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Abstract: In this paper, a modified finite-difference time-domain (FDTD) method is proposed for the
rapid analysis of a Hertzian dipole source in the low-frequency band. The FDTD technique is one of
the most widely used methods for interpreting high-resolution problems such as those associated
with the human body. However, this method has been difficult to use in the low-frequency band as
the required number of iterations has increased significantly in such cases. To avoid this problem,
FDTD techniques using quasi-static assumptions in low-frequency bands were used. However,
this method was applied only to plane wave excitation, making it difficult to apply to near-field
problems. Therefore, a modified approach is proposed, involving the application of the FDTD
technique with a quasi-static approximation to an electric and magnetic dipole problem. The results
when using the proposed method are in good agreement with those from a theoretical solution. An
example of comparison with the standard FDTD method is shown for illustrating the proposed
method’s performance.

Keywords: finite-difference time-domain method; quasi-static analysis; wireless power transfer;
dosimetry

1. Introduction

Previous research on the adverse effects of electromagnetic waves has been mainly
conducted in the extremely low-frequency band for power transmission lines and the high-
frequency band for problems such as mobile phones. Recently, many types of devices have
been developed using an intermediate frequency band in the fields of wireless information
and wireless power transmission (WPT) [1,2]. As an example of WPT, on-line electric
vehicle is being used as an on-campus shuttle bus and is about to be commercialized. The
interest in electromagnetic field (EMF) hazards is also increasing due to the undesirable
EMF generated from such devices. Therefore, the WHO recommends research on the effects
of electromagnetic waves in the intermediate frequency band on the human body [3].

Research on the effects of electromagnetic waves on the human body is carried out
through measurement, mechanics, and numerical analysis. Among them, the numerical
analysis method is widely used in various subjects because it can be used without limitation,
unlike other methods. Specifically, the finite-difference time-domain (FDTD) technique
is the most widely used method because it does not perform matrix calculations when
calculating complex problems such as high-precision whole-body voxel human models [4].

However, the method is difficult to use under low-frequency, as the number of required
iterations is increased in such cases. Several methods have been studied for the use of
FDTD techniques at low frequencies but were mainly applicable to incident magnetic field
problems using Faraday’s Law [5–8]. However, Ref. [9] provides the results showing that
even in the intermediate frequency band, the incident electric field is not always ignored.

The quasi-static FDTD (QS-FDTD) method utilizes a ramp source to successfully ex-
tend FDTD to a low-frequency band [10]. Nevertheless, this method has been mainly used
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in the study of low-frequency problems only for plane wave sources. The authors in [11]
provide the results of induced current distributions assuming that the electromagnetic field
radiated by the WPT system is a plane wave. The electromagnetic field distribution is,
however, dissimilar concerning a plane wave in the near-field interpretation. Generally, the
field distribution is broadly similar to a magnetic dipole when a magnetic field is dominant,
such as in a WPT system. The authors in [12] proposed a modified QS-FDTD based on
the surface equivalence principle to deal with incident electric and magnetic problems.
Although this method also addresses the problems for a Hertzian dipole excitation, it is
not intuitive to apply as it consists of a two-step process.

Therefore, a modified FDTD method is proposed here to interpret a Hertzian dipole
source for a more accurate analysis. The proposed method for the analysis of various
simulations can consider both the case where the electric field or the magnetic field is dom-
inant. In this study, the proposed method is verified using a dielectric sphere model with a
theoretical solution. In addition, the results are compared with those of the conventional
FDTD method to demonstrate its applicability to actual problems. Finally, the accuracy
and analysis speed of the proposed method were examined.

2. Proposed Method

The quasi-static approximation (QSA) can be applied when the size of the simulation
system is more than 10 times smaller than the wavelength and satisfies the following condition:

|σ + jωε| � ωε0 (1)

where σ and ε are the conductivity and permittivity of the dielectric object, respectively, ω
is the radian frequency, and ε0 is the permittivity of the free space [5]. This approximation
is often applied up to a few tens of megahertz [13]. In particular, there is research showing
that QSA can be applicable up to 10 MHz in relation to the human body analysis [9]. In [9],
the applicable frequency range may be slightly reduced in the actual human model since
the limit of the QSA was examined with a dielectric sphere of radius 0.1 m. There have been
various studies comparing the limitation of the modified FDTD methods using QSA due to
changes in mesh size [12] and frequency [9], or complex realistic human body models with
other analysis methods [14,15].

