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Abstract: In view of the unstable electromagnetic performance of the air gap magnetic field caused
by the torque ripple and harmonic interference of a multi-slot and multi-pole low-speed, high-torque
permanent magnet synchronous motor, we propose a simplified model of double-layer permanent
magnets. The model is divided into an upper and a lower subdomain, with the upper subdomain
being an ideal circular ring and the lower subdomain being a segmented sector ring. Moreover, we
develop an exact analytical model of the motor that predicts the magnetic field distribution based on
Laplace’s and Poisson’s equations, which is solved using the method of separating variables. Taking
a 40p168s low-speed, high-torque permanent magnet synchronous motor as an example, the accuracy
of the model is verified by comparison with an ideal circular ring model, a segmented sector ring
model, and the finite element method. Based on the proposed simplified model, three combined
permanent magnets considering both edge-cutting and polar arc cutting structures are proposed,
which are chamfered, rounded, and rectangular combinations. Under the premise of a consistent
edge-cutting amount, the electromagnetic characteristics of the three combination types of permanent
magnets are compared using the finite element method. The results show that the electromagnetic
characteristics of the chamfered combination PM are superior to those of the other two combinations.
Finally, a prototype is manufactured and tested to validate the theoretical analysis.

Keywords: low-speed, high-torque permanent-magnet synchronous motor; simplified model of
double-layer permanent magnets; analytical model; edge cutting; chamfer-combined permanent
magnet; electromagnetic performance

1. Introduction

Direct-drive, low-speed, and high-torque permanent magnet synchronous motors
(LHPMSMs) are increasingly used in industrial applications, such as wind power genera-
tion, hydro generators, and mine transportation, due to the advantages of high efficiency,
low energy consumption, and high power density [1–3]. However, LHPMSMs also have
multiple poles and multiple slots, as well as low assembly accuracy [4–6]. Therefore, in
the motor design process, larger design margins are often needed to compensate for the
performance losses caused by these errors. This inevitably leads to an increase in effective
material usage and manufacturing costs.

An Integrated LHPMSM for a mine hoist was proposed in [7]. The mechanical trans-
mission structure of the motor does not adopt a reducer and coupling. Consequently, the
volume and assembly cost of the motor can be significantly reduced. However, the motor
has a large outer diameter and axial length, which will give rise to a multi-pole and axial
segmented arrangement to improve the utilization of permanent magnets (PMs). Moreover,
the outer diameter of the stator core will also be large to reduce magnetic leakage. Therefore,
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the shapes of PMs and stator slots have more significant impacts on the electromagnetic
performance of the system, such as through cogging torque, torque ripple, and eddy current
loss compared to small- and medium-sized motors.

Many optimization methods for PMs have been developed to reduce cogging torque.
These can be summarized into two categories: the spatial arrangement of PMs and the
shape design of PMs. For the former, the segmented skewed magnetic pole is an effective
method by which to reduce cogging torque and torque ripple [8], but the function will be
greatly weakened as the degree of motor saturation increases, and this can have a negative
effect [9]. Therefore, it is also essential to optimize both the tilt angle and the current phase
lead angle so that an effective result can be obtained. In [10], an axial arrangement model
of PMs with unequal pole arc coefficients was studied. A calculation model for the cogging
torque of uniformly segmented PMs and axially unequal pole arc coefficient segmented
PMs was proposed based on the analytical method. The effects of different combinations
of skewed angles and pole arc coefficients on the cogging torque were compared, and the
results show that the latter can significantly reduce the fundamental wave component
of the cogging torque. However, the assembly cost of this method will rise evidently
with the number of PMs. In this article, congruent PMs with a uniformly segmented axis
are adopted.

The shape design of the PMs can be summarized into two types: pole arc cutting and
pole edge cutting. In respect of the former, an analytical model for cogging torque was
established in [11], which implied that the amplitude of the cogging torque is positively
correlated with the fifth power of the ratio of the actual thickness of PMs to their maxi-
mum thickness. Therefore, a concentric tile-shaped PM has the maximum cogging torque.
Namely, the cogging torque can be effectively reduced by changing the magnetization
thickness of the PM. In [12], outer arc eccentric pole-shaped PMs and inner arc eccentric
pole-shaped PMs were presented, and it was suggested that the thickness of the PM can
change the amplitude of the air gap flux density, while the eccentricity can affect its spatial
distribution. However, the relationship between the two parameters was not clarified.
In [13], the eccentric PM subdomain is equivalent to a multi-segment ideal circular ring
with radial non-uniform thickness, and a magnetic field prediction model is established
based on the SD method. However, this model is more suitable for situations where the
number of PMs is small, the width is large, and the pole arc coefficient is large. In [14], an
eccentric PM magnetic field prediction model with regular edges is established using an
improved conformal mapping method, which can significantly improve the calculation
accuracy of the armature reaction magnetic field and the load air gap magnetic field. How-
ever, this method is only applicable to the case of parallel magnetization of PMs. Moreover,
when the edge lines of the PM are irregular, it will be difficult to represent the coordinates
of the mapping points. In [15], an eccentric surface-inset Halbach magnet is proposed for
solving the magnetic fields in a brushless permanent magnet. Using a subdomain model
with an equivalently split method, the 2D magnetic fields in the surface-inset PM machine
with eccentric Halbach magnets are analytically derived. Compared with the finite element
model, the magnetic field prediction model obtained using the equivalently split method
has high accuracy. In [16], a hybrid analytical model combining the subdomain method is
presented. The rectangular spoke magnets, eccentric magnetic poles, and rotor slots are
approximated using multiple layers of ideal arc-shaped subdomains. The analytical results
match well with the FEM and experiment results, and the error of the calculation is less than
5%. In [17], an eccentric PM with parallel edges is studied based on the aforementioned two
types of PMs. The effects of the magnetization angle, pole arc width, and inner arc radius
on the electromagnetic characteristics are studied using the multi-objective optimization
design method, and it is shown that the cogging torque, unbalanced magnetic pull (UMP),
and torque ripple can be effectively suppressed by the proposed PM. In [18], a PM cutting
structure with the same radius of the inner arc and the outer arc is proposed. It is suggested
that when the eccentric distance is equal to the maximum magnetization thickness of the
PM, not only can the amount of PMs be reduced, but the total harmonic distortion (THD)
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of the air gap flux density and the cogging torque can also be significantly weakened. In
addition, other methods, such as sine cutting [19,20], inverse cosine cutting [21], and third
harmonic cutting [22,23], can also improve the air gap magnetic flux density waveform
toward a sinusoidal distribution, thereby reducing its low harmonic content and decreasing
the cogging torque and torque ripple. However, for a multi-pole LHPMSM, the complex
shape of PMs will greatly increase the production cost, with a large amount of material
waste. Therefore, the eccentric PM described in [17,18] is suitable for an integrated LH-
PMSM. Nevertheless, the cutting amount of the PM will decrease if the magnetization
thickness of the PM is much smaller than the diameter of the inner and outer arcs so that
the weakening effect on the cogging torque will also be reduced.

