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Abstract: The high-frequency (HF) square-wave voltage injection method can be used in permanent
magnet synchronous motor (PMSM) drive systems. However, when the switching frequency is
too low, the injection frequency will also decrease, which will reduce the update frequency of the
HF response current, making it difficult to extract the position quadrature signal and affecting the
accuracy of position estimation and control performance. This paper proposes a method for extracting
position quadrature signals based on sampling rate transformation, and a signal processing strategy
based on Cascade Integrator Comb (CIC) interpolation filtering, which can solve the problem of
waveform distortion caused by the low sampling rate of the extracted position quadrature signal.
This strategy can increase the sampling rate of the position quadrature signal to the pulse width
modulation (PWM) update frequency by interpolating in the sampling current, thereby reducing the
harmonic content of the position quadrature signal and improving the position estimation. precision.
In addition, the PWM update frequency and estimated rotational speed information are used to
compensate for the delay caused by position estimation and inverter update, which effectively
improves the accuracy of position estimation. Finally, the effectiveness of the proposed control
strategy is verified by simulation.

Keywords: permanent magnet synchronous motor; sensorless control; cascade integrator comb
interpolation filtering; delay compensation

1. Introduction

Compared with the induction motor, permanent magnet synchronous motor (PMSM)
has higher efficiency and higher power density, so it is widely used in high-performance
applications [1,2]. In the electric traction system of rail transit, due to the harsh operating
environment and the small installation position of the sensor, it is not suitable to use the
position sensor to realize the closed-loop control based on PMSM. The sensorless control
strategy can solve this problem [3]. Sensorless control strategies are mainly divided into
two categories. One is model-based sensorless control suitable for medium and high-
speed areas, and the other is sensorless control based on salient polarity suitable for zero
and low speed areas [4]. As a position estimation method based on salient polarity, the
high-frequency (HF) injection method can generally be divided into current injection and
voltage injection according to different injection forms. Since the estimation bandwidth of
rotor position is affected by the bandwidth of current controller, the application of current
injection method is relatively few [5]. HF voltage injection method can be divided into
indirect flux detection by online reactance measurement (INFROM) method [6], rotating
sinusoidal injection method [7], pulse vibration sinusoidal injection method [8,9], pulse
vibration square wave injection method [10], and pulse signal injection method [11]. The
difference lies in the form and time of injection signal and the demodulation method of HF
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response current. In this paper, the HF voltage injection method based on saliency polarity
is adopted, which can ensure a high signal-to-noise ratio and improve the stability of the
control system under harsh working conditions.

In addition, for the electric traction system, in order to improve the efficiency and
load-carrying capacity of the inverter and avoid excessive switching loss, the switching
frequency will generally not exceed 1 kHz [12], which will limit the maximum injection
frequency of the HF voltage injection method and reduce the update frequency of the
estimated position, so that the rotor position estimation error increases in the range of zero
and low speed, the current harmonic content increases, and the HF noise is more obvious.
In order to reduce current harmonics and HF noise, the method of reducing the injection
frequency avoids the more sensitive frequency range of human ears [13]. However, this
method makes the frequencies of the fundamental frequency signal and the high-frequency
response signal closer, which further limits the low-speed operating range and dynamic
performance, and causes the neglected resistance term in the high-frequency model to
affect the position estimation accuracy [14–16]. In addition, reducing the amplitude of the
injected signal can reduce the noise amplitude [17], but it will reduce the signal-to-noise
ratio and affect the accuracy of position estimation. Although the pseudo-random HF
square wave voltage injection method [18], the dual-frequency random HF voltage injection
method [19], and the intermittent pulse injection method [20] can reduce the noise, they all
need a higher switching frequency, so that one or more injected HF signals can be inserted
in multiple carrier cycles, which is not suitable for the case of low switching frequency.

