
Citation: Feng, Z.; Wang, J.; Wan, N.;

Li, H. Distributed Adaptive

NN-Based Attitude Synchronous

Tracking Control with Input

Saturation. Electronics 2022, 11, 4093.

https://doi.org/10.3390/

electronics11244093

Academic Editors: Zhan Li, Zhang

Chen and Yiyong Sun

Received: 28 October 2022

Accepted: 5 December 2022

Published: 8 December 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

electronics

Article

Distributed Adaptive NN-Based Attitude Synchronous
Tracking Control with Input Saturation
Zhenyu Feng 1 , Jiawei Wang 2,*, Neng Wan 3 and Huayi Li 1

1 Research Center of Satellite Technology, Harbin Institute of Technology, Harbin 150001, China
2 Department of Control Science and Engineering, Harbin Institute of Technology, Harbin 150001, China
3 Department of Mechanical Science and Engineering, University of Illinois at Urbana-Champaign,

Urbana, IL 61801, USA
* Correspondence: 11B304008@hit.edu.cn

Abstract: The attitude synchronization tracking problem for spacecraft formation flying is inves-
tigated in this paper based on sliding-mode control and a Chebyshev neural network (ChNN). A
distributed attitude cooperative controller is designed for a group of spacecrafts to guarantee that
each individual spacecraft will track the reference attitude of the virtual leader in the presence of
external disturbances, system uncertainties and input saturation. An adaptive ChNN is introduced
to approximate the system nonlinear uncertainties and bounded external disturbances online, and
a switch function, which acts as a switching signal between the adaptive ChNN controller and
the robust control law, is applied to limit the output of the ChNN approximator. Then, utilizing
Nussbaum-type functions, an auxiliary control system is designed to counteract the nonlinearities
caused by input saturation. Finally, a numerical simulation example is provided to illustrate the
robustness and effectiveness of the proposed attitude control scheme.

Keywords: distributed attitude control; Chebyshev neural network; input saturation; sliding-mode
control; Nussbaum-type function

1. Introduction

In the past decade, prompted by the emergence of distributed computation and con-
cepts of cooperation, the technology of spacecraft formation flying (SFF), which coordinates
smaller and lower-cost spacecraft to collaboratively accomplish complex and diverse mis-
sions, has received sustained attention from many recent researchers. Formation behaviors
are abundant in biological systems and artificial machines. Benefiting from advantages such
as increased flexibility toward tasks, higher robustness to failures of individual members
and better scalability of system deployment [1], SFF has been extensively applied in vari-
ous space missions, including high resolution imaging, universal exploration, distributed
aperture radar, gravitational waves measurement [1–4], etc. Owing to increasingly critical
demands on the attitude orientation accuracy in SFF missions, vast research efforts have
been dedicated to attitude synchronization and tracking control (ASTC). However, precise
attitude control of SFF is still a difficult and open question due to nonlinear characteristics
of the attitude dynamics of each spacecraft, limited communication between spacecraft and
ineluctable uncertainties such as parametric perturbations, modeling errors and external
disturbances. Moreover, considering the physical limitations of actuators, members of a
spacecraft formation suffer input saturation in practice, so it is challenging to develop a
high-performance attitude synchronization and tracking controller that is robust to the
above uncertainties and constraints.

The problem of ASTC is actually a problem of consensus, which aims to synchronize
the attitude of spacecraft to a common orientation. Generally, the configuration of the
ASTC problem can be classified into one of two strategies: decentralized coordination
and distributed coordination. The decentralized coordination strategy, which will not be
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discussed in this paper, is based on the premise that the states of the leader or reference
desired attitude are accessible to all members in the formation [3,5–7]. On the contrary,
the distributed coordination strategy only requires local information from neighbors and
the states of the leader are only required by a subset of the followers [4,8–14]. In light of
this, the distributed control strategy has stronger robustness, higher efficiency and requires
less communication resources [8]. Recently, the graph-theory-based method was used
to study the consensus problem by applying local information. In [8], a neural-network-
based sliding-mode control (SMC) algorithm was developed for the problem of attitude
formation-containment control under directed graph. In the work of Zhu and Guo [9], a
distributed adaptive controller was proposed to tackle the ASTC with input saturation.
In the work of Zou et al. [11], the problem of velocity-free attitude coordination control
under an undirected graph was solved with a finite-time observer and the homogeneous
method. To relieve the communication burden, Chen and Shan investigated the attitude
regulation of flexible multi-spacecraft under fixed or switching communication graph on
SO (3) [12]. Nazari and Butcher [15] studied the consensus control of a rigid-body spacecraft
formation with an acyclic directed graph while accounting for a constant communication
time delay. In [16], the velocity free leader–follower cooperative attitude tracking problem
was investigated under the assumption that the leader–follower graph is a weak tree while
the follower graph is undirected.

Disturbance rejection is a commonplace topic in control theory. Due to environmental
and structural factors such as solar pressure, aerodynamic drag, gravity gradient torque,
sloshing of liquid fuel, vibration of flexible appendages, etc., disturbances are non-ignorable
and hard to parameterize [3,9,17]. Moreover, considering the complex communication
topology, and the strong coupling and nonlinearity of attitude dynamics, robustness against
disturbances and uncertainties is a significant mathematical problem in attitude coordina-
tion controller designing [18,19]. Despite the above hardships, numerous control techniques
have been studied and are now available in the literature on attitude coordination control,
such as adaptive control [3,9,10], observer-based control [11,20], fuzzy control [13,21,22],
backstepping control [14,18,23], and event-triggered control [7,24]. Sliding-mode control
(SMC), being as one of the variable structure control methods, has attractive features to
keep the systems insensitive to matched model uncertainties on the sliding surface, and has
been extensively employed in [4,6–8,25–28]. With an increase in research, new SMC-based
methods, including terminal SMC [4], integral SMC [25], higher-order SMC [26], fractional-
order SMC [27] and optimal SMC [28], are constantly emerging. In recent years, by virtue
of its extraordinary capability of universally approximating any smooth function over a
compact set [29], the neural network (NN) is increasingly introduced to attitude control in
order to counter unknown dynamics [17–19,30–32]. In the work of [18], a radial basis func-
tion NN-based optimal adaptive attitude controller was considered to tackle time-varying
disturbances. In [19], an actor–critic NN architecture was utilized to compensate system
uncertainties online. Zou and Kumar [30] employed the basis functions of the Chebyshev
neural network (ChNN) to approximate spacecraft attitude dynamics, and further they
extended their work in [31] by proposing a finite-time controller based on a ChNN and
terminal SMC. Based on the NN and integral terminal SMC, the problem of angle velocity
constrained attitude stabilization is investigated by Yu and Du in [32].

