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Abstract: In this paper, we propose a new strategy with increased element spacings placed on
two-side subarrays and increase the physical sparse sensors array aperture. In order to ensure the
continuity of difference co-array, four conditions are proposed. Based on these conditions, a new array
structure named TS2-ENA is derived. Compared with other nested-like arrays with a fixed number
of elements, our proposed structure possesses a higher degree of freedom, closed-form expression
and outstanding performance. Simulation results show the superiority of the new configuration with
the spacial smoothing MUSIC algorithm conducted.
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1. Introduction

As an important branch of signal processing, array signal processing has developed
rapidly in recent years. Up to now, array signal processing technology has been widely
used in many military and civil fields such as radar [1,2], sonar [3], communication [4],
navigation [5,6], intelligent transportation [7], geological exploration and even home safety
monitoring [8,9]. Direction of arrival (DOA) estimation [10] has become one of the most
important topics in array research. The research focus of spatial spectrum [11] estimation is
the ability of a processing system composed of spatial multi-sensor arrays to accurately
estimate the spatial parameters of the spatial signal of interest, such as angle estimation
accuracy, angle resolution and other spatial parameter accuracy [12,13]. The emergence
of modern spectral analysis methods in the time domain has promoted the further de-
velopment [14] of DOA estimation. While learning from each other, a number of new
nonlinear [15] research methods have emerged, such as maximum entropy method, max-
imum likelihood method and linear prediction method [16]. The subspace method is a
milestone in the field of super-resolution signals, including multiple signal classification
method (MUSIC) [17,18] rotation invariant parameter estimation method (ESPRIT) [19,20],
and the related research. All the algorithms have a great impact on DOA estimation.

Due to the continuous improvement of the super-resolution signal processing algorithm,
the corresponding array structure becomes more complex step by step, and sparse array has
been used [21] frequently. At this point, sparse array mainly uses a concept called difference
co-array (DCA) of physical array to deal with underdetermined structures [22–25]. We can use
DCA to construct a continuous virtual uniform linear array (ULA) [26,27]. The difference
co-array operation can increase the physical aperture of sparse array, improve the degree
of freedom (DOF) of the array, and thus perform super-resolution signal processing [28].
The design of a one-dimensional second-order sparse difference co-array is the cornerstone
to design sparse arrays. Therefore, this paper mainly focuses on the design of a one-
dimensional second-order difference co-array.

Sparse array was first proposed by A. Moffett in the early 1960s. The author con-
structed the minimum redundant array (MRA) [29] by reducing the redundancy in the
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array. Due to its extremely low redundancy, the number of detectable signal sources can be
more than that of physical sensors. The DOF is improved significantly. In one-dimensional
second-order DCA, MRA is essentially the optimal array design, but its disadvantage
lies that there is no simple closed expression for sensor locations. The array arrangement
can only be obtained by computer when the total number of array elements is relatively
small. Later, Pal Piya proposed nested array (NA) [30] and the concept of difference virtual
co-array. Its second-order DCA can be obtained by performing differential operation on
the absolute position of the actual physical sensor array. Pal Piya mathematically proved
that the vectorization of the input signal is equivalent to a differential operation on the
physical array [31]. The virtual DCA generated in this case makes full use of freedom,
not only having non negative degrees of freedom but also negative degrees of freedom.
Therefore, the available degrees of freedom of the virtual array are increased from O(R) to
O(R2), where R is the total number of physical array sensors. Nested array has a complete
analytical construction expression for a given total number of array elements with its
DCA hole-free. NA overcomes the main limitation of MRA by establishing the analytical
expression of sensor position and array aperture, but its DOF capacity of NA is much lower
than that of MRA. At the same time, since the use of dense ULA, the NA configuration
is still susceptible to mutual coupling effects. In order to reduce the mutual coupling, in
another way, and further improve the DOF at the same time, many array optimizations
have been carried out on the basis of classical nested array.

