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Abstract: A novel, improved equivalent circuit model of double-sided linear induction motors
(DLIMs) is proposed, which takes the skin effect and the nonzero leakage reactance of the secondary,
longitudinal, and transverse end effects into consideration. Firstly, the traditional equivalent circuit
with longitudinal and transverse end effects are briefly reviewed. Additionally, the correction coeffi-
cients for longitudinal and transverse end effects derived by one-dimensional analysis models are
given. Secondly, correction factors for skin effect, which reflects the inhomogeneous air gap mag-
netic field vertically, and the secondary leakage reactance are derived by the quasi-two-dimensional
analysis model. Then, the proposed equivalent circuit is presented, and the excitation reactance and
secondary resistance are modified by the correction coefficients derived from the three analytical
models. Finally, a three-dimensional (3D) finite element model is used to verify the proposed equiv-
alent circuit model under varying air gap width and frequency, and the results are also compared
with that of the traditional equivalent circuit models. The calculated thrust characteristics by the pro-
posed equivalent circuit and 3D finite element model are experimentally validated under a constant
voltage–frequency drive.

Keywords: DLIM; equivalent circuit; end effect; thrust; finite element

1. Introduction

The wide range of velocity and acceleration of the linear induction motor (LIM) avoids
the intermediate transmission mechanism of linear motion, which reduces the mechanical
losses and stresses and improves the system’s reliability [1]. The LIMs have been utilized
widely in industrial applications such as aircraft electromagnetic launch or accelerator
systems [2,3], transportation systems [4–6], handling systems [7], new microgravity drop
tower systems [8], etc.

A typical feature of LIM is that it has an entry end and an exit end in the traveling
direction (longitudinal) for the primary or secondary cutoff of the LIM, which produces the
longitudinal end effect, which the rotary machine does not have. Another feature of LIMs
is that the secondary is invariably wider than the primary core in the transverse direction,
resulting in the transverse end effect. In addition, the relatively larger air gap between
primary and secondary is often inherent in the construction of a LIM [1]. The unique
feature of LIM makes its performance different from that of a rotary induction motor.
The finite element method (FEM) [9], numerical analysis method [4], equivalent circuit,
and magnetic equivalent circuit [10,11] are the main methods used to analyze and calculate
the characteristics of LIMs.

The finite element simulation software is convenient for the optimization design of
LIMs [12,13]. The FEM is also convenient for the performance calculation of some special
cases of linear motors, such as special primary or secondary structure [14], and primary
and secondary relative position, e.g., the secondary sheet is displaced sideways from a
symmetrical position [15], etc. For a large size linear induction motor, it is not possible to
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establish a FEM model of partial pole pairs such as rotary motor and a complete pole pairs
model of LIM means that it takes longer calculation time and computer resources [16].

The analytical method is another method to solve the performance of a LIM. The one-
dimensional (1D) analytical method is the most used. In order to consider the perfor-
mance and parameters of a LIM more comprehensively, two-dimensional (2D) and three-
dimensional (3D) fields are also used to solve the magnetic field and thrust [17–19]. It shows
that the theoretical results agree very well with the experimental ones, and the 2D solution
agrees very well with the rigid 3D solution. The analytical solution of the LIM is helpful
to clearly understand the spatial distribution of the electromagnetic field, but it cannot
directly reflect the impedance parameters of the motor.

The analysis of electromagnetic fields in the air gap shows that the end effect has a
great influence on the operating characteristics of the LIM. The end effect is usually deter-
mined by boundary conditions in analytical solution, while the end effect is reflected by
modifying the motor impedance parameters in the equivalent circuit of a LIM. In [20], a fast
and accurate d–q axis-equivalent circuit model of LIM for drive system simulations was
developed based on nonlinear transient finite element analysis. Duncan’s equivalent circuit
model is widely utilized in the analysis of characteristics of single-sided linear induction
motors (SLIMs) [21–23], which provided a practical way to estimate the characteristics
of SLIMs. The field-theory-based T-type equivalent circuit is another commonly used
model [11,24–27]. In [24,25], a novel equivalent circuit is presented, and an equivalent
circuit considering the asymmetric secondary sheet is developed in [11]. Although the
equivalent circuit of SLIM has been widely studied, the equivalent circuit of two kinds of
motors is different due to the different structures between SLIM and DLIM—the secondary
of SLIM has back iron, while the secondary of DLIM is usually a metal conductive plate.
The research on the equivalent circuit of DLIM is not as extensive as that of SLIM because of
its limited application. In the traditional equivalent circuit of DLIM, the secondary leakage
reactance is usually considered to be negligible, the longitudinal and transverse end effect
on the performance of DLIM is demonstrated by coefficients corrected secondary resistance
and excitation reactance [26,28]. In the high-speed applications of DLIM, the equivalent
circuit only with the longitudinal end effect may be enough to analyze the operating charac-
teristics accurately, while the transverse end effect is neglected [26,27]. Nevertheless, for the
large air gap DLIM with low speed, the secondary leakage reactance may not be negligible
as high-speed DLIM, and it has a large ratio to the secondary resistance. The inhomoge-
neous distribution of the air gap magnetic field in the vertical direction will significantly
affect the excitation reactance and secondary resistance parameters in the equivalent circuit.
In the equivalent circuit model above, few papers take the vertical distribution of the air
gap magnetic field into the impedance parameters of the equivalent circuit.