Another crucial issue that deserves attention in control system design is actuator
saturation. Limited by space utilization, energy consumption and other realistic factors,
an upper magnitude limit on the output of practical actuators always exists. The issue of
how to maintain the performance of an attitude control system under actuator saturation
is a subject worthy of study. In [4], the controller design procedure was guided by an
idea of considering the entire controller as a combination of saturation subsections. The
proposed control law was composed of two sub-items, each of whose amplitude range
was restrained by a hyperbolic tangent function. A similar thought could be also seen
in [2,33,34]. By adopting such techniques, the controller form is simpler by and large, but
the actuator’s performance is under-utilized [35]. Another prevailing solution is to design
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the controller without taking the input saturation into account at first, then take steps
to make the obtained controller meet the requirements of saturation [3,9,36,37], but an
extra auxiliary control system usually has to be designed to compensate the nonlinearity
caused by the saturation constraint, which adds complexity to the controller. Most existing
approaches are either conservative or complicated in structure; in consequence, Nussbaum-
type functions have attracted increasing attention. The Nussbaum-type function has been
broadly employed to deal with systems with unknown control gain [38,39], and it was
initially introduced by Wen et al. [40] to compensate the nonlinearity engendered by input
saturation, then their works were expended by other researchers [41,42].

Inspired by these works, this paper concentrates on the problem of attitude synchro-
nization and tracking in the presence of external disturbances, inertia uncertainties and
input saturation. A novel distributed attitude coordination controller based on the ChNN
and Nussbaum gain is proposed and the attitude orientation is described by modified
Rodriguez parameters (MRPs). An adaptive ChNN-based approximator, which is a techni-
cal extension of the work of Zou et al. [31], is developed to estimate and compensate the
uncertainties and unknown nonlinear functions online. Moreover, based on a Nussbaum-
type function and a smooth hyperbolic function, an auxiliary virtual control system is
devised to handle the nonlinearity arising from input saturation. The main contributions
are summarized as follows:

1. The proposed distributed attitude coordination controller for SFF is robust against
external disturbances and inertia uncertainties with input saturation. The stability of
the controller is verified by Lyapunov’s method and the tracking errors are uniformly
ultimately bounded (UUB).

2. A ChNN-based approximator, which has the advantages of computational simplicity
and easy application [31] is implemented in the proposed controller, and in simulation,
it is discovered that chattering caused by the switch function can be avoided by
applying a filter.

3. A Nussbaum-type function is introduced to the ASTC to handle the nonlinearity
arising from input saturation. This approach can be easily extended to other con-
trol problems.

This paper is organized as follows: In Section 2, the problem formula is introduced
and the control object is stated. In Section 3, several useful definitions and preliminaries are
described. In Section 4, the main results are presented. A distributed adaptive NN-based
control law for formation attitude tracking is proposed with a theoretical proof. Simulation
results are presented in Section 5 and finally, conclusions are drawn in Section 6.

Notation: Throughout the paper, we denote by In the n × n identity matrix, and
by 1n the n-dimensional column vector with all entries being 1; For any vector x ∈ Rn

and matrix A ∈ Rn×n, ‖x‖ and ‖A‖ are, respectively, the 2− norm of x and A, we define
FD(x) = diag[F(x1), . . . ,F(xn)] = [F(x1), . . . ,F(xn)]D, where F is any given function;
⊗ represents the Kronecker product, and the operator (·)× ∈ R3×3 denotes the matrix
representation of the linear cross-product.

2. Problem Statement
2.1. Attitude Dynamics of Rigid Spacecraft

For each member of a spacecraft formation system, the attitude kinematics and dy-
namics described in terms of MRPs can be presented as [8]

σ̇i = Z(σi)ωi (1a)

Jiω̇i = −ω×i Jiωi + ui + di (1b)

where i = 1, . . . , n; ωi ∈ R3 is the angular velocity of the ith spacecraft with respect to the
inertial frame; Ji ∈ R3×3 denotes the symmetric positive definite inertia tensor; ui ∈ R3 is
the control torque and di ∈ R3 is the unknown external disturbance torque; σi ∈ R3 denotes
the MRPs representing the attitude orientation of the ith spacecraft in the body frame with
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respect to the Earth-centered inertial frame, which is a vector defined by σi = êi tan(φi/4),
where êi and φi are, respectively, the Euler axis and Euler angle; Z(σ) is given by [10]

Z(σ) =
1
2

(
1− σTσ

2
I3 + σσT + σ×

)
Remark 1. In this paper, the MRPs σi, rather than the quaternion, are used to describe the
attitude kinematics, which is mainly to avoid the undesirable unwinding phenomenon brought
by the quaternion. However, it can be seen that MRPs will go singular at φi = ±360◦. The
singularity problem can be solved by introducing a shadow point of the MRPs vector, which is
obtained by σs

i = −
(
σi/σT

i σi
)
. Readers with an interest in MRPs shadow points can refer to the

literature [43,44] and relevant references cited therein.

To investigate the uncertainties of the spacecraft, the following assumptions are made:

Assumption 1. The inertia matrix Ji is assumed to be in the form of Ji = J0i + ∆Ji, where J0i, the
selected known non-singular symmetric positive definite constant matrix, is the nominal inertia
matrix of spacecraft i and ∆Ji denotes the inertia uncertainty and satisfies ‖∆Ji‖ ≤ λJi, where the
unknown constant λJi > 0 is an upper bound on the norm of the inertia uncertainty ∆Ji.

Assumption 2. The external disturbance di in (1b) is assumed to be bounded and satisfies
‖∆di‖ ≤ λdi, where the unknown constant λdi > 0 is an upper bound on the norm of the
external disturbance di.

According to Assumption 1 and 2, the dynamic equation set (1) can be rewritten as

σ̇i = Z(σi)ωi (2a)

J0iω̇i = −ω×i J0iωi + ui + d′i (2b)

where the total uncertainty of the ith spacecraft d′i = di −ω×i ∆Jiωi −∆Jiω̇i is also bounded.