Coprime nested array (CNA) [32] and improved coprime nested array (ICNA) [32]
have their mutual coupling reduced. In this paper, we mainly focus on the influence of the
design of the nested-like arrays (NLAs) configuration on the increase of the DOF, so the
mutual coupling is not our main research direction. For DOF improvement, augmented
nested array (ANA) in [33] is proposed. The ANA structure splits the dense subarray into a
nested array and repositions it on both sides of the central subarray. ANA also has the hole-
free DCA configuration. Next, improved nested array (INA) [34] is constructed by placing
the one alone sensor outside the sparse subarray, which generates a continuous co-array
and therefore further improves the DOF. However, the ANA configuration still has some
problems. Since ANA’s structure on both sides comes directly from the N elements of the
dense subarray in the original NA, where N is the number of the dense subarray, the mutual
coupling will increase, and the physical aperture of ANA arrays will not be improved very
well. Recently, MISC, the maximum element spacing constraint array, is proposed [35].
This configuration generates a filled co-array which has more degrees of freedom with
closed-form expression. In [36], a new idea called extended nested array (ENA) strategy
was created for the consecutive co-array achievement by adding three new constraints on
ANA configuration and allowing the sensors in left subarray and right subarray further
than N − 1 but smaller than 2N. Based on the strategy, two configurations OS-ENA and
TS-ENA [36] are proposed as well, which further expand the length of co-array and enhance
the DOF. However, there is still room for improvement in the DOF.

In this paper, we design a new strategy which further breaks the limitation of the
distance between two subarrays in [36] and makes the sensors in left and right subarray
larger than 2N. Therefore, it can acquire a much higher number of degree of freedom
for DOA estimations. It is proved that the element spacing on two-side subarrays can be
extended to 2N distance. In order to maximize the continuity of difference co-array, we
propose four conditions and improve the steps of realizing the physical array structure.
Based on these conditions, a new configuration with closed-form expressions called TS2-
ENA is developed, which can acquire more DOF than other NLAs, i.e., NA, ANA, MISC,
OS-ENA, and TS-ENA. With the number of array elements fixed, our structure has higher
degrees of freedom and better performance of target detection and azimuth estimation.
Numerical results show the superiority of our designed configuration with the SS-MUSIC
algorithm conducted.

The remainder of our paper is arranged as follows. The signal model and basic NLAs
configuration is introduced in Section 2. Section 3 provides a detailed deduction and
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description of the proposed new strategy. In Section 4, the new configuration with its
associated properties and the DOF comparison with other NLAs are discussed. Section 5
provides the numerical simulation results with the spacial smoothing MUSIC algorithm
conducted. Section 6 provides the conclusion for this paper.

Notations: In this paper, bold lowercase italic bold represents vector, and ordinary
oblique bold represents scalar. (·)T , (·)H , respectively, become transpose and conjugate
transpose. � is a Khatri–Rao product. A is a collection of elements where {a | a ∈ A}. IR is
a R× R identity matrix. E+ F = {e + f | e ∈ E, f ∈ F} represents the sum set of E and
F. E+ N = {e + N | e ∈ E}means that N is added to each element in E. bcc is the largest
integer number equal to or less than c. N+ is the set of natural positive integers.

2. Base Component
2.1. Signal Model with DCA

We assume that the signal model is far-field and narrowband signals and the number is
Q. Q far-field and narrowband signals impinge on a one-dimensional linear array with the
number of elements R, which are located at Ss = {p1, p2, . . . , pR}. The received signal is:

x(t) = As(t) + n(t), (1)

here, manifold matrix A = [a(θ1), a(θ2), . . . , a(θQ)]; a(θq) = [ejπp1sin(θq), . . . , ejπpRsin(θq)]T

denotes the steering vector; s(t) = [s1(t), s2(t), . . . , sQ(t)]T is the signal vector; n(t) is the
zero mean white Gaussian noise vector with variance σ2

n IR, where σ2
n is noise power. Then,

the covariance matrix of x(t) is

Rx = E[x(t)xH(t)]

= ARs AH + σ2
n IR,

(2)

where Rs denotes the signal covariance matrix and Rn is the noise energy matrix. Vectoriz-
ing Rx, we have

z̄ = vec(Rx)

= (A� AH)p + σ2
n1R,

(3)

where p = [σ2
1 , σ2

2 , . . . , σ2
Q]

T ; σ2
q is the power of the qth signal; 1R is the vectorization of (IR);

A� AH is the vectorized manifold matrix. Define DCA as

DS = {pi − pj | pi, pj ∈ S}. (4)

Select the maximum continuous segment in DCA as Umax = [−Lu, Lu] with Lu being
the DOF. Then, performing spatial smoothing on the corresponding related columns or
rows in z, we have

z̄ = Ās̄ + σ2
n 1̄R. (5)

Ā is the virtual manifold matrix and its dimension is (2Lu + 1)×Q; 1̄R = [0 . . . 0 1 0 . . . 0]T

with 1 locating at the (Lu + 1)th position. After that, the SS-MUSIC method [18,37,38] can
be applid on z̄ to conduct DOA estimation.