In order to solve these problems and improve the position observation accuracy and
control performance at low switching frequency, this paper, based on the high-frequency
square wave voltage injection method, proposes a method for extracting position quadra-
ture signals based on sampling rate transformation to avoid the use of complex modulation
methods, and adopts the signal processing strategy based on the CIC interpolation filtering
to solve the problem of mismatch between the update frequency of the position quadrature
signal and the PWM update frequency, and suppress the HF ripple caused by the low
update frequency of the position quadrature signal. At the same time, the delay compen-
sation strategy is used to compensate for the delay caused by position estimation and
inverter update, which effectively improves the accuracy of position estimation. Finally,
the performance of the proposed strategy is analyzed by simulation.

2. Sensorless Control Strategy at Low Switching Frequency

The voltage equation of PMSM in d-q rotating coordinate system is [21,22]:[
ud
uq

]
=

[
Rs + Ld p

ωeLd

−ωeLq
Rs + Lq p

][
id
iq

]
+

[
0

ωeψ f

]
(1)

where udq, idq and Ldq are stator voltage, stator current and stator inductance in d-q rotating
coordinate system respectively; Rs is the stator resistance; ωe is the electrical angular
velocity; p is differential operator, p = d/dt; Ψf is the flux linkage.

In the HF-response model, because the injected square wave voltage signal frequency
is higher than the motor operating frequency, the induced voltage drop of the inductance
in the motor winding is greater than that of the resistance. In order to facilitate subsequent
analysis and calculation, the voltage drop on the stator, the voltage drop of the inductance
and the back EMF can be ignored. The HF mathematical model of PMSM can be simplified
as follows: [

usd
usq

]
=

[
pLd

0
0

pLq

][
idh
iqh

]
(2)

where usd and usq are the HF voltage components in the d-q rotating coordinate system
respectively; idh and iqh are the HF response current components in d-q rotating coordinate
system respectively.
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The square wave voltage injection method is to inject a square wave voltage signal into
the estimated d-axis, so that the motor winding can excite HF response current containing
rotor position information. Generally, the injection method can be divided into discontinu-
ous pulse injection form and continuous pulse injection form according to the control cycle
and whether the injection cycle is continuous. The schematic diagram is shown in Figure 1.
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Figure 1. Different voltage injection forms. (a) Schematic diagram of discontinuous pulse injection;
(b) Schematic diagram of continuous pulse injection.

The discontinuous pulse injection strategy realizes position estimation in the injection
cycle and closed-loop control in the control cycle. This method can reduce the injected
frequency and noise, reduce the influence of harmonics on position estimation, improve
the signal-to-noise ratio, and improve the accuracy of position solution without adding
filters [18].

However, the discontinuous pulse injection strategy needs to make the switching
frequency much greater than the operating frequency, so as to reduce the excessive current
disturbance caused by switching and inserting a discontinuous injection HF signal in
multiple control cycles. At low switching frequency, discontinuous signal injection increases
the interval of injected waveform, resulting in the corresponding increase of the interval of
extracted position information. Excessive delay is unacceptable to the system.

Therefore, the continuous injection mode is adopted in this paper, that is, the HF
voltage pulse signal with positive and negative opposite directions is injected in each
carrier cycle. As shown in Equation (3), it is the expression of square wave voltage injected
in the d-axis of the estimated rotating coordinate system:

ud̂q =

{
Uh, t ∈ [0, Th

2 ]

−Uh, t ∈ [ Th
2 , Th]

(3)

where Uh is the amplitude of the injected square wave voltage; Th is the injection period
of the HF square wave voltage, Th is equal to half the control period. Transforming the
injected HF voltage signal into the d-q rotating coordinate system, there are:

udq = ud̂qe−j(θe−θ̂e) = ud̂qe−j∆θ (4)

where ∆θ = θe − θ̂e. θe is the actual electrical angle and θ̂e is the estimated electrical angle.
The resulting HF response current in the α-β stationary coordinate system is expressed as:

iαβ = (
cos ∆θ

Ld

∫
ud̂qdt−j

sin ∆θ

Lq

∫
ud̂qdt)× (cos θe + j sin θe) (5)