In terms of PM edge cutting, three types of PM with different edge shapes, i.e.,
chamfered cutting, circular internal cutting, and rounded cutting, are proposed in [24]. The
influence of the key parameters of the three structures on the cogging torque is analyzed.
The results show that the chamfered PM has the best weakening effect on the cogging
torque. In [25], it is shown that a tile-shaped PM with chamfered edges can effectively
reduce the torque ripple under different load conditions. However, a magnetic field
model of the PMs is not established, which is essential to the design and optimization.
In [15,26,27], the eccentric magnetic pole is equivalent to N segments of micro-units with
equal thickness and equal electrical angle, and the magnetization strength of the PM can
be obtained using the superposition method. Then, the magnetic vector potential of the
PM subdomain can be derived. The same method is applied to a chamfered PM in [28].
Since the relative permeability of the PM is close to that of air, the PM subdomain is usually
regarded as an ideal circular ring when calculating the magnetic vector potential. For
eccentric magnetic poles, geometric relationships are usually employed to calculate the
magnetization thickness of the PM as a function of the electrical angle, and then the air gap
magnetic flux density function is derived using the air gap magnetic permeability method.
Therefore, in this article, we consider a situation where the arc diameter of the PM in an
LHPMSM is much larger than the magnetization thickness, and a simple model of the
magnetization thickness function is proposed.

The rest of this paper is organized as follows. Section 2 introduces the structure of the
LHPMSM, as well as the exact SD model of the motor. Section 3 describes the modeling
process of magnetic fields in double-layer subdomains, as well as the rest of the SD model.
In Section 4, the accuracy of the analytical model in Section 3 is verified using the finite
element method (FEM). Next, in Section 5, three composite cutting PMs that meet the
requirements of the simplified model are proposed, and the electromagnetic characteristics
of the three structures are compared. Moreover, the influence of the composite structural
parameters of the PM is analyzed, and the optimal structure is obtained under the same
cutting amount condition. The fabrication and testing of a 40-pole/168-slot prototype is
discussed in Section 6. Conclusions are drawn in Section 7.

2. Structure and Analytical Model
2.1. The Structural Composition of LHPMSM

Figure 1 shows the three-dimensional (3D) structure of a 168-slot/40-pole LHPMSM
for a mine hoist. The rotor system consists of rollers, support structures, and bearings.
There are four sets of brakes on both sides of the rotor system. The stator system consists
of a stator core, a main shaft, and an adapter flange. The two sides of the main shaft
adopt hexagonal anti-torsion structures with interference fitting, which are assembled
with a bearing seat that is fixed on the ground. Two air-cooled channels are installed on
one side of the stator system. Figure 2 depicts the axial segmented arrangement and the
permanent magnet fixed with non-magnetic wedge blocks. Figure 3 displays the shape of
the stator slot.



Electronics 2023, 12, 5025 4 of 23

Electronics 2023, 12, x FOR PEER REVIEW  4  of  25 
 

 

magnet fixed with non-magnetic wedge blocks. Figure 3 displays the shape of the stator 

slot. 

Liners
Stator

Wirerope
(load)

Cooling 
systemBearing

Brakes

Stator 
bracket

Brake disc

abdominal 
plate

Winding

 

Figure 1. Three-dimensional structure of the LHPMSM. 

 

Figure 2. Axial uniform segmented PMs in the LHPMSM. 

 

Figure 3. Stator slots of the LHPMSM. 

2.2. Analytical Model 

Figure 4a presents the eccentric cutting of the outer pole arc PM model for which the 

radius of the outer arcs RA and the inner arcs RB of the PMs are equal. Moreover, the max-

imum radial magnetization thickness hm and eccentricity eAB of the PM are equal. It is clear 

that the magnetization thickness ab of the PM varies with θpm, which can be given by 

Figure 1. Three-dimensional structure of the LHPMSM.

Electronics 2023, 12, x FOR PEER REVIEW  4  of  25 
 

 

magnet fixed with non-magnetic wedge blocks. Figure 3 displays the shape of the stator 

slot. 

Liners
Stator

Wirerope
(load)

Cooling 
systemBearing

Brakes

Stator 
bracket

Brake disc

abdominal 
plate

Winding

 

Figure 1. Three-dimensional structure of the LHPMSM. 