2.2. Actuator with Input Saturation

Taking actuator saturation into consideration, ui can be generally formulated as
ui(τi) = [sat(τi,1), sat(τi,2), sat(τi,3)]

T, where τi is the commanded control signal and ui
is the actual control torque the constrained system can generate, the function sat(τi,k) is
defined as sat(τi,k) = sign(τi,k) ·min

{
|τi,k|, ui,k,max

}
(k = 1, 2, 3), and ui,k,max > 0 is the

maximum output torque of the corresponding actuator. However, the above saturation
function is detrimental to the smoothness of control. To streamline the actuator saturation
transition, a hyperbolic tangent function is utilized to design a new commanded control
signal [41]

ui(τi) = gi(τi) (3)

where gi(τi) = [gi,1(τi,1), gi,2(τi,2), gi,3(τi,3)]
T, with gi,k (τi,k) = ui,k,max · tanh(τi,k/ui,k,max),

owing to the property of the hyperbolic tangent function, ui,k(τi,k) tends to ±ui,k,max as τi,k
tends to ±∞. More specifically, for any δ > 0 and x ∈ R, the following formula always
holds [45]

0 ≤ |x| − x tanh(x/δ) ≤ κδ, κ = 0.2785 (4)

On this basis, define the diagonal control matrix Pi = diag (ρi,1, ρi,2, ρi,3) with diagonal
entries ρi,k = gi,k(τi,k)/τi,k. To avoid singularity problems, ρi,k = 1 when τi,k = 0, and ρi,k
takes value in the sub-interval of [0,1). Thus, considering the actuator saturation, the actual
control torque (3) can be rewritten as [36,42]

ui(τi) = Pi(τi)τi (5)



Electronics 2022, 11, 4093 5 of 21

Remark 2. In the light of above definition, the control coefficient matrix Pi is bounded and time-
varying in accordance with τi. To handle this term, enlightened by article [42], a Nussbaum-type
function and related technique is applied. The control error by implementation of (5) can be
incorporated into d′i and will be handled together in subsequent analysis.

2.3. Control Object

Considering the attitude motion function (2), the main control object is to develop an
adaptive NN-based control scheme for attitude synchronization and tracking of a spacecraft
formation with an undirected communication graph subject to uncertain inertial matrix,
external disturbance and input saturation.

3. Preliminaries and Lemmas
3.1. Graph Theory

In this section, some necessary results from graph theory are introduced to describe
the communication topology of a spacecraft formation system [46]. A graph G , (V,E,A)
is a triple consisting of a vertex set V(G) = {v1, . . . ,vn}, an edge set E(G) ⊂ V ×V, and
a relation A that associates each edge with an ordered vertex pair

〈
vi,vj

〉
∈ E, vi and

vj are called as the parent vertex and the child vertex, respectively. The neighbor set of
vi is denoted by Ni = {vj :

〈
vi,vj

〉
∈ E, i 6= j} and vj is a neighbor of vi. A graph G

is called undirected if the graph has the property:
〈
vi,vj

〉
∈ E ⇔

〈
vj,vi

〉
∈ E, thus an

edge in a undirected graph can be denoted by a vertex pair
(
vi,vj

)
, which means that the

spacecraft vi and vj can communicate. Similarly, the neighbor set of vi in a undirected
graph is denoted by Ni = {vj :

(
vi,vj

)
∈ E, i 6= j}.

The adjacency matrix of G is the matrix A = [aij] ∈ Rn×n, where aij > 0 if (vi,vj) ∈ E,
while aij = 0 otherwise. By inspection, aij = aji is valid for an undirected graph. When
considering communication, it is realistic to assume there is no loop in the graph, i.e.,
aii = 0. The in-degree matrix is defined as the diagonal matrix Λ ∈ Rn×n with diagonal
entries dii = ∑n

j=1 aij. The Laplacian matrix L ∈ Rn×n is defined as L = Λ− A. Throughout
the paper, the attitude tracking problem of a spacecraft formation with n members is
considered, where the members are in one-to-one correspondence with the vertices of the
n-order graph G. If a leader is present in the formation, it is given the index 0; otherwise,
we introduce a virtual leader to provide the desired tracking trajectory. The connection
matrix B ∈ Rn×n, which is diagonal, indicates the connection between the followers and
leader; the diagonal entries bii > 0 if the ith spacecraft has access to the leader, otherwise
bii = 0.

3.2. Nussbaum-Type Function

Definition 1. [47] Any continuous even function N(χ) is called a Nussbaum-type function when
it satisfies the following properties

lim
r→∞

sup
1
r

∫ r

0
N(χ)dχ = +∞ (6)

lim
r→∞

inf
1
r

∫ r

0
N(χ)dχ = −∞ (7)

Typical choices of Nussbaum-type functions N(χ) are χ2 cos(χ), χ2 sin(χ) and exp(χ2)
· cos( d

w χ). However, for a network connected system with multiple subsystems, the tradi-
tional Nussbaum-type functions designed for individual systems would not be capable
of establishing the boundedness of all the variables in the adaptive consensus control
system, it is still not clear how to use traditional Nussbaum-type functions at current
stage [38,42,48]. To handle this obstacle, we select the following special Nussbaum-type
function [42]

N(χ) = eχ2/2(χ2 + 2) sin(χ) + 1 (8)
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The Nussbaum function in (8) was originally proposed by Ding [38] and was further
modified by Hu in [42].

Together with the Nussbaum-type function (8), some lemmas to be used later are
introduced here

Lemma 1 ([42]). Let V(t) and χi(t) be smooth functions defined on [0, t f ) with V(t) ≥ 0,
χi(0) = 0 and let N(·) be a Nussbaum-type function defined by (8). If the following inequality holds

V(t) ≤ c0 + e−c1
N

∑
i=1

∫ t

0
(−gi(τ)N(χi(τ)) + 1)χ̇i(τ)ec1τdτ (9)

where constant c1 > 0, time-varying parameter gi(t) takes values in the unknown interval I :=
[g−, g+] with 0 /∈ I and c0 is a bounded constant, then V(t), χi(t) and ∑N

i=0
∫ t

0 gi(τ)N(χi(τ))
·χ̇i(τ)dτ are bounded on [0, t f ).

Lemma 2 ([49]). Let f , V : [0, ∞) 7→ R with t0 ∈ (0, t), if V̇ ≤ −αV + f , constant α > 0, then

V(t) ≤ e−α(t−t0)V(t0) +
∫ t

0
e−α(t−τ) f (τ)dτ (10)

Lemma 3 ([5,50]). For matrices A, B, C and D of appropriate dimensions, the following re-
sults hold

1. (γA)⊗ B = A⊗ (γB), where γ is a constant;
2. (A + B)⊗ C = A⊗ C + B⊗ C;
3. (A⊗ B)(C⊗ D) = (AC)⊗ (BD);
4. Suppose that A and B are invertible, then (A⊗ B)−1 = (A−1)⊗ (B−1);
5. Let λ1, . . . , λm be the eigenvalues of A, and σ1, . . . , σn be those of B. Then the eigenvalues of

A⊗ B are λiσj(i = 1, . . . , m and j = 1, . . . , n).

Lemma 4 ([51]). The Laplace matrix L in an undirected network G has a simple eigenvalue 0 and
all the other eigenvalues are positive if and only if the undirected graph is connected.

Lemma 5 (Weyl [51]). Let A, B ∈ Rn×n be Hermitian and let the respective eigenvalues of A,
B and A + B be {λi(A)}n

i=1, {λi(B)}n
i=1, and {λi(A + B)}n

i=1, each algebraically ordered as
λmin = λ1 ≤ λ2 ≤ · · · ≤ λn−1 ≤ λn ≤ λmax. Then

λi(A + B) ≤ λi+j(A) + λn−j(B), j = 0, 1, . . . , n− j

for each i = 1, . . . , n, with equality for some pair i, j if and only if there is a nonzero vector x such
that Ax = λi+j(A)x, Bx = λn−j(B)x and (A + B)x = λi(A + B)x.