2.2. Nested-like Array Configurations

We propose an NLAs structure in this paper with the signal model based on ANA. A
new design strategy is provided, which is a further extension of ENA. In this subsection, we
will first introduce the structure of NLAs. Consider the nested array [26,30] configuration
illustrated in Figure 1. NA has two subarrays: a sparse ULA with M+ 1 elements locating at

Ss = {Npd | p ∈ [1, M + 1]},
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and a dense one with N − 1 elements at

Sd = {pd | p ∈ [1, N − 1]}.

Here, d is the unit inter-element spacing, set as a half wavelength unit, and it will be
omitted in this paper. Since a nested array has two subarrays, the total number of physical
sensors R = M + N. Figure 1 shows a nested array with the total sensor number R = 6.
NA’s DCA is hole-free in the range [−11, 11].

Figure 1. Nested array configuration with R = 6, M = 2, N = 4.

Based on NA configuration, ANA in [33] moves some elements of the dense subarray
Sd into the right side of the sparse subarray Ss and forms:

S = L∪M∪R, (6)

with 
L = N − r, r ∈ V1,

M = Nr, r ∈ V2,

R = N(M + 1) + r, r ∈ V3,

(7)

where V2 = [1, M + 1], V1 ∪V3 = [0, N − 1], 0 ∈ V1 and 0 ∈ V3, here{
V1 ={0, 1, 2, . . . , L1},
V3 ={0, L1 + 1, L1 + 2, . . . , N − 1},

where L1 < N − 1. The elements of V1 and V2 represent the distance to the leftmost array
element of M. The elements of V3 represent the distance to the rightmost array element
of M. The number of ANA sensors R is still N + M. As long as V1 and V3 are reasonably
distributed, a higher DOF can be achieved. Figure 2 shows an ANA configuration with the
total number of sensors R = 8. Its DCA is consecutive in [−21, 21].

Figure 2. ANA configuration with R = 8, M = 3, N = 5.

The ENA strategy adopts the expression of ANA in Equations (6) and (7), and it denies
three new constraints on V1 and V3 to obtain a higher DOF. The TS-ENA configuration
follows the ENA strategy and has the sensors located at{

V1 ={0, e, 2e + 4 : 3e, 2e, 3e + 3},
V3 ={0, 2e + 3, 2e + 2, e + 1, 3e + 4 : 4e},

where N = 2e+ 1, e ≥ 5, which further increases the length of the DCA continuous segment.
Figure 3 shows a TS-ENA configuration with total number of sensors R = 17, and the DCA
has the longest consecutive range [−82, 82].
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Figure 3. TS-ENA configuration with R = 17, M = 2, N = 15. The black numbers are the position of
elements in the physical array.

3. New Strategy

In this section, we describe our new NLAs design strategy based on ENA in detail. At
the same time, we have made a systematic analysis and proof of the NLAs. By modifying
different constraint conditions, the mathematical model can fully and completely summa-
rize all the NLAs that have been proposed at present, and the DOF is regarded as the only
optimization target of the model.

First, we observed the structure of NA; its virtual element in DCA has the form of

v = N`1 + `2, (8)

where `1 ∈ [0, M], `2 ∈ [0, N− 1]. Here, {N`1 | `1 ∈ [0, M]} = M is the middle sparse ULA
with interval spacing N. As for `2, the dense subarray in NA can be divided into two parts,
L and R, which are distributed on both sides of the middle sparse subarray M in ANA. As
such, the physical aperture is increased clearly. On the basis of ANA, the ENA strategy
in [36] rewrites Equation (8) into

v = N(`1 − 1) + (N + `2), (9)

where `1 ∈ [1, M], `2 ∈ [0, N − 1]. It means that some elements in the dense subarray of L
and R are allowed to be N further than that of ANA. Therefore, the physical aperture and
DOF can be increased furthermore.

