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Abstract: This paper presents a detailed and accurate small-signal analysis model for a four-terminal
low-voltage direct current (LVDC) distribution network with distributed secondary control strategy.
To tackle the contradiction between power sharing accuracy and average voltage recovery ability of
voltage source converters (VSCs), a distributed secondary control strategy is adopted, which is based
on average consensus algorithm and local voting protocol. Furthermore, to analyze the stability of
LVDC distribution network based on the proposed distributed secondary control strategy, a detailed
and accurate small-signal analysis model is formulated which is derived from various non-linear
state-space sub-models. The time-domain simulation and electromagnetic simulation are carried
out to verify the validity and accuracy of the proposed model. Based on this model, the influence
rules of main eigenvalues are summarized with the variation of PI control and DC line parameters.
Time-domain simulations conducted in PSCAD are used to validate the operational limits of the
secondary controllers and DC line obtained from the small-signal stability analysis.

Keywords: DC distribution network; converter station control; distributed consensus algorithm;
power distribution; voltage regulation; state-space model; small-signal analysis

1. Introduction

Recently, the DC distribution system has witnessed a vigorous development because
the extensive application of power electronics and large-scale access of renewable energy
sources [1]. The DC distribution system has larger power supply capacity and lower
line losses with simpler control schemes over traditional AC distribution network [1–3].
Multi-terminal DC distribution network is mainly composed by DC converter stations,
distributed generations (DGs), load and energy storage systems (ESSs). It has become
a research hotspot for superiorities of easy DG access and high system efficiency. The
coordinated control among DC converter stations is one of the key technologies to ensure
stability, reliability and optimization of the system.

The control targets of the DC converter stations usually involve voltage regulation
and power optimization. Generally, the DC converter stations adopt the droop method to
implement power distribution according to their own capacity without communication,
which can improve the operation reliability of the system [4–6]. However, even though the
droop control can be implemented easily, it has a contradiction between voltage regulation
and power distribution due to the existence of line impedance in the DC system [7].
Therefore, a secondary control for the droop-based DC system is necessary. At present,
the centralized and decentralized methods are two main ways to implement secondary
control. A single central controller is designed to collect information and send reference
to each unit in centralized way [8–11]. However, the reliability of centralized method is
poor due to the failure of the center node or link, and the capability in plug and play is
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weakened by centralized communication. The decentralized method is more practical than
the centralized control, because its reliability and flexibility [12]. In [13], a decentralized
droop control method based on virtual resistance in DC system is proposed to compensate
power distribution deviations caused by line resistances. However, this method cannot
eliminate the voltage deviation. To restore the bus voltage, a hierarchical coordination
control based on local information is proposed for DC distribution system to realize smooth
operation in steady state and secondary voltage recovery in harsh operating condition as
well as global power optimization [14]. Although the simplicity and decentralized nature
of the droop control are retained by decentralized method, the global power optimization
cannot be realized by only the local information.

Compared with the above two methods, the distributed secondary control method that
requires only local computation and information exchange among some neighboring units
through a sparse communication network has drawn more attentions [15–17]. Reference [7]
proposes a hierarchical distributed control strategy for the DC distribution network based
on the distributed average algorithm. By designing different weights of the voltage control
and power control, the effective balance between the two control objectives can be achieved.
A distributed control paradigm based on the reverse droop controller is established to
achieve voltage regulation and proportionate load current sharing in a DC network [18].
In [19], a distributed voltage control method for distribution network is proposed to
compensate the reactive power and provide the stable voltage for distribution network by
using the terminal load and its corresponding power factor correction device. Reference [20]
designs a two-level distributed control strategy for the wind farms by regarding the active
power utilization rate as the consistent variable. To sum up, although the centralized
method can achieve more complex control objectives, it has the risk of system failure.
The decentralized method has higher reliability and expansibility, the control effect is
not satisfactory. The distributed method can be implemented by multiple distributed
controllers working in parallel, which increases the reliability, flexibility, and scalability
of the control system. Table 1 lists the advantages and disadvantages according to above
three methods.

Table 1. Summaries on secondary control methods.

Secondary Control Methods Advantages Disadvantages

Centralized control High control accuracy Poor reliability, scalability
Decentralized control High reliability, scalability Poor control accuracy

Distributed control High reliability, scalability, accuracy Complicated control scheme

Therefore, the distributed manners are considered as promising options for the optimal
control of the DC distribution network. In this case, a distributed secondary control strategy
for enhancing the power distribution accuracy and recovering the average voltage of the
DC converter stations is adopted in this paper. However, there are also many problems
remained to be solved before the distributed schemes become more practical for DC
distribution network. The stability of the system should be considered first, which is the
foundation of voltage regulation and power distribution.

The most commonly used way for stability study is the small-signal analysis method [21].
The small-signal stability analysis of conventional power systems has been well established.
More and more researches have focused on the stability analysis of low voltage DC micro-
grids [22–26] and HVDC transmission & distribution networks [21,27–33]. The small-signal
model of the converter-based microgrid is established to investigate how circuit and con-
trol parameters give rise to the oscillatory modes and the damping performance of these
modes [22]. Reference [23] establishes a small-signal model of DC microgrid and analyzes
the influence laws of generation parameters to ensure the system stability. A reduced-
order model of multi-terminal DC microgrid is established in [24], and the small signal
stability of the system is closely related to the sag constant of the distributed generation.
In [25], a general methodology considering four kinds of terminals for small-signal stability
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analysis is presented, which is useful for academic purposes and practical applications.
An improved secondary control strategy is proposed for DC microgrid in [26], and the
control parameters are optimized using small signal modeling. Similarly, the small signal
model of the HV MTDC network is built in [27], and the stability of the system is ana-
lyzed. However, the stability influencing factors and countermeasures are not mentioned.
Reference [28] presents a detailed state-space model of a more elaborated four-terminal
VSC-MTDC system connecting two offshore wind farms to an AC network. Small-signal
stability analysis is carried out to define the ranges for the gains of the VSC controllers
that ensure dynamic stability. Reference [29] reviews various small-signal stability analysis
tools, and the impedance stability analysis of the VSC-based HVDC transmission system is
presented. Furthermore, the stability assessment of multi-terminal DC distribution system
is performed through small-signal pole-zero analysis to investigate the key factors affecting
the system stability in [30,31]. Additionally, a comprehensive small-signal model and
stability analysis of VSC-based medium-voltage DC distribution system are performed
to confirm that the proposed comprehensive model is more accurate than the simplified
model and identify the guidance for the selection of PI parameters [32,33].

As discussed above, the most stability studies are based on the traditional primary
control scheme or its improved one. The detailed small-signal model of multi-terminal
DC distribution network should be established, and the stability analysis considering
distributed secondary control needs further verification. The main contributions of this
paper include:

• The detailed and accurate small-signal model of the whole multi-terminal LVDC
system containing distributed secondary control is built.

• The stability of the entire LVDC distribution network is analyzed, and the effects of pa-
rameters variations on the small-signal stability are investigated by sensitivity analysis.

• The time-domain simulation by Simulink and the electromagnetic simulation by
PSCAD are both conducted for the entire LVDC system to verify the accuracy of
the model.

The rest of this paper is organized as follows: Section 2 introduces the structure
and operation principle of the DC distribution network, including primary control and
distributed secondary control. Section 3 proposes the non-linear state-space model of
the DC distribution network containing secondary control. A small-signal model of the
entire DC distribution network is established and verified for stability analysis in Section 4.
Small-signal stability analysis is conducted in Section 5. At last, Sections 6 and 7 present
discussion and concluding remarks respectively.