In this paper, an improved equivalent circuit model of DLIMs is developed, which takes
the skin effect, the nonzero leakage reactance of the secondary, longitudinal, and transverse
end effects into consideration independently, based on the three independent directions
model of DLIMs, i.e., longitudinal, transverse and vertical. The paper is organized as
follows. In Section 2, the traditional equivalent circuit with longitudinal end effect and the
transverse end effect is briefly reviewed. Additionally, correction factors for longitudinal
and transverse end effects derived by the 1D analysis models are presented, i.e., longitudi-
nal and transversal models. Then, the new correction factors of the transverse end effect are
given [29]. In Section 3, the quasi-two-dimensional (quasi-2D) analysis model is established,
and the correction coefficients for skin effect, which considers the inhomogeneous air gap
magnetic field vertically, and the secondary leakage reactance are derived. The improved
equivalent circuit is proposed, in which skin effect, secondary leakage reactance, longitudi-
nal end effect, and transverse end effect are considered. In Section 4, FEM 3D is used to
compare the calculation results in order to verify the proposed equivalent circuit model
under different mechanical air gap widths and power frequencies. The FEM results are also
compared with the traditional equivalent circuit models. Additionally, variations of forces
under negative sequence braking and motoring operations are presented under a constant



Electronics 2021, 10, 1644 3 of 15

voltage–frequency inverter; the calculated forces by the proposed equivalent circuit and
FEM 3D are experimentally validated. The conclusions of the paper are summarized in
Section 5.

2. Traditional Equivalent Circuit Model of DLIM

A model was developed in 3D of the linear induction motor and is presented in
Figure 1. The direction of the X-axis is longitudinal and is the direction of the secondary
(or primary) moving and magnetic-field-traveling wave; vertical moves along the normal
line of the secondary surface (Y-axis), and transverse moves along the primary slots
(Z-axis). In the field of analytical theories, the 1D method is a practical way to solve the
characteristics of DLIMs. The longitudinal and transverse end effects can be considered to
act independently or be neglected. The longitudinal and transversal 1D analysis models
are shown in Figure 2, where L1 is the length of primary, 2d is the thickness of secondary,
g is the mechanical air gap width, τ is the pole pitch, 2a is the width of the primary core,
and 2c is the width of secondary.
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Figure 2. Analytical model of DLIM: (a) longitudinal model in the XOY plane; (b) transverse model in the YOZ plane.

2.1. Longitudinal Analytical Model of DLIMs

In order to simplify the derivation of the equivalent circuit considering the longitudinal
end effect, the assumptions are presented as [26]. As shown in the longitudinal 1D model
in Figure 2a, due to the limit length of the primary core, slots containing only one layer of
coils at both ends of the primary are called half-filled slots. Numbers of half-filled slots at
two ends of the primary both are βτ ·m1·q1, which decided by the primary winding short
pitch ε. The length of primary can be obtained by

L1 = (2p− 1 + βτ)τ, βτ = 1− ε/m1q1 (1)

These half-filled slots at two ends of the primary extend about lengths of βτ·τ,
and lengths of filled slots are (2p-1-βτ)·τ. The magnetomotive force (MMF) of the pri-
mary is presented in Figure 3. Due to only one-layer coil in the half-filled slots, MMF of
regions II and III are half of region I, which contains a two-layer coil.
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The current of the primary winding is transformed into an infinitely thin equivalent
current density, according to the principle of equal MMF. The expression of primary
equivalent current density can be divided into three regions, i.e., the half-filled slots at both
ends and full-filled slots, for the existence of half-filled slots at the two ends of the primary
core. Additionally, the air gap flux density can then be obtained using Maxwell’s equations.
The equivalent circuit parameters, such as secondary resistance and magnetizing reactance,
can be obtained using the equal complex power relationship between the magnetic field
and the electrical circuit.

