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Abstract: Orthogonal frequency division multiplexing (OFDM) inherits multi-carrier systems’ in-
evitable high peak-to-average power ratio (PAPR) problem. In this paper, a novel alternating com-
panding technique is proposed to combat the harassment of high PAPR. The sequential µ-law
companding (SULC) and a tone with a lower PAPR result in only partial tones needing companding.
The SULC scheme’s PAPR and bit error rate (BER) performance has been balanced and improved.
However, the computational complexity is still too high to be implemented. Therefore, this study
sorted the transmission signals according to their amplitudes. Then, all the tones are divided into
two groups by estimating the rough companding amount (around 54% of the subcarriers), using
traditional parallel companding for the first group and the other group only by partial µ-law com-
panding. This alternating µ-law companding (AULC) is proposed to improve the PAPR performance
and simultaneously reduce complexity. Simulation results show that the proposed AULC method
appreciably reduces the PAPR by about 5 dB (around 45%) compared with the original µ-law at
complementary cumulative distribution function (CCDF) equal to 10−4. Moreover, it only requires
a moderate complexity to outperform the other companding schemes without sacrificing the BER
performance in the OFDM systems.

Keywords: orthogonal frequency division multiplexing (OFDM); peak-to-average power ratio (PAPR);
sequential µ-law companding (SULC); alternating µ-law companding (AULC); complementary
cumulative distribution function (CCDF)

1. Introduction

Since the development of wireless communication systems, human needs for increased
convenience and improved daily life have increased significantly from voice messages to
multimedia. This has also made the Internet of Things (IoT) [1–3], industrial automation, and
telemedicine popular research areas. Of course, they need efficient power control, massive
data transmission, increasing connection numbers, high spectral efficiency demands, and other
requirements. Therefore, it is highly urgent to increase the data emitted and transmission
quality and improve spectrum utilization efficiency; simultaneously, IoTs have become one of
the critical developments in fifth-generation (5G) wireless communications [4,5].

In light of this, it is inevitable to evolve from single-carrier to multi-carrier
technology [6]. Also, among multi-carrier technologies, orthogonal frequency division
multiplexing (OFDM) possesses the characteristic of overlapping and mutually orthogonal
subcarriers, thereby enhancing spectral efficiency (SE), prompting the robustness of resis-
tance against multipath interference and inter-symbol interference (ISI) [7], and OFDM has
been the most popular and mature vital technology in advanced wireless communication
systems [8–11]. Unfortunately, OFDM bears the inherent nature of a multi-carrier system;
therefore, the issue of peak-to-average power ratio (PAPR) is inevitable. Higher PAPR can
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lead to nonlinear distortion when transmitting signals through amplifiers. Thus, pursuing
an effective method to reduce PAPR and complexity without sacrificing bit error rate (BER)
performance in OFDM systems has become an urgent research issue.

At present, many various well-known techniques have been put forward to reduce PAPR
in OFDM systems [12–14], such as clipping, nonlinear companding transform (NCT), partial
transmit sequence (PTS), selective mapping (SLM), tone injection (TI), tone reservation (TR),
etc. Among these techniques, clipping [15,16] is the simplest; however, the clipped signal is
prone to clipping noise, and the threshold value of clipping is challenging to select and store,
resulting in a significant drop in BER performance [17]. In terms of PTS technology [18–21],
after dividing the frequency domain signal into clusters, each cluster is through an inverse fast
Fourier transform (IFFT) and is multiplied by a rotation factor to change its phase. Then, all
the clusters are summed up and combined into an output signal. To find the optimal PAPR
signal, the rotation factor will be chosen through a massive search. What is more troublesome
is that the PTS technology suffers from a fatal drawback that makes it difficult to recover the
signal at the receiver. While the SLM scheme [22–25] multiplies the frequency domain signals
by different rotation factor vectors and produces multiple candidate signals through IFFT, the
minimum PAPR signal is selected for transmission. In TI technology [26,27], various expansion
methods embed the extra constellation points to the original constellation. This provides more
choices and diversity for each signal, thereby mapping the constellation signals to the equivalent
locations in the constellation and achieving the objective of reducing PAPR. As for the traditional
TR method [28–30], this method selects the appropriate peak countervail signal according to
different lengths and positions and then blends it into the transmission signal to reduce PAPR.