Further,
λi−j+1(A) + λj(B) ≤ λi(A + B), j = 1, . . . , i

for each i = 1, . . . , n, with equality for some pair i, j if and only if there is a nonzero vector x
such that Ax = λi−j+1(A)x, Bx = λj(B)x and (A + B)x = λi(A + B)x. If A and B have no
common eigenvector, then every inequality is a strict inequality.

3.3. The Chebyshev Neural Network

In this paper, the neural network (NN) structure utilized to approximate the system
uncertainties is a single-layer Chebyshev neural network (ChNN). The ChNN is a functional
link network based on Chebyshev polynomials [31]. The Chebyshev polynomials have an
important application in approximation theory. Chebyshev polynomials of type II Un(x)
can be obtained by the two-term recursive formula
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U0(x) = 1
U1(x) = 2x n ∈ Z+

Un+1(x) = 2xUn(x)−Un−1(x)
(11)

Based on Un(x), for a vector X = [x1, . . . , xm]
T ∈ Rm and a continuous nonlinear

function F(X) ∈ Rn, F(X) can be approximated by the ChNN as

F(X) = M∗Γ(X) + ε (12)

where Γ(X) = [1,U1(x1), . . . ,Un(x1), . . . ,U1(xm), . . . , Un(xm)]T is the n-order Chebyshev
polynomial basis function; M∗ is the unknown optimal weight matrix of appropriate
dimension; ε denotes the bounded ChNN approximation error.

4. Main Results

In this section, a distributed adaptive NN-based control law is designed for SFF
attitude synchronization and tracking under an undirected communication topology in
presence of uncertainties and input saturation. A Chebyshev neural network based adaptive
controller is implemented to approximate the uncertainties. The input saturation is handled
by introducing a Nussbaum function and the Lyapunov method is utilized to analyze the
stability of the system.

4.1. Multi-Spacecraft Sliding Manifold Derivation

In this subsection, the multi-spacecraft sliding-mode vector S = [sT
1 , . . . , sT

n ]
T ∈

R3n, i = 1, . . . , n is developed to guarantee the spacecraft formation to achieve attitude
synchronous tracking performance, where si ∈ R3 is defined as

si = bi(σ̇ei + kσei) +
n

∑
j=1,j 6=i

aij[(σ̇ei + kσei)− (σ̇ej + kσej)] (13)

where constant k > 0 and aij, bi are, respectively, elements of the adjacency matrix A
and the connection matrix B, the subscript 0 identifies the desired attitude information,
the attitude tracking error of spacecraft i is defined as σei = σi − σ0, then its derivative
σ̇ei = σ̇i − σ̇0 obtained. Substituting σei, σ̇ei into (13) yields

si = bi[(σ̇i + kσi)− (σ̇0 + kσ0)] + ∑n
j=1,j 6=i aij[(σ̇i + kσi)− (σ̇j + kσj)]

=
(

bi + ∑n
j=1,j 6=i aij

)
(σ̇i + kσi)−∑n

j=1,j 6=i aij(σ̇j + kσj)− bi(σ̇0 + kσ0) (14)

Utilizing the Kronecker product, the sliding-mode vector S can be written as

S = [(L + B)⊗ I3](Σ̇e + kΣe) (15)

where Σe = [σ1, . . . , σn]T, Σ̇e = [σ̇1, . . . , σ̇n]T; L and B are the Laplacian matrix and the
connection matrix that are defined in the previous section. When the sliding-mode vector S
is zero, σ̇ei + kσei = 0, thus

lim
t→∞
‖σei‖ = 0, lim

t→∞
‖σ̇ei‖ = 0, i = 1, . . . , n (16)

Therefore, it can be concluded that the attitude tracking errors converge to 0 as t→ ∞
on the multi-spacecraft sliding-mode manifold S = 0. In the final part of this section, the
time derivative of S is deduced. Taking the time derivative of (13), ṡi is given as

ṡi = bi(σ̈ei + kσ̇ei) +
n

∑
j=1,j 6=i

aij[(σ̈ei + kσ̇ei)− (σ̈ej + kσ̇ej)] (17)
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Through the attitude dynamics (2), σ̈ei + kσ̇ei can be obtained

σ̈ei + kσ̇ei

= Żiωi + Ziω̇i + kZiωi − (σ̈0 + kσ̇0)

= Żiωi + kZiωi − (σ̈0 + kσ̇0) + Zi J−1
0i
(
−ω×i J0iωi + Piτi + d′i

)
= (Żiωi + kZiωi − Zi J−1

0i ω×i J0iωi)− (σ̈0 + kσ̇0) + Zi J−1
0i Piτi + Zi J−1

0i d′i
= fi − f0 + qi + d′′i (18)

where 
fi = Żiωi + kZiωi − Zi J−1

0i ω×i J0iωi
f0 = (σ̈0 + kσ̇0)

qi = Zi J−1
0i Piτi

d′′i = Zi J−1
0i d′i

hi = fi − f0

Substituting (18) into (17), yields

ṡi = (bi + ∑n
j=1,j 6=i aij)

(
hi + qi + d′′i

)
−∑n

j=1,j 6=i aij

(
hj + qj + d′′j

)
(19)

Finally, the time derivative of S can be derived from (15) to (19)

Ṡ = [(L + B)⊗ I3](Σ̈ei + kΣ̇ei) = [(L + B)⊗ I3](H + Q + D) (20)

where H = [hT
1 , . . . , hT

n ]
T, Q = [qT

1 , . . . , qT
n ]

T, D = [d′′T1 , . . . , d′′Tn ]T.

4.2. Controller Synthesis

For simplification, we start with the hypothesis that the attitude synchronous track-
ing performance is achievable with a virtual control law wi without considering actuator
saturation. Accordingly, by designing the totally same sliding-mode vector as (13) and fol-
lowing the derivation in Section 4.1, the component of corresponding new multi-spacecraft
sliding-mode vector ˙̃S with the virtual control law wi is given by

˙̃si = (bi + ∑n
j=1,j 6=i aij)

(
hi + w′i + d′′i

)
−∑n

j=1,j 6=i aij

(
hj + w′j + d′′j

)
(21)

where w′i = Zi J−1
0i wi. Then, following the traditional sliding-mode controller design

approach, the control formula can be given conceptually. To organize the derivation process
coherently, w′i is divided into two parts

w′i = w′ia + w′ib (22)

where w′ia = −hi + (bi + ∑n
j=1,j 6=i aij)

−1 ∑n
j=1,j 6=i aij(hj + w′j), the equivalent control term,

is designed to compensate the dynamics of the sliding-mode surface; w′ib is the disturbance
rejection term to be designed later.

