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Abstract: We performed a detailed comparative study of the parametric high degree (cubic, fourth,
and fifth) power phase apodization on compensation defocusing and chromatic aberration in the
imaging system. The research results showed that increasing the power degree of the apodization
function provided better independence (invariance) of the point spread function (PSF) from defocus-
ing while reducing the depth of field (DOF). This reduction could be compensated by increasing the
parameter α; however, this led to an increase in the size of the light spot. A nonlinear relationship
between the increase in the DOF and spot size was shown (due to a small increase in the size of
the light spot, the DOF can be significantly increased). Thus, the search for the best solution was
based on a compromise of restrictions on the circle of confusion (CoC) and DOF. The modeling of
color image formation under defocusing conditions for the considered apodization functions was
performed. The subsequent deconvolution of the resulting color image was demonstrated.

Keywords: imaging system; extended depth of field; power phase apodization; image deconvolution

1. Introduction

It is well known that conventional imaging systems are very sensitive to defocus and
chromatic aberrations. An increase in the depth of field of the optical system makes it
possible to weaken this sensitivity and its negative consequences of blurring defocused
images. However, a simple increase in the depth of field (DOF) by reducing the pupil or
numerical aperture of the system leads to a deterioration in resolution. One way to increase
the DOF without degrading resolution is to “encode” the wavefront [1–6]. E.R. Dowski
and W.T. Cathey proposed a wavefront coding technology based on the imaging lens
complemented by a cubic-phase-modulation phase mask [1]. The additional phase mask
changes the shape of the wavefront so that the modulus of the optical transfer function
(MTF) of the system becomes independent of the defocusing [2,3]. In addition, the presence
of the phase mask changes the point spread function (PSF) of the system, which now differs
significantly from the Airy pattern. This distorts the image in focus, but now the PSF
outside the focus is the same as the PSF in focus. Thus, the image is distorted in the same
way at a very long interval [4]. It is possible to restore the image, which is now digitally
independent of defocusing [5].

Such coding not only provides an increase in the depth of focus without the loss of
resolution of the optical system but also allows the reduction of the influence of some types
of aberrations, for example, chromatic [2,3] or off-axis aberrations [6,7]. The commonly
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used cubic phase apodization of the exit pupil of the system was originally proposed
in [1–3], but other types of phase functions have also been considered [8–15], including
logarithmic functions [9], with varying degrees of dependence on the coordinate [11,13,15].
For example, in [15], a fractional degree was investigated. Optimization of multi-ring
masks [11] and joint amplitude-phase apodization [12] were also considered.

Various methods of apodization have been known for a long time [16] and are widely
used not only to increase the DOF but also to decrease the size of the focal spot [17–22].
Amplitude apodization is particularly well-known, in which the central part of the lens
is screened, and radiation is only transmitted in the peripheral part of the lens [17,21,22].
A similar but more energetically effective result is achieved when a phase diffractive
axicon is used as an apodizing element [23–25]. In both cases, a decrease in the focal
spot size is accompanied by an increase in side lobes [26,27], which worsens the image
properties. However, this drawback has little effect on the performance of scanning optical
systems [28–31].

Interesting types of phase apodization include the use of a spiral phase plate to
increase contrast in microscopes [32–34] as well as the application of asymmetric phase
masks for resolving two nearby radiation sources [35–37].

In imaging systems, as a rule, the use of apodization requires an additional digital
decoding operation [38–40]. Moreover, for color images, the task is somewhat more
complicated [41,42]. Despite the development of various decoding methods, including
neural networks [43–46], when optimizing the apodizing function, it is desirable to maintain
a compromise between increasing the DOF and PSF distortion.

Among the various apodizing functions designed to increase the DOF, the cubic phase
is used most often [1–3,47–50]. Other integer-power phase apodization functions are also
convenient for decoding [11,13]. In addition to the degree of power, the properties of
these functions can be significantly changed by one more parameter, namely, the scaling
parameter. The combined effect of the degree of power and scale parameters on increasing
the DOF and PSF distortion has not been previously studied.

In this paper, we considered high-order polynomial phase apodization (cubic, fourth,
and fifth) and examined their properties, considering scale parameters in detail. This
research aimed to optimize these parameters to increase the DOF with minimal PSF
distortion and restriction on the circle of confusion (CoC). The research results showed that
increasing the power degree of the apodization function provided better invariance of the
PSF but a smaller increase of the DOF for the same interval of scaling parameters.