2. Operation Principle of the LVDC Distribution Network
2.1. The Structure of LVDC Distribution Network

The common topology of LVDC distribution network usually includes chain structure,
two-terminal structure, and ring structure. A typical multi-terminal low voltage LVDC
distribution network topology is shown in Figure 1. The DC distribution system connects
with the AC systems through converter stations, and it integrates the renewable resources,
energy storage system, AC loads (ALs), DC loads (DLs), and so on. The renewable resources
usually contain photovoltaic (PV) system and wind turbine (WT) system, which work in
maximum power point tracking (MPPT) mode. The energy storage systems can absorb
or inject active power from or to the network to optimize the load flow and keep the
bus voltage stable when the converter stations broke down. The load can be classified
into common load and important load, where the common load can be cut off to ensure
the system stable in critical situation. As the converter station is dominant for the LVDC
network, the coordinated control of converter stations is important for the stable and
optimal operation of the whole system.
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Figure 1. Structure diagram of multi-terminal LVDC distribution network.

2.2. The Primary Control of VSC-Based Converter Station

In a multi-terminal LVDC distribution system, the coordinated control strategy of VSC-
based converter station consists of primary control and secondary control. The primary
control usually adopts droop method to distribute active power among all converter
stations according to their capacity. The structure of a converter station and its primary
control is shown in Figure 2. The primary control consists of P-V droop loop and inner
loops, and the SPWM signals achieved by these control loops are applied to converter to
accomplish the primary control target.
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The P-V droop equation and voltage control loop can be expressed{
Udc
∗ = Udc_re f − k× Pdc

i f d
∗ = (kP,U +

kI,U
s )(Udc

∗ −Udc)
(1)

where Udc
∗ is the reference output voltage of converter station, Udc_ref is the rated voltage

provided by secondary control level. The measurement unit of Udc
∗ and Udc_ref is V. k is the

droop coefficient. Pdc is the actual output power and the unit is kW. i f d
∗ is the d-axis current

reference value of inductance Lf, Udc is the actual output DC voltage and the unit is the
same as Udc

∗. kP,U and kI,U are the parameters of the proportional-integral (PI) controller of
the inner voltage loop.

The droop coefficient k can be designed as follows

k =
UdcN −Udcmin

PNmax
(2)

where UdcN is the rated voltage of DC network, Udcmin is the minimum voltage, which can
be set to 95% of UdcN. The unit of UdcN and Udcmin is V. PNmax is the maximum output
power of converter station and the unit of it is kW. It can be seen from Equations (1) and (2)
that the power sharing of different converter stations is in proportion to their maximum
output power [34,35]. However, the DC output voltages of different converter stations are
different, which causes the output power deviation between each station and decreases
the utilization rate of whole stations. On the other hand, it can be concluded that the
elimination of output power deviation will enhance the voltage drop level of different
stations. This will increase the probability of voltage violation and the power loss in DC
distribution network. Therefore, the primary control has a contradiction between voltage
regulation and power distribution. In order to improve the power distribution accuracy
and recover DC output voltage, a distributed secondary control strategy is implemented
based on the primary control.

2.3. The Distributed Secondary Control for DC Distribution Network

As discussed above, the distributed control method requires only local computation
and information exchange among some neighboring units through a sparse communication
network. It can increase the reliability, flexibility, and scalability of the secondary control
level. According to the secondary control target, the distributed secondary control structure
of converter station is shown in Figure 3. It can be observed that the secondary control
includes voltage secondary control and power secondary control. In voltage regulation
step, the average DC output voltage of all converter stations is estimated, and the estimated
average voltage Uave is compared with rated voltage UdcN to obtain the compensation item
∆V. In the power regulation step, the average per unit output power Paveλ is estimated,
and it is compared with the local value Pdcλ of each converter station to generate the
compensation item ∆U. Finally, ∆V and ∆U are added to generate the rated voltage Udc_ref
for the primary level. Then, the primary control in this paper can be rewritten as follows

Udci
∗ = UdcN + ∆Vi + ∆Ui − k× Pdci, i = 1, 2 . . . , n. (3)

where ∆Vi and ∆Ui are the voltage compensation items.
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As shown in Figure 3, the estimation of average voltage and per unit power are all re-
alized by distributed algorithm. As the communication delay is too small that the sampling
control cycle of the secondary level can be designed shorter. Thus, the continuous model
is considered in this paper. The dynamic consensus algorithm is often used to estimate
the average value of the whole measurements [36]. Let xi represents the measurement of
node i, while xavei is the estimation value of global averaging. Then, the dynamic consensus
algorithm can be described as follows

xavei(t) = xi(t) +
∫ t

0
∑

j∈Ni

aij(xavej(ζ)− xavei(ζ))dζ (4)

where aij is the element of adjacency matrix A. A = [aij] is a (0,1)-matrix with zeros on its
diagonal, and the off-diagonal entry aij is one if node j∈Ni. Ni represents the set of adjacent
nodes of node i, namely, a node j belongs to Ni if there exists a communication link between
it and node i. It can be said that the nodes have reached a consensus if and only if xavei
= xavej, for all i, j. If the communication is bidirectional, then all nodes will converge to
the average value of all measurements. For converter station i, the measurements can be
the DC output voltage, per unit output power, et al. Based on the dynamic consensus
algorithm, the voltage regulation process can be described as follows Uavei = Udci + CE

∫ t
0 ∑

j∈Ni

aij(Uavej −Uavei)dζ

∆Vi = (kP,V +
kI,V

s )(UdcN −Uavei)
, i = 1, 2, . . . , n. (5)

where CE is the control gain, kP,V and kI,V are the PI parameters of voltage secondary
control. Uavei is the average voltage estimated by station i. On the other hand, in order
to eliminate the deviation of per unit output power, the local voting protocol is used to
estimate the average per unit value, thus the power regulation process can be described
as follows 

Paveλi = diiPdcλi +
n
∑

j∈Ni

dijPdcλj

∆Ui = (kP,P +
kI,P

s )(Paveλi − Pdcλi)

, i = 1, 2, . . . , n. (6)

where Pdcλi is the per unit power of station i, and can be calculated by

Pdcλi =
Pdci
PNi

, i = 1, 2, . . . , n. (7)

where PNi is the rated capacity of station i. Paveλi is the average per unit output power
estimated by station i. dij is the voting weight, where dij > 0 if node j belongs to Ni and
dij = 0, otherwise. As the below steady state analysis shows, when the coefficient matrix
D = [dij] is designed as a double-stochastic matrix, the power deviation between different
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stations will be eliminated asymptotically. kP,P and kI,P are the PI parameters of power
secondary control.

The output voltage reference Udc
∗ then can be calculated according to (3), and the

current control loop is used to follow the current reference i f d
∗ from the voltage control

loop. The bandwidth of this loop is designed to be large enough to maintain the power
balance of the converter station while load changes. Within the distributed secondary
control, the average DC output voltage can be recovered and the per unit output power
deviation of all stations can be eliminated, respectively.

2.4. Steady-State Analysis

Laplace Transform Method is often used to verify the steady control effect of the
proposed control strategy. The Laplace Transform of Equations (3), (5) and (6) are shown
as follows

Udc
∗(s) = UdcN(s) + ∆V(s) + ∆U(s)− kPNPdcλ(s) (8)

Uave(s) = s(s In + CELn1)
−1Udc(s) =HobsUdc(s)

∆V(s) =
(

kP,V +
kI,V

s )[UdcN(s)−Uave(s)]

∆U(s) =
(

kP,P +
kI,P

s

)
(D− In)Pdcλ(s)

(9)

where UdcN(s) = (UdcN/s)1, 1 is a n × 1 vector whose elements are all equal to one,
PN = diag{PNi}, Pdcλ(s) is the Laplace Transform of [Pdcλ1, Pdcλ2, . . . , Pdcλn]T, Udc(s) is
the Laplace Transform of [Udc1, Udc2, . . . , Udcn]T.