 

Figure 2. Axial uniform segmented PMs in the LHPMSM. 

 

Figure 3. Stator slots of the LHPMSM. 

2.2. Analytical Model 

Figure 4a presents the eccentric cutting of the outer pole arc PM model for which the 

radius of the outer arcs RA and the inner arcs RB of the PMs are equal. Moreover, the max-

imum radial magnetization thickness hm and eccentricity eAB of the PM are equal. It is clear 

that the magnetization thickness ab of the PM varies with θpm, which can be given by 

Figure 2. Axial uniform segmented PMs in the LHPMSM.

Electronics 2023, 12, x FOR PEER REVIEW  4  of  25 
 

 

magnet fixed with non-magnetic wedge blocks. Figure 3 displays the shape of the stator 

slot. 

Liners
Stator

Wirerope
(load)

Cooling 
systemBearing

Brakes

Stator 
bracket

Brake disc

abdominal 
plate

Winding

 

Figure 1. Three-dimensional structure of the LHPMSM. 

 

Figure 2. Axial uniform segmented PMs in the LHPMSM. 

 

Figure 3. Stator slots of the LHPMSM. 

2.2. Analytical Model 

Figure 4a presents the eccentric cutting of the outer pole arc PM model for which the 

radius of the outer arcs RA and the inner arcs RB of the PMs are equal. Moreover, the max-

imum radial magnetization thickness hm and eccentricity eAB of the PM are equal. It is clear 

that the magnetization thickness ab of the PM varies with θpm, which can be given by 

Figure 3. Stator slots of the LHPMSM.

2.2. Analytical Model

Figure 4a presents the eccentric cutting of the outer pole arc PM model for which
the radius of the outer arcs RA and the inner arcs RB of the PMs are equal. Moreover, the
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maximum radial magnetization thickness hm and eccentricity eAB of the PM are equal. It is
clear that the magnetization thickness ab of the PM varies with θpm, which can be given by

ab(θpm) = aOB − bOB = ac + cOB − bOB

=
√

R2
A − (eAB sin θpm)

2 + eAB cos θpm − RB
(1)
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Figure 4. Several PM models. (a) PM for eccentric cutting of outer pole arc; (b) single asymmetric
stator slot model; (c) solution domain of the motor; (d) simplified model of the PM region.

The arc diameter RA is much larger than the magnetization thickness hm or the eccen-
tricity eAB, RA >> eAB. Therefore, Equation (1) can be equivalent to a simple sine function
related to eAB and θpm:

ab(θpm) = eAB cos θpm (2)

Figure 4b depicts the single stator slot parametric model, which has a semi-open slot
structure. The slot opening and the slot body for installing magnetic slot wedges comprise
the asymmetric structure. As shown in Figure 4c, to facilitate modeling, the irregular region
in the slot is simplified as the sector annular area and we define the asymmetry of the slot
opening λ and the asymmetry of the inside slot ξ, which can be expressed as in [7].

λ =
2β1

δ
=

2δ− β

δ

(
δ

2
≤ β < δ, 1.5 ≤ λ < 2

)
(3)

ξ =
α + β

δ
(0 ≤ α < δ, 1 < ξ < 2) (4)
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where α is the angle of the U-shaped groove inside the slot, ◦; δ is the slot angle, ◦.
Figure 4c shows the subdomains of the motor, which including five regions: PMs, air

gap, asymmetric slot opening, asymmetric slot body, and symmetrical slot body, denoted
by subdomains 1u, 1p, 2, 3k, 4ik, 4jk1, 4jk2. The parameters in the model are the radius of
the slot bottom, R1, inner radius of the slot opening, R2, outer radius of the symmetrical
slot body, R3, inner radius of PMs, RB, outer radius of the slot opening, R5, outer radius of
the PMs, RA, and the initial position of the kth slot, θk.

Furthermore, considering the edge cutting of PMs, there is not always an ideal fan-ring
structure. We divided the PM region into double-layer subdomains, with the upper layer
being an ideal fan ring and the lower layer being a pole arc cutting structure without
considering edge cutting. However, the center angles of the two regions are different. As
shown in Figure 4a,d, the intersection points of the Region 1u and Region 1p edges are
OA, and the center angles are ϕ1 and ϕ2, respectively. Region 1p can be divided into 2n1
segments with equal center angles θi, the thickness of the ith segment is hi, and θ and hi
are satisfied:

θi =
αpπ

4np
(5)

hi = eAB cos θi − (RA − RB) (6)

where αp is the pole arc coefficient of Region 1p; Rm is the inner arc radius of Region 1u, mm.

3. Modeling and Analysis of Magnetic Fields

To simplify the analysis process, the following assumptions have been made: (1) the
end effect is neglected; (2) the PMs adopt radial magnetization; (3) the permeability of the
stator iron is infinite; (4) the saturation effect is neglected. According to (3) and (4), θk and
β can be rewritten as

β = (2− λ)δ (7)

θk =
kπ

Q
+

(
δ

2
− β

)
=

kπ

Q
+

(
λ− 3

2

)
δ (8)

The sth region magnetic vector potential As satisfies the following control function as

∇2 As =


0 s= 2, 3k, 4ik
µ0
r ·

∂Mrs
∂θ s= 1u, 1p

−µ0 Js s = 4jk1, 4jk2

(9)

where µ0, Mrs, and Js are the permeability of the vacuum, the radial component of magneti-
zation in the PM region, and the current density in the slot region, respectively.