There are two standard methods for nonlinear companding transform schemes: µ-law
and A-law [31]. This article will specifically focus on the µ-law method. In [31], Proakis
et al. described the principle of companding, which involves compressing the larger
signals at the transmission end to reduce the signal’s dynamic range. At the receiving
end, expansion is employed to restore the signal. Furthermore, Proakis and others also
proposed the µ-law companding equation, which aims to reduce PAPR by compressing
large-amplitude signals and enhancing small-amplitude signals. In addition, Wang et al.
proposed a similar µ-law companding formula [32]. This companding method amplifies
small-amplitude signals while large-amplitude signals remain unchanged. It improves the
companding performance compared to the µ-law companding transform proposed in [31],
effectively reducing more PAPR but sacrificing more BER performance. For convenience,
in further discussion, we will refer to the µ-law companding scheme proposed in [31]
as the original µ-law companding method and the µ-law companding scheme proposed
in [32] as the modified µ-law companding method. Moreover, the improved two-µs
companding (ITM) [33] proposed by Nazar Ali et al. is based on the algorithm extended
by modified µ-law [32,34,35]. Through two different µ parameters, normalized factor K,
and appropriate threshold points, it can obtain better PAPR performance than the modified
µ-law. Also, Malini et al. use the ITM algorithm to add the discrete cosine transform
(DCT) operation [36], resulting in better PAPR reduction than ITM. Unfortunately, the BER
performance of these two methods can be expected to drop significantly under high-order
modulation, making them difficult to apply in environments with high data transmission
volumes. Additionally, Ramtej et al. proposed an improvement scheme in [37] based on
the modified µ-law. This scheme achieves the purpose of maintaining average power
through the proposed companding equation. However, they cannot meet reduced PAPR,
small BER, and suitable complexity simultaneously. Moreover, not much literature discusses the
µ parameter. Therefore, we define an efficiently balanced parameter, η, to pre-estimate a more
appropriate µ value and use the SULC scheme to overcome the above issues. Furthermore, we
simultaneously proposed a novel AULC scheme to reduce the complexity and maintain BER
performance compared to the SULC.

Under conducting a trade-off between PAPR and BER, we utilize the Monte Carlo
method to analyze the impact of µ parameter values on performance through probability
and statistics estimate procedures. By this, we choose the optimal µ parameter and apply it
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to this research methodology. Next, we sequentially compand the transmitted signal and
compare it with the original OFDM signal to pick that with a lower PAPR for transmission.
The AULC scheme sorts the transmission signals according to their amplitudes, estimates
the rough companding amount through Monte Carlo, processes parallel companding
the same as the original µ-law by the estimated proportion and then performs partial
companding on the remaining components, which can further reduce the complexity.
In other words, it divides the total tones into two groups and uses traditional parallel
companding for the first group and partial SULC for the second group to reduce complexity
and refine PAPR performance. It is worth noting that this study applies side information to
the receiver to maintain BER performance. Although the side information may increase the
transmission bandwidth required, this effect should be alleviated through data compression,
which is beyond the scope of this article.

The rest of this paper is organized as follows. In Section 2, we introduce the system
model. Section 3 reviews previous well-known techniques. Section 4 illustrates our pro-
posed methods. Section 5 analyzes the simulation results and complexity to validate and
discuss comparing our proposed schemes with other previous works. Finally, Section 6 con-
cludes the article.

2. System Model

In this paper, uppercase and lowercase symbols denote the signal of the frequency
domain and time domain, respectively. Also, the boldface indicates vectors.

2.1. Orthogonal Frequency Division Multiplexing (OFDM) Systems

Figure 1 shows the basic architecture of the OFDM systems. First, the input data are
modulated by quadrature amplitude modulation (QAM); then, serial signals are generated
and converted into parallel signals X = [X0, X1, . . . , XN−1]

T . Turning X into an OFDM
signal x = [x0, x1, . . . , xN−1]

T by IFFT, the nth tone of x can be denoted by [6]:

x[n] =
1√
N

N−1

∑
k=0

X[k]e
j
2πkn

N , 0 ≤ n ≤ N − 1, (1)

where X[k] is the kth tone of the QAM signal, and N denotes the number of subcarriers.
Finally, the parallel OFDM signals are transformed into serial and transmitted through

a digital-to-analog converter (D/A converter) and a high-power amplifier (HPA) into the
channel with additive white Gaussian noise (AWGN) that conforms independent and
identically distributed (i.i.d.). Next, we generate the output signal r as

r = Hxh + n, (2)

where H is the channel matrix, xh is the signal after passing through HPA, and n is the
noise. Then, the signal r is sequentially restored to the original signal at the receiving
end by the analog-to-digital converter (A/D converter), fast Fourier transform (FFT), and
QAM de-modulator.

Figure 1. The basic architecture block diagram of OFDM systems.
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2.2. Peak-to-Average Power Ratio (PAPR) Definition

The PAPR of an OFDM signal is defined as the ratio of the maximum peak power to
the average power, which the following function can express [6]:

PAPR =

max
0≤n≤N−1

[
|x[n]|2

]
E[|x|2] , (3)

where max[·] and E[·] denote the largest value in a certain range and the expectation
operator, respectively.

The performance of PAPR reduction techniques is generally evaluated using the com-
plementary cumulative distribution function (CCDF). CCDF is defined as the probability
of PAPR exceeding the α. This paper uses the following formula to evaluate PAPR [38]:

CCDF = P(PAPR > α) = 1 − (1 − e−α)N , (4)

α is the threshold.

3. Related Work

In this section, we will briefly introduce and discuss original µ-law companding to
enhance the article’s readability and speed understanding.