However, ENA still has its limitations on the expansion of DOF. In the extreme case,
the upper limit of theoretical DOF that ENA can reach is (2N − 1) + (2N − 2) + MN =
MN + 4N − 3, which means there is still much room for improvement. If we further
increase the elements in the left and right ULAs, the largest DOF will properly be enlarged
if the holes induced can be filled.

Based on this idea, we further rewrite v in DCA as

v = (`1 − 2)N + (2N + `2), (10)

where `1 ∈ [2, M], `2 ∈ [0, N − 1]. As such, the elements in the dense subarray L and R
can locate 2N further than ANA. The physical aperture will break the limit of the ENA
strategy as well. Meanwhile, holes may be generated for the sparser distribution of two-
side subarrays. Taking NA as an example, the section [0, N − 1] is originally continuous
in DCA. When ANA divides it into left and right ULAs of the designed subarray, one
condition has to be added to ensure its continuity. On this basis, ENA adds N to some of
its elements, which requires more strict conditions to ensure the continuity of the range
[0, N − 1] in DCA. Similarly, our new strategy should pay more attention to the possible
holes generated by sparse location, especially in the range [0, 2N − 1] for our strategy. To
ensure the continuity of DCA, four necessary conditions are proposed as below.

Theorem 1. Assume a new array configuration with Equations (6) and (7). In case V1 and V3
satisfy the following four conditions:

(1) DV1 ∪DV3 ∪ [N + F−(V1)] ∪ [N + F−(V3)] ⊇ [0, 2N − 1];
(2)R[V1 ∪V3]N = [0, N − 1];
(3) V1 ⊕V3 ⊇ [F−(V1) ∪ F−(V3)] + N;
(4) V1 ⊕V3 ⊇ [2N, T], where T is a positive integer bigger than 2N.
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The positive DCA DS will be continuous in the range [0, MN + T]. Here, DA = {p1 − p2 |
p1, p2 ∈ A, p1 ≥ p2}; R[A]b is the remainder of {a/b | a ∈ A}; F−(A) = {a | a < N, a ∈ A}.
Especially, we set F(H) = {h | N ≤ h < 2N, h ∈ H}, F+(H) = {h | 2N ≤ h < 3N, h ∈ H}.

Proof of Theorem 1. We divide the whole positive DCA into three parts, υ ∈ [0, 2N − 1],
υ ∈ [2N, MN + 2N − 1] and υ ∈ [MN + 2N, T], in which all the elements υ can be differen-
tially expressed by the positions of the actual physical array elements, thus completing the
proof of our new strategy. First of all,

(a) If the DCA virtual element υ ∈ [0, 2N − 1], there are three situations as follows:

(1) If υ ∈ DV1 ∪ DV3 , υ is the self-difference element, it is easy to see that υ ∈
[0, 2N − 1]⊆ DS;

(2) If υ ∈ [F−(V1) + N], then we can rewrite υ as:

υ = 2N − (N − F−(V1)), (11)

when M ≥ 2, where 2N ∈ M, (N − F−(V1)) ∈ L; υ can be produced by the
difference between the sensors of the middle part and the left part. When
M = 1, 2N ∈ R, (N − F−(V1)) ∈ L, υ can be produced by the difference
between the elements of the right part and the left part.

(3) If υ ∈ [F−(V3) + N], then we can rewrite υ as:

υ = (M + 1)N + (F−(V3))−MN, (12)

where (M + 1)N + (F−(V3)) ∈ R, MN ∈ M. υ can be produced by the
difference between the elements of the middle part and the right part.
Therefore, in this part [0, 2N− 1], υ can be found in DCA, and the lag [0, 2N− 1]
in DCA is hole-free.

(b) If the DCA virtual element υ ∈ [2N, MN + 2N − 1], let V′1 = F−(V1 ∪ V3),
V′3 = F(V1 ∪V3), V

′′
3 = F+(V1 ∪V3). When υ ∈ [2N, MN + N − 1], we can rewrite

υ as
υ = `1N + `2, `1 ∈ [2, M], `2 ∈ [0, N − 1]. (13)

Then, `2 ∈ V′1 ∪R[V
′
3]N ∪R[V

′′
3 ]N ;

(1) If `2 ∈ V′1, then we can let υ become:

υ = N(`1 + 1)− (N − `2), (14)

where `1 ∈ [2, M], `2 ∈ V′1. Obviously, for `1 6= M, N(`1 + 1) ∈ M, while for
`1 = M, N(`1 + 1) ∈ R. In another way, N − `2 ∈ L. So, υ can be produced by
the difference between the sensors of the middle or right part and the left part.