The QS-FDTD method has taken advantage of the fact that the phase is predictable.
The phase of the field exterior to the object is identical to that of the incident field, whereas
the interior field is the first-order field of the incident field. Therefore, the induced electro-
magnetic field inside the dielectric material can be quickly calculated by approximating
the start of the plane wave source as a ramp function. In the proposed method, the elec-
tromagnetic field induced by a Hertzian dipole source is computed by approximating the
beginning of the electric and magnetic dipole source as a ramp function. The electromag-
netic field inside the dielectric material like a human body induced from the Hertzian
dipole is rapidly calculated by applying the quasi-static approximated current.

2.1. Electric Dipole

The electric dipole is arranged in the FDTD technique, as shown in Figure 1. The charge
Q is calculated using the Gauss theorem by assuming that uniform spatial discretization
is implemented to the FDTD Yee cell, i.e., ∆x = ∆y = ∆z ≡ ∆s and Ex_ f ace = Ey_ f ace =
Ez_ f ace ≡ E f ace [16]:

Q = 2ε0E f ace∆x∆y + 2ε0E f ace∆y∆z + 2ε0E f ace∆z∆x
= 6ε0E f ace(∆s)2 (2)
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The electric field at location of source (isrc, jsrc, ksrc) is obtained using the following
equation by summarizing (2):

En
z (isrc, jsrc, ksrc) = −2E f ace = −

Q

3ε0(∆s)2 (3)

By replacing the charge Q in (3) with the integral of the current Is, the relation of the
electric field and current is expressed as:

En
z (isrc, jsrc, ksrc) = −

1

3ε0(∆s)2

∫
IS(t)dt (4)

Therefore, we can get that:

IS(t) = −3ε0(∆s)2 ∂

∂t
En

z (t) (5)

The FDTD update equation for the electric dipole is expressed as:

En+1
z (isrc, jsrc, ksrc) = En

z (isrc, jsrc, ksrc) +
∆t
ε

[
∂Hy

∂x
− ∂Hx

∂y
− Jz

]
(6)

where ε is the permittivity, and current density Jz is expressed as:

Jz =
IS(t) · ∆z

∆x∆y
(7)

The Jz used in the proposed method is replaced with ramp function and changed to
start smoothly to suppress high-frequency contamination as follows:

Jz =


0 −∞ < t < t0

(t−( τ
π ) sin( πt

τ ))
2 t0 < t < τ

t−
(

τ
2
)

t > τ

(8)

where τ is constant for replication functional behavior of the Jz [10].

2.2. Magnetic Dipole

The magnetic dipole is converted into a square loop of the FDTD Yee cell-aligned
current Is(t) having the same magnetic moment, as shown in Figure 2 [17].
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The FDTD update equation for the magnetic dipole is expressed as:

En+1
x (isrc, jsrc, ksrc) = En

x (isrc, jsrc, ksrc) +
∆t
ε

[
∂Hz

∂y
−

∂Hy

∂z
− Js

]
(9)

En+1
y (isrc, jsrc, ksrc) = En

y (isrc, jsrc, ksrc) +
∆t
ε

[
∂Hx

∂z
− ∂Hz

∂x
− Js

]
(10)

where uniformly distributed over the cross-section of FDTD Yee cell current density Js is
derived from the current Is(t):

Js(t) =
IS(t)
∆s2 (11)

After that, the process is like electric dipole analysis.

3. Results and Discussion

The induced electric field from Hertzian dipole excitation inside a dielectric sphere is
calculated to verify the proposed method. The standard FDTD formulation and code used
in this paper are described in [18], and the proposed method was modified by applying
a quasi-static approximation to the above FDTD formulation. Table 1 represents the
simulation parameters used in the analysis.

Table 1. Simulation parameters.

Parameter Value

Target frequency 1 MHz
Total number of FDTD cells 40 × 40 × 40

Cell size 1 cm
Source excitation location 20, 10, 20

Sphere center location 20, 25, 20
Sphere conductivity 0.3

Sphere radius 5 cm
Total number of iterations 600

3.1. Comparison Results of Hertzian Electric Dipole Excitation

The analytic electric field induced inside the dielectric sphere can be obtained by
the boundary value problem based on the assumption that the current distribution is
known. The dynamic Green’s function is a method of calculating this problem. As shown
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in Figure 3, when the sphere is located at its origin, the electric field derived from the
Hertzian electric dipole located at r′ = b, θ = 0

◦
, and φ = 0

◦
is as follows:

→
Ee(
→
R′) = −ωk1µCe

4π

∞

∑
n=1

2n + 1
n(n + 1)