By extracting the envelope, the Equation (6) can be obtained:[
∆iαh
∆iβh

]
=

∆U
LdLqωh

[
Lavg cos θ̂e − Ldi f cos(2θe − θ̂e)

Lavg sin θ̂e − Ldi f sin(2θe − θ̂e)

]
(6)

where ∆iαh and ∆iβh represent the envelopes of the two HF response currents in the station-
ary coordinate system, respectively; Lavg = (Ld + Lq)/2, Ldif = (Ld − Lq)/2, ∆U represents
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the amplitude. The magnitude is Uh, and the direction of the voltage changes with the
periodic positive and negative changes of the injected square wave; ωh is the frequency
of the injected HF signal. When the estimated position error is approximately zero, the
envelope ∆iαh and ∆iβh approximation have a positional quadrature relationship.

It can be seen from the above formula that the rotor position is included in the HF
response current envelope θe. Therefore, the HF response current can be extracted from the
feedback current, the rotor position information can be obtained by using the appropriate
demodulation method, and the rotor position and mechanical angular velocity can be
estimated by the observer, so as to finally realize the closed-loop control.

As shown in Figure 2, it is the block diagram of the PMSM control system using
the square wave voltage injection method proposed in this paper, mainly including the
rate conversion to extract the envelope current, and the cascade integrator comb (CIC)
interpolation filtering to reduces the harmonic content of the signal, the phase-locked
loop (PLL) and the Luenberger observer to estimate rotor position and speed, et al. In
addition, the closed-loop control strategy adopts field-oriented control (FOC) based on
proportional-integral (PI) controller. The principle is described in subsequent sections.
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3. Rotor Position Estimation Method
3.1. High Frequency Response Current Envelope Extraction Method

Feedback current iαβ including fundamental current iαβs and HF response current iαβh.
Therefore, it is necessary to extract the HF response current from the feedback current, that
is, to realize the demodulation of the HF signal and fundamental signal. The usual method
is to use a high pass filter [23], but there will be serious phase delay, and the filtering effect is
poor when the injection frequency is close to the fundamental frequency. In addition, dual
frequency notch filter [24], second-order generalized integral [25], and other methods are
also used to extract HF response current, but the implementation process is more complex.

In order to solve the above problems and simplify the process of high-frequency
signal extraction, this paper adopts a HF response current extraction strategy based on
the delay module. Since the frequency of the injected HF voltage signal is much higher
than the operating frequency, the fundamental current if(k) at time k can be approximately
equal to the fundamental current if(k + Th/2) at time k. Since the signs of the injected HF
voltage signals at time k and (k + Th/2) are opposite, approximately iαβh(k) = −iαβh(k + Th/2).
Therefore, the HF response current is obtained by making a difference between the feedback
currents at different sampling times. The equation is as follows:

iαβh(k) = (iαβ(k)− iαβ(k + Th/2))/2 (7)



Electronics 2022, 11, 1957 5 of 14

The above method realizes the approximate HF response current extraction without
filter. The method does not produce a large phase delay for the extracted HF response
signal, and is not affected by switching frequency and injection frequency. The sampling
rate of the HF response current obtained at this time is fs = 1/(Th/2), and the schematic
diagram is shown below.

In Figure 3, the transformation multiple of sampling rate R = TPWM/(Th/2), which is
used to measure the change of rate. When R < 1, it means that the sampling rate decreases,
and when R > 1, it means that the sampling rate increases; TPWM is the switching cycle; Th
is the square wave voltage injection period.
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Next, the envelope of the H- response current, that is, the position quadrature signal,
is extracted to estimate the rotor position information. In article [26], QR decomposition
is used to extract HF current envelope to reduce the phase lag of the demodulation link,
which is relatively complex. Article [27] proposed an envelope extractor. This method only
needs the delay model and the symbol of the injected signal, and the HF current envelope
can be obtained through subtraction.

However, this method needs to select the sampling point at the midpoint of the period
of the injected HF square wave voltage signal, and consider the influence of the delay of the
digital control system on the symbol judgment of the injected signal and the influence of
the sampling point. At low switching frequency, the method also needs to put a low-pass
filter in series at the output to eliminate the disturbance in the extracted quadrature signal,
resulting in the increase of control delay.