(2) If `2 ∈ R[V
′
3]N , then we rewrite the form of υ as

υ = N(`1 − 1) + (N + `2)

= (N + NM + `2)︸ ︷︷ ︸
∈R

−N(M + 1− `1)︸ ︷︷ ︸
∈M

. (15)

Obviously, it is the difference element between the right and middle subarrays.
(3) If `2 ∈ R[V

′′
3 ]N , then υ should be rewritten to

υ = N(`1 − 2) + (2N + `2)

= (2N + MN + `2)︸ ︷︷ ︸
∈R

−N(M + 2− `1)︸ ︷︷ ︸
∈M

. (16)

It is also the difference element between the right and middle subarrays.
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When υ ∈ [MN + N, MN + 2N − 1], υ can be as:

υ = MN + `, ` ∈ [N, 2N − 1]. (17)

Then, ` ∈ [V′1 + N] ∪V′3 ∪ [V′′3 − N] :

(4) If ` ∈ [V′1 + N], according to condition (3), V1 ⊕ V3 ⊇ [V′1 + N], we have
` ∈ V1 ⊕V3, andυ can be as

υ = NM + `1 + `2

= (NM + N + `2)︸ ︷︷ ︸
∈R

−N − `1︸ ︷︷ ︸
∈L

, (18)

where `1 ∈ V1, `2 ∈ V3. It is the difference element between the right and left
subarrays.

(5) If ` ∈ V′3, then υ can be as

υ = NM + `

= (NM + N + `)︸ ︷︷ ︸
∈R

− N︸︷︷︸
∈M

. (19)

It is the difference element between the right and middle subarrays.
(6) If ` ∈ [V′′3 − N], then υ can be rewritten as:

υ = N(M− 1) + ` = N(M + 1) + `+ N − 2N, (20)

when M = 1, 2N ∈ R; while for M ≥ 2, 2N ∈ M. In another way, N(M +
1) + N + ` ∈ R. So, υ can be produced by the difference among these three
subarrays.

Therefore, in this lag [2N, MN + 2N− 1], υ can be found in DCA, and the lag [0, 2N − 1]
in DCA is hole-free.

(c) If the DCA virtual element υ ∈ [MN + 2N, T], then υ can be as υ = MN + `2, where
`2 ∈ [2N, T]. According to condition (4), V1 ⊕V3 ⊇ [2N, T], we have `2 ∈ V1 ⊕V3.
In this way, υ can be as

υ = `21 + `22 + NM

= (NM + N + `22)︸ ︷︷ ︸
∈R

−N − `21︸ ︷︷ ︸
∈L

, (21)

where `21 ∈ V1, `22 ∈ V3. This is the difference result between the R and L subarray.
Therefore, υ in the range of [MN + 2N, MN + T] can be found in DCA.

In the end, any element in DCA can be produced by two mutual differences or self
differences in these three subarrays, and the DCA is consecutive in [0, MN + T].

Theorem 1 further releases the constraints on V1 and V3 compared with the ENAs.
As such, the elements on both sides will locate N sparser than TS-ENA. In this case, the
two largest elements in L and R will become 3N − 1 and 3N − 2. With the elements of V1,
V3 properly chosen, many new structures can be constructed. In the next subsection, we
will introduce one configuration that satisfies the conditions in Theorem 1 and has a higher
DOF than the existing nested-like structures.

Remark 1. Generally, the upper limit of theoretical DOF that Theorem 1 can reach will be MN +
(3N − 1) + (3N − 2) = MN + 6N − 3. Theorem 1 relocates the elements in V1 and V3 so that
the two largest elements become (N − 1) + 2N and (N − 2) + 2N, i.e., 3N − 1 and 3N − 2. In
the upper limit situation, 3N − 1 and 3N − 2 are assigned to the left subarray and right subarray,
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respectively. With DCA hole-free, its upper limit will reach MN + 6N − 3. Compared with the
upper limit MN + 4N − 3 of ENA, the proposed new strategy owns more complex constraints for
higher degrees of freedom.