The longitudinal end effect coefficients Kr and Kx are denoted as Equations (2) and (3),
where Kr is the correction factor of the secondary resistance, and Kx is the correction factor
of the magnetizing reactance.

Kr =
sG

2peτ
√

1 + s2G2

K2
1 + K2

2
K1

(2)

Kx =
1

2peτ
√

1 + s2G2

K2
1 + K2

2
K2

(3)

where K1 and K2 are the functions of slip s and goodness factor G. The number of equivalent
pole pairs pe is corrected in [11], due to the half-filled slots may affect the precise of the
calculation, where p is the actual number of the pole pairs, m1 is the number of primary
phases, and q1 is the number of coil sides per phase per pole.

pe =
(2p− 1)2

4p− 3 + ε/(m1q1)
=

(2p− 1)2

4p− 2− βτ
(4)

2.2. Transverse Analytical Model of DLIMs

The motor is divided into two independent models—longitudinal and transverse.
The longitudinal end effect is neglected when solving the transverse end effect [28]. The cor-
rection factors considering the transverse edge effect Cr and Cx are given by

Cr = sG · Re2[T] + Im2[T]
Re[T]

(5)

Cx =
Re2[T] + Im2[T]

Im[T]
(6)

These two coefficients are used to correct the secondary resistance and excitation
reactance, respectively. The T in Equations (5) and (6) is obtained by (7) as follows:

T = j
(

r2 +
(

1− r2
) λ

αa
tanh(αa)

)
(7)

where r, λ, α are given as Equations (8)–(10), T is the function of the slip s, goodness
factor G, and motor parameters, such as the width of primary core 2a and pole pitch τ,
and k = π/τ.

r2 = (1 + jsG)−1 (8)

λ =
(
(r)−1 · tanh(αa)tanh(kc− ka) + 1

)−1
(9)
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α = k
√

1 + jsG (10)

The transverse end effect may be accounted for by introducing a larger (equivalent)
primary stack width 2ae instead of 2a, and 2ae = 2a + kg·(2d + 2g), and range of correction
coefficient kg is 1.2 to 2 [29]. By introducing the new equivalent stack thickness into
Equations (5)–(9), new correction coefficients Cer and Cex of transverse end effect can
be obtained.

2.3. Equivalent Circuit of DLIM with Longitudinal and Transverse End Effects

The conventional T-type equivalent circuit with longitudinal and transverse end effects
is represented in Figure 4. The parameters in the T-circuit, namely, the primary resistance
r1, primary leakage reactance x1, secondary resistance reduced to the primary r2, exciting
inductance xm, and secondary leakage reactance x2 are usually considered to be 0 for plate
DLIM [26].
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end effect considered (EC-LT).

When coefficients Cer and Cex are used to replace the traditional transverse end effect
correction factors Cr and Cx in Figure 4b, a new equivalent circuit (EC-LTe) can be used to
calculate the characteristics of a DLIM. When the coefficients Kr, Kx, Cr (Cer), and Cx (Cex)
are 1, the longitudinal and transversal end effects are neglected. The equivalent circuit
of DLIM is similar to that of rotary induction motor (RIM); therefore, it is convenient to
analyze the performance of DLIM as that of RIM based on the equivalent circuit.

3. Proposed Novel Equivalent Circuit Model of DLIMs

Based on the traditional equivalent circuit, the proposed model for the large air
gap DLIM in this paper also considers the secondary leakage reactance and skin effect
and derives correction coefficients for the equivalent circuit impedance by quasi-2D field
model, that is, in the quasi-2D field, the influence of the air gap magnetic field variation
in the vertical direction on the performance of DLIM is further considered, while the
previous longitudinal and transverse analysis models consider that the air gap magnetic
field remains unchanged in the vertical direction, as discussed in Section 2.

Since the longitudinal and transverse end effects were taken into account indepen-
dently in the previous equivalent circuit, they are not considered in the quasi-2D field
analysis in this section.

3.1. Vertical Quasi-Two-Dimensional Analytical Model of DLIMs

To simplify the analytical model, the assumptions are as follows [4,11,17]:

(1) The primary core will not be saturated, and the conductivity of the cores is equal to
zero;

(2) The primary and secondary are infinitely long in the longitudinal direction and wide
enough in the transverse direction;



Electronics 2021, 10, 1644 6 of 15

(3) Primary and secondary currents flow in the z-direction, and primary currents flow in
infinitesimally thin sheets.

The quasi-2D representation of the DLIM is shown in Figure 5.

Electronics 2021, 10, x FOR PEER REVIEW 6 of 16 
 

 

Since the longitudinal and transverse end effects were taken into account inde-
pendently in the previous equivalent circuit, they are not considered in the quasi-2D field 
analysis in this section. 