As shown in Figure 2, it applies an µ-law companding algorithm to the OFDM systems.
Using the OFDM signal through the µ-law algorithm to reduce PAPR, we can present by
y as below [31]:

y = sgn(x)
log(1 + µ|x|)
log (1 + µ)

, (5)

where x is the OFDM signal, µ is a positive number, and sgn(·) is a sign function, as shown
in Figure 3, that can be defined as

sgn(x) =


x
|x| x ̸= 0

0 x = 0
. (6)

Figure 2. The block diagram of µ-law companding used in OFDM systems.

Thus, we can turn Equation (5) to another form as

y =
x
|x| ·

log(1 + µ|x|)
log(1 + µ)

, (7)

then, moving the item x to the left side of Equation (7), we can obtain the ratio between y and x as

y
x
=

1
|x| ·

log(1 + µ|x|)
log(1 + µ)

. (8)

To make the equation easy to read, we denote
y[n]
x[n]

as λ. Next, we will consider

x[n] ≥ 0 and discuss three cases, such as λ = 1, λ > 1, and λ < 1.
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Figure 3. Sign function with complex input.

case 1. λ = 1:

Because λ is equal to 1, we can infer that |x[n]| is identical to
log(1 + µ|x[n]|)

log(1 + µ)
. Then,

we will obtain the identity equation as follows:

log(1 + µ|x[n]|)
log(1 + µ)

= |x[n]|. (9)

Now, we use a graphical method to find the x[n] solution in Equation (9), as shown in
Figure 4. No matter how µ changes, we can see that x[n] = 1 as λ is 1.

case 2. λ > 1:

In terms of λ > 1,
1

|x[n]| ·
log(1+ µ|x[n]|)

log(1+ µ)
> 1, then Equation (9) can be rewritten as

log(1 + µ|x[n]|)
log(1 + µ)

> |x[n]|. (10)

Similar to case 1, from Figure 4, we can find the interval of x[n] that satisfies the
inequality Equation (10). Therefore, when λ > 1 , the x[n] will be expressed as

0 < x[n] < 1. (11)

case 3. λ < 1:

Finally, when λ < 1, the inequality Equation (10) will become
1

|x[n]| ·

log(1 + µ|x[n]|)
log(1 + µ)

< 1, which is equivalent to:

log(1 + µ|x[n]|)
log(1 + µ)

< |x[n]|. (12)

Looking at Figure 4 again, Equation (12) can be satisfied as long as x[n] > 1. Hence,
when λ < 1, then we will obtain the following:

x[n] > 1. (13)

As to the above investigation, for x[n] < 0 , we can infer that when λ = 1:

x[n] = −1, (14)

λ > 1:

−1 < x[n] < 0, (15)

λ < 1:
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x[n] < −1. (16)

From the above-mentioned, we can see that when x[n]’s absolute value is less than 1, the
µ-law equation will expand signals. On the contrary, the equation will compress signals.

Figure 4. Discuss the relationship between |x[n]| and
log(1 + µ|x[n]|)

log(1 + µ)
with different µ.

As for the receiving end, the signal can be recovered using the following function:

ỹ = sgn(r)
(1 + µ)|r| − 1

µ
, (17)

where ỹ is the signal of the inverse of µ-law, and r is the received signal through the channel.
It is worth mentioning that the original µ-law scheme is a vector-based parallel
companding method.

4. Proposed Scheme

Behind understanding the characteristics of the original µ-law, as it applies to reduce
the PAPR, we know that the µ parameter will affect the performance of PAPR and BER
simultaneously. Hence, the choice of µ parameter is an essential issue. As the µ increases,
PAPR will decrease, but the BER performance will be sacrificed. Therefore, we referred to
a possessive selectivity scheme with a component-wise mechanic to alleviate the conflict
between PAPR and BER in the original vector-based parallel µ-law method. We name it the
SULC scheme. Although this scheme’s PAPR and BER performance is well balanced and
improved, its complexity still has room for improvement. Therefore, we proposed a novel
AULC scheme to reduce the complexity further.

For a while now, there has been no precise rule for selecting the value of the µ pa-
rameter in the µ-law companding schemes. To obtain a reasonable µ parameter estimate
for PAPR and BER performance balancing, we utilize the Monte Carlo method and the
numerical analysis of the proposed approach to arrive. Moreover, it is proved by exper-
iments that our proposed schemes can reduce the PAPR significantly and maintain the
performance of BER at a small and wise choice µ parameter value. In this study, we made a
trade-off between PAPR and BER; then, we chose the optimal value of the µ parameter as 3
and applied it to our experiments in this article. Furthermore, we define a more obvious
balance parameter, η, to evaluate and verify this best choice. The following will describe
the SULC and the proposed AULC algorithms.
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4.1. Sequential µ-Law Companding Method (SULC)

Herein, we will describe the SULC methodology and outline the procedural steps in
Algorithm 1. These consist of two stages.