The analytical solutions of As can be expressed as follows [29]:

As(r, θ) = As0 + Bs0 ln r

+
∞
∑

n=1
(Asn fsa(r) + Bsn fsb(r)) · cos(psθs)

+
∞
∑

n=1
(Csn fsa(r) + Dsn fsb(r)) · sin(psθs) + Asp

(10)

where As0, Bs0, Asn, Bsn, Csn, and Dsn are integral constants; fsa and fsb are functions of r; θs
is the angle of the sth subdomain and θs = θ − θs0, where θs0 is the initial phase angle of
the sth subdomain, ◦; ηs is the Fourier series period. The fsa, fsb, and ps can be expressed
as follows

fsa(r) =
(

r
RsO

) 2nπ
ηs

, fsb(r) =
(

r
RsI

)− 2nπ
ηs

and ps =
2nπ

ηs
,
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where RsO and RsI are the outside semidiameter and inside semidiameter of the sth regions,
mm, respectively.

3.1. PM Region

According to (10), the magnetic vector potential A1u expressions of Region 1u are
given by {

∂2 A1u(r, θ)
∂r2 + 1

r
∂A1u(r, θ)

∂r + 1
r2

∂2 A1u(r, θ)
∂θ2 = µ0

r ·
∂Mru

∂θ

Rm ≤ r ≤ RA, 0 ≤ θ ≤ 2π
(11)

where Mru is the radial component of the magnetization vectors in Region 1u, A/m, which
can be expressed by

Mru =
∞
∑

n/p=1,3,5
Mrun cos n(θ − θ0)

Mrun =


4pBr
nπµ0

sin
(

nπαp
2p

)
, − iϕ1

2 < θpm < iϕ1
2

0 iϕ1
2 < θpm < i

(
π
2p −

iϕ1
2

) (12)

The PM in Region 1p is segmented into 2n1 uniform pieces. The magnetic vector
potential A1pi expressions of Region 1p can be expressed by ∂2 A1pi(r, θ)

∂r2 + 1
r

∂A1pi(r, θ)

∂r + 1
r2

∂2 A1pi(r, θ)

∂θ2 = µ0
r ·

∂Mrpi
∂θ

Rm − hi ≤ r ≤ Rm, 0 ≤ θ ≤ 2π
(13)

The magnetization vectors of the ith piece can be expressed by

Mrpi =
∞
∑

n/p=1,3,5
Mrpin cos n(θ − θ0)

Mrpin =


4pBrpi
nπµ0

sin
( nπαpi

2p

)
, (i−1)αpπ

4np < θpm <
iαpπ
4np

0 iϕ2
2 < θpm < i

(
π
2p −

iϕ2
2

) (14)

where Mrpi is the radial component of the magnetization vectors of the ith piece in Region
1p, A/m; n/p = 1, 3, 5, . . .; αpi is the pole arc coefficient of the ith piece, αpi = αp/2n.

In Figure 5a, the boundary conditions of the PM region can be obtained as follows:

region1u :
∂A1u

∂r

∣∣∣∣
r=RA

= 0 (15)

A1u(r, θ)|r=Rm
= A1pi(r, θ)

∣∣
r=Rm

(16)

H1u(r, θ)|r=Rm
= H1pi(r, θ)

∣∣
r=Rm

(17)

∂A1u
∂θ

∣∣∣∣
r=± ϕ1

2 + zπ
p

= 0, z= 1, 2, . . . , p (18)

region1pi :
∂A1pi

∂θ

∣∣∣∣
θ=θi

= 0, i= 1, 2, . . . , n (19)

A1pi(r, θ)
∣∣
r=RB

= A2(r, θ)|r=RB
(20)

H1pi(r, θ)
∣∣
r=RB

= H2(r, θ)|r=RB
(21)
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The analytical solutions of A1u and A1pi can be derived as

A1u(r, θ) =
∞
∑

n=1

(
A1un

(
r

RA

)n
+ B1un

(
r

Rm

)−n
)
· cos nθ

+
∞
∑

n=1

(
C1un

(
r

RA

)n
+ D1un

(
r

Rm

)−n
)
· sin nθ + A1p

A1us(r, θ) =


∞
∑

n=1

[
µ0nMrunr

n2−1 (− cos(nθ) + sin(nθ))
]

n 6= 1

∞
∑

n=1

[
µ0 Mrunr ln r

2 (cos(nθ)− sin(nθ))
]

n = 1

(22)

A1pi(r, θ) =
∞
∑

n=1

(
A1pin

(
r

Rm

)n
+ B1pin

(
r

RB

)−n
)
· cos nθ

+
∞
∑

n=1

(
C1pin

(
r

Rm

)n
+ D1pin

(
r

RB

)−n
)
· sin nθ + A1pis

A1pis(r, θ) =


∞
∑

n=1

[
µ0nMrpinr

n2−1 (− cos(nθ) + sin(nθ))
]

n 6= 1

∞
∑

n=1

[
µ0 Mrpinr ln r

2 (cos(nθ)− sin(nθ))
]

n = 1

(23)
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3.2. The Other Regions

According to (9), the magnetic vector potential expressions of the air gap subdo-
main, the asymmetric slot opening subdomain, the asymmetric slot body region, and the
symmetrical slot body region can be expressed as follows:

region 2 :

 ∂2 A2(r,θ)
∂r2 + 1

r
∂A2(r,θ)

∂r + 1
r2

∂2 A2(r, θ)
∂θ2 = 0

R5 ≤ r ≤ RB, 0 ≤ θ ≤ 2π
(24)

region 3k:

 ∂2 A3k
∂r2 + 1

r
∂A3k

∂r + 1
r2

∂2 A3k
∂θ2 = 0

R2 ≤ r ≤ R5, θk ≤ θ ≤ θk + β
(25)

region 4ik:

{
∂2 A4ik

∂r2 + 1
r

∂A4ik
∂r + 1

r2
∂2 A4ik

∂θ2 = 0

R3 ≤ r ≤ R2, θk − (λ− 1)δ ≤ θ ≤ θk + δξ − (λ− 1)δ
(26)

region 4jk1:


∂2 A4jk1(r, θ)

∂r2 + 1
r

∂A4jk1(r, θ)

∂r + 1
r2

∂2 A4jk2(r, θ)

∂θ2 = −µ0 J4jk1

R4jk12 ≤ r ≤ R3, θk − (λ− 1)δ ≤ θ ≤ θk + (2− λ)δ
(27)

region 4jk2 :


∂2 A4jk2(r, θ)

∂r2 + 1
r

∂A4jk2(r, θ)

∂r + 1
r2

∂2 A4jk2(r, θ)

∂θ2 = −µ0 J4jk2

R1 ≤ r ≤ R4jk12, θk − (λ− 1)δ ≤ θ ≤ θk + (2− λ)δ
(28)

where J4jk1 and J4jk2 denote the current density, A/m2.
In Figure 5b–d, the boundary conditions of Region 2, Region 3k, Region 4ik, Region

4jk1, and Region 4jk2 can be written as

region2 :
∂A2

∂r

∣∣∣∣
r=R5

=


∂A3k

∂r

∣∣∣
r=R5

θk ≤ θ ≤ θk + β

0 elsewhere
(29)

A2(r, θ)|r=R5
=

{
A3k(r, θ)|r=R5

θk ≤ θ ≤ θk + β

0 elsewhere
(30)

region3k : A3k(r, θ)|r=R2
= A4ik(r, θ)|r=R2

(31)

A3k(r, θ)|r=R5
= A2(r, θ)|r=R5

(32)

region4ik :
∂A4ik

∂θ

∣∣∣∣
θ=θk−(λ−1)δ

= 0,
∂A4ik

∂θ

∣∣∣∣
θ=θk+δξ−(λ−1)δ

= 0 (33)

A4ik(r ,θ)|r=R3
= A4jk1(r ,θ)

∣∣∣
r=R3

(34)

region4jk1 :
∂A4jk1

∂r

∣∣∣∣
r=R3

=


∂A4ik

∂r

∣∣∣
r=R3

θk − (λ− 1)δ ≤ θ ≤ θk + (2− λ)δ

0 elsewhere
(35)

A4jk1(r, θ)
∣∣∣
r=R3

= A4ik(r, θ) |r=R3
, θk − (λ− 1)δ ≤ θ ≤ θk + (2− λ)δ (36)

∂A4jk1

∂r

∣∣∣∣
r=R4jk13

=
∂A4jk2

∂r

∣∣∣∣
r=R4jk13

(37)

A4jk1(r, θ)
∣∣∣
r=R4jk13

= A4jk2(r, θ)
∣∣∣
r=R4jk13

(38)
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∂A4jk1

∂θ

∣∣∣∣
θ=θk−(λ−1)δ

= 0,
∂A4jk1

∂θ

∣∣∣∣
θ=θk+δξ−(λ−1)δ

= 0 (39)

region4jk2 :
∂A4jk1

∂r

∣∣∣∣
r=R1

= 0 (40)

∂A4jk2

∂θ

∣∣∣∣
θ=θk−(λ−1)δ

= 0,
∂A4jk2

∂θ

∣∣∣∣
θ=θk+δξ−(λ−1)δ

= 0 (41)

where R4jk13 =
√
(R2

1 + R2
3)/2, mm.

On the basis of (10), the general solution of vector potentials A2, A3k, A4ik, A4jk1, A4jk2
can be derived as

region 2 : A2(r, θ) =
∞
∑

n=1

(
A2n

(
r

R4

)n
+ B2n

(
r

R5

)−n
)
· cos nθ

+
∞
∑

n=1

(
C2n

(
r

R4

)n
+ D2n

(
r

R5

)−n
)
· sin nθ

(42)

region 3k : A3k(r, θ) = A3k + B3k ln r +
∞

∑
m=1

(A3km f3ka(r) + B3km f3kb(r)) · cos(p3kθ3k) (43)

region 4ik : A4ik(r, θ) = A4ik + B4ik ln r +
∞

∑
u=1

(A4iku f4ikua(r) + B4iku f4ikub(r)) · cos(p4ikuθ4ik) (44)

region 4jk1: A4jk1(r, θ) = A4jk1 +
∞
∑

u=1

(
A4jku1 f4jkua1(r) + B4jku1 f4jkub1(r)

)
· cos(p4jku1θ4jk1) + A4jk1up

f4jkua1(r) =
(

r
R3

) uπ
δ

, f4jkub1(r) =

(
r

R4jk13

)− uπ
δ

θ4jk1 =(θ − θk + (λ− 1)δ)

p4jku1 =
uπ

δ

(45)

region 4jk2: A4jk2(r, θ) = A4jk2 +
∞
∑

u=1

(
A4jku2 f4jkua2(r) + B4jku2 f4jkub2(r)

)
· cos(p4jku2θ4jk2) + A4jku2p

f4jkua2(r) =

(
r

R4jk13

) uπ
δ

, f4jkub2(r) =
(

r
R1

)− uπ
δ

θ4jk2 =(θ − θk + (λ− 1)δ)

p4jku2 =
uπ

δ

(46)

A4jku1p =
1
2

µ0 J4jk1(R2
4jk13 ln r− 1

2
r2) +

1
2

µ0 J4jk2

(
R2

1 − R2
4jk13

)
ln r(θ − θk + (λ− 1)δ) (47)

A4jku2p =
1
2

µ0 J4jk2(R2
1 ln r− 1

2
r2) (48)

The integral constants of Region 1u and Region 1p, and Region 1p and Region 2, are
shown in Appendix A. The integral constants of the other regions are given in [7].
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3.3. Cogging Torque

In the polar coordinate system, the magnetic flux density can be obtained by

Brs(r, θ) =
1
r

∂As(r, θ)

∂θ
, Bθs(r, θ) = −∂As(r, θ)

∂r
(49)

where Brs and Bθs are the radial and tangential flux density at the radius r of the sth region,
respectively, T.