3.1. Vertical Quasi-Two-Dimensional Analytical Model of DLIMs 
To simplify the analytical model, the assumptions are as follows [4,11,17]: 

(1). The primary core will not be saturated, and the conductivity of the cores is equal to 
zero; 

(2). The primary and secondary are infinitely long in the longitudinal direction and wide 
enough in the transverse direction; 

(3). Primary and secondary currents flow in the z-direction, and primary currents flow 
in infinitesimally thin sheets. 
The quasi-2D representation of the DLIM is shown in Figure 5.  

. 

Figure 5. Quasi-2D analytical model of DLIM. 

On the basis of the theory of the linear induction motor and Maxwell’s equations, the 
magnetic flux density and electric field intensity can be calculated by 

( )2
0 v

t
μ σ ∂ ∇ = − ∇ × ∂ 

AA A  (11)

For the reason that the current of primary and secondary flow in the z-direction, the 
vector magnetic potential A can be simplified as 

( ) ( )j t kx
z mA y e ω −= ⋅A  (12)

In region 2 (secondary), the following Equation (13) is obtained: 

( ) ( ) ( )
2

2 2
0 22 j 0

A y
k s A y

y
μ σ ω

∂
− + =

∂
 (13)

where μ0 is the air magnetic permeability, σ is the conductivity of the secondary, and ω is 
the angular supply frequency of primary. In regions 3 and 4, the conductivity σ in these 
regions are 0 for no conductor in this region, and Equation (13) can be simplified as fol-
lows: 

( ) ( )∂
− =

∂

2
3 2

32
0

A y
k A y

y , 

( ) ( )∂
− =

∂

2
4 2

42
0

A y
k A y

y  
(14)

Solutions of Azi in domains 2 to 4 are given by 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

−

−

−

 = + ⋅ 

 = + ⋅ 

 = + ⋅ 

j
z2 1 2

j
z3 3 4

j
z4 5 6

cosh sinh

cosh sinh

cosh sinh

ωt kx

ωt kx

ωt kx

c βy c βy e

c ky c ky e

c ky c ky e

A

A

A

 (15)

where 2
0jk sβ ωμ σ= + , 1 2jβ β β= + . 

Figure 5. Quasi-2D analytical model of DLIM.

On the basis of the theory of the linear induction motor and Maxwell’s equations, the
magnetic flux density and electric field intensity can be calculated by

∇2A = µ0σ

[
∂A
∂t
− v(∇×A)

]
(11)

For the reason that the current of primary and secondary flow in the z-direction, the
vector magnetic potential A can be simplified as

Az = Am(y) · ej(ωt−kx) (12)

In region 2 (secondary), the following Equation (13) is obtained:

∂2 A2(y)
∂y2 −

(
k2 + jµ0σsω

)
A2(y) = 0 (13)

where µ0 is the air magnetic permeability, σ is the conductivity of the secondary, and ω is
the angular supply frequency of primary. In regions 3 and 4, the conductivity σ in these
regions are 0 for no conductor in this region, and Equation (13) can be simplified as follows:

∂2 A3(y)
∂y2 − k2 A3(y) = 0,

∂2 A4(y)
∂y2 − k2 A4(y) = 0 (14)

Solutions of Azi in domains 2 to 4 are given by

Az2 = [c1 cosh(βy) + c2sinh(βy)] · ej(ωt−kx)

Az3 = [c3 cosh(ky) + c4sinh(ky)] · ej(ωt−kx)

Az4 = [c5 cosh(ky) + c6sinh(ky)] · ej(ωt−kx)
(15)

where β =
√

k2 + jsωµ0σ, β = β1 + jβ2.
Undetermined constants c1 to c6 in Equation (15) are solved by the satisfactions of the

following boundary conditions:

(1) Primary surface (domains 1 and 3; 4 and 5): y = ±ge = ±(d + g);

1
µ0

∂Az3

∂y

∣∣∣∣
y=d+g

=
j1
2

,
1

µ0

∂Az4

∂y

∣∣∣∣
y=−(d+g)

= − j1
2

(16)

(2) Secondary surface (domains 2 and 3; 2 and 4): y = ±d;

−∂Az2

∂x

∣∣∣y=d = −∂Az3

∂x

∣∣∣y=d ,
∂Az2

∂y

∣∣∣y=d =
∂Az3

∂y

∣∣∣y=d (17)
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(3) According to the symmetry distribution of the magnetic field in the air gap,