In the first stage: (initial stage)

Initially, assign the input signal x to x′ by the following method:

x′ = [x0, x1, . . . , xN−1], (18)

where x = [x0, x1, . . . , xN−1] is the OFDM signal. Next, set the index value n to zero and
assign the 0 to the position vector p, which is utilized for auxiliary purposes to signal
recovery at the receiver end.

Following this step, compute the PAPR for x and denote it by PAPRx, representing the
initial PAPR value.

In the second stage:

We were first performing µ-law companding to x[n] individually, and then the result
was updated to the corresponding x′[n] within x′. Following this, compute the PAPR of
x′ and denote by PAPRx′ . Compare PAPRx′ with PAPRx. If PAPRx′ is lower than PAPRx,
then refresh the position flag component p[n] to 1 and update the value of PAPRx to
PAPRx′ . Conversely, if PAPRx′ is not lower than PAPRx, recover x′[n] to its state before
performing µ-law companding until all tone components, x[n], have been through the
µ-law companding evaluation process to accept or reject individually. In other words, we
perform companding selectively, not all of them unconditionally. Finally, assign the x′

values to ySULC, which is equivalent to the output signal generated by the SULC. In other
words, ySULC denotes the transmitted signal that has reduced the PAPR.

Algorithm 1 The SULC algorithm
The first stage: (initial stage)
Step 1 Set x′ := x , n := 0 and position vector p := 0.
Step 2 Compute the PAPR of x, denoted as PAPRx.
The second stage:
Step 1 For n = 0 : N − 1

x′[n] = sgn(x[n])
log(1 + µ|x[n]|)

log(1 + µ)
Compute the PAPR of x′, denoted as PAPRx′

If PAPRx′ < PAPRx then
Set p[n] to 1
Updata PAPRx to PAPRx′

Else
Recover x′[n] from x[n]

End If
End For

Step 2 Set ySULC := x′

4.2. Proposed Alternating µ-Law Companding Method (AULC)

Although an excellent PAPR performance can be achieved by companding each tone
in the SULC method, the complexity is not as fine as expected. Since not every tone requires
companding and comparing, only partial tone component-wise companding is enough to
achieve the same performance, and the complexity can be significantly reduced.

Therefore, we divide the total tones of the signal into two groups and use traditional
one-time parallel companding (or, said it, vector-base companding) for the first group,
which is the most likely to be companding. Relatively, the other group maintains the
above-mentioned SULC procedure, but only partial companding is needed. To find an
appropriate parallel companding tone amount, we sorted the tone amplitude of the OFDM
signal and performed the SULC method through the Monte Carlo experiment. Then, we
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will take the minimum number of tones companding from the Monte Carlo experiment to
estimate a rough companding tone number, βrough, and define the companding ratio ρ. We
can denote them as

βrough = min (companding tone number) = ⌊0.54N⌋, (19)

and

ρ =
βrough

N
= 0.54. (20)

In short, this proposed method sorts the signals, takes out the βrough tone amount as
the first group, and performs traditional vector-based parallel µ-law companding to reduce
complexity. Meanwhile, the second group executes the SULC partially to carry on amending
the PAPR. Also, as βrough increases, the parallel amount increases, and then the complexity
is predictably reduced, naming it the AULC algorithm. It is worth mentioning that we
perform companding selectively rather than performing all companding unconditionally.
This way, we will not perform companding on tones that should not be companded, causing
the opposite effect. Moreover, grouping can significantly reduce the complexity compared
to the SULC.

Similarly, we will introduce procedural steps of the proposed AULC algorithm
through Algorithm 2.

In the first stage:

In Step 1, we initialize position vector p and index vector z to zero; they are used
to signal recovery at the receiver end for auxiliary purposes. Sequentially, in Step 2, sort
the OFDM signal, x, according to the amplitude from small to large, denote it as xsort,
and update the index vector z to the original index of each signal component. Next, in
Step 3, the sorted signal xsort and position vector p are each split into two groups of vectors,
and their expressions are as follows:

xsort1 :=
[

xsort[0], xsort[1], . . . , xsort[βrough − 1]
]
, (21)

xsort2 :=
[

xsort[βrough], xsort[βrough + 1], . . . , xsort[N − 1]
]
, (22)

and

p1 :=
[

p[0], p[1], . . . , p[βrough − 1]
]
, (23)

p2 :=
[

p[βrough], p[βrough + 1], . . . , p[N − 1]
]
. (24)

As for Step 4, we perform traditional vector-based parallel µ-law companding on the
first group (i.e., xsort1, its length is βrough) in a batch manner and set the position vector p1 to 1.

In the second stage:

First, calculate the PAPR value for xsort2. We express it as PAPRxsort2 and set it as the
initial PAPR value in this second stage. Simultaneously, assign the value of xsort2 to x′.