Considering the Lyapunov function candidate Ṽi =
1
2 s̃T

i s̃i, taking the time derivative
of Ṽi and submitting (21) and (22) yields

˙̃Vi = s̃T
i ˙̃si

= s̃T
i [(bi + ∑n

j=1,j 6=i aij)
(
hi + w′i + d′′i

)
−∑n

j=1,j 6=i aijt(hj + w′i + d′′j )]

= s̃T
i [(bi + ∑n

j=1,j 6=i aij)w′ib + µi] (23)

where
µi = (bi + ∑n

j=1,j 6=i aij) + d′′i −∑n
j=1,j 6=i aijd′′j (24)
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Remark 3. As µi is a complex nonlinear state-dependent uncertain term, it is difficult to counteract
by direct feedforward compensation. Since the terms constituting µi are all bounded, µi is bounded
too. Let µi,max denotes the upper bound of ‖µi‖. It follows that µi can be regarded as a bounded
function of λdi, λdj, σi, ωi, σj and ωj(j ∈ Ni) under Assumption 2. To this end, we use a
single-layer Chebyshev neural network, which is elaborated in article [31], to approximate µi and
compensate it with a feedback structure.

4.2.1. Control Law Design

In what follows, we present a ChNN scheme based on (12) and (24), which leads to a
controller capable of approximating and compensating the uncertain term µi. Utilizing a
ChNN to approximate µi, taking the following form

µi = M∗i Γi(Xi) + εi (25)

similar to the definitions in Section III, Xi = [σT
i , ωT

i , σT
j , ωT

j ]
T ∈ R6×(1+∑j∈Ni

1), Γi(Xi) =

[1,U1(Xi,1), . . . ,Un(Xi,1), . . . ,U1(Xi,end), . . . ,Un(Xi,end)]
T is the n-order Chebyshev poly-

nomial basis function of Xi; M∗i denotes the unknown optimal weight matrix, using M̂i
to represent the estimation of M∗i , then the optimal weight estimation error matrix can be
denoted M̃i = M∗i − M̂i; ε denotes the approximation error. Before presenting the designed
controller, the following assumptions are required:

Assumption 3. The optimal weight matrix M∗i is bounded, and there exists a positive constant
Mmax so that Tr(M∗Ti M∗i ) ≤ Mmax always holds.

Assumption 4. The approximation error εi is bounded, and there exists a positive constant εi,max
so that ‖εi‖ ≤ εmax always holds.

Referencing the work in [31], the disturbance compensation term w′ib of the virtual
control law w′i is given by

w′ib = (bi + ∑n
j=1,j 6=i aij)

−1vi (26a)

vi = −mi(t)(M̂iΓi + φi)− (1−mi(t))φ̄i − k1si − k2diag(|si|0.5)sign(si) (26b)

mi(t) =

{
0, ‖M̂iΓi‖ > µi,max
1, ‖M̂iΓi‖ ≤ µi,max φi = kε tanh

(
3κkε

ξ si

)
φ̄i = kµ tanh

(
3κkµ

ξ si

)
where k1 > 0, k2 > 0, ξ > 0, kε > εmax, kµ > µmax, κ = 0.2785. mi(t) is a switch function,
the robust controller φi and φ̄i are used to compensation the approximation error εi [21].
The adaptive updating law of M̂i is given as

˙̂Mi = mi(t)η(siΓ
T
i − βM̂i) (27)

Combining (22) and (26), the virtual control law w′i is given by

w′i = − hi + (bi + ∑n
j=1,j 6=i aij)

−1
[
∑n

j=1,j 6=i aij(hj + w′j) + vi

]
(28)

Now the final commanded control signal τi is synthesized as
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τi = ND(χi)wi (29)

wi = J0iZ−1
i {− fi + bi f0 + (bi + ∑n

j=1,j 6=i aij)
−1[∑n

j=1,j 6=i aij( f j − bi f0 + Zj J−1
0j wj)

−mi(t)(M̂iΓi + φi)− (1−mi(t))φ̄i − k1si − k2diag(|si|0.5)sign(si)]} (30)

fr = Żrωr + kZrωr − Zr J−1
0r ω×r J0rωr (r = i, or r ∈Ni) (31)

where the feedback gain k1 > 0, k2 > 0, the design parameters kε, kµ, ξ, η and β have been
defined; M̂i is updated by the adaptive updating law (32) with the initial value of 0; χi ∈ R3

obeys the update law (33) and is initialized to 0; ND(χi) = diag[N(χi,1) N(χi,2) N(χi,3)],
of which the elements N(χi,k) (k = 1, 2, 3) being the Nussbaum-type function are defined
by (8), the gain γ > 0.

˙̂Mi = mi(t)η(siΓ
T
i − βM̂i) (32)

χ̇i = − γ{[sT
i (bi + ∑n

j=1,j 6=i aij)−∑n
j=1,j 6=i ajisT

j ]Zi J−1
0i }Dwi (33)

To facilitate understanding of the proposed method’s structure, the block diagram of
the closed-loop system is illustrated in Figure 1.

Attitude Dynamics

Attitude 

Kinematics
Control Signal

Approximator 

based on CNN

Robust control 

Adaptive control based 

on CNN

Adaptive Law
Sliding-mode 

Vector


j j i

σ , ω ,  j N

i
σ

i
ω

External Disturbances

Inertia uncertainties

Spacecraft i
Attitude Control 

Scheme

i
u

i
τ

( )
i
m t

If ( ) 1 
i
m t 

If ( ) 0 
i
m t 

Figure 1. Block diagram of the proposed attitude controller.

Remark 4. In the above proposed controller, the Chebyshev neural network is introduced to ap-
proximate the uncertainties of the system; however, the estimating ability of the ChNN is generally
poor in the learning phase and its output is liable to exceed the bound of the estimated function.
To this end, the switch function mi(t) is utilized so that the approximator works only when the
output of the ChNN is bounded. Moreover, to avoid the chattering phenomenon caused by the
utilization of the signum function, the hyperbolic tangent function is applied in the controller [52].
For further understanding, the article [31] elaborates on the functional characteristics of the adaptive
ChNN controller.

Remark 5. When bi = 0, i.e., the ith spacecraft does not link to the leader or cannot receive the
desired attitude information, according to (14) and (30), it can be obtained that

si|bi=0 =
n

∑
j=1,j 6=i

aij(σ̇i + kσi)−
n

∑
j=1,j 6=i

aij(σ̇j + kσj)

wi|bi=0 =J0iZ−1
i {− fi + (

n

∑
j=1,j 6=i

aij)
−1[

n

∑
j=1,j 6=i

aij( f j + Zj J−1
0j wj)

−mi(t)(M̂iΓi + φi)− (1−mi(t))φ̄i − k1si − k2diag(|si|0.5)sign(si)]}

By adopting the two equations, the desired attitude information can be eliminated from
the controller.
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4.2.2. Stability Analysis

In this part, Lyapunov’s stability method is applied for stability analysis of the closed-
loop system.