−∂Az3

∂x

∣∣∣y=d = −∂Az4

∂x

∣∣∣y=−d ,
∂Az3

∂y

∣∣∣y=d = −∂Az4

∂y

∣∣∣y=−d (18)

The electric field intensity in the air gap and the secondary is denoted by the following:

Ezi = −
∂Azi

∂t
, i = 2, 3, 4 (19)

3.2. Parameters Calculation for the Proposed Equivalent Circuit Model

The electromagnetic power transferred from the primary to the air gap and secondary
can be calculated by the following equation:

S23 = 2×
a∫
−a

L1∫
0

1
2

(
− j1

2

)(
Ez3|y=ge

)
dxdz = P23 + jQ23 (20)

where the Ez3 is the electric field intensity in the air gap, and P23 = P2 + P3, P3 is the active
power in the air gap, which is usually considered as 0.

When the slip is 0, the complex power calculated by Equation (20) only has the reactive
power Q30 on the exciting reactance. There is no active power and reactive power in the
secondary, i.e., P23 = 0 and Q20 = 0, where Q23= Q20+ Q30.

jQ30 = j · aL1ω
µ0 J2

1
2 · ksinh(kge)

cosh(kge) (21)

The current of the secondary branch reduced to the primary is 0. Therefore, the excita-
tion reactance with secondary leakage reactance and skin effect considered can be obtained
by the following expression:

xms =
Q30

m1 I2
1
=

8aµ0m1 f τ(W1kw)
2

πpδ

kδ cosh(kge)

2 · sinh(kge)
= xm · Km (22)

where Km is the correction coefficient of excitation reactance without end effect.
When the slip is not 0, the power in the air gap and secondary is the power on the

excitation reactance, secondary leakage reactance, and secondary resistance and is given by

S23 =
4a(m1W1kw I1)

2µ0 f
p

(C2D1 − C1D2) + j(C1D1 + C2D2)(
C2

1 + C2
2
) (23)

The constants C1, C2, D1, and D2 in Equation (23) can be seen in Appendix B.
The primary induced electromotive force (emf) E1 can be calculated by

−
.
E1 =

S23

m1 I1
=

4am1(W1kw)
2 I1µ0 f

p
(C2D1 − C1D2) + j(C1D1 + C2D2)

C2
1 + C2

2
(24)

The reactive power in the air gap is as follows:

Q3 =
m1

∣∣∣− .
E1

∣∣∣2
xms

=
4a(m1W1kw I1)

2µ0 f
p

sinh(kge)

cosh(kge)

(
D2

1 + D2
2
)(

C2
1 + C2

2
) (25)

The complex power in the secondary can be obtained by the following equation:

S2 = S23 − jQ3 = P2 + jQ2 (26)
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The active power P2 and reactive power Q2 in the secondary are

P2 = ω · (m1W1kw I1)
2 2aµ0

pπ

C2D1 − C1D2

C2
1 + C2

2
(27)

Q2 = ω · (m1W1kw I1)
2 2aµ0

pπ

1
C2

1 + C2
2

[
(C1D1 + C2D2)−

sinh(kge)

cosh(kge)

(
D2

1 + D2
2

)]
(28)

The conjugate current of the secondary branch reduced to the primary is

.
I
∗
2 =

S2

m1

(
−

.
E1

) =

[
1− j · sinh(kge)

cosh(kge)

(C2D1 − C1D2)− j(C1D1 + C2D2)

C2
1 + C2

2

]
I1 (29)

The active power P2 and reactive power Q2 are the power of secondary resistance
and leakage reactance, respectively. Hence, the resistance and the leakage reactance of
the secondary sheet can be obtained according to the following Equations (30) and (31).
Both the resistance considering skin effect and the leakage reactance of the secondary can
be expressed by the secondary resistance without end effect.

R2 =
P2

m1

∣∣∣ .
I
∗
2

∣∣∣2 =
r′2
s

sG · 1
2 kδ(C2D1 − C1D2)

[C1 − D1tanh(kge)]
2 + [C2 − D2tanh(kge)]

2 =
r′2
s
· K f (30)

x2 =
Q2

m1

∣∣∣ .
I
∗
2

∣∣∣2 =
r′2
s
· 1

2
sGkδ

D1[C1 − D1tanh(kge)] + D2[C2 − D2tanh(kge)]

[C1 − D1tanh(kge)]
2 + [C2 − D2tanh(kge)]

2 (31)

From Equations (22) and (30), the correction coefficients of secondary resistance and
excitation reactance considering skin effect and secondary leakage reactance are calculated
as Equations (32) and (33).