(
c(1)n hn(ρ3)Mo1n(k2) + d(1)n

[ρ3hn(ρ3)]
′

ρ3
Ne1n(k2)

)
(12)

where in µ is permeability of free space, hn is spherical Hankel function, M and N are
solutions of the homogeneous vector wave equation, ρ3 = k1b, and the coefficients are
expressed as:

c(1)n =
[ρ1hn(ρ1)]

′ jn(ρ1)− [ρ1 jn(ρ1)]
′hn(ρ1)

[ρ3hn(ρ3)]
′ jn(ρ2)− [ρ2 jn(ρ2)]

′hn(ρ1)
(13)

d(1)n =

√
εr

[
ρ1h(1)n (ρ1)

]′
jn(ρ1)−

√
εr[ρ1 jn(ρ1)]

′hn(ρ1)

εr[ρ1hn(ρ1)]
′ jn(ρ2)− [ρ2 jn(ρ2)]

′hn(ρ1)
(14)

k1 and k2 represent the propagation constants of regions exterior and interior of the sphere,
respectively.
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Figure 3. Location of Hertzian dipole and dielectric sphere.

Figure 4 represents the results of comparing the proposed method with the theoreti-
cal result.
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As shown in Figure 4, the result of the proposed method is consistent with the
theoretical result.

3.2. Comparison Results of Hertzian Magnetic Dipole Excitation

The electric field induced inside the sphere from the Hertzian magnetic dipole is
expressed as:

→
Em(

→
R′) =

iωk1µCm

4πη1

∞

∑
n=1

2n + 1
n(n + 1)

(
c(1)n

[ρ3hn(ρ3)]
′

ρ3
Mo1n(k2)− d(1)n hn(ρ3)Ne1n(k2)

)
(15)

where, η1 =
√

µ1
ε1

is the intrinsic impedance of free space, and the other variables are the
same as those used in the Hertzian electric dipole problem.

Figure 5 shows the results of comparing the proposed method with the theoretical result.
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As with the Hertzian electric dipole analysis, it can be confirmed that the proposed
method is in good agreement with the theoretical results.

3.3. Comparison of the Proposed Method with Standard FDTD Thechnique

To explain the performance of the proposed method, it was compared with the stan-
dard FDTD technique used for general problems without theoretical solutions. Analysis
objects and variables are the same as those used above. Two-dimensional cross-sectional
electric field distributions in the plane z = 0 are presented in Figures 6 and 7 from a Hertzian
electric and magnetic dipole excitation, respectively. The comparison of electric field dis-
tribution results is summarized in Table 2 for each cross-section, which is made based on
differences as follows:

Difference =

n
∑

m=1

∣∣∣ Standard FDTD−Proposed method
Proposed method

∣∣∣ · 100

n
(16)

Since it is a comparison of numerical analysis methods, it was described as a difference
rather than an error.
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Table 2. Induced electric field comparisons from Hertzian dipole excitation.

Difference (%) Plane x = 0 Plane y = 0 Plane z = 0

Hertzian electric dipole 2.34 2.53 2.61
Hertzian magnetic dipole 3.54 3.62 3.24

The number of iterative calculations required for one cycle analysis of a standard
FDTD technique is as follows:

N =

√
n · c0

f requency · ∆x
(17)

where in, n is the dimension of the simulation, c0 is the speed of light, and ∆x is the mesh
size [18].

Three periods are simulated because standard FDTD requires a few periods for con-
vergence. This requires nearly 180,000 iterations; however, the proposed method calculated
similar results with only 600 iterations. It takes about 1 h 53 min, and 22 s, respectively, for
two methods to complete the analysis with an Intel(R) CPU i5-10400 processor running at
2.90 GHz. In addition, the proposed method converges rapidly regardless of changes in
the frequency and size of the mesh, whereas the standard FDTD required more iterations
when the frequency and size of the mesh are lowered. Therefore, the proposed method can
show stronger performance depending on the analysis variables

4. Discussion

In this paper, the QS-FDTD method is extended to Hertzian dipole source excitation
problems. The method is verified through a theoretical solution and the efficiency of
the method is explained by comparing the speed that of the standard FDTD method.
The method produced accurate results (within 5%) with very few iterative calculations
compared to standard FDTD by simulating the beginning of a Hertzian dipole with a ramp
function. The method is expected to be widely used for electromagnetic problems at a
low frequency as long as quasi-static approximation is effective. In particular, with the
development of various devices using intermediate frequency, we believe that the proposed
method will be usefully used to intuitively analyze the problem of this frequency band,
which has not been mainly studied for high-resolution human body model analysis before.
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