Next, we utilize the SULC’s component-wise method for the partially remaining not
yet companding components to refine the PAPR performance further until PAPRx′ is more
than PAPRxsort2 . Finally, we assign the value of x′ to yAULC, where yAULC is the output
signal of the AULC.
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Algorithm 2 Proposed AULC algorithm
The first stage:
Step 1 Set position vector p and index vector z to zero vector.
Step 2 Sort x signal by amplitude, denoted as xsort, update z to its original position.
Step 3 Divide xsort and p into two groups each, as follows:

xsort1 :=
[

xsort[0], xsort[1], . . . , xsort[βrough − 1]
]
,

xsort2 :=
[

xsort[βrough], xsort[βrough + 1], . . . , xsort[N − 1]
]
,

and
p1 :=

[
p[0], p[1], . . . , p[βrough − 1]

]
,

p2 :=
[

p[βrough], p[βrough + 1], . . . , p[N − 1]
]
.

Step 4 Do companding for xsort1 by the original µ-law and set position vector p1 to 1.
The second stage:
Step 1 Compute the PAPR of xsort2, denoted as PAPRxsort2 .
Step 2 Set x′ := xsort2
Step 3 For n = βrough : N − 1

x′[n] = sgn(xsort2[n])
log(1 + µ|xsort2[n]|)

log(1 + µ)
Compute the PAPR of x′, denoted as PAPRx′

If PAPRx′ < PAPRxsort2 then
Set p[n] to 1
Updata PAPRxsort2 to PAPRx′

Else
Break

End If
End For

Step 4 Set yAULC := x′

5. Simulation Results and Complexity Analysis
5.1. Experimental Scenarios and Results Discussion

In this section, we will verify some inferences and discuss the simulation results,
involving the impact of varying the µ parameter on the performance, and evaluate the
performance of the proposed methods compared with three schemes, including the original
µ-law [31], modified µ-law [32], and ITM [33]. In addition, without loss of generality, we
adopt the channel with AWGN that conforms to i.i.d.

To provide a clear explanation of the simulated scenarios in this article, we have listed
the required parameters for all experiments in Table 1, and these parameters are utilized
for complexity operation and its numerical analysis simultaneously. It is worth mentioning
that without losing power fairness and generality, the focus of this paper is to discuss the
comparison of PAPR reduction algorithms, and the amplifier’s signal will be beyond the
discussed scope. Therefore, we neglect the influences of the average signal in the amplifier
coming from µ-law companding. Of course, regardless of whether the power is normalized, it
will not affect PAPR. Moreover, to alleviate the average signal power influence issues of µ-law
companding, we have normalized the power of 256-QAM and 512-QAM in our experiments.

Table 1. Simulation scenario and related parameters.

Parameter Name Value

The number of experiments for Monte Carlo 106

The order of QAM 256, 512
N, number of subcarriers 512, 1024

βrough, the quantity of the first group in the AULC method ⌊0.54N⌋
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As aforementioned, in Figure 4, see from the curve for different µ parameter values that
the more considerable x[n] value will obtain a more compressed amount, and vice versa, so
the peak value is prone to being decreased and the lower value is prone to being enlarged,
improving the PAPR. Moreover, to comprehend the influence of the µ parameter on PAPR
and BER in the original µ-law method, we show the experiment results of µ vs. PAPR and
µ vs. BER in Figure 5a,b for the original µ-law with QAM = 256, N = 512, respectively.
Among them, to fare with the advanced B5G wireless communication protocol, according
to [39,40], we know that under QAM order 256, the channel needs to have an SNR of 30 dB
to meet the requirements of the receiving end. Therefore, this specification is incorporated
into the BER curve simulation for µ parameters without loss of generality. In Figure 5a, it
seems to merit that µ increases and PAPR is reduced. That has paid the BER cost, since
all tone components are through nonlinear companding transform simultaneously. As
expected, as shown in Figure 5b, when the value of µ increases, that makes the BER higher.
Of course, this is not what we expected it to be. Even more discouraging is that the above
two curves can only show individual trends and almost cannot obtain an optimal µ value
of a balance point that is effective enough to be applied. Therefore, we are dedicated to
finding a µ value that trades off PAPR and BER performance.

(a) (b)

Figure 5. Original µ-law with QAM = 256, N = 512 (a) µ vs. PAPR (b) µ vs. BER at SNR = 30 dB.

Therefore, the SULC scheme adopts a useful component-wise mechanic to alleviate the
conflict between PAPR and BER in the original µ-law method. In other words, we perform
companding partly, not all of them unconditionally. Thus, compared to the original µ-law,
this proposed method can achieve a better balance between PAPR and BER. Similarly,
Figure 5a,b and Figure 6a,b show the relationship of the µ parameter on PAPR and BER,
respectively, including the SULC and the proposed AULC schemes. It is worth mentioning
that the SULC results significantly prompt performance in PAPR due to all-around tone-
companding decisions. Also, in either the SULC or proposed AULC schemes, the optimal
µ numbers of PAPR and BER are at 4 and 2, respectively. Therefore, we can infer that the
proposed method’s upper and lower bound of the µ value is between 4 and 2.
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(a)

(b)

Figure 6. SULC and AULC with QAM = 256, N = 512 (a) µ vs. PAPR (b) µ vs. BER at SNR = 30 dB.