Let Ln2 = D − In, In is the unit matrix, then Ln1 and Ln2 are all the so called Laplace
matrix. Suppose the system is stable, then Udc

∗ = Udc, and substitute Equation (9) into (8)

[In + H(s)Hobs]Udc(s) = [In + H(s)]UdcN(s) + [G(s)Ln2 − kPN ]Pdcλ(s) (10)

where H(s) = diag{kP,V + kI,V/s}, G(s) = diag{kP,P + kI,P/s}. Multiplying both sides of
Equation (10) by s2 and implementing the Final Value Theorem, (10) can be described
as follows

kI,V [( lim
s→0

Hobs)U
s
dc −UdcN1)] = kI,PLn2Ps

dcλ (11)

where Us
dc is the steady DC voltage vector, and Ps

dcλ is the steady per unit power vector.
Since Equation (11) is guaranteed for any kI,V and kI,P, it can be derived that

QUs
dc = UdcN1 (12)

Ln2Ps
dcλ = 0 (13)

For Equation (12), according to [37], Q = lim
s→0

Hobs is the averaging matrix, whose

elements are all equal to 1/n. Multiplying both sides by 1T, Equation (12) can be expressed
as follows

1
n

n

∑
i=1

Udci
s = UdcN (14)

For Equation (13), because Ln2 is the Laplace matrix, (13) only has one solution, that is
Ps

dcλ = L*1, in other words

Pdcλ1
s = Pdcλ2

s = . . . . . . = Pdcλn
s = L∗ (15)

The above analysis shows that the per unit output power of each converter station will
converge to L*, and its value is determined by the net load in the DC distribution network.
That is, all converter stations will distribute their output power according to their rated
capacity accurately. In addition, the average DC output voltage will converge to the rated
value UdcN.
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3. Non-linear State-Space Model of the DC Distribution Network
3.1. State-Space Model of the Individual Converter Station with Primary Control

To obtain the model of the entire DC distribution system, the state-space model of an
individual converter station with primary control needed to be first established. In this
section, all elements in the converter station system shown in Figure 2 are expressed in
terms of mathematical equations as a basis for the small-signal model.

• Phase Locked Loop Equations

In earlier studies, dPLLqPLL coordinate system based on the AC input voltage uo is
usually used for the small-signal modelling. However, when the transient process of PLL
cannot be neglected, the state space equations should be established{

dz
dt = −uoq
dδPLL

dt = ω−ωPLL = ω−
(
ωo + kI,PLLz− kP,PLLuoq

) (16)

where uoq is the input voltage of filter in the qPLL-axis. ω and ωo are the angular frequency
of AC grid and rated angular frequency, respectively. The unit of ωo is rad/s. ωPLL is
the output angular frequency of PLL. δPLL is the output angular of PLL, which is the
phase deviation between uo and e, as shown in Figure 2. z is an auxiliary state variable
representing the integral part of the PI controller in the PLL, and the parameters of PI
controller are kP,PLL and kI,PLL.

• Input Filter Equations

A typical LC filter is composed of the filter inductance Lf and its equivalent resistance
Rf, and the filter capacitor, which is given by Cf. Based on the dPLLqPLL coordinate system,
the state equations of the LC filter can be presented as

di f d
dt =

−R f
L f

i f d +
1

L f
(uod − ued) + ωi f q

di f q
dt =

−R f
L f

i f q +
1

L f
(uoq − ueq)−ωi f d

duod
dt = 1

C f
(iod − i f d) + ωuoq

duoq
dt = 1

C f
(ioq − i f q)−ωuod

(17)

where ifd and ifq are the filter inductor current in the dPLLqPLL-axis. ued and ueq are the input
voltage of the converter in the dPLLqPLL-axis, respectively. uod is the input voltage of filter
in the dPLL-axis. iod and ioq are the input current in the dPLLqPLL-axis. The units of Rf, Lf and
Cf are mΩ, mH and µF, respectively.

• AC Connection Line Equations

The converter station is connected to the AC grid through a transmission line, which
consists of resistance Rc and inductance Lc. As the AC grid is considered as an ideal source,
the absolute stable dGqG coordinate system based on it is used to establish the state space
equations of the transmission line

diod_G
dt = −Rc

Lc
iod_G + 1

Lc
(ed − uod_G) + ωioq_G

dioq_G
dt = −Rc

Lc
ioq_G + 1

Lc
(eq − uoq_G)−ωiod_G

uod_G = uodcos(δPLL)+uoqsin(δPLL
)

uoq_G = −uodsin(δPLL)+uoqcos(δPLL
)

iod = iod_Gcos(δPLL)−ioq_Gsin(δPLL
)

ioq = iod_Gsin(δPLL)+ioq_Gcos(δPLL
)

(18)

where ed and eq are the AC grid voltage in the dGqG-axis, and they are constant values
with eq = 0. The unit of ed and eq is V. iod_G and ioq_G are the input current in the dGqG-axis,
respectively. uod_G and uoq_G are the input voltage of LC filter in the dGqG-axis, respectively.
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• Converter Equations

With the losses in switching elements (e.g., IGBTs and diodes) neglected, it can be
assumed that the input voltage of the converter station will be equal to its reference value,
as follows {

ued = ued
∗

ueq = ueq
∗ (19)

where ued
* and ueq

* are the voltage reference of the inverter in the dPLLqPLL-axis.

• DC Connection Line Equations

The converter station is also connected to the DC bus through the transmission line,
with the line parameters consisting of resistance Rdc and inductance Ldc. The state space
equations of the DC connection line are given as follows{

Cdc
dUdc

dt = Ig − Idc

Ldc
dIdc
dt = Udc − Rdc Idc −Ub

(20)

where Idc is the current of transmission line, and Udc is the DC output voltage of capacitor
Cdc. Ig is the output current of converter and Ub is the voltage of DC bus. The measurement
units of Cdc, Ldc and Rdc are F, mH and mΩ, respectively.

• Power Calculator

The power calculator is applied in this case for calculating the instantaneous active
power. With the losses neglected in converter station, the AC active power is equal to the
power transmitted to the DC port, which is shown in (21)

Pdc =
wc

s + wc
Udc Ig =

3
2

wc

s + wc

(
uedi f d + ueqi f q

)
(21)

where ωc is the cut-off frequency of low-pass filter and the unit is rad/s.

• Voltage and Current Loop Control

The voltage and current loop control block diagram are shown in Figure 4 in detail.
kP,U and kI,U are the parameters of the PI controller of the outer voltage loop, and kP,C
and kI,C are the parameters of the PI controllers of the inner current loop. The DC output
voltage reference (Udc

∗) of converter station is obtained through droop equation and the
secondary control value ∆V and ∆U, as mentioned in Section 2.2.
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According to Figure 4, the space state equations of voltage and current loop control
can be written 

Udc
∗ = UdcN + ∆V + ∆U − k× Pdc

i f d
∗ = kI,Uγd + kP,U(Udc

∗ −Udc)
ued
∗ = −kI,Cλd − kP,C(i f d

∗ − i f d) + uod + ωPLLL f i f q
ueq
∗ = −kI,Cλq − kP,C(i f q

∗ − i f q) + uoq −ωPLLL f i f d

(22)
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where state variables γ and λ are defined to assess the dynamic properties of the PI
controllers in the voltage and current loop, and the corresponding state equation in the
dPLLqPLL-axis is shown as 

dγd
dt = Udc

∗ −Udc
dλd
dt = i f d

∗ − i f d
dλq
dt = −i f q

(23)

3.2. State-Space Model of the Distributed Secondary Control

According to the proposed distributed secondary control strategy described by (5)
and (6), the space state model is described as follows

∆V = kP,V(UdcN −Uave) + kI,VΦv
∆U = kP,PLn2Pdcλ + kI,PΦp
Uave = Udc + Ues

(24)

The state variable Φv = [Φv1, Φv2, . . . , Φvn]T is defined to describe the error accumu-
lation between estimated voltage and rated voltage, while Φp = [Φp1, Φp2, . . . , Φpn]T is
defined to describe the error accumulation between estimated per unit power and local per
unit power. The corresponding state equation is

dΦv
dt = UdcN −Uave

dΦp
dt = Ln2Pdcλ

dUes
dt = −CELn1Uave

(25)

where UdcN = UdcN1, Uave = [Uave1, Uave2, . . . , Uaven]T, Ues = [Ues1, Ues2, . . . , Uesn]T.