Based on the Maxwell stress tensor method, a circle with the semidiameter of rag in
the air gap region is regard as the path of integration. The cogging torque can be calculated
as follows:

Tc =
Le f r2

ag

µ0

∫ 2π

0
Brs(rag, θ) · Bθs(rag, θ)dθ (50)

where Lef is the axial length of the stator, mm; rag is the semidiameter of the air gap, mm.

4. FEM Results and Comparative Analysis

In order to validate the presented theoretical research, an LHPMSM with outer arc
eccentric pole-shaped PMs and asymmetric slots was chosen for the prototype. Three
analytical models, the ideal circular ring model (AM1), the direct segmented model (AM2),
and the proposed double-layer model (AM3), were adopted to compare the air gap flux
density with the FEA models at no-load and on-load conditions. The FEA models of the
prototype and mesh density are given in Figure 6. Structural parameters of the prototype
are shown in Table 1. Operating parameters of the machine are described in Table 2. The
materials of PMs and stator cores are NdFeB35 and DW465-50, respectively. The grade of
the PMs is N38SH. The specific simulation process is as follows:

(1) Establish the FEM of the prototype based on the parameters shown in Table 1. Magne-
tostatic analysis is conducted to obtain the calculation results the air gap flux density
under no-load conditions.

(2) During the transient analysis process, set the prototype operating parameters shown in
Table 2 and add ideal three-phase alternating current excitation. The radial and tangen-
tial air gap magnetic flux density and electromagnetic torque under load conditions
can be obtained.

(3) Still conducting the analysis in transient mode, removing the excitation source, mod-
ifying the speed to 1 r/s, and dividing the air gap domain into three layers with a
maximum grid size of 1 mm, the distribution of the cogging torque can be obtained.

Table 1. Specification of the prototype.

Parameter Item Value

p Number of pole pairs 20
Q Number of slots 168
R1 Semidiameter of slot bottom 764 mm
R2 Inside semidiameter of slot opening 824 mm
R3 Outside semidiameter of slot body 821 mm
RB Inside semidiameter of PMs 840 mm
R5 Outside semidiameter of slot opening 825 mm
RA Outside semidiameter of PMs 840 mm
Rm Inner arc radius of Region 1u variable
ϕ2 Center angles of Region 1p variable
hm Maximum thickness of PM 12 mm
b Tooth width of stator 20 mm
h0 Toothed boot height 1 mm
l Depth of U-shaped groove 1.29 mm

hs1 Width of U-shaped groove 3 mm
hs2 Stator tooth height 57 mm
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Table 1. Cont.

Parameter Item Value

g Air gap length 3 mm
αp Pole arc coefficient 0.94
λ Asymmetry of slot opening variable
ξ Asymmetry of inside slot variable
δ Slot pitch angle of stator 2.14◦
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Table 2. Operating parameters of prototype.

Parameters Items Value

UN Nominal voltage 1140 V
IN Nominal current 171 A
PN Nominal frequency 9.16 Hz
nN Nominal rotating speed 26.5 r/min
RN Resistance per phase 1.05 Ω
/ Number of conductors 28
/ Number of parallel branches 8

4.1. Air Gap Flux Density

Three sets of AM and FEM results for the radial and tangential flux density at r = 826.5 mm
under no-load conditions are illustrated in Figure 7. In Figure 7a,b, the air gap flux density
waveforms obtained using the AMs and FEM have a higher degree of coincidence under
no-load conditions. Therefore, all three AMs can accurately predict the magnetic field
characteristics of the motor. However, the slotting effect can cause distortion of the flux
density waveforms. Peaks and troughs of AM1 are slightly higher than those of AM2 and
AM3 in some special locations. Due to AM1 not considering the shape of the PM, this gives
rise to the radial component of the magnetization vector of the PM being higher than that
of AM2 and AM3. In addition, the waveforms of AM2 and AM3 only have differences at
the ends of the flat top position of the curve, as the latter takes into account the edge shape
of the PM.

THDag =

√
∞
∑

ν=1
B2

2ν+1

B1
× 100% (51)

where B1 is the fundamental amplitude of the air gap flux density, T; B2ν+1 denotes the
(2ν + 1)th harmonic contents of the air gap flux density, T.

The harmonic analysis results of the air gap flux density for the three AM models
and FEM under no-load conditions are shown in Figure 7c. The AM1 has the highest
fundamental amplitude of the air gap flux density compared to the other three models. The
fundamental amplitude and lower harmonic amplitude values of AM2 are similar to the
FEM results, which is consistent with the research results in [25]. The harmonic amplitude
of the air gap flux density of AM3 is slightly lower than those of the other three models,
which is related to the values of Rm and ϕ2. Therefore, the effects of these two parameters
on the electromagnetic characteristics are discussed in Section 5. Furthermore, the total
harmonic distortion (THD) rates of the air gap flux density for AM1, AM2, AM3, and the
FEM can be calculated using (51); these are 23.59%, 23.31%, 22.19% and 24.07%, respectively.
It can be seen that the THD comparison results are consistent with B1.