To echo the above inference, we compared the PAPR and BER between the SULC,
AULC, and the original µ-law methods, where µ is 2, 3, and 4, as shown in Figure 7a,b.
In light of this figure, it can be found that when the µ value is 4, PAPR has the best
performance, but its BER performance is the worst. When the µ value is 2, although its
BER performance is the best, the improvement in PAPR performance is the smallest. It can
be seen that both µ are 2 and 4 are insufficiently balanced. Correspondingly, although the



Electronics 2024, 13, 694 12 of 22

PAPR and BER performance does not reach top-notch when µ is 3, the BER remains good
compared with the original µ-law, and PAPR has been dramatically improved.

(a)

(b)

Figure 7. Compare (a) PAPR and (b) BER for SULC (µ = 2, 3, 4), AULC (µ = 2, 3, 4), original µ-law
(µ = 2, 3, 4), and OFDM with QAM = 256, N = 512.

To determine the µ value more streamlined and efficiently, we define the ratio between
△ BER and △ PAPR as parameter η, which is expressed as

η =
△ BER
△ PAPR

, (25)
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where △ BER is the distance from 100 to the BER curve, and △ PAPR is the distance between
the PAPR curve and the origin, due to the lower BER indicating a greater △ BER and better
PAPR performance indicating a lower △ PAPR. Therefore, we infer that maximizing η will
lead to the best choice of µ value. Furtherly, utilizing Equation (25), we redraw Figure 6
as Figure 8, which shows the µ vs. η curve for the SULC scheme and the proposed AULC
scheme. Also, Figure 8 reveals that the most prominent point of η is at µ = 3. Hence, we
verify again that µ = 3 is the best choice in our methods. Furthermore, from the parameter
η, we observe the sensitivity of the µ value to the relative impact of the BER and PAPR for
the SULC and proposed AULC. In other words, the PAPR variation is very small compared
to BER in the proposed AULC, which is more sensitive to the µ value.

Figure 8. µ vs. η for SULC and AULC with QAM = 256, N = 512, and SNR = 30 dB.

To verify the PAPR and BER performance of our proposed methods, the following
simulation compares the SULC and proposed AULC schemes to other adopted companding
technique’s PAPR reduction methods, such as original µ-law [31], modified µ-law [32], and
ITM [33]. Figures 9a,b and 10a,b show their PAPR and BER performance for 256-QAM and
N of 512 and 1024, respectively, while Figures 11a,b and 12a,b show their PAPR and BER
performance in the case of 512-QAM and N of 512 and 1024, respectively.

Figure 9a,b describe the PAPR performance of each method, among which OFDM
has not been improved in any way, and of course, it performs the worst. For instance,
compared with OFDM when CCDF is 10−4 in Figure 9a, the original µ-law only re-
duces 0.91 dB when µ is 3; the effect is relatively poor. While the PAPR of SULC is
6.16 dB when µ is 3; compared with OFDM, the original µ-law, and the modified µ-law, and
ITM improved by 5.89 dB, 4.98 dB, 2.08 dB, and 1.62 dB, respectively. As for the proposed
AULC, the PAPR is almost the same as the SULC. Therefore, it can be verified that the
proposed AULC maintains good performance while reducing complexity.

As shown in Figure 9b, as the number of subcarriers, N increases to 1024, the PAPR
performance of the modified µ-law and ITM has a slightly worsening trend compared
to Figure 9a. Comparatively, the proposed schemes almost maintain the same PAPR
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performance compared to N is 512. Moreover, the SULC scheme and the proposed AULC
scheme still outperform the original OFDM performance by about 5.89 dB and 5.9 dB.

(a)

(b)

Figure 9. PAPR performance of different schemes, at QAM = 256 (a) N = 512 and (b) N = 1024.

In terms of BER performance, as shown in Figure 10a, we can find that the performance
of the modified µ-law and ITM are the poorest; as for others’ BER performances, such as
OFDM, the original µ-law and our proposed methods in this article are almost overlapping,
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which is 1.43× 10−4 at SNR is 30 dB. It is worth mentioning that compared with the original
µ-law, the modified µ-law, and ITM, the BER performance of the proposed methods is
improved by approximately 6%, 75%, and 84%, respectively. When the number of subcar-
riers, N, increases to 1024, as shown in Figure 10b, they maintain the same relationship
characteristics. Therefore, from Figures 9 and 10, we know that our proposed methods are
suitable for future communication systems with high subcarriers compared to others from
both PAPR and BER performance perspectives.

(a)

(b)

Figure 10. BER performance of different schemes, at QAM = 256 (a) N = 512 and (b) N = 1024.

We further observe the impact of different order QAMs on the PAPR and BER perfor-
mance for various methods, as shown in Figures 11 and 12, respectively.