3.3. State-Space Model of the DC Distribution Line and Load

As different DC network topologies have different state space models, the four-
terminal ring topology DC distribution network is taken for the example in this paper to
establish the state space model, as shown in Figure 1. On the other hand, the wye-delta
transform is adopted to simplify the DC distribution line and load model, thus the equiv-
alent model of the DC distribution network line and inner constant power load (CPL) is
shown in Figure 5.
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• DC Distribution Line Equations

As Figure 5a shows, all the converter stations are connected to each other through DC
distribution lines. The state space equations of lines are written as follows

Ll1
dIl1
dt = Ub4 −Un1 − Rl1 Il1, Ll2

dIl2
dt = Un1 −Ub1 − Rl2 Il2

Ll3
dIl3
dt = Ub1 −Un2 − Rl3 Il3, Ll4

dIl4
dt = Un2 −Ub2 − Rl4 Il4

Ll5
dIl5
dt = Un3 −Ub2 − Rl5 Il5, Ll6

dIl6
dt = Ub3 −Un3 − Rl6 Il6

Ll7
dIl7
dt = Un4 −Ub3 − Rl7 Il7, Ll8

dIl8
dt = Ub4 −Un4 − Rl8 Il8

Cb1
dUb1

dt = Idc1 + Il2 − Il3, Cb2
dUb2

dt = Idc2 + Il4 + Il5

Cb3
dUb3

dt = Idc3 + Il7 − Il6, Cb4
dUb4

dt = Idc4 − Il1 − Il8
ICPL1 = Il1 − Il2, ICPL2 = Il3 − Il4, ICPL3 = Il6 − Il5, ICPL4 = Il8 − Il7

(26)

where Un is the node voltage of the equivalent constant power load, Il is the branch current,
Ll and Rl are line inductance and resistance, respectively. Cb represents the grounded
capacitance. ICPL is the current of CPL. The measurement units of Ll, Rl and Cb are mH, Ω
and µF, respectively

• Constant Power Load Equations

As Figure 5b shows, the equivalent constant power load in the DC distribution system
is modeled as DC/DC bulk converter. The state space equations are as follows

Cni
dUni

dt = ICPLi − Di ILi

LDi
dILi
dt = DiUni −ULi

CDi
dULi

dt = ILi − ULi
Ri

dXi
dt = UL_re f −ULi

Di = kp,L(UL_re f −ULi) + kI,LXi

(27)

where Cn, LD, CD are the parameters of DC/DC bulk converter, respectively. UL and IL are
the capacity voltage and inductor current of resistance side. UL_ref is the rated voltage, and
R is the equivalent resistance of load. D is the duty ratio of control signal, kP,L and kI,L are
the parameters of the PI controller of the converter. The measurement units of LD, CD and
Cn are mH, mF and mF, respectively.

4. Small-Signal Model of the DC Distribution Network Based on Distributed
Secondary Control
4.1. Small-Signal Model of the DC Distribution Lines and Loads

Based on (26) and (27), the small-signal state space model contains 28 state variables
and 4 output variables, which are given by

∆xs0 = [∆Ub1, ∆Ub2, ∆Ub3, ∆Ub4, ∆Il1, ∆Il2, ∆Il3, ∆Il4, ∆Il5, ∆Il6, ∆Il7, ∆Il8, ∆Un1, ∆Un2,
∆Un3, ∆Un4, ∆IL1, ∆IL2, ∆IL3, ∆IL4, ∆UL1, ∆UL2, ∆UL3, ∆UL4, ∆X1, ∆X2, ∆X3, ∆X4]

T (28)

∆Ub = [∆Ub1, ∆Ub2, ∆Ub3, ∆Ub4]
T (29)

Thus, the small-signal equation and the output equation are as follows

∆
.
xs0 = As0∆xs0 + Bs0∆Idc + Cs0∆R (30)

∆Ub = Ds0∆xs0 (31)

where ∆Idc = [∆Idc1, ∆Idc2, ∆Idc3, ∆Idc4]T and ∆R = [∆R1, ∆R2, ∆R3, ∆R4]T. Both of them are
the input variables. Appendix A shows the coefficient matrix As0, Bs0, Cs0, Ds0.
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4.2. Small-Signal Model of the Multiple Converter Stations

As previously discussed, all the state space equations needed for modeling the con-
verter stations have been introduced. Based on (16)–(23), the state space model of i-th
converter station without proposed distributed secondary control contains 14 state vari-
ables and 3 output variables (∆Idci, ∆Pdci, ∆Udci)

∆xvsci= [∆Pdci, ∆γdi, ∆λdi, ∆λqi, ∆i f di, ∆i f qi, ∆uodi, ∆uoqi, ∆iod_Gi, ∆ioq_Gi, ∆Udci, ∆Idci, ∆zi, ∆δPLLi

]T
(32)

The small-signal equation of i-th converter station then can be described as follows

∆
.
xvsci = Avsci∆xvsci + Bvsci∆Ubi + Cvsci∆ωi + Dvsci∆Ui + Evsci∆Ei (33)

where Ui = [∆Vi, ∆Ui]T, Ei = [edi, eqi]T. As there are four converter stations in the DC system,
the entire small-signal model is established as follows:

∆
.
xs1 = As1∆xs1 + Bs1∆Ub + Cs1∆ω + Ds1∆U + Es1∆E (34)

where ∆xs1 = [∆xvsc1
T, ∆xvsc2

T, ∆xvsc3
T, ∆xvsc4

T]T, ∆Ub = [∆Ub1, ∆Ub2, ∆Ub3, ∆Ub4]T, ∆ω
= [∆ω1, ∆ω2, ∆ω3, ∆ω4]T, U = [∆V1, ∆U1, ∆V2, ∆U2, ∆V3, ∆U3, ∆V4, ∆U4]T, ∆E =
[∆ed1, ∆eq1, ∆ed2, ∆eq2, ∆ed3, ∆eq3, ∆ed4, ∆eq4]T. As1 = diag(Avsc1, Avsc2, Avsc3, Avsc4), Bs1=
diag(Bvsc1, Bvsc2, Bvsc3, Bvsc4), Cs1 = diag(Cvsc1, Cvsc2, Cvsc3, Cvsc4), Ds1 = diag(Dvsc1, Dvsc2,
Dvsc3, Dvsc4), Es1 = diag(Evsc1, Evsc2, Evsc3, Evsc4).

The output equations are as follows
∆Idc = Fs1∆xs1
∆Pdc = Gs1∆xs1
∆Udc = Hs1∆xs1

(35)

where ∆Idc = [∆Idc1, ∆Idc2, ∆Idc3, ∆Idc4]T, ∆Pdc = [∆Pdc1, ∆Pdc2, ∆Pdc3, ∆Pdc4]T, ∆Udc =
[∆Udc1, ∆Udc2, ∆Udc3, ∆Udc4]T. Appendix B shows the coefficient matrix Avsci, Bvsci, Cvsci,
Dvsci, Evsci, Fs1, Gs1, Hs1.

4.3. Small-Signal Model of the Proposed Distributed Secondary Control

According to (24) and (25), there are 12 state variables and 4 output variables in
the state space model, which are ∆xs2 = [∆φv1, ∆φv2, ∆φv3, ∆φv4, ∆φp1, ∆φp2, ∆φp3, ∆φp4,
∆Uave1, ∆Uave2, ∆Uave3, ∆Uave4]T and ∆Pdc = [∆Pdc1, ∆Pdc2, ∆Pdc3, ∆Pdc4]T. The small-signal
equation and output equation are described as follows

∆
.
xs2 = As2∆xs2 + Bs2∆Udc + Cs2∆Pdc (36)

∆U = Ds2∆xs2 + Es2∆Udc + Fs2∆Pdc (37)

Finally, the small-signal model of the entire DC distribution network can be obtained
as follows

∆
.
xs = As∆xs + Bs∆R + Cs∆ω + Ds∆E (38)

where ∆xs = [∆xs0
T, ∆xs1

T, ∆xs2
T]T and represents all state variables in the DC distribution

network. ∆R represents the small variation of constant power load. ∆ω represents the
small frequency variation of AC grid, and ∆E represents the small voltage magnitude
variation of AC grid. Appendix C shows the coefficient matrix As2, Bs2, Cs2, Ds2, Es2, Fs2,
As, Bs, Cs, Ds.