Theorem 1. Consider the spacecraft formation attitude tracking system described by (2) and
Assumptions 1–4 are valid, the distributed control law (29) with the adaptive laws (32) and (33)
guarantee the σei converge to a small region around the equilibrium.

Proof. Considering the following Lyapunov function candidate

V =
1
2

STS +
1

2η
∑n

i=1Tr
(

M̃T
i M̃i

)
(34)

Let W ′ = [w′T1 , . . . , w′Tn ]T, utilizing the Kronecker product and relevant knowledge of
graph theory [6,46], W ′ can be rewritten as

W ′ = −H + [(Λ + B)−1 ⊗ I3][(A⊗ I3)(H + W ′) + Π] (35)

where the adjacency matrix A, the connection matrix B, the in-degree matrix Λ are defined
previously in Section 3, H = [hT

1 , . . . , hT
n ]

T, Π = [vT
1 , . . . , vT

n ]
T. The above equation can be

rewritten as

W ′ = − H +
{

I3n − [(Λ + B)−1 ⊗ I3](A⊗ I3)
}−1

[(Λ + B)−1 ⊗ I3]Π (36)

Since the following equation holds

I3n − [(Λ + B)−1 ⊗ I3](A⊗ I3)

= [(Λ + B)−1 ⊗ I3]{[(Λ + B)⊗ I3]− (A⊗ I3)}
= [(Λ + B)−1 ⊗ I3][(L + B)⊗ I3]

Applying Lemma 3, it can be derived that

W ′ = − H + {[(Λ + B)−1 ⊗ I3][(L + B)⊗ I3]}−1[(Λ + B)−1 ⊗ I3]Π

= − H + [(L + B)⊗ I3]
−1Π (37)

Differentiating V with respect to time and using (20) and (37) yields

V̇ = STṠ− 1
η ∑n

i=1Tr(M̃T
i

˙̂Mi)

= ST[(L + B)⊗ I3](H + Q + D)− 1
η ∑n

i=1Tr(M̃T
i

˙̂Mi)

= ST[(L + B)⊗ I3](Q−W ′) + ST[(L + B)⊗ I3](H + W ′ + D)− 1
η ∑n

i=1Tr(M̃T
i

˙̂Mi)

= ST[(L + B)⊗ I3](Q−W ′) + ST[(L + B)⊗ I3]D + STΠ − 1
η ∑n

i=1Tr(M̃T
i

˙̂Mi) (38)

here we define that V̇ = V̇1 + V̇2 with

V̇1 = ST[(L + B)⊗ I3](Q−W ′)

V̇2 = ST[(L + B)⊗ I3]D + STΠ − 1
η ∑n

i=1Tr(M̃T
i

˙̂Mi)

Let us deal with V̇2 first. Reviewing (24), the expression of µi, it can be derived that the
vector N = [µT

1 , . . . , µT
n ]

T is equivalent to [(L + B)⊗ I3]D. Submitting N and the update
law (32) of M̂i into V̇2 yields
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V̇2 = STN + STΠ − 1
η ∑n

i=1Tr(M̃T
i

˙̂Mi)

= ∑n
i=1 sT

i (µi + vi)− 1
η ∑n

i=1Tr(M̃T
i

˙̂Mi)

= ∑n
i=1 sT

i (M∗i Γi(Xi) + εi + vi)− 1
η ∑n

i=1Tr(M̃T
i

˙̂Mi)

= − k1 ∑n
i=1 ‖si‖2 − k2 ∑n

i=1 ∑3
k=1 |si,k|

3
2 −mi(t)∑n

i=1 Tr(M̃T
i siΓ

T
i ) + mi(t)β ∑n

i=1 Tr(M̃T
i M̂i)

−mi(t)∑n
i=1 sT

i (M̂iΓi + φi)− (1−mi(t))∑n
i=1 sT

i φ̄i + ∑n
i=1 sT

i (M̂iΓi + M̃iΓi + εi)

≤ − k1‖S‖2 − k2(‖S‖2)
3
4 + ∑n

i=1 sT
i (M̂iΓi + εi) + mi(t)β ∑n

i=1 Tr(M̃T
i M̂i) + (1−mi(t))∑n

i=1

· sT
i M̃iΓi −mi(t)∑n

i=1 sT
i (M̂iΓi + φi)− (1−mi(t))∑n

i=1 sT
i φ̄i

where Tr(M̃T
i siΓ

T
i ) = Tr(ΓT

i M̃T
i si) = sT

i M̃iΓi was used in the above inequality. By apply-
ing (4), an algebraic property of the hyperbolic tangent function, it follows that

V̇2 ≤ − k1‖S‖2 − k2(‖S‖2)
3
4 + mi(t)β ∑n

i=1 Tr(M̃T
i M̂i) + mi(t)∑n

i=1 sT
i (εi −φi)

− (1−mi(t))∑n
i=1 sT

i φ̄i + (1−mi(t))∑n
i=1 sT

i (M̃iΓi + M̂iΓi + εi)

= − k1‖S‖2 − k2(‖S‖2)
3
4 + mi(t)∑n

i=1 sT
i (εi −φi) + (1−mi(t))∑n

i=1 sT
i (µi − φ̄i) +

nβ
2 Mmax

≤ − k1‖S‖2 − k2(‖S‖2)
3
4 + mi(t)∑n

i=1 ξ + (1−mi(t))∑n
i=1 ξ +

nβ
2 Mmax

≤ − k1‖S‖2 − k2(‖S‖2)
3
4 + nξ +

nβ
2 Mmax (39)

with the fact that

Tr(M̃T
i M̂i) ≤ −

1
2

Tr(M̃T
i M̃i) +

1
2

Mmax ≤
1
2

Mmax

To facilitate the following working, we define the diagonal matrix F = diag[J01Z−1
1 , . . . ,

J0nZ−1
n ] and its inverse F−1 = diag[Z1 J−1

01 , . . . , Zn J−1
0n ], then W = [wT

1 , . . . , wT
n ]

T and W ′

can be linked by W ′ = F−1W ; The multi-spacecraft commanded control signal is denoted
by T = [τT

1 , . . . , τT
n ]

T, similarly, Q = F−1PT, where P = diag[P1, . . . , Pn]. Since τi =
ND(χi)wi, the equation T = ND(χ)W holds, where ND(χ) = diag[ND(χ1), . . . , ND(χn)],
χ = [χT

1 , . . . , χT
n ]

T. Then, looking back to V̇1, we obtain

V̇1 = ST[(L + B)⊗ I3](Q−W ′)