K f =
sG · 1

2 kδ(C2D1 − C1D2)

[C1 − D1tanh(kge)]
2 + [C2 − D2tanh(kge)]

2 (32)

Km =
kδ cosh(kge)

2 · sinh(kge)
(33)

The equations show that these two correction coefficients are closely related to the
parameters of the DLIM, e.g., the secondary thickness and the mechanical air gap.

3.3. Proposed Equivalent Circuit Models

Let the coefficients of transverse end effect be 1, that is, ignore the influence of trans-
verse end effect, add secondary leakage reactance on the secondary branch, and use the
correction coefficients of Equations (32) and (33) to modify the secondary resistance and
excitation reactance; then, a new T-type equivalent circuit without considering transverse
end effect can be obtained, as shown in Figure 6a.

In the traditional equivalent circuit shown in Figure 4b, the excitation reactance
and secondary resistance are modified, respectively, by using the correction coefficients
derived in this section, and secondary leakage reactance is added to the secondary branch.
An improved equivalent circuit proposed in this paper can be obtained, as shown in
Figure 6b. Similarly, if the transverse end effect coefficients Cer and Cex are used to replace
the traditional Cr and Cx in Figure 6b, respectively, another new T-type equivalent circuit
(EC-LTeS) for solving the motor characteristics is obtained.
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considered (EC-LS); (b) with longitudinal end effect, transverse end effect, and skin effect and secondary leakage reactance
considered (EC-LTS).

In the equivalent circuit of Figure 6b, the correction coefficients of three directions and
secondary leakage reactance of the DLIM model are considered. The mechanical power
considering all effects is as follows:

PM = (1− s) · Re

m1
.
I

2
1

(
K f KrCr

r′2
s + jx2

)
· KmKxCx · jxm

K f KrCr
r′2
s + jx2 + KmKxCx · jxm

 (34)

The mechanical power of the equivalent circuit shown in Figure 6a can be obtained by
setting the correction coefficients of the transverse end effect to 1. After the same method,
the calculated mechanical power of the equivalent circuit in Figure 4 can be obtained.

4. Experiments and Discussion
4.1. Calculation of Operating Characteristics by Traditional and Improved Models

The results of the 3D finite element model were compared with those of the improved
equivalent circuit in order to verify the proposed equivalent circuit model. The results
were also compared with the 2D FEM, the traditional equivalent circuit model, which only
considers the longitudinal end effect, and the equivalent circuit, which includes the longi-
tudinal and transverse end effects.

The thrust slip characteristics of different mechanical air gap widths calculated by
the equivalent circuits were compared with the results calculated by the FEM 3D and
2D models, as shown in Figures 7–9. In the simulations and calculations, the secondary
thickness is 3 mm, the current is 6.85 A, and the thickness of the mechanical air gap is 0.0075,
0.0105, 0.0135 m, respectively. The specifications of the DLIM are shown in Table A1.

The 2D simulation results are close to the 3D results only in a small slip range, and the
difference becomes larger with the increase of slip. In the negative braking region (s > 1),
the maximum errors between 3D and 2D calculation results are 24.3%, 20.5%, and 14.8%,
respectively, when the mechanical air gap is 0.0075, 0.0105, 0.0135 m.

The thrust calculated by the equivalent circuit, which considers only the longitudinal
end effect, the equivalent circuit, which considers longitudinal end effect, the skin effect,
and secondary leakage reactance are larger than the 2D simulation results in the slip range,
which also cannot accurately reflect the trend of the 3D calculation results with different
mechanical air gap widths.
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For the DLIM with a large air-gap-to-pole-pitch ratio, the calculated thrust of equiv-
alent circuit considering longitudinal and transverse end effect (EC-LT and EC-LTe) is
consistent with 3D simulation values within a certain slip range. In the range of slip,
with the increase of air gap width, this kind of equivalent circuit cannot reflect the motor
performance well, and the average errors of the motor with the three mechanical air gap
widths are 10.7%, 13.63%, and 17.33%, respectively. Even if the new transverse end effect
coefficients are used in the equivalent circuit (EC-LTe), the average errors of the thrust are
reduced by about 3%.

The results of the proposed equivalent circuit (EC-LTS or EC-LTeS) in the slip range
are basically consistent with the results of the FEM 3D. The proposed equivalent circuit
can more accurately reflect the thrust characteristics of the large air gap DLIM, compared
with other equivalent circuits, as shown in Figures 7–9. With the three mechanical air gaps,
the average error between the calculated results and the 3D simulation ones are 1.95%,
3.11%, and 5.17%, respectively.
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Figure 8. Thrust versus slip characteristics with a mechanical gap of 0.0105 m: (a) is calculated by equivalent circuit EC-L,
EC-LS, FEM 2D, and FEM 3D model; (b) is calculated by equivalent circuit EC-LT, EC-LTe, EC-LTS, EC-LTeS, FEM 2D,
and 3D model.
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Figure 9. Thrust versus slip characteristics with a mechanical gap of 0.0135 m: (a) is calculated by equivalent circuit EC-L,
EC-LS, FEM 2D, and FEM 3D model; (b) is calculated by equivalent circuit EC-LT, EC-LTe, EC-LTS, EC-LTeS, FEM 2D,
and 3D model.