4.4. Verification of the Established Small-Signal Model

In this section, the results from the time-domain simulation in MATLAB/Simulink
and electromagnetic simulation in PSCAD are presented for the verification of the proposed
small-signal model. The structure of the LVDC distribution network for case study is shown
as Figure 1. There are four converter stations, and the DC sources (PV, WT, DC loads) are
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integrated as a constant power load for simplicity. Thus, there are four CPLs in the network.
The parameters of the DC distribution network and four converter stations are shown
in Table 2. The communication topology of the stations is a ring, and its corresponding
adjacency matrix A and coefficient matrix D are shown in Figure 6.

Table 2. The parameters of DC distribution system.

Parameter Value Parameter Value

Rf/mΩ 2 Lf/mH 2
Cf/uF 50 UdcN/V 800
ed/V 311 eq/V 0

k1 0.44 k2, k3, k4 0.88
PN1/kW 180 PN2, PN3, PN4/kW 90

Ldc1~Ldc4/mH 0.1 Rdc1~Rdc4/mΩ 50
Cdc1~Cdc4/F 0.02 Cb1~Cb4/uF 50
Rc1~Rc4/mΩ 50 Cn1~Cn4/mF 2
Lc1~Lc4/mH 0.2 R1~R4/Ω 0.6
Ll1~Ll8/mH 0.32 Rl1~Rl8/Ω 0.1

LD1~LD4/mH 3 CD1~CD4/mF 3
ωo/rad/s 314 ωc/Hz 50

kP,U 0.3 kI,U 15
kP,C 10 kI,C 10,000
kP,V 2 kI,V 10
kP,P 200 kI,P 2000

kP,PLL 50 kI,PLL 900
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Initially, all the DC loads (about 323 kW) are connected to the network, and all
converter stations are accessed to low voltage AC grid. The main steady operation points
of the system obtained by Simulink are that Us

dc is equal to [808 V, 798 V, 796 V, 798 V],
Ps

dc is equal to [135.2 kW, 67.6 kW, 67.6 kW, 67.6 kW]. It is clearly that the average voltage
of DC side is 800 V, and the per unit output power of all converters are all 0.75. Thus,
the effectiveness of the distributed secondary control is verified. The introduced small
disturbance is a 5 kW step change of the CPL1 from 80 kW to 85 kW at 3.5 s. The curves
of different state variables (Un1, Pdc1, Udc1, Idc1, uoq1, uod1, ifq1, ifd1) obtained using the
small-signal model and electromagnetic simulation are compared in Figure 7. It can be
seen from Figure 7 that the time-domain responses of different state variables calculated
by the established small-signal model using MATLAB coincide with those obtained by
PSCAD simulation. This indicates that the accuracy of the established small-signal model
is suitable for the stability analysis of the DC distribution network.
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5. Small-Signal Stability Analysis

The system eigenvalues are calculated and listed in Table 3 based on the parameters in
Table 2. In the small-signal analysis, it is necessary to quantify the contribution of each state
to a specific eigenvalue according to [38]. Thus, the major participants of each eigenvalue
are exhibited in Table 3 as well.

Table 3. The system eigenvalues.

Mode Re Im Frequency
(Hz) Damping Ratio Major Participants

λ1, λ2 −3116.8, −1483.5 0 0 1.0 λd1, ifd1

λ3 −3359.5 0 0 1.0 ifd2, ifd3, ifd4

λ4 −3245.7 0 0 1.0 ifd2, ifd3, ifd4, λd3

λ5, λ6 −3292.8, −1450.4 0 0 1.0 ifd2, λd2, ifd4, λd4

λ7, λ8 −3571.2, −1388.5 0 0 1.0 ifq1, λq1

λ9, λ10, λ11 −3596.6 0 0 1.0 ifq2, ifq3, ifq4, λq2, λq4

λ12 −1460.4 0 0 1.0 ifd3, λd1, λd3
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Table 3. Cont.

Mode Re Im Frequency
(Hz) Damping Ratio Major Participants

λ13 −1434.8 0 0 1.0 ifd2, λd2, ifd3, λd3, ifd4, λd4

λ14, λ15, λ16 −1384.7 0 0 1.0 ifq4, λq2, λq3, λq4

λ17,18, λ19,20
λ21,22, λ23,24

−213.5 ±18,068.4 2876 0.01 Ub1~Ub4
Idc1~Idc4

λ25,26
λ27,28

−127.2
−132.2

±10,359.0
±9725.9

1648.7
1547.9

0.01
0.01

uod1, uoq1
iod_G1, ioq_G1

λ29,30, λ31,32
λ33,34
λ35,36

−120.5
−122.2
−123.9

±10,333.5
±9705.4
±9704.9

1644.6
1544.7
1544.6

0.01
0.01
0.01

uod3, uoq3
iod_G3, ioq_G3

λ37,38
λ39,40

−120.2
−123.0

±10,333.4
±9705.1

1644.6
1544.7

0.01
0.01

uod2, uoq2, iod_G2, ioq_G2
uod4, uoq4, iod_G4, ioq_G4

λ41,42
λ43,44, λ45,46

λ47,48

−338.6
−328.8
−319.9

±2149.0
±2131.0
±2120.5

342
339.2
337.5

0.16
0.15
0.15

UL1~UL4
IL1~IL4

λ49,50 −85.5 ±1714.1 272.8 0.05 Un1~Un4
Il1~Il8

λ51,52
λ53,54, λ55,56

−145.1
−111.8

±1424.3
±1574.2

226.7
250.5

0.1
0.07 Un1~Un4

λ57,58 −208.9 ±410.7 65.4 0.45 Udc1~Udc4

λ59,60 −191.1 ±307.4 48.9 0.53 Udc1, Udc3

λ61,62 −190.5 ±304.2 48.4 0.53 Udc2, Udc4

λ63 −312.5 0 0 1.0 Il1~Il8

λ64,65 −11.7 ±31.5 5.0 0.35 Udc1~Udc4, γd1~γd4

λ66,67 −5.5 ±4.8 0.8 0.75 Φp1, Φp3, γd1, γd3

λ68,69 −7.1 ±4.1 0.7 0.87 Φp2, Φp4, γd2, γd4

λ70,71 −10.7 ±5.5 0.9 0.89 Φp3, γd3

λ72,73 −26.1 ±16.0 2.5 0.85 z1, δPLL1

λ74,75, λ76,77, λ78,79 −25.5 ±16.3 2.6 0.84 z2, δPLL2, z3, δPLL3, z4, δPLL4

λ80 −22.8 0 0 1.0 Ues1~Ues4, γd2~γd4

λ81 −13.8 0 0 1.0 Ues2, Ues4, γd2, γd4

λ82 −12.7 0 0 1.0 Ues1, Ues3, γd1, γd3

λ83 −3.3 0 0 1.0 Φv1~Φv4

λ84, λ85, λ86, λ87 −19.5 0 0 1.0 X1~X4

λ88 −50 0 0 1.0 Pdc3, Pdc4, γd3, γd4

λ89,90 −50 ±1.3 0.2 1.0 Pdc2, Pdc4

λ91 −50 0 0 1.0 Pdc1, Pdc3

λ92,93, λ94, λ95,96 0 0 / / Ues1, Ues3, Φv1, Φv3, Φv4, Φp3

As shown in Table 3, all eigenvalues have negative real parts indicating a stable
operating condition for the system. It can be also seen that these eigenvalues fall in to three
different clusters, namely, the high damped modes, the medium damped modes and low
damped modes. The participation factor indicates that the inductive current of LC filter
and inner current loop influence greatly the high damped modes λ1–λ16. These modes are
not detrimental to the system stability. The medium damped modes λ17–λ63 are associated
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with the states of DC network (DC line currents, bus voltages, node voltages) and their
effects on the AC side input currents and voltages. Additionally, the low damped modes
considered as the dominate modes are associated with the states of secondary control.
These dominate modes are greatly influenced by the parameters of secondary control
and PLL. Moreover, the DC line parameters can be also selected to optimize the transient
behavior of the DC network.