= ST[(L + B)⊗ I3]F−1(PND(χ)− I3n)W

= − 1
γ ST[(L + B)⊗ I3]F−1{ST[(L + B)⊗ I3]F−1}−1

D (PND(χ)− I3n)χ̇

= − 1
γ 1T

3n((PND(χ)− I3n)χ̇)

= − 1
γ ∑n

i=1 ∑3
k=1(ρi,k N(χi,k)− 1)χ̇i,k (40)

Combining (39) and (40), it can be obtained that

V̇ ≤ − 1
γ

∑n
i=1 ∑3

k=1(ρi,k N(χi,k)− 1)χ̇i,k − k1‖S‖2 − k2(‖S‖2)
3
4 + nξ +

nβ
2 Mmax

= αV − 1
γ

∑n
i=1 ∑3

k=1(ρi,k N(χi,k)− 1)χ̇i,k + ∆ (41)

where α = 2k1, ∆ = nξ + n
2

(
β + 2k1

η

)
Mmax. According to Lemma 3, the above differential

inequality can be solved as

V(t) ≤ e−αt
∫ t

0

1
γ

n

∑
i=1

3

∑
k=1

(−ρi,k N(χi,k) + 1)χ̇i,ke−ατdτ + e−αt
(

V(0)− ∆
α

)
+

∆
α

(42)

It is not difficult to verify that the function e−αt
(

V(0)− ∆
α

)
+ ∆

α is bounded and tends

to ∆
α on [0, t f ] and α = 2k1 > 0. Based on Lemma 1, we can draw the conclusion that V(t),
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χi,k and
∫ t

0
1
γ ∑n

i=1 ∑3
k=1(−ρi,k N(χi,k) + 1)χ̇i,ke−ατdτ are bounded. The fractional-order

sliding-mode term is applied to accelerate the convergence of si. We can further obtain that
si, σei, σ̇ei are all bounded.

For convenience of analysis, the upper bound of V(t) and
∫ t

0
1
γ ∑n

i=1 ∑3
k=1(−ρi,k N(χi,k)

+1)χ̇i,ke−ατdτ are, respectively, denoted as Vmax and cmax, Equation (42) reduces to

V(t) ≤ λ1 + e−αt(V(0)− λ2) = Vmax

where λ1 = λ2 + cmaxe−αt, λ2 = ∆
α , so the multi-spacecraft sliding manifold will converge

to ‖S‖ ≤
√

2(λ1 + e−αt(V(0)− λ2)), it is noticed that e−αt(V(0)− λ2) is monotonically
decreasing on [0, t f ), thus the convergence region tends to Ωs = {S | ‖S‖ ≤

√
2λ1} over

time, thus it is proven the sliding mode vector S is uniformly ultimately bounded. As stated
in the definition of S in (15), we can obtain that ‖σ̇ei + kσei‖ < cG∆s, where ∆s denotes the
convergence region radius of S and the constant cG > 0, it can be derived that the attitude
error σei will converge to ‖σei‖ ≤ cG∆s/k.

Remark 6. It should be noticed that the structure of the formation communication topology has
a bearing on the convergence region size of σei. According to Equation (15), the definition of
sliding-mode vector S, we have ‖Σ̇e + kΣe‖ ≤ ‖[(L + B)⊗ I3]

−1‖ × ‖S‖, in view that (L + B)
is Hermitian under an undirected connected graph, ‖Σ̇e + kΣe‖ ≤ ∆s/ρ(L + B) = ∆s/λmin(L +
B), i.e., cG = 1/λmin(L + B) and ρ(L + B) denote the spectral radius of the matrix (L + B),
where Lemmas 4 and 5 and the property 5) of Lemma 3 are applied. The positivity of λmin(L + B)
can be guaranteed by the Weyl theorem. We can first obtain that λmin(L + B) = λ1(L + B) ≤
λ1(L) + λ1(B) = 0. Since L has the property that ∑n

j=1 Lij = 0, it is obvious that 1n is the
eigenvector of L associated with the simple eigenvalue 0, the equality holds if and only if the
connection matrix B is the zero matrix, which implies that there is no desired attitude to be tracking.
The minimum eigenvalue of (L + B) has an important influence on the convergence accuracy of
σei—a reasonable designed communication topology is conducive to improving control accuracy.

5. Simulation Results

In this section, the effectiveness and performance of the proposed distributed control
law on spacecraft formation attitude tracking is verified through numerical simulations,
where a scenario of a micro-spacecraft formation consists of four follower spacecraft and
one virtual leader under the interaction topology shown in Figure 2, which is undirected.
The reference attitude trajectory is given by the initial attitude σ0 = [0, 0, 0]T and the desired
angular velocity ω0(t) = [0.08 sin(πt/60), 0.1 cos(πt/60 + π/6), 0.06 sin(πt/60− π/4)]T.
The inertia matrices of the spacecraft are chosen differently and listed in Table 1, the
initial attitudes are [0.0655, 0, 0]T, [0.0758,−0.0506, 0.0607]T, [0.0556,−0.0404,−0.0758]T,
[0.2764,−0.5528, 0]T, their initial angular velocities are supposed to be zero, i.e., ω0 = 0,
i = 1, 2, 3, 4.

0

2 3

1 4

Figure 2. Communication topology.
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Table 1. Simulation settings.

n
Inertia Matrix Inertia Uncertainty External Disturbance(

kg · m2) (
kg · m2) (Nm)

1

22 0 0
0 19 0
0 0 18

 sin(0.04t)

1.1 0.8 0.9
0.8 0.95 0.7
0.9 0.7 0.9

 0.005

0.3 cos(0.04t) + 0.6
0.7 sin(0.04t)− 0.5
0.7 sin(0.04t)− 0.2


2

21 0 0
0 19 0
0 0 17

 sin(0.04t)

1.05 1.2 0.6
1.2 0.95 0.3
0.6 0.3 0.85

 0.005

0.7 sin(0.05t) + 0.2
0.3 cos(0.05t)− 0.2
0.7 sin(0.05t) + 0.6


3

20 0 0
0 18 0
0 0 19

 sin(0.04t)

 1 0.9 0.6
0.9 0.9 0.5
0.6 0.5 0.95

 0.005

0.3 sin(0.06t) + 0.4
0.7 sin(0.06t)− 0.5
0.3 cos(0.06t)− 0.6


4

20 0 0
0 18 0
0 0 18

 sin(0.04t)

 1 1 0.8
1 0.9 0.4

0.8 0.4 0.9

 0.005

0.6 cos(0.07t)− 0.3
0.2 sin(0.07t)− 0.4
0.7 cos(0.07t) + 0.2



In order to verify the robustness of the proposed controller against the inertia uncer-
tainty and external disturbance, a margin of error of about 5 percent is added to the inertia
matrix such as what article [3] achieved. The inertia uncertainties and external disturbances
are listed in Table 1. In addition, considering the constraint of input saturation, the actual
control torque is bound by ui,k,max = 0.3 Nm for simulation purposes.

