6; on the algorithm.
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Figure 11. The impact of the value of 6, on the algorithm.

Analysis of Figure 10 reveals that 61 has a relatively minor impact on the algorithm,
primarily affecting the computational iterations required for the convergence inflection
point of the convex combination, with little influence on the final steady-state convergence
effect. Analysis of Figure 11 indicates that 6, primarily affects the steady-state error reached
after convergence. When 6, is less than 1, the steady-state error gradually decreases with
an increase in 0; in the algorithm.

By analyzing Figures 12 and 13, it is observed that with a gradual increase in a1, at a
low number of iterations, lower NMSD can be achieved at the same iteration count, but
the arrival time of the inflection point becomes earlier. Similarly, for f1, it also affects
the algorithm’s early-stage convergence speed. Both a1 and B influence the early-stage
convergence speed, while their impact on the final convergence error can be neglected.
This aligns with the design intention of filter w; to enhance the convergence speed.



Electronics 2024, 13, 758

11 of 17

10 :
a1 =0.00030
a1 =0.00040
a1 =0.00050

0 a1 =0.00060 |
- a1 =0.00070
o
S
a _
3 -10
=
Z
-20
-30 : ' :
0 2 4 6 8
Iteration x10%

Figure 12. The impact of the value of &1 on the algorithm.
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Figure 13. The impact of the value of B; on the algorithm.

Through the analysis of Figure 14, it is observed that as the parameter a; decreases,
the steady-state error after algorithm convergence increases. Analyzing Figure 15 reveals
that with a decrease in parameter f,, the NMSD after reaching steady-state becomes larger.
At By = 0.009, when facing channel mutations, the algorithm exhibits suboptimal early-
stage convergence (spikes appearing between iterations 42,000—44,000). Therefore, the
value of 5, should not be excessively large. Comparing Figures 14 and 15, it can be seen
that the impact of a; and B, values on early-stage convergence speed is not significant;
the inflection points of the algorithm occur almost at the same iteration count. However,
there is a significant correlation between these parameters and the steady-state error after
algorithm convergence, aligning with the original intent of designing filter w, to enhance
the overall reliability of the algorithm.
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Figure 14. The impact of the value of &, on the algorithm.
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Figure 15. The impact of the value of B, on the algorithm.

3.3. Real Channel Analysis

To investigate the efficacy of the CCVSS-LMP algorithm in an authentic underwater
acoustic channel, this section compares the proposed algorithm with an actual channel.
Under impulse interference, this section uses the measured impulse response of a channel in
the Norwegian sea area at a certain moment as the weight vector wy for identification [30]
and simulates the estimation performance of each algorithm, where the parameters of
the proposed algorithm are consistent with those in the simulation channel experiment.
Figure 16 shows the impulse response of the authentic underwater acoustic channel.

Figure 17 shows the performance of the CCVSS-LMP algorithm and the improved
algorithm in the authentic underwater acoustic channel, where LMP1 and LMP2 are the two
algorithms before convex combination under the same parameters. Comparing Figure 17, it
can be found that the proposed CCVSS-LMP algorithm can greatly improve the convergence
effect of the algorithm in the authentic underwater acoustic channel environment by the
convex combination improvement.
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Figure 16. Impulse response of authentic underwater acoustic channel.
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Figure 17. Comparison of the algorithm before and after the improvement in the authentic channel.

The above comparison only compares the convergence effects of filters with the same
parameters. To further assess the proposed algorithm, it is compared with alternative
algorithms in the authentic channel environment, where the step size of CC-LMS is reduced
to 0.0008 and 0.00001 to improve the effect after convergence, as shown in Figure 18.

By analyzing Figure 18, it can be found that CCVSS-LMP still has faster convergence
speed and smaller error after convergence in the real channel environment, facing
impulse interference. When the step size is further reduced, CC-LMS still has difficulty
in obtaining the ideal convergence effect in the authentic underwater environment under
impulsive interference.

By increasing the SNR from 15 dB to 25 dB, Figure 19 was obtained. Through the
analysis of Figure 19, it can be observed that with the improvement in SNR, the steady-state
error achieved by the algorithm after convergence further decreases. Under the same
number of iterations, the proposed algorithm consistently achieves lower steady-state
errors after convergence.
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Figure 18. Comparison of the proposed algorithm with other algorithms in real channels.
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Figure 19. Comparison of the algorithms at a SNR of 25 dB in real channel.

3.4. Measured Channel Analysis

In order to study the performance of the proposed algorithm in different underwa-
ter acoustic channels, we measured the channel information of a reservoir in Zhenjiang.
Figure 20 shows the measured impulse response of the underwater acoustic channel of the
reservoir. The parameters of CCVSS-LMP remain unchanged. The step size of LMS is set to
0.004, the step size of CC-LMS is set to 0.004 and 0.0001, and the &, B, and 6 of VSS-LMP are
set to 0.00045, 0.001, and 0.98 respectively. The comparison results are shown in Figure 21.

As shown in Figure 21, the proposed algorithm can achieve good convergence per-
formance in different channel environments, and compared with other algorithms, the
proposed algorithm does not need to modify the parameters to achieve a good convergence
effect. Due to the impact of impulsive noise, the LMS algorithm and the CC-LMS algorithm
still cannot obtain an ideal convergence effect in the new underwater acoustic channel.

In the practical measurement of the channel, we obtain Figure 22 by increasing the
signal-noise ratio (SNR) from 15 dB to 25 dB. Through the analysis of Figure 22, it can
be observed that with an improvement in SNR, the NMSD after the convergence of the
algorithm decreases by approximately 24 dB. Furthermore, the proposed CCVSS-LMP
algorithm still exhibits faster convergence speed and better convergence performance.
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Electronics 2024, 13, 758 16 of 17

4. Conclusions

In this paper, in the background of using a-stable noise as impulse interference, in
order to further improve the convergence effect of an existing algorithm for an underwater
acoustic channel, based on the variable VSS-LMP algorithm, the convex combination is used
to improve it, and two sub-filters with different convergence domains are combined; hence,
a novel algorithm is introduced, namely the convex combination—variable-step-size least
mean p-norm algorithm, designed to exhibit resilience against impulsive noise. Through
experiments in a simulation channel, a real channel, and a measured channel, it can be found
that CCVSS-LMP demonstrates accelerated convergence and diminished steady-state error
when facing impulsive noise and can achieve a better convergence effect than VSS-LMP
in different environments without the need to modify the parameters. In summary, the
proposed algorithm in this paper has better stability, robustness, and universality.
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Abbreviations

Many abbreviations are quoted in the paper, and their meanings are explained here.

Abbreviation Full Name

LMS least mean square
LMP least mean p-power
VSS-LMP variable-step-size least mean p-power
CCVSS-LMP  convex combination—variable-step-size least mean p-norm
NMSD normalized mean square deviation
CC-LMS convex combination-least mean square
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