In order to solve this problem, and to conveniently and effectively extract the po-
sition quadrature signal at low switching frequency, this section based on the sampling
holding function in the process of sampling rate transformation, and the corresponding
sampling rate is fs = 1/Th. The schematic diagram of the sampling rate conversion process
is as follows.

In Figure 4, the conversion multiple of sampling rate R = 0.5, Th is the square wave
voltage injection period. The method has a simple structure, does not need the symbol
information of the injected square wave voltage, and is not affected by the change of
switching period. As shown in the Figure 5, when the injected square wave voltage
frequency is 500 Hz and the motor is in motion, the position quadrature signal can be
extracted by using the sampling rate conversion process.
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It can be seen from the Figure 5 that although the position quadrature signal can
be accurately extracted based on the sampling rate transformation process, due to the
low injection frequency, the obtained position quadrature signal changes in steps and has
serious distortion, which will lead to obvious steps in the subsequent position estimation
and eventually affect the stability of the system. In addition, when the selected square
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wave voltage injection frequency is reduced, the discretization of the extracted position
quadrature signal will be more serious. As shown in Figure 6, it is the estimated rotor
position calculated by directly using the position quadrature signal.
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3.2. Frequency Matching Method Based on CIC Interpolation Filtering

A filtering method based on quadratic interpolation is proposed in [28], which im-
proves the continuity of the position quadrature signal after quadratic interpolation filtering
and effectively eliminates the harmonic components related to the injected signal.

However, this method uses the current sampling value to calculate the fitting value
at the last sampling time, so a phase lag will occur, and the lag angle is proportional to
the sampling period, so the lower the injection frequency, the larger the phase lag. In
addition, the difference between the sampling frequency and the switching frequency of the
position quadrature signal is too large, that is, when the switching frequency is more than
twice the sampling frequency, the quadratic interpolation can only double the sampling
points, which still cannot effectively solve the waveform distortion caused by the sampling
holding effect.

In order to solve the above problems, in this section, a frequency-matching method
based on CIC interpolation filtering is proposed to interpolate and to match the frequencies
of the discrete signals, so that the interpolated quadrature signal has an update frequency
consistent with the switching frequency, and the waveform is more continuous and com-
plete. As shown in Figure 7, it is the block diagram of single-order CIC interpolation filter.
As can be seen from Figure 7, the filter is composed of a comb filter H1(z) and integrator
H2(z) in cascade. It only contains addition and subtraction modules, so it has the advan-
tages of simple structure and low complexity [29]. In addition, the CIC filter is a multi-rate
low-pass filter, which is suitable for sampling rate conversion. It can not only realize the
extraction from high rate to a low rate, but also realize the interpolation from low rate to
high rate.
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In position observation, CIC filter can be used to interpolate the position quadrature
signal with low sampling rate. The interpolation points increase by the same factor as
the sampling rate. Finally, the quadrature signal with sampling rate consistent with the
switching frequency can be obtained, the zero-order holder phenomenon caused by low
sampling rate can be improved, and the calculation period and current harmonic can
be reduced. where M is the order of the filter, that is, the number of beats delayed,
which determines the change speed of the output response in the turning region; The
transformation multiple of the sampling rate R = M, which determines the number of
sampling points inserted by the output signal in the adjacent time interval of the input
signal. The system function H(z) of single-order CIC filter can be expressed as:

H(z) = H1(z)× H2(z)
=
(
1− z−M)× ( 1

1−z−1

)
= 1−z−M

1−z−1

(8)

According to the Noble identity transformation formula, the single-order CIC filter
can be equivalently transformed into the following simpler form:

In Figure 8, R = (Th/2)/TPWM, that is, the sampling rate of the position quadrature
signal is increased to the switching frequency through interpolation. The multi-order
CIC filter is realized by cascading multiple single-order CIC filters to meet the larger
amplitude attenuation requirements, but the phase delay will also increase. In this paper,
the single-order CIC filter is used. The equivalent structure of the filter can meet the
needs of interpolation filtering. As shown in Figure 9, it is a schematic diagram of the
interpolation effect after the sampling rate is doubled.
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3.3. Observer Design and Stability Analysis