Figure 8a,b displays the AMs and FEM results for the radial and tangential flux density
in the middle of at r = 826.5 mm under on-load conditions. The waveform distortion at
the tip of the stator teeth is more severe than under no-load conditions, which is due to
the more significant impact of the armature reaction compared to the no-load conditions.
The result is also demonstrated in the harmonic analysis of Figure 8c. The THDag values
of the air gap flux density for AM1, AM2, AM3, and FEM can be calculated using (51);
these are 32.53%, 32.12%, 30.98%, and 31.27%, respectively. Moreover, the B1 under on-load
conditions is higher than under no-load conditions.
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Figure 7. Air gap flux density of three AMs and FEM under no-load conditions: (a) radial; (b) tan-
gential; (c) harmonic analysis.
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4.2. Torque Characteristics

The LHPMSM often bears heavy loading and vibration during operation. Conse-
quently, the motor requires an excellent output stability, which depend on the low torque
ripple ratio. However, the cogging torque can bring about significant torque ripple, espe-
cially at low speeds.

Figure 9a shows the electromagnetic torque of the three AMs and FEM. The average
electromagnetic torques of the AM1, AM2, AM3, and FEM are 2.233 kN·m, 2.146 kN·m,
2.199 kN·m, and 2.199 kN·m, respectively. The corresponding torque ripples of the four
models are 2.48%, 2.86%, 2.26%, and 2.73%, respectively.
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Figure 9. Electromagnetic characteristics of three AMs and FEM: (a) electromagnetic torque; (b) cog-
ging torque.

Figure 9b depicts the cogging torque of the three AMs and FEM. The peak values of
the cogging torque of the AM1, AM2, AM3, and FEM are 11.15 N·m, 11.61 N·m, 10.46 N·m,
and 12.03 N·m, respectively. The cogging torque Tcog of the four models are similar to B1.

5. Edge Cutting Models for PM

Three combination models based on AM3 with the eccentric cutting of the outer pole
arc PM model are proposed in this article. The structures have the same polar arc coefficient
and edge thickness with different cutting shapes at the edges of the inner arc, which are
chamfer cutting, rectangular cutting, and fillet cutting. As shown in Figure 10, the chamfer
shape in Figure 10a can be approximated as a right-angled triangle, where the cutting angle
is θcf and the cutting width is lcf. The chamfer shape in Figure 10b can be regarded as
rectangular, where the length and width are lc and lw, respectively. As shown in Figure 10c,
the chamfer shape can be considered equivalent to a quarter circle, where the radius is Rcm.
The edge cutting amounts of the three types are equal, with the edge structural parameters
given by Equation (52). Obviously, there are countless parameter combinations that meet
the conditions. However, a magnetic field prediction model with any edge cutting size
can be obtained by controlling Rm and ϕ2 in the proposed model. Therefore, we adopt
the multi-objective optimization design method proposed in [30], where Rm and ϕ2 are set
as optimization variables, and the average value of the electromagnetic torque, the peak
value of the cogging torque, and the THD of the no-load back electromotive force are set
as objective functions. The optimal parameter combination was obtained as ϕ2 = 7.125◦,
Rm = 834 mm, and the edge cutting dimensions of the three PMs are shown in Table 3.

Vc f =
1
2

l2
e f · tan θc f · lpm = lw · lc · lpm =

1
4

πR2
c f · lpm (52)
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Figure 10. Edge cutting models for the eccentric cutting of the outer pole arc: (a) chamfer cutting;
(b) rectangular cutting; (c) fillet cutting.

Table 3. Edge cutting parameter combinations of three types of combined PMs.

Type Symbol Value

Chamfer combination
lcf 5 mm
θcf 30◦

Fillet combination Rcf 5.2 mm

Rectangular combination lw 1.4 mm
lc 5 mm

Axial length of PM lpm 98 mm

Figure 11a,b shows the air gap flux density and the harmonic analysis for three types
of combined PMs. It can be seen that there are slight differences in the radial and tangential
air gap magnetic flux density at the slot opening, with the waveform of the chamfer-cutting
PM transitioning smoother compared to the other two types. This is because the change
in unit thickness of the chamfer-cutting PM is smoother. The rectangular cutting type
has a sudden change in the thickness of the PM, which can cause a deeper “depression”
in the waveform at the slot opening, resulting in more severe distortion of the air gap
magnetic field. From Figure 11c, the fundamental amplitudes of the air gap flux density for
the chamfered cutting, rounded cutting, and rectangular cutting are 1.165 T, 1.165 T, and
1.162 T, respectively. The total harmonic distortion rates (THDag) of the air gap magnetic
flux density obtained from Equation (52) are 23.4%, 23.9%, and 24.5%, respectively.

Figure 11d illustrates the electromagnetic torque analysis of three types of combined
PMs. It can be observed that the maximum electromagnetic torque of the chamfer cutting
is 45.58 kN·m, which is slightly higher than the 44.29 kN·m of the fillet cutting and the
44.21 kN·m of the rectangular cutting. Meanwhile, the torque ripple of the chamfer cutting
is 4.96%, which is also slightly lower than those of the other two types. This proves that the
chamfer-cutting PM can yield higher electromagnetic torque and have lower torque ripple
under the same usage.