For the purpose of investigating the control performance of the proposed controller,
two indexes including the mean square of the tracking error (MSTE) and the mean square
of the control torque (MSCT) are introduced from Ref. [31] as follows

MSTE =
∑N

i=1
∫ T

0 ‖σei‖2dt
N · T

MSCT =
∑N

i=1
∫ T

0 ‖ui‖2dt
N · T

These indexes can estimate the efficiency of controllers to a certain extent. The values
of these two indexes are summarized in Table 2 and T = 200 s is selected for all cases in
the simulation.

The attitude MRPs tracking errors, angle velocity tracking errors and attitude syn-
chronization performance are depicted, respectively, in Figures 3–5, which show that the
proposed adaptive NN-based attitude controller can guarantee system stabilization and
realize the formation attitude synchronization and tracking performance in spite of inertia
uncertainty, external disturbance and input saturation. As it happened, the simulation did
not suffer from the attitude MRPs singularity problem; thus, the switch between MRPs and
their shadow set was not taken into consideration when drawing Figure 5 for convenience.

Table 2. Performance indexes for the controllers.

Controller MSTE MSCT (N2m2)

The proposed controller 0.0061 0.0254
The comparison controller 0.1405 0.0427
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Figure 3. Attitude tracking error trajectories of four spacecraft.
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Figure 4. Attitude angle velocity tacking error trajectories of four spacecraft.
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Figure 5. Attitude MRPs synchronization performance of four spacecraft.

The parameters k = 0.2, k1 = 10 and k2 = 1.5 are designed to drive the sliding mode
vector onto the sliding manifold and ensure that the state variable finally evolves into
a neighborhood of the equilibrium point. The fractional-order sliding mode tuned by
k2 is utilized to accelerate the convergence of si. The control torques are illustrated in
Figure 6, in which the input saturation constraint ui,k ≤ 0.3(Nm) is clearly seen. The output
torque upper bound ui,k,max reveals the control capacity of the actuator and determines the
convergence rate to a large extent.
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Figure 6. Control torques of four spacecraft.
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The parameters η, β and γ are related to the update rate of the adaptive parameters M̂i
and χi; their values are selected as η = 0.01, β = 100, γ = 0.001. The adaptive parameters
M̂i and χi are initialized as zero. Figure 7 demonstrates the evolution trajectories of χi,
which shows that each element of χi converges to constant individually and confirms the
boundedness of χi.
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Figure 7. The evolution trajectories of adaptive parameter χi.

With the parameters kε = 0.5, kµ = 1, ξ = 1 and µi,max = 0.005, the variable structure
adaptive ChNN-based approximator can estimate the bounded nonlinear terms and uncer-
tainties online. The parameters kε, kµ, ξ belonging to the hyperbolic tangent function not
only have an impact on the control accuracy, but can also effectively alleviate the chattering
caused by the signum function. As mentioned earlier, to make up for the poor approxima-
tion ability at the learning phase of the ChNN, the adaptive ChNN-based approximator
takes effect only when ‖M̂iΓi‖ ≤ µi,max; its functional effect is reflected by the switching
function mi(t). In addition, a filter G(s) = 1/(Ts + 1), T = 0.1 acting on mi(t) can be
introduced to relieve the chattering caused by mi(t).

In order to confirm the control performance of the proposed ChNN-based controller,
a comparative simulation between the presented controller and the controller in [3] is
performed. The simulations are carried out under the same condition and parameters are
chosen the same values as mentioned above. The control parameters in [3] are chosen
as β = 1, βi1 = 0.01, βi2 = 80, βi4 = 0.1, ki = 200, and the output torque is also bound
by ui,k,max = 0.3 Nm. Figure 8 illustrates the evolution trajectories of ‖σ̄e‖ and ‖ω̄e‖,
where σ̄e and ω̄e are the averaged attitude tracking error and the averaged angular velocity
tracking error, respectively. Simulation results show that the proposed controller can ensure
the state variables converging to the equilibrium with a faster convergence speed and
higher accuracy than the comparison controller. The major cause of control performance
differences is the way of dealing with actuator saturation.
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time(s)

Figure 8. The Euclidean norm evolution trajectories of averaged attitude tracking error σ̄e and
averaged angular velocity tracking error ω̄e.

Although simulation results show fine performance of the proposed controller, there
still exists some limitations: (1) The research is conducted with an undirected communica-
tion graph and the study on multi-spacecraft consensus control is also not comprehensive.
In future studies, the consensus problem under directed graph should be substantially
investigated. (2) In this paper, the proposed method introduces a ChNN to approximate
nonlinearities of the closed-loop system; however, limited by its single-layer neuron struc-
ture, the approximation ability of ChNN is not powerful enough. The combination of
control theory and intelligent learning needs to be further explored.

6. Conclusions

In this paper, the attitude synchronization and tracking problem subject to input
saturation of spacecraft formation has been investigated and a promising distributed con-
trol scheme is proposed. An adaptive ChNN-based approximator is used to estimate the
uncertainties caused by the bounded external disturbances, inertia uncertainties and other
unknown nonlinear function online. A switch function is utilized to bound the output of the
ChNN and serves as a switching signal between the adaptive ChNN control and robust con-
trol law. An auxiliary system based on a Nussbaum-type function and smooth hyperbolic
tangent function is designed to handle the impact of input saturation. Lyapunov’s stability
method is applied for stability analysis of the closed-loop system and finally, numerical
simulations are performed and the results validate the effectiveness and robustness of the
proposed control scheme, the attitude of each individual spacecraft convergences to the
reference attitude in spite of external disturbance and inertia uncertainties with constrained
actuator control magnitude.
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Nomenclature
The following abbreviations are used in this manuscript:

Symbols
A adjacency matrix
B connection matrix
di external disturbance vector, N ·m
ui control torque vector, N ·m
Ji inertia tensor, kg ·m2

J0i nominal inertia tensor, kg ·m2

L Laplacian matrix
S multi-spacecraft sliding-mode vector
V Lyapunov function
∆Ji inertia uncertainty, kg ·m2

Λ in-degree matrix
λdi upper bound on the norm of external disturbance
λJi upper bound on the norm of inertia uncertainty
λmin(A) minimum eigenvalue of matrix A
σi modified Rodriguez parameter vector
σei attitude (MRPs) tracking error
τi commanded control signal, N ·m
ωi angular velocity, rad/s
ωei angular velocity tracking error, rad/s
‖ · ‖ Euclidean norm
(·)× 3× 3 vector cross-product matrix
⊗ Kronecker product
Acronyms
NN neural network
ChNN Chebyshev neural network
SFF spacecraft formation flying
ASTC attitude synchronization and tracking control
SMC sliding-mode control
MRPs modified Rodriguez parameters
UUB uniformly ultimately bounded
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