After normalizing the interpolated position quadrature signal, the rotor position error
is obtained through the quadrature phase-locked loop, and then the estimated rotor position
θ̂e and mechanical angular velocity ω̂r are calculated by the Luenberger observer. The
principle of the Luenberger observer is detailed in [30,31]. The general control delay varies
from 0.75TPWM to 2TPWM depending on the current update-sampling processing method.
Considering the position observation, the maximum delay in the zero-low speed range
does not exceed 1.5TPWM. Therefore, dynamic angle compensation is performed on the
estimated rotor position, and the compensation amount is selected as ∆θ = 3.5TPWMω̂e, ω̂e
is the estimated electrical angle. As shown in Figure 10, it is a block diagram of the position
observation principle based on CIC filtering.
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The open-loop transfer function of the Luenberger observer is shown in the following
equation. Through this observer, the rotor position and speed of the motor can be estimated.θ̂ = (

K1+sK2+snpTe
s3 J + K3

sJ )× e

ω̂e = (
K1+sK2+snpTe

Js2 )× e
(9)

where e is the input to this observer, and represents position estimation error; s represents
complex variable; Te and np represent the electromagnetic torque and number of pole
pairs, respectively; θ̂ and ω̂e are estimated rotor position and estimated electrical angle
speed, respectively; K1, K2 and K3 are the variable parameters of the observer, respectively.
J represents the moment of inertia.

In order to analyze the stability of the Luenberger observer, and the robustness of
parameter changes, the phase locked loop needs to be equivalent to the actual rotor po-
sition θe minus the estimated rotor position θ̂ in Figure 10, that is, e = θe − θ̂. Since the
compensated delay angle does not affect the transfer function of the observer, that is, it
does not affect its stability, so it can be ignored. Then the transfer function can be obtained
from Figure 10 as follows:

θ̂ =
sTenp

s3 J + s2K3 + sK2 + K1
+

(s2K3 + sK2 + K1)× θe

s3 J + s2K3 + sK2 + K1
(10)

where s represents complex variable; Te and np represent the electromagnetic torque and
number of pole pairs of PMSM, respectively; θe and θ̂ represent actual rotor position and
estimated rotor position, respectively; K1, K2 and K3 are the variable parameters of the
observer, respectively. J represents the moment of inertia. The motion equation of the
motor is:

θe =
(Te − TL)× np

s2 J
(11)
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Combining Equations (10) and (11), the following can be obtained:

e =
−snpTL

s3 J + s2K3 + sK2 + K1
(12)

According to the final value theorem, when the load torque is a step signal or a
ramp signal, the steady-state error of the observer is 0, so the system has better dynamic
performance. When considering observer stability, the closed-loop pole needs to be located
on the negative real axis of the s-plane. The general practice is to equal the three poles and
make the eigenvalues greater than zero, that is, s1 = s2 = s3 = a (a > 0). The value of a should
be adjusted based on the actual situation. Therefore, the theoretical observer parameters
are K1 = a3J, K2 = 3a2J, K3 = 3aJ, respectively.

4. Simulation Analysis

In order to verify the effectiveness of the strategy proposed in this paper, this section
will be verified by simulation. The parameters of the PMSM used in the simulation are
shown in Table 1.

Table 1. Permanent magnet synchronous motor parameters.

Parameter Value [Unit]

Rated power 3 [kW]
Rated voltage 540 [VDC]
Rated speed 1200 [rpm]

Stator resistance 0.19 [Ω]
d-axis inductance 3.53 [mH]
q-axis inductance 7.48 [mH]

Number of pole pairs 4

The position quadrature signal extracted from the HF corresponding current is tested
by simulation. The simulation condition is set as a no-load condition, the reference speed
is 300 rpm, the frequency of injected square wave voltage is 500 Hz, and the switching
frequency is 1 kHz.