By plotting the eigenvalue loci in the complex plane, the impacts of the main pa-
rameters (such as the PI parameters of the secondary control, communication delay, the
parameters of PLL, and the impedance parameters of DC distribution) on system dynamics
can be observed. The eigenvalue loci in the complex plane with parameters variations
are shown in Figures 8, 12, 13 and 15. In Figures 8, 12, 13 and 15, the eigenvalues are
marked with stars. The arrows indicate the direction of the parameter variation and black
circles indicate the parameters of critical stability. For simple analysis, only the important
eigenvalues are plotted. The following subsections emphasize on the influence of these
parameters on the system dynamics.

5.1. Distributed Secondary Controller Effect

This section presents the impact of the secondary voltage and power controller param-
eters kP,V, kI,V, kP,P and kI,P on the small-signal stability and the verification of the stable
region through PSCAD simulation results. When the individual parameter is considered
and changed for plotting eigenvalue loci, the other parameters are all consistent with the
value as presented in Table 1. The varying range of individual parameter kP,V, kI,V, kP,P
and kI,P is 1 to 50, 1 to 150, 1 to 10,000 and 1 to 300,000, respectively. The eigenvalue loci are
shown in Figure 8, and Figure 9 shows the time-domain simulation results through PSCAD.

With a variation of proportional parameter kP,V, which changed from 1 to 50, the
parametric eigenvalue analysis is repeated. In the overview of the eigenvalue loci shown
in Figure 8a, λ80–82 move towards the left half of the complex plane along the real axis. The
eigenpair λ64,65 also move towards left, which indicates that the real part of λ64,65 decrease
while the damping ratio increase. Eigenvalue λ83 moves towards the original point along
the real axis, and the eigenpair λ53,54 move towards the right part of the complex plane
with the real part increasing dramatically. Furthermore, when the value of kP,V is larger
than 39.8, an obvious vibration appeared, and the λ53,54 enter into the unstable region of
the complex plane that bringing about the instability of the system.

Figure 8b exhibits the eigenvalue loci of the integral parameter kI,V changing from 1 to
150, where eigenpair λ53-54 are neglected due to unobvious changes in their locations and
are not discussed in the following. With the increasing of kI,V, it is clear that eigenvalues
λ80–83 all approach the original point along the real axis and the eigenpair λ64,65 move
towards the right half of the complex plane gradually. When the value of kI,V is larger than
118.5, the λ53,54 cross the imaginary axis, which means that they enter into the unstable
region of the complex plane, generating the instability of the system.

Figure 8c shows the eigenvalue loci of the parameter kP,P changing from 1 to 10000.
For the power secondary control, eigenpairs λ53,54, λ66,67, λ68,69 and λ70,71 are discussed
and analyzed here. It can be seen that with the kP,P increasing, λ70,71 move towards the
left direction with the imaginary part becoming zero, which indicates that the oscillation
of the output power disappears gradually. Meanwhile, λ66,67 and λ68,69 move towards
the opposite direction with the imaginary part becoming zero and real part increasing.
In addition, λ53,54 move towards the right part of the complex plane fast and as soon as
kP,P is more than 7500, λ53,54 cross the imaginary axis immediately, resulting in unstable
operating state.
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The integral parameter of power secondary control kI,P is also the main parameter
influencing the system stability. Figure 8d reveals the eigenvalue loci with kI,P varying from
1 to 300,000. Eigenpair λ53,54 is neglected while λ64,65 is added in the following analysis.
In Figure 8d, λ66,67 turn to the left part of complex plane with moving towards the right
direction at first. Eigenvalues λ64,65, λ68,69 and λ70,71 have the same changing patterns, that
is the imaginary parts move up and down respectively and the absolute value of imaginary
parts increase with the parameter adding up, which means the system would experience a
slow response.

To verify the eigenvalue loci shown in Figure 8, the time-domain responses of the
multi-terminal LVDC distribution network simulated in PSCAD are plotted, as presented
in Figure 9. Figure 9a shows that when kP,V steps from 2 to 45 at 3.5 s, the state variable Un1
experiences an amplitude oscillation, which corroborates the results obtained in Figure 8a.
Similarly, Figure 9b indicates that when kI,V steps from 10 to 2000 at 3.5 s, the DC voltage
Udc1 experiences an amplitude oscillation. However, this oscillation happens at 3.7 s and
the value of kI,V in this period is far larger than 118.5 shown in Figure 8b. Furthermore,
Figure 9c shows the time-domain simulation results when kP,P changes from 200 to 65,000.
It can obviously be seen that state variable Un1 undergoes an amplitude oscillation as
well. Nevertheless, the value of kP,P is still well over the stable region shown in Figure 8c.
It indicates that the accuracy of MATLAB simulation is a little higher than the results
simulated in PSCAD. As shown clearly in Figure 9d, when kI,P varys from 2000 to 500,000,
the curve of Udc1 stay unchanged, which is in agreement with the results obtained in
Figure 8d.

According to the above analysis, the design rule of PI parameters of secondary control
for the system stability can be concluded as follows:

1. The augment of kP,V and kI,V may decrease the relative damping with low-frequency
eigenvalues, which goes against the system stability. Too large a value of kP,V and kI,V
can cause low-frequency oscillation in the multi-terminal LVDC distribution network.

2. Within the range of system stability, the gradual increase of kI,P will decrease the
damping ratio of the low-frequency eigenvalues. Furthermore, system also has the
possibility of losing stability in the condition of large value of kP,P.

5.2. Time Delay Effect

This section presents the impact of the time delay on the small-signal stability and the
verification by PSCAD simulation. The impact of time delay cannot be neglected when
the sampling rate of the secondary control level is very high. In order to study the impact
on system stability, the expression of delay e−τs should be simplified firstly. Using the
first-order approximation of the Taylor series expansion, the e−τs can be written as follows

e−τs =
1

eτs =
1

1 + τs + τ2s2

2! + τ3s3

3! + . . .
≈ 1

1 + τs
(39)

When the delay is small, the equation above stands. Obviously, the equation is a
first-order lag function, which will bring a state variable. Based on the simplified equation,
the distributed secondary control with communication delay τ can be described as follows

Uavei = Udci + CE
∫ t

0 ∑
j∈Ni

aij(Uavej −Uavei)dζ

Paveλi = diiPdcλi +
n
∑

j∈Ni

dijPdcλj

Uavei =
1

1+τs Uavei, Pdcλi =
1

1+τs Pdcλi

(40)
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Finally, replace the original state-space model of the distributed secondary control
with Equation (40), the small-signal model of the entire DC distribution network with time
delay can be obtained as follows

∆
.
xs = As∆xs + Bs∆R + Cs∆ω + Ds∆E (41)

where, ∆xs is the state variable including the new variable ∆Uave and ∆Pdcλ, which are
related to time delay. These eigenvalues related to time delay are calculated and listed in
Table 4 based on the parameters of DC distribution network and τ = 3 ms.

Table 4. The new eigenvalues.