In Figure 11, we increase the QAM order to 512 from 256 compared to Figure 9. The PAPR
performance of our proposed schemes is still the best among all methods. In terms of the BER,
in Figure 12, the order of QAM is increased to 512 from 256 compared to Figure 10, which can
verify that the BER performance of the proposed schemes will not be affected.
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(a)

(b)

Figure 11. PAPR performance of different schemes, at QAM = 512 (a) N = 512 and (b) N = 1024.

To pursue the specifications of future B5G wireless communication systems, increasing
the order of modulation and raising the number of subcarriers is an inevitable trend since
higher modulation orders result in greater data throughput, and an increased number of
subcarriers leads to a faster transmission rate. From Figures 9–12, whether it is PAPR or
BER, we can observe that increasing the order of modulation and the number of subcarriers
has almost no impact on our proposed method. Of course, this is bullish news. For more
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clarity, the detailed PAPR data are enumerated in Table 2. Consequently, it is confirmed
that the proposed methods remain applicable in B5G systems with elevated requirements
for modulation order and the number of subcarriers.

(a)

(b)

Figure 12. BER performance of different schemes, at QAM = 512 (a) N = 512 and (b) N = 1024.

Table 2. Enumerate the PAPR numerical of SULC and proposed AULC at QAM = 256 and 512,
N = 512 and 1024 when CCDF is 10−4.

Scheme Name
256-QAM 512-QAM

N = 512 N = 1024 N = 512 N = 1024

SULC 6.16 dB 6.16 dB 6.14 dB 6.14 dB
AULC 6.14 dB 6.15 dB 6.12 dB 6.14 dB

Summarizing the results above, our proposed schemes can effectively improve the
PAPR and maintain the BER before improvement by selecting an appropriate µ value. Also,
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without sacrificing PAPR and BER performance, our proposed schemes can still be held
under more subcarriers and a higher modulation order environment. Thus, they can keep
up with B5G.

5.2. Computational Complexity Analysis and Performance Discussion
5.2.1. Complexity Expression Analysis

In this subsection, we evaluate the computational complexity of other schemes and
the proposed schemes regarding the number of complex multiplications and additions
(CMAs) required [14]. We enumerate the needed parameters in Table 1 for a more explicit
description, such as N is the number of subcarriers, etc. In addition, since the µ-law scheme
uses logarithm operations, the complexity of logarithm operations can be expressed as the
order of O(log(·)) in this paper. Next, we derive and describe the complex multiplications
and additions (CMAs) expressions required for each scheme in the following.

Regarding the original µ-law scheme and the modified µ-law scheme, the OFDM signal
is compressed or expanded through the corresponding companding equation. Therefore,
the former requires a total of multiplications and additions of approximately (N2 + 4N)
and (N2 + 1) CMAs, respectively, as well as (N + 1) logarithm operations, and the lat-
ter involves a sum of (N2 + 6N) multiplications, (N2 + 2N − 1) additions, and (N + 1)
logarithm operations.

As for the ITM, the scheme is segmentally companding using a threshold value
and two different µ values. An offset is introduced in the second section to achieve a
smooth transition from µ1 to µ2. Finally, it is multiplied by a normalization factor K,
which is approximately the square root of the ratio of the two signal powers. Therefore,
approximately (N2 + 7N) multiplications, (N2 + 7N − 2) additions, and (N + 1) logarithm
operations are required.

For the SULC scheme, each tone component is subjected to companding one by one, se-
quentially, and the elements with better PAPR are selected and retained until each tone
component is completed. Therefore, it needs (3N2 + 9N + 3) multiplications, (3N2 + N − 2)
additions, and (N + 1) logarithm operations. As for the proposed AULC scheme, which
divides the input signal of length N into two groups. The first group has βrough tone compo-
nents, which execute parallel companding the same as the original µ-law, and the remaining
(N − βrough) tone components only partially implement the SULC scheme. In total, the pro-

cess requires roughly
[
1.32N2 + 3.6N + 3 + βrough(0.32βrough − 0.64N + 0.4)

]
multiplica-

tions,
[
1.32N2 − 0.2N − 2 + βrough(0.32βrough − 0.64N + 0.2)

]
additions, and

(0.4N + 1 + 0.6βrough) logarithm operations. For convenience of reference, we provide the
analytical expression of the total number of CMAs required for the above schemes in Table 3.

Table 3. Analytical expression of the computational complexity of the above scheme.