Figure 11 shows the position quadrature signal without CIC interpolation filtering
and its FFT analysis diagram, and Figure 12 shows the position quadrature signal with CIC
interpolation filtering and its FFT analysis diagram. By comparing Figures 11a and 12a,
it can be seen that the position quadrature signal without CIC interpolation filtering has
obvious discontinuity, and its harmonic content is richer, which has an adverse impact on
the subsequent position estimation and increases the estimated position error. By compar-
ing Figures 11b and 12b, it can be seen that the waveform of position quadrature signal
filtered by CIC interpolation is smoother, the harmonic content is significantly reduced,
and the interference of HF signal can be well filtered. In addition, after interpolation,
the sampling rate of the waveform is increased to the switching frequency, which can
improve the calculation frequency of the estimated position, and improve the accuracy of
position estimation.

Then, the steady-state performance of the proposed control strategy is tested by
simulation. Figures 13 and 14 are waveforms of the estimated position signal reference
100 rpm and 300 rpm under no-load conditions, respectively. It can be seen from the figure
that the maximum position estimation error is no more than 0.1 rad, the observer can
better estimate the rotor position at different reference speeds. Therefore, the proposed
strategy can be well applied to sensorless control in the zero low speed range at 1 kHz low
switching frequency.
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Figure 13. Simulation waveform at a reference speed of 100 rpm under no-load.

In addition, the dynamic characteristics under the proposed control strategy are
tested by simulation. Figures 15 and 16 show the estimated position waveforms and the
corresponding phase current waveforms at a reference 100 rpm and 300 rpm in the case of
a sudden load of 3 N.m. It can be seen from the figure that in the whole loading process,
the maximum position estimation error does not exceed 0.26 rad., Therefore, the control
system has strong anti-disturbance under different reference speeds.
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Finally, the starting and dynamic characteristics of the sensorless control system is
tested by simulation. Figure 17 shows the simulation waveform of the no-load start process.
As can be seen from Figure 17, the motor starts from a standstill, and then sets the reference
speeds of 150 rpm, 300 rpm, and 100 rpm, and makes a smooth transition between different
reference speeds. During the simulation process, the maximum rotor position error does
not exceed 0.12 rad, the maximum speed error does not exceed 40 rpm, and the speed
overshoot does not exceed 21 rpm.
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Figure 17. Simulation waveform of no-load starting process.

Figure 18 shows the simulation waveform of the motor running with load of 3 N.m.
As can be seen from Figure 18, the motor starts from a standstill, and then sets the reference
speeds of 150 rpm, 300 rpm, and 100 rpm, and makes a smooth transition between different
reference speeds. During the simulation process, since the electromagnetic torque of the
motor increases from 0, it will reverse due to the influence of the load torque, but it can
quickly track the reference speed, so the system has a certain robustness, and the maximum
rotor position error does not exceed 0.34 rad, the maximum speed error does not exceed
63 rpm, and the speed overshoot does not exceed 30 rpm. Therefore, the sensorless control
system still has better dynamic performance under load.
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5. Conclusions

In this paper, the HF square wave voltage injection method is used to realize the
sensorless control in the range of zero and low speed at 1 kHz switching frequency. At
the low switching frequency, due to the limited injection frequency, the update frequency
of the position quadrature signal extracted by the square wave voltage injection method
is lower than the PWM update frequency, which leads to the problem that the estimated
position ripple is too large.

A method based on CIC interpolation filtering is proposed in this paper. By this
method, when the injected square wave voltage frequency is 500 Hz, the signal-processing
strategy reduces the harmonic content of the position quadrature signal while increasing
the sampling rate of the signal. Then, the delay angle is compensated by using the PWM
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update frequency and the estimated rotational speed. Simulation results show that the
position estimation error of the system does not exceed 0.34 rad, and the speed estimation
error does not exceed 63 rpm when the speed is adjusted in the low-speed area of not
more than 300 rpm. Thus, the proposed sensorless control strategy can improve the control
performance of the system.
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