Mode Re Im Frequency
(Hz)

Damping
Ratio Major Participants

λ97 −345.6 0 0 1.0 Uave1~Uave4, ∆Pdcλ1, ∆Pdcλ3

λ98 −340.8 0 0 1.0 ∆Pdcλ1, ~∆Pdcλ4

λ99 −323.4 0 0 1.0 Uave1~Uave4

λ100 −323.9 0 0 1.0 ∆Pdcλ1, ~∆Pdcλ4

λ101,102 −333.3 ±0.0 0 1.0 ∆Pdcλ2, ∆Pdcλ4

λ103,104,
λ105,106

−333.3 ±0.0 0 1.0 ∆Pdcλ2, ∆Pdcλ4, Uave1, Uave3

λ107,108 −333.3 ±0.0 0 1.0 Uave1, Uave3

λ109 −333.3 ±0.0 0 1.0 ∆Pdcλ2, ∆Pdcλ4

λ110 −333.3 ±0.0 0 1.0 Uave3

λ111 −333.3 ±0.0 0 1.0 ∆Pdcλ2, ∆Pdcλ4, Uave1, Uave3

λ112 −333.3 ±0.0 0 1.0 Uave2, Uave4

As shown in Table 4, all new eigenvalues have negative real parts indicating a stable
operating condition for the system when τ = 3 ms. That is, the small delay has little impact
on the stability of the system. In order to study the impact of large delay, the eigenvalue
loci are plotted according to different time delay. The varying range of time delay is 3 ms
to 50 ms, and the eigenvalue loci are shown in Figure 10.

With the increasing of τ, it is clear that all eigenvalues approach the original point
along the real axis first. Then, all the eigenvalues are equal to −50 at τ = 20 ms. From
then on, some eigenvalues’ imaginary parts begin to increase, and they move towards
the right half of the complex plane gradually. From Figure 10, it can be indicated that the
system is still stable during 3 ms to 50 ms, however, the stability of the DC distribution
network is weakened. With the increasing of τ, the oscillation will appear on the estimated
average voltages, and the damping ratio decrease gradually. Furthermore, the simulation
by PSCAD is implemented as shown in Figure 11. From Figure 11, it can be seen that the
Uave will appear low-frequency oscillation after a small disturbance when τ = 30 ms, while
the responses are smooth when τ = 3 ms. The damped time of the oscillation is about 0.42 s,
which is similar with the result in Figure 10. Thus, the time domain simulation verifies the
results from eigenvalue analysis in Figure 10.
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With the increasing of τ, it is clear that all eigenvalues approach the original point 
along the real axis first. Then, all the eigenvalues are equal to -50 at τ = 20 ms. From then 
on, some eigenvalues’ imaginary parts begin to increase, and they move towards the right 
half of the complex plane gradually. From Figure 10, it can be indicated that the system is 
still stable during 3 ms to 50 ms, however, the stability of the DC distribution network is 
weakened. With the increasing of τ, the oscillation will appear on the estimated average 
voltages, and the damping ratio decrease gradually. Furthermore, the simulation by 
PSCAD is implemented as shown in Figure 11. From Figure 11, it can be seen that the Uave 
will appear low-frequency oscillation after a small disturbance when τ = 30 ms, while the 
responses are smooth when τ = 3 ms. The damped time of the oscillation is about 0.42 s，
which is similar with the result in Figure 10. Thus, the time domain simulation verifies the 
results from eigenvalue analysis in Figure 10. 
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5.3. Phase Locked Loop Effect

This part mainly discusses the effects of PI parameters of phase locked loop on system
stability. The secondary control parameters are all original parameters presented in Table 2
when PI parameters of PLL are studied. The changing range of PI parameters are 1 to 520
and 1 to 1000 respectively. The eigenvalues loci are plotted in Figure 12.



Electronics 2021, 10, 1575 21 of 30

Electronics 2021, 10, x FOR PEER REVIEW 22 of 33 
 

 

Table 2 when PI parameters of PLL are studied. The changing range of PI parameters are 

1 to 520 and 1 to 1000 respectively. The eigenvalues loci are plotted in Figure 12. 

For phase locked loop, with kP,PLL and kI,PLL varying, the eigenvalue loci are shown in 

Figure 12. In Figure 12a, it is clearly found that λ88,91 move towards the left direction, which 

means they have little impacts on system stability when kP,PLL changes. Apart from these, 

eigenvalue λ81,82,83 as well as eigenpairs λ25,26, λ29,30, λ31,32 and λ37,38 move towards the right 

part of complex plane with kP,PLL varying gradually. One point to note is that, when the 

value of kP,PLL is up to 502.5, the stablity of system will face threats due to eigenpairs λ25,26, 

λ29,30, λ31,32 and λ37,38 cross the imaginary axis. 

Figure 12b shows the eigenvalue loci with kI,PLL varying from 1 to 1000. Eigenvalues 

λ81,82,83 all move towards the left direction along the negative real axis while λ89,91 move 

towards the opposite direction. Furthermore, the absolute values of imaginary part of 

eigenpairs λ72,73, λ74,75, λ76,77 and λ76,77 increase as kI,PLL changed from 1 to 1000, which means 

that the damping ratio decrease slowly. Although the response speed of the system de-

clines, the stability of it still can be ensured.   

 

 -5000       

-140 -120 -100 -80 -60 -40 -20 0 20 40

-12,000

-5,000

5,000

12,000

kP,PLL 

=502.5

Re
-45 -40 -35 -30 -25 -20 -15 -10 -5 0

-100

-80

-60

-40

-20

0

20

40

60

80

100

(a) (b)

λ29,λ31,λ37

λ30,λ32,λ38

λ25

λ26

λ88,λ91
λ81,λ82,λ83

λ74,λ76,λ78

λ75,λ77,λ79

λ72

λ73

λ88,λ91 λ81,λ82 λ83

Re

ImIm 0

 

Figure 12. Eigenvalues loci (only the important eigenvalues shown) for a parametric sweep of the PI parameters of PLL:(a) 

kP,PLL in a range from 1 to 520; (b) kI,PLL in a range from 1 to 10,000. 
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For phase locked loop, with kP,PLL and kI,PLL varying, the eigenvalue loci are shown in
Figure 12. In Figure 12a, it is clearly found that λ88,91 move towards the left direction, which
means they have little impacts on system stability when kP,PLL changes. Apart from these,
eigenvalue λ81,82,83 as well as eigenpairs λ25,26, λ29,30, λ31,32 and λ37,38 move towards the
right part of complex plane with kP,PLL varying gradually. One point to note is that, when
the value of kP,PLL is up to 502.5, the stablity of system will face threats due to eigenpairs
λ25,26, λ29,30, λ31,32 and λ37,38 cross the imaginary axis.

Figure 12b shows the eigenvalue loci with kI,PLL varying from 1 to 1000. Eigenvalues
λ81,82,83 all move towards the left direction along the negative real axis while λ89,91 move
towards the opposite direction. Furthermore, the absolute values of imaginary part of
eigenpairs λ72,73, λ74,75, λ76,77 and λ76,77 increase as kI,PLL changed from 1 to 1000, which
means that the damping ratio decrease slowly. Although the response speed of the system
declines, the stability of it still can be ensured.

According to the above analysis, the design rule of PI parameters of phase locked loop
for the system stability can be concluded as follows:

1. The augment of kP,PLL has an important effect on the medium damped modes. Too
large a value of kP,PLL can cause an unstable state of system.

2. The parameter kI,PLL has something to do with the system oscillation. And the increase
of kI,PLL may decrease the damping ratio with high-frequency eigenvalues without
affecting the system stability.

5.4. DC Distribution Line Effect

According to the analysis above, the DC line parameters also have an impact on the
system’s stability. Here, the effects of DC inductance Ll1–Ll8 and DC resistance Rl1–Rl8
are considered and studied shown in Figure 13, where the varying scopes of Ll1–Ll8 and
Rl1–Rl8 are 3.2 × 10−5 H to 3.2 × 10−3 H and 0.01 Ω to 1 Ω respectively. Simulations
in PSCAD with parameters varying confirm the correctness of stable region as shown in
Figure 14.
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Figure 14a indicates that when Ll1–Ll8 steps from 0.32 mH to 5 mH at 3.5 s, the voltage 
of CPL1 Un1 experiences an amplitude oscillation. This oscillation is unobvious at the be-
ginning and becomes conspicuous after 3.7 s and it is a divergent oscillation, which 
demonstrates that there is small-signal instability appearing in the system when induct-
ance parameter is larger than 1.28 mH. Similarly, in Figure 14b, when Rl1–Rl8 step from 0.1 
Ω to 0.001 Ω at 3.5 s, the state variable Un1 also experiences an amplitude oscillation ap-
parently. The unstable state after 3.5 s demonstrates that the time-domain simulation re-
sults are in agreement with the stable region obtained in Figure 13b and small value of 
Rl1–Rl8 might cause instability. Moreover, the influence of Rl1–Rl8 is not as obvious as that 
of Ll1–Ll8. 
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Ll1-Ll8 change.