4. Proposed Array Configuration and Properties

In this section, we devise a new configuration based on the new strategy, discuss the
corresponding properties and compare it with other NLAs.

4.1. Proposed New Configuration

Definition 1. For N = 4L + 3, L > 6 and M ≥ 1, a twice-sparse double extended nested array,
named TS2-ENA, can be expressed by Equations (6) and (7) with

V1 ={0, 2L + 1, 4L + 2, 6L + 3, 8L + 4,

8L + 9 : 10L + 5, 12L + 2 : 12L + 5},
V3 ={0, 2L + 2, 4L + 4, 6L + 6, 8L + 8,

10L + 10 : 12L + 1, 12L + 6}.

(22)

The TS2-ENA configuration has the same three-stage structure as ANA. The difference
is the element spacing is mainly expanded by the sparse subarray in the middle. The left
and right side subarrays further enlarge the spacing of some elements, thus increasing
the aperture of physical array. Due to the constraints in Theorem 1, the DCA of our
new configuration maintains continuity from 0 to MN + T. Therefore, the DOF is greatly
improved. Figure 4 shows the array elements distribution of our new configuration. For
easy understanding, we set the position coordinate of the first array element as 1.

Figure 4. TS2-ENA with visual distribution configuration.

Property 1. The DCA of TS2-ENA keeps continuous in [0, Lu]. Lu = MN + 6N − 12, which is
the one-side positive DOF.

Proof of Property 1. According to proposed structure and natural number pair N = 4L+ 3,
L > 6 and M ≥ 1, we have

(a) DV1 = {1 : 2L− 4, 1 : 3, 2L + 1, 4L + 2, 6L + 3,
6L + 8 : 8L + 4, 10L + 1 : 10L + 4,
4L + 7 : 6L + 3, 8L : 8L + 3, 2L + 6 : 4L + 2,
6L− 1 : 6L + 2, 5 : 2L + 1, 4L− 2 : 4L + 1,
2L− 3 : 4L− 4} ∪V1,
DV3 = {1 : 2L− 9, 2L + 2, 4L + 4, 6L + 6, 8L + 8 : 10L− 1,
10L + 4, 6L + 6 : 8L− 3, 8L + 2, 4L + 4 : 6L− 5,
6L, 2L + 2 : 4L− 7, 4L− 2, 5 : 2L− 4} ∪V3,
DV1 ∪DV3 = {0 : 6L + 3, 6L + 6 : 8L + 4},
[N + F−(V1)] = {4L + 3, 6L + 4, 8L + 5},
[N + F−(V3)] = {4L + 3, 6L + 5}.
Therefore, DV1 ∪DV3 ∪ [N +F−(V1)]∪ [N +F−(V3)] ⊇ [0, 8L + 5] = [0, 2N− 1]. The
first condition of Theorem 1 is perfect coincidence

(b) On the second condition of Theorem 1, we have
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R[V1 ∪V3]N = {0, 2L + 1, 4L + 2, 2L, 4L + 1,
3 : 2L− 1, 4L− 4 : 4L− 1} ∪ {0, 2L + 2,
1, 2L + 3, 2, 2L + 4 : 4L− 5, 4L}
= [0, 4L + 2] = [0, N − 1].
Therefore, we conclude thatR[V1 ∪V3]N = [0, N − 1].

(c) [F−(V1) ∪ F−(V3)] + N = {4L + 3, 6L + 4, 6L + 5, 8L + 5};
V1 ⊕V3 ⊇ {2L + 1, 4L + 2, 6L + 3, 8L + 4} ∪
{2L + 2, 4L + 4, 6L + 6} ∪
{4L + 3, 6L + 4, 6L + 5, 8L + 5}︸ ︷︷ ︸

A1

∪ {8L + 6 : 24L + 6}︸ ︷︷ ︸
A2

,

where A1 = [F−(V1) ∪ F−(V3)] + N; A2 = [2N, 6N − 12] = [2N, T]. As a result, it
can be deduced that conditions (3) and (4) can be satisfied.

Finally, from the above simple proof, the TS2-ENA satisfies these four conditions in
Theorem 1. It is clearly that the DCA is consecutive in [0, MN + 6N − 12]. Its DOF is
Lu = MN + 6N − 12.

Property 2. For a fixed total positive integer number R, the optimal ratio of N, M and the upper
limit form of a one-side degree of freedom are displayed in Table 1.