Scheme Name Number of Complex Multiplications Number of Complex
Additions Number of O(log(·))

Original µ-law [31] (N2 + 4N) (N2 + 1) (N + 1)
Modified µ-law [32] (N2 + 6N) (N2 + 2N − 1) (N + 1)

ITM [33] (N2 + 7N) (N2 + 7N − 2) (N + 1)
SULC (3N2 + 9N + 3) (3N2 + N − 2) (N + 1)

AULC

[
1.32N2 + 3.6N + 3

+βrough(0.32βrough − 0.64N + 0.4)
] [

1.32N2 − 0.2N − 2
+βrough(0.32βrough − 0.64N + 0.2)

] (0.4N + 1
+0.6βrough)

5.2.2. Computational Complexity Discuss and Numerical Analysis

In this subsection, we compare the numerical analysis of the computational complexity
among the above-mentioned schemes. Substitute the parameter values of Table 1 into the
expressions of Table 3 to obtain the CMAs numerical values of each scheme when subcarrier N
is equal to 512 and 1024, as listed in Table 4, and its bar chart is shown in Figure 13.
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To discuss each scheme in more detail, we first consider the case of N = 512 in
Figures 9a and 10a and Table 4 regarding both PAPR and complexity. At first glance,
the original µ-law scheme has 526,337 CAMs, which is the lowest complexity among all
compared schemes and seems the best choice. However, this scheme exhibits awful PAPR
performance to maintain good BER performance. In contrast, although the complexity of
the SULC is inferior to the original µ-law method, its PAPR performance is much better
than the original µ-law scheme while maintaining good BER performance. On the other
hand, the proposed AULC further improves complexity performance by 64.4% compared
to SULC while exhibiting almost identical PAPR and BER performance.

Similarly, we again consider the case of N = 1024 in Figures 9b and 10b and Table 4
regarding both PAPR and complexity. Due to the increase in the number of subcarriers, the
complexity of various schemes has shown a rising trend. Among them, the modified µ-law
and ITM schemes exhibit slightly degraded PAPR performance. Fortunately, increasing the
number of subcarriers has almost no impact on our proposed method. In other words, they
are not the optimal solution in a high subcarrier environment.

In summary, the SULC and the proposed AULC exhibit the best PAPR performance
among all the schemes while maintaining a good BER. Compared to the original µ-law
scheme, the modified µ-law scheme, and the ITM scheme, the proposed AULC scheme
demonstrates superior performance in terms of PAPR with improvements of 45%, 26%,
and 21%, respectively. Regarding BER performance, it outperforms the mentioned schemes
by 6%, 75%, and 84%, respectively. In addition, in terms of complexity, compared to the
original µ-law scheme, modified µ-law scheme, and ITM scheme, the proposed AULC
method only requires a moderate increase in complexity of approximately 6.3%, 5.9%, and
5.4%, respectively. In other words, in light of the tradeoff between complexity, PAPR, and
BER, the proposed AULC has extremely obvious advantages at PAPR and BER. Also, the
complexity is very close to that of other companding methods.

Table 4. The numerical comparison of complexity for different schemes with N = 512 and 1024.

Scheme Name
N = 512 N = 1024

CMAs O(log(·)) CMAs O(log(·))
Original µ-law [31] 526,337 513 2,101,249 1025
Modified µ-law [32] 528,383 513 2,105,343 1025

ITM [33] 531,454 513 2,111,486 1025
SULC 1,577,985 513 6,301,697 1025
AULC 561,696 372 2,242,967 742

Figure 13. The bar chart of computational complexity for different schemes with N = 512 and N = 1024.
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6. Conclusions

The peak-to-average power ratio (PAPR) issue within multiple-carrier technology
is still troublesome for advanced wireless systems. Although many solutions have been
proposed, each method has different pros and cons. Of course, no single approach will
handle such tricky needs comprehensively. Among them, nonlinear companding transform
(NCT) is one of the simple and popular technologies, especially the µ-law rule. In this
paper, we utilize the balance between BER and PAPR, adopt the Monte Carlo method,
and define the ratio of improved BER to improved PAPR, η, to estimate the appropriate µ
value more accurately. Thus, the SULC scheme can enhance the PAPR and not damage the
BER. Moreover, the AULC scheme is proposed to improve complexity more efficiently. It
sorts the transmission signals according to their amplitudes. Then, it estimates the rough
companding tone amount (around 54% of the subcarriers) to separate the tones of the
OFDM signal into two groups. The hybrid combination of the original µ-law’s parallel
companding behavior and the partial sequential µ-law’s component-wise companding
can reduce complexity compared to the SULC method. Simulation results and numerical
analysis demonstrate that our proposed AULC scheme outperforms previous companding
techniques regarding both PAPR and BER.
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Abbreviations
The following abbreviations are used in this manuscript:

5G fifth-generation
A/D analog-to-digital
AULC alternating µ-law companding
AWGN additive white Gaussian noise
B5G beyond fifth-generation
BER bit error rate
CCDF complementary cumulative distribution function
CMAs complex multiplications and additions
D/A digital-to-analog
DCT discrete cosine transform
FFT fast Fourier transform
HPA high-power amplifier
IFFT inverse fast Fourier transform
i.i.d. independent and identically distributed
IoT Internet of Things
ISI inter-symbol interference
ITM improved two-µs
NCT nonlinear companding transform
OFDM orthogonal frequency division multiplexing
PAPR peak-to-average power ratio
PRT peak reduction tones
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PTS partial transmit sequence
QAM quadrature amplitude modulation
SE spectral efficiency
SLM selective mapping
SULC sequential µ-law companding
TI tone injection
TR tone reservation
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