In Figure 13a, all eigenvalues including λ49–63 move towards the right part of complex
plane as parameters Ll1-Ll8 changed from 3.2 × 10−5 H to 3.2 × 10−3 H. When Ll1–Ll8 are
all set to 1.28 × 10−3 H, the eigenpairs λ49,50, λ53,54 and λ55,56 all enter into the right part of
complex plane, indicating that system lose stability. It is noted that when the parameters
of Ll1–Ll8 are 1.28 × 10−3 H, the first eigenvalues crossing the imaginary axis are λ49,50,
whose major participants are Un1–Un4.

Figure 13b shows the eigenvalue loci in the parametric sweep of Rl1–Rl8 varying in
the range of 0.01 Ω to 1 Ω. Eigenvalues λ49–63 all move towards the imaginary axis or
along the imaginary axis in a left direction. Especially, when the value of Rl1–Rl8 is less
than 0.04 Ω, the eigenpairs λ49,50 exist in the right part of the coordinate system, causing
system unstable.

Figure 14a indicates that when Ll1–Ll8 steps from 0.32 mH to 5 mH at 3.5 s, the voltage
of CPL1 Un1 experiences an amplitude oscillation. This oscillation is unobvious at the
beginning and becomes conspicuous after 3.7 s and it is a divergent oscillation, which
demonstrates that there is small-signal instability appearing in the system when inductance
parameter is larger than 1.28 mH. Similarly, in Figure 14b, when Rl1–Rl8 step from 0.1 Ω to
0.001 Ω at 3.5 s, the state variable Un1 also experiences an amplitude oscillation apparently.
The unstable state after 3.5 s demonstrates that the time-domain simulation results are in
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agreement with the stable region obtained in Figure 13b and small value of Rl1–Rl8 might
cause instability. Moreover, the influence of Rl1–Rl8 is not as obvious as that of Ll1–Ll8.

According to the above analysis, the design rule of parameters Ll1–Ll8 and Rl1–Rl8 of
DC line for the system stability can be concluded as follows:

1. The increase of Ll1–Ll8 has significant influences on the medium damped modes and
low damped modes. Too large a value of Ll1–Ll8 can cause an unstable state of system.

2. The augment of Rl1–Rl8 may increase the relative damping with low-frequency and
medium-frequency eigenvalues. Too small a value of Rl1–Rl8 has a tendency of
causing system to lose stability.

These rules are significant for parameters design and optimization of the multi-
terminal LVDC system such as PI parameters of the secondary control, which are the
key parameters for VSC control. During the parameters design based on the small-signal
model analysis, it must be ensured that all the eigenvalues of the system in every frequency
range are provided with enough damping. The parameter design for the multi-terminal
LVDC system must combine the stability of the eigenvalues in every frequency range.

5.5. Different Load Effect

This part mainly discusses the effects of constant power load (CPL) and resistance
load on system stability. The CPL is the load whose electricity power does not change,
while the resistance load will change according to the voltage. The eigenvalues of the
system are used to explain the influence of different loads on system stability. Further, the
simulation in time domain is implemented to illustrate the stability problem. Firstly, the
DC distribution network with CPL and the DC distribution network with resistance load
are modeled respectively based on the small signal modeling method presented in this
paper. Then, the eigenvalues can be calculated based on As_CPL and As_RES, where As_CPL
is the state matrix of the CPL system, and As_RES is the state matrix of the resistance system.
The eigenvalues or modes that are related to Udc, Idc, Un and Il are shown in Figure 15.
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From Figure 15, it can be seen that the number of eigenvalues of As_CPL is more than
that of As_RES, because the CPL will bring extra modes from DC/DC converter. The both
systems are stable, however, the extra modes that the CPL generated have a large imaginary
part, and they are closer to real axis. Thus, it can be indicated that the variation of CPL will
bring higher oscillation (about 239 Hz), and the damped time will be longer. However, the
modes of resistance system have a smaller imaginary part, and the oscillation frequency is
about 80 Hz. Moreover, the damped speed is faster. From the distribution of eigenvalues
of different systems, the resistance load has a less impact on the stability of the system.
Additionally, the simulation by PSCAD is implemented as shown in Figure 16. From
Figure 16, it can be seen that the Udc, Idc, and Un will appear high-frequency oscillation
after a 4 kW CPL is connecting to network. The damped time of the oscillation mode is
about 0.046 s, which is similar with the result in Figure 15. In the same condition, the
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voltage and current change gently after the 4 kW resistance load is connecting to network.
Thus, the time domain simulation verifies the results from eigenvalue analysis in Figure 15.
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6. Discussion

In this paper, a small-signal modeling procedure of a four-terminal LVDC distribution
network with distributed secondary control is presented and analyzed. The main focus is
the small-signal analysis where eigenvalue analysis and major participants analysis are
adopted. The benefit of modular method is the rapidity and scalability of the small-signal
modeling. In other words, the procedure of modeling is suitable for multi-terminal LVDC
system. The presented procedure of modeling considers three main aspects containing
individual converter stations, distributed control part and DC distribution line/load.

With the established small-signal model, the rules of system eigenvalues varying
caused by the change of some parameters are carried out and analyzed. In Section 5,
distributed secondary controller effect, phase locked loop effect and DC distribution line
and load effect on system small-signal stability are considered. On the basis of presented
results, some important influence laws are displayed in paper which indicate that PI control
parameters of distributed secondary control and DC distribution line parameters such
as inductance and resistance have a relative significant effect on system voltage stability
through eigenvalue loci and simulations on PSCAD. Moreover, the operational limits of
studied parameters are given in this study. The time-domain simulation by PSCAD is
conducted for the entire LVDC system to verify the operational limits of the model, and
the design rules are given for main parameters of the four-terminal LVDC distribution
network, which gives a guideline for future practical parameter selection. The presented
analysis only considered some important parameters, and the analysis with some other
parameters varying can be studied in the future research.

7. Conclusions

A distributed secondary control method for VSCs and a detailed and accurate small-
signal analysis model for a four-terminal LVDC distribution network are presented in this
paper. Compared with traditional control method, the adopted secondary control strategy
based on average consensus algorithm and local voting protocol can promote the power
distribution accuracy while increasing the average voltage. This paper focuses on the
small-signal stability analysis for the multi-terminal LVDC distribution network. Firstly,
various non-linear state-space models of individual entities including individual VSC with
primary control, distributed secondary control and DC distribution line/load are built.
Secondly, small-signal model of the entire system is established based on individual non-
linear state-space model. The accuracy of the proposed model is further assessed through a
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comparison between the results from the electromagnetic simulation in PSCAD and small-
signal model in MATLAB. At last, eigenvalue analysis and major participants analysis are
adopted to study the effects of main parameters on the stability of the system involving
PI control, time delay and DC distribution line or load. However, the presented results
are valid for LVDC distribution network only. If the system’s voltage is higher than the
studied one in this paper, the MMC structure should be adopted for the converter station.
Then, the modeling will be more complicated and the small-signal analysis need more
consideration. Furthermore, the time-domain simulation results will be supplemented and
verified through laboratory simulation for the next research direction.
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Nomenclature

Definition
LVDC Low Voltage Direct Current
DGs Distribution Generations
ESSs Energy Storage Systems
ALs AC Loads
DLs DC Loads
MPPT Maximum Power Point Tracking
VSCs Voltage Source Converters
WT Wind Turbine
PV Photovoltaic
SPWM Space Vector Pulse Width Modulation
PI Proportional-Integral
PLL Phase Locked Loop
CPL Constant Power Load
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Appendix A
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Appendix B
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Appendix C
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