The thrust characteristic curve calculated by the equivalent circuit with new transverse
end effect correction coefficients (Cer and Cex) is slightly different from that calculated by
the traditional ones (Cr and Cx), whether the traditional equivalent circuit only considers
longitudinal and transverse, or the improved equivalent circuit proposed in this paper.
The proposed equivalent circuit with the new transverse end effect coefficient has smaller
errors in the negative braking region, which are 1.12%, 2.17%, and 7.5%, respectively,
compared with the corresponding errors of 3.4%, 5.82%, and 10.37% with traditional ones.

In Figure 10, the calculated thrust obtained by the equivalent circuits are compared
with the results of the FEM 3D model. In the simulations and calculations, all the results
are a function of the velocity when the mechanical air gap length is 0.0135 m, the current is
6.85 A, frequency is 40, 60, 80, 100, and 120 Hz.

The calculated thrust of the equivalent circuit considering only the longitudinal end
effect (EC-L) is larger than that of FEM 3D because the transverse end effect, the vertical
variation of air gap magnetic field, and the secondary leakage reactance are neglected.
In the negative braking region, the calculated results by the equivalent circuit with skin
effect and longitudinal end effect (EC-LS) are closer to the 3D simulation ones, compared
with EC-L in Figure 10a. However, the minimum average error between the calculated
(EC-LS) and the simulated thrust in the slip region is still more than 11%.

In Figure 10b, the thrust characteristics of simulation and calculated by two equiva-
lent circuits considering longitudinal and transverse end effects (EC-LT and EC-LTe) are
compared. In the motoring region of the synchronous speed side before the maximum
FEM 3D value, and the thrust calculated by the equivalent circuit EC-LTe is closer to that
of 3D simulation. However, the calculation errors of the two equivalent circuits are more
than 12% in the slip range. In the negative braking region, the average errors between the
calculation results of these two equivalent circuits and the simulation results are even more
than 40%, 35%, respectively; hence, these equivalent circuits cannot accurately reflect the
force characteristics of the motor.

Compared with the previous four equivalent circuits, the improved equivalent circuit
proposed in this paper can be in good agreement with the FEM 3D calculation values in
both the motoring and negative braking region, although there is a slight difference in the
thrust velocity characteristic curve by using two different transverse end effect coefficients,
as shown in Figure 10c. At low frequency, e.g., 40 Hz, the results calculated by using
traditional transverse end effect coefficients are closer to that of simulation, and the average
error between the calculated and simulation results is 4.24%, while at higher frequencies,
the results calculated by using the new transverse end effect coefficients may be better
consistent with the simulation ones, and the average error between the calculated thrust
and FEM results is less than 3%.
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Figure 10. Thrust versus velocity characteristics at constant current calculated by FEM 3D model: (a) equivalent circuit
EC-L and EC-LS model; (b) equivalent circuit EC-LT and EC-LTe model; (c) equivalent circuit EC-LTS and EC-LTeS model.

4.2. Experimental Validation

In Figure 11, the analytically calculated thrust versus slip characteristics under a
constant voltage–frequency drive is compared with the FEM results and measurements at
60 Hz and 110 Hz, and the mechanical air gap is 0.0135 m. The trend of analyzed results by
the proposed equivalent circuit (EC-LTS and EC-LTeS) over the whole slip range is basically
in accordance with the measurements and FEM results. Additionally, it presents slight
differences in variation of the transverse end effect coefficients.
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Figure 11. Calculation, simulation, and test results of thrust: (a) at 60 Hz; (b) at 110 Hz.
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When the motor is driven by a constant voltage–frequency inverter, the equivalent
circuit with longitudinal end effect (EC-L) has the largest error in the motoring region,
compared with other equivalent circuit models. With the increase of slip, the difference
between the calculated and the measured value becomes larger, the maximum errors
between them are more than 50%, and the average error between them is 52.41% and
34.51% at 60 Hz and 110 Hz, respectively.