Figure 11e depicts a comparative analysis of the cogging torque of three types of
combined PMs. As can be seen, the peak values of cogging torque that are derived from
the chamfer cutting, rectangular cutting, and fillet cutting are 10.09 N·m, 12.06 N·m, and
10.46 N·m, respectively. This is mainly because the change in magnetic field energy on
both sides of the chamfer cutting PM is relatively gentle compared to the other two types.
The magnetic field energy of the edges of the rectangular-cutting PM undergoes sudden
change. The magnetic field energy changes more sharply at the edges of the fillet-cutting
PM. Therefore, the lowest cogging torque is generated by the chamfer-cutting PM under
the same usage.

Figure 11f shows the no-load back EMF results of three types of combined PMs. It can
be seen that the amplitudes of chamfer cutting, rectangular cutting, and fillet cutting are
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33.81 V, 33.69 V, and 32.76 V, respectively. In addition, the harmonic analysis results are
shown in Figure 11g; the THD values of the no-load back EMF for three types of combined
PMs are 9.85%, 10.19%, and 11.29%, respectively.

In summary, comparisons of electromagnetic characteristics for three types of com-
bined PMs are shown in Table 4.

Table 4. Comparison of electromagnetic characteristics for three types of combined PMs.

Comparison

Air Gap Flux
Density (T)

Air Gap Flux
Density THD

THDag (%)

Average Value of
Electromagnetic Torque

Tavg (kN·m)

Torque Ripple
Trip (%)

Cogging Torque
Tcog (N·m)

No-Load Back
EMF THD

Br Bt THDemf (%)

Chamfer cutting 1.165 0.0482 23.4% 2.06 4.96% 10.09 9.85
Rectangular cutting 1.165 0.0512 23.9% 2.02 5.62% 12.06 10.19

Fillet cutting 1.162 0.0481 24.5% 1.96 5.11% 10.64 11.29
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Figure 11. Electromagnetic characteristics for three types of combined PMs: (a) radial air gap flux
density; (b) tangential air gap flux density; (c) harmonic analysis of air gap flux density; (d) cogging
torque; (e) electromagnetic torque; (f) no-load back EMF; (g) harmonic analysis of no-load back EMF.

6. Experimental Results

To confirm electromagnetic characteristics of the motor, a prototype of LHPMSM was
manufactured according to Table 1 and the optimized results. As predicted in Figure 12,
the experimental platform consists of the prototype, worktop, hydraulic system, electric
source, frequency transformer, power analyzer, current Sensor, and encoder.

The outer surface of the rotor was not winding the steel wire rope, which could be
regarded as no-load working conditions. The chamfered combination PMs was adopted.
The frequency transformer was set to the LOCAL mode, and signal were transmitted to the
computer through a Bluetooth interface; the encoder signals were received, filtered, and
converted by the control board to the oscilloscope through an Ethernet cable.

The LHPMSM was operated at 26.5 r/min and the no-load back-EMF can be seen in
Figure 13. It was found that the proposed chamfered combination PM has sinusoidal and
symmetric no-load back EMF. Therefore, the measured waveform confirms the simulation
result given in Figure 11f.

In Figure 14, it can be seen that the amplitude of phase current is 60 A. The elec-
tromagnetic torque test results of the motor are described in Figure 15, with the torque
ripple is about 5.15% during the stable operation of the prototype. The error between the
simulation result and the experimental result is about 3.6%, which verifies the correctness
of the FEA result.
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Figure 15. Measured electromagnetic torque under no-load conditions.

7. Conclusions

A dual-layer simplified model for the eccentric cutting of an outer pole arc PM was
proposed, which can simplify the irregular boundaries of the PM into upper and lower
regular edges. By optimizing the inner ring radius of the upper subdomain and the
center angle of the lower subdomain, a simplified model with any edge shape can be
obtained. Compared with traditional ideal circular ring, segmented fan ring, and finite
element models, this model also has high accuracy in magnetic field prediction. Three
application forms based on this simplified model were presented, including three combined
chamfer, fillet, and rectangle shapes with an eccentric cutting of the outer pole arc PM. The
electromagnetic characteristics of the three types of PMs were compared using the FEM,
and the results show that the chamfer combination PM is the best choice. The prototype
was manufactured and the theoretical analysis was validated through experiments. The
following conclusions were obtained:

(1) Compared to the ideal circular ring model (AM1) and segmented circular ring model
(AM2), the dual-layer permanent magnet simplified model (AM3) shows a higher
degree of agreement with the FEM. Its average electromagnetic torque is equal to the
FEM calculation result, but the torque ripple is the lowest among the four models (the
average electromagnetic torque values for AM1, AM2, AM3, and FEM are 2.233 kN·m,
2.146 kN·m, 2.199 kN·m, and 2.199 kN·m, respectively; the torque ripple values are
2.48%, 2.86%, 2.26%, and 2.73%, respectively). Moreover, the THD of the air gap flux
density of AM3 is the lowest under both no-load and load conditions.

(2) Under the premise of the same amount of PM usage, the chamfered combination PM
has superior electromagnetic characteristics. Specifically, the THD of the air gap flux
density is 2% and 4% lower than the fillet and rectangular combinations, the average
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electromagnetic torque is higher by 1.9% and 4.8%, the torque ripple is lower by 11.7%
and 2.9%, and the cogging torque is lower by 16.3% and 5.1%.
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Appendix A. Integration Constants

(1) Region 1u and Region 1p

On the basis of (11)–(14) and (16), the following expression can be derived:
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Interface condition (17) can be rewritten as
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According to (11)~(14) and (A2), the following equations can be obtained:
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(2) Region 1p and Region 2

On the basis of (13), (14), (20), (23), (24) and (42), the following equations can be obtained:
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The Boundary condition (21) can be expanded as
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where µr is the relative permeability.
According to (23), (24) and (A6), (A4) and (A5) can be simplified as
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