Table 1. Optimal parameters of array.

Optimal N Maximum-DOF

Values 4b R+3
8 c+ 3 O(( R

2 )
2 + 3R)

It can be seen from Property 2 that to maximize the DOF, we should have to set a
reasonable value of N and then determine the value of M by N + M = R. This problem
actually can be translated into an optimization problem:

max MN + 6N − 12
s.t. M + N = R

N = 4L + 3
L > 6
M, L ∈ N+

By solving this optimization problem, we can obtain the N and DOF of the optimal
solution, which are shown in Table 1.

Figure 5 shows an array configuration of TS2-ENA with N = 31, M = 1. As shown,
some sensors are set 2N + `(` ∈ [0, N− 1]) away from M, which includes {1 . . . 4, 15 . . . 25}
in L and {185, 201 . . . 206, 211} in R. Meanwhile, the elements with N + ` away from M are
{30, 45} in L and {153, 169} in R. In TS2-ENA’s virtual DCA, it is hole-free in [0, 205] and
has one hole in 206. Due to the increase of actual sensors aperture and continuous lags in
DCA, the DOF can be improved significantly.

Figure 5. An example of TS2-ENA with N = 31, M = 1, R = 32.

4.2. DOF Ratio and Comparison

In this section, we mainly discuss the property of DOF. In practical application, the
purpose of performing a second-order differential operation on a physical array is to
expand its virtual aperture, i.e., a one-side positive DOF Lu. It is also the most intuitive
evaluation index for the design of a one-dimensional sparse array. Therefore, the first batch
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of experiments is to compare and analyze the DOF of each nested-like array structure with
the same number of array elements.

Firstly, we comprehensively consider all recently proposed NLAs and list their optimal
configuration parameters and other properties in Table 2. The new structure has the highest
degree of freedom compared with other configurations. With the fixed number R, the DOF
of TS2-ENA can reach O((R/2)2 + 3R), which are followed by TS-ENA, OS-ENA, and
MISC. ANAI-2, CNA and NA are the three with relatively smaller degrees of freedom.
However, TS2-ENA requires a higher total number of elements for the configuration.
Meanwhile, its optimal parameters for maximizing DOF can only be set when the total
number of elements is greater than or equal to 32. In the whole DCA, there is a hole at
MN + 6N − 11, but its longest continuous segment is still larger than that of the DCA of
other structures.

Table 2. DOF comparison of nested-like arrays .

Configuration DOF Optimal N Max DOF

NA [30] MN + N − 1 b R+1
2 c O((R/2)2 + 0.5R)

CNA [32] d R+1
2 eb

R+1
2 c − 1 b R+1

2 c O((R/2)2 + 0.5R)

ANAI [33] MN + 2N − 4 b R
2 c+ 1 O((R/2)2 + R)

MISC [35] MN + 3N − 7 2b R
4 c+ 2 O((R/2)2 + 1.5R)

OS− ENA [36] MN + 3N − 5 2b R
4 c+ 2 O((R/2)2 + 1.5R)

TS− ENA [36] MN + 3.5N − 3.5 2b R+3
4 c+ 1 O((R/2)2 + 1.75R)

TS2− ENA MN + 6N − 12 4b R+3
8 c+ 3 O((R/2)2 + 3R)

Then, we define a new DOF ratio as:

δ = R2/2λ, (23)

where λ is the physical aperture of the sparse array. The smaller the DOF ratio, the higher
the DOF and the better the effect with R fixed. Figure 6 shows the DOF rate δ of five
configurations of NA, ANA, OS-ENA, TS-ENA and our proposed TS2-ENA nested-like
arrays. The variation range of R is from 50 to 100. We select the optimal configurations for
comparison of all structures. From this picture, we can understand that the DOA estimation
capability of the proposed configuration TS2-ENA is the best.

Figure 7 illustrates the trend of the physical aperture of the above five NLAs with
the growth of the number of physical sensors. We can see that the physical aperture of
NLAs is about the order of O(R2), while the array physical aperture of our new structure is
the biggest with the same number of array sensors. This is because our expansion of the
subarray on both sides is superior to other NLAs in the order of O(R), which makes the
physical aperture significantly larger. As can be seen, our new structure has extraordinary
advantages in terms of physical aperture.
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Figure 6. DOF ratio vs. number of sensors.