The calculation results of the equivalent circuits considering the longitudinal and
transverse end effects (EC-LT), including the equivalent circuit with new transverse end
effect correction coefficients (EC-LTe), have less error with the simulation and measurement
values only when the speed is close to the synchronous speed. The average error of the
slip range between the calculated thrust and measured ones is more than 30% at both
60 Hz and 110 Hz. In the motoring region with high slip and the negative braking region,
the equivalent circuit cannot meet the calculation accuracy for the motor with a large
air-gap-to-pole-pitch ratio due to the large error.

The equivalent circuit considering longitudinal and transverse end effects, skin effect,
and secondary leakage reactance can reflect the thrust slip characteristics more accurately.
In general, the average errors between the measured and the calculated value of EC-LTS
under the two frequencies are 11.68% and 5.85%, respectively, which is smaller than that
between the measured and the calculated value of EC-LTeS. The error between the 3D
simulation and the measured results is less than 10%. In order to simplify the model and
facilitate the calculation, some assumptions are made in the longitudinal, transverse and
vertical models, and therefore, there are some errors between the calculated values and the
simulation and test values.

5. Conclusions

A novel, improved equivalent circuit model is proposed as a quasi-2D vertical model
that considers the vertical distribution of air gap magnetic field and secondary leakage
reactance on the basis of traditional equivalent circuits, and the influences on operating
characteristics of a DLIM with different equivalent circuit models are fully investigated.
Three-dimensional (3D) FEM is used to compare the calculation results in order to verify
the proposed equivalent circuit model. The analytical calculations are validated by the mea-
surements on a prototype low-speed DLIM under a constant voltage–frequency drive [30].
Based on the comprehensive comparison in the four equivalent circuit models, conclusions
include the following:

(1) Considering the vertical distribution of the magnetic field in the equivalent circuit, two
coefficients can be used to modify the secondary resistance and excitation reactance,
respectively.

(2) The average errors between FEM calculation and the proposed equivalent circuit
results, which considers longitudinal, transverse end effects, and skin effect, are 1.95%,
3.11%, and 5.17% with the mechanical air gap width of 0.0075, 0.0105, and 0.0135 m,
respectively, while that of the traditional equivalent circuit (EC-LT) are 10.7%, 13.63%,
and 17.33%, respectively; when a new transverse end effect coefficient is used in the
equivalent circuit (EC-LTe), the average errors of the thrust are reduced by about 3%.

(3) When the large air gap DLIM is driven by a constant current source with different
frequencies, the thrust calculation results of the equivalent circuit, which do not
fully consider the correction coefficients of the three direction models, i.e., equivalent
circuit model EC-L, EC-LS, and EC-LT(e), have more than 11% errors with the FEM
simulation results in the slip range, while the errors between the value of proposed
equivalent circuit and simulation are less than 5%. When the DLIM is driven by a
constant voltage–frequency inverter, the calculated results of the proposed equivalent
circuit are in good agreement with the measured and simulated ones.

(4) The improved equivalent circuit proposed in this paper takes into account the correc-
tion coefficients of the longitudinal, transverse, and vertical model of DLIM, which can
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reflect the thrust characteristics of the motor more accurately, compared with the tra-
ditional equivalent circuits, especially for the large air-gap-to-pole-pitch ratio DLIMs.
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Appendix A

Table A1. Specifications of DLIM.

Quantity Symbol Valve Unit

Number of phases m 3
Number of poles p 6

Number of slots per phase per pole q1 2
Coil pitch βτ 5/6

Number of slots Q1 41
pole pitch τ 0.066 m

Primary length L1 0.451 m
Primary width 2a 0.07 m
Opening slot bs 0.006 m

Slot depth hs 0.03 m
Mechanical air gap length g 0.0075 to 0.0135 m

Secondary thickness 2d 0.003 m
Secondary sheet conductivity σ 4.8 × 107 S/m

Appendix B

The expressions of constants C1, C2, D1, and D2 in Equations (19)–(27) are as follows:

C1 = k cosh(β1d) cos(β2d)sinh(kge − kd) + [β1sinh(β1d) cos(β2d)− β2 cosh(β1d) sin(β2d)] cosh(kge − kd)
C2 = ksinh(β1d) sin(β2d)sinh(kge − kd) + [β1 cosh(β1d) sin(β2d) + β2sinh(β1d) cos(β2d)] cosh(kge − kd)
D1 = k cosh(β1d) cos(β2d) cosh(kge − kd) + [β1sinh(β1d) cos(β2d)− β2 cosh(β1d) sin(β2d)]sinh(kge − kd)
D2 = ksinh(β1d) sin(β2d) cosh(kge − kd) + [β1 cosh(β1d) sin(β2d) + β2sinh(β1d) cos(β2d)]sinh(kge − kd)
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