Figure 7. Physical aperture vs. number of sensors

5. Numerical Experiment

In this section, several simulations are conducted, including DOA estimation spectra
and accuracy error analysis for performance comparisons.

In order to compare the performance of these configurations more intuitively, it is
necessary to further compare and observe the DOA estimation results of each nested-like
array. The first experimental simulation is to show the DOA estimation results of six NLAs:
NA, ANA, MISC, OS-ENA,TS-ENA and TS2-ENA. Consider that D = 150 uncorrelated
sources impinge on these configurations with R = 50, which is uniformly distributed
between −60◦ and 60◦ . These formations all use the best parameters. We set the signal to
noise ratio (SNR) as 5 dB, and then, we set snapshot K as 1000. The SS-MUSIC is used for
DOA estimation based on DCA.

As shown in Figure 8, NA, ANA, MISC, OS-ENA and TS-ENA have some sources
undetected when the number of sources is large, which is caused by the insufficient capacity
of the DOF. Since the DOF of our structure is the highest, the number of detected sources is
also the largest. The search of 150 spectral peaks can be well realized.
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(a) (b) (c)

(d) (e) (f)

Figure 8. Simulation diagram of DOA estimation for six sparse arrays. The red circle indicates that
there is a wrong spectral peak at this position. (a) NA. (b) ANA. (c) MISC. (d) OS-ENA. (e) TS-ENA.
(f) TS2-ENA.

In the second experiments, we compare and estimate the DOA estimation accuracy of
six NLAs configurations through the root-mean-square error (RMSE):

RMSE =

√√√√ 1
300Q

300

∑
i=1

Q

∑
q=1

(θ̂q(i)− θq)2, (24)

where θ̂q(i) is the estimation of θq for the ith trial with 300 Monte Carlo trials. The number
of sources to be detected is set as D = 200 in the three experiments.

Figure 9 shows the SNR versus number of sensors. The RMSE results is different from
−10 to 15 dB. In this part, K is set as 1000. It can be seen from the result that as the SNR
increases, the influence of noise will decrease, resulting in the RMSE of each array being
smaller and the accuracy of estimation improved. At about 10 dB, CNA further reduces
its RMSE due to the inhibition of mutual coupling. Meanwhile, other structures basically
depend on the DOF with RMSE gradually decreasing. The RMSE of our new structure
TS2-ENA is consistently the smallest, which indicates that its estimation accuracy is better
than other array models.

In Figure 10, we give the the parameters with SNR = 5 dB and set snapshots from 1
to 3000. In this picture, we can conclude that with the continuous expansion of snapshots
and sampling data, this RMSE will gradually decrease and then tend to be stable. When
K is small, the error of nested-like arrays is obviously large. When K is larger than 1500,
the RMSE of each structure will decrease significantly. Especially, the RMSE of TS-ENA
and CNA will decrease significantly. Since CNA is optimized for mutual coupling and
TS-ENA has the highest DOF, they both have good simulation performance. The RMSE of
our proposed configuration is the smallest all the time.
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Figure 9. RMSE vs. snr.

Figure 10. RMSE vs. snapshots.

Figure 11 shows that as the number of measured sensors increases, the minimum mean
square error increases gradually. This experiment illustrates the RMSE versus number of
sources from 100 to 200 with K = 1000, SNR = 5 dB. Since the DOF of each structure is
different, the RMSE will also increase when the number of detected sources is large. With
the increase of number of sources, the array with the smallest influence of error rate is
TS2-ENA, which is followed by CNA, MISC, TS-ENA, OS-ENA and ANA.
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Figure 11. RMSE vs. number of sources.

6. Conclusions

To obtain the DOF enhancement, a new nested array design strategy is proposed and
finished in our paper. To maximize the continuity of DCA, we propose four conditions.
Based on these conditions, a new configuration referred to as TS2-ENA sparse array
with closed-form expression is developed. With the number of array elements fixed, our
structure has higher degrees of freedom and better performance in target detection and
azimuth estimation. The simulation results show the advantages of our new configuration.
It should be mentioned that there is still room for improvement for V1 and V3. In addition,
in the case of bilateral multiple expansion, the DOF of the general solution does not reach
the theoretical upper limit of this paper, which means that the general solution may not be
the optimal solution. These will be studied in the future.
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