We also demonstrated the chromatic effect for polynomial phase apodization. The
modeling of color image formation under defocusing conditions in presence of the apodiza-
tion functions was performed. The subsequent deconvolution of the resulting color image
demonstrated the possibility of obtaining very similar results for apodizing functions with
different degrees of power due to variation of the scale parameter. However, a higher
degree provided slightly better results with moderate defocus (20% of the focus value).

2. Theoretical Analysis of Polynomial Phase Apodization

Let us consider an imaging optical system consisting of one thin lens, the complex
transmission function of which has the following form [51]:

l(x, y) = circ
( r

R

)
exp

(
−ik

(
x2 + y2)

2 f

)
, (1)

where k = 2π
λ is the wavenumber of the incident radiation with wavelength λ, circ(·) is the

circular aperture of the R radius, and f is the focal length of the lens.
The focal length of a conventional refractive lens is dependent on the wavelength λ

due to the chromatic dispersion of the refractive index of the lens material [52,53]. For a
long-focus lens (with a focal length on the order of hundreds of millimeters), the focus



Electronics 2021, 10, 1327 3 of 15

variations due to the chromatic dispersion are insignificant compared with the focus depth,
which is estimated by the formula [52,53]

DOF ≈ λ

NA2 , (2)

where NA is the numerical aperture of the lens. In the paraxial case, NA = R
f , where R is

the lens radius and f is the average focal length.
According to expression (2), the depth of field increases with decreasing numerical

aperture, i.e., either with an increase in focal length or a decrease in the radius of the lens
(or aperture). However, in this case, the resolution will deteriorate because the focal spot
size, which can be estimated as the full width at half maximum (FWHM), is also inversely
proportional to the numerical aperture of the system [52]:

FWHM ≈ λ

2NA
, (3)

Phase apodization of the lens pupil (in contrast to reducing aperture) allows the depth
of field to be increased without compromising resolution. However, in this case, the point
spread function (PSF) is significantly different from the delta function and has significant
side lobes. Visually, the image becomes very blurry, although it does not change when
defocusing. To restore the image, an additional deconvolution operation is required.

The most famous is the cubic phase apodization [1–3,47–50]. In [10], asymmetric poly-
nomial phase functions were considered, and [15] considered the general phase function:

τ(x, y) = exp
{

iα0

[( x
R

)q
+
( y

R

)q]}
, (4)

where α0 is the dimensionless variable parameter (which can be considered as a degree of
freedom during optimization) and q is a positive real number.

In this paper, we conducted a comparative study of three asymmetric polynomial
phase apodizations—cubic, fourth-, and fifth-degree:

p(x, y) = exp
{

ikRα · Asym
[( x

R

)n
+
( y

R

)n]}
, (5)

where Asym(·) is the transforming function, which is introduced to form asymmetric
distributions for even degrees n.

We recommend Equation (5) instead of (4) for the following reasons. Usually, when
describing the complex transmission functions of elements such as an axicon exp(ikαr) and
a lens exp

(
− ikr2

2 f

)
, the wavenumber k is distinguished in the coefficients. For the axicon,

the dimensionless parameter α denotes the numerical aperture [54]. In Equation (5), the
parameter α also remains dimensionless, although it has a different meaning and is used
to control field characteristics such as the DOF and FWHM.

To calculate the 3D PSF in the focal region and outside of it, we used the Fresnel
transform [25]:

P(u, v, z) = − i
λz exp(ikz)×

∫ R
−R

∫ R
−R l(x, y)p(x, y)exp

{
i k

2z

[
(u− x)2 + (v− y)2

]}
dxdy. (6)

Figure 1 (top row) shows the results of calculating the PSF for a lens with a focal
length f = 100 mm and a lens radius R = 3 mm at the wavelength of the illuminating
beam λ = 550 nm. This figure shows that when defocusing, the PSF changes significantly,
increasing in size.
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(second row); n = 3, α = 0.00045 (third row); n = 4, α = 0.00054 (fourth row); and n = 5, α = 0.00081 
(fifth row), with the wavelength of the illuminating beam λ = 550 nm. 

In the case of lens pupil apodization by a phase function using Equation (5) with n > 
2, the PSF pattern changes much less, with a shift along the optical axis (the third, fourth, 
and fifth rows of Figure 1). However, at the same time, the PSF loses radial symmetry, 
and significant side lobes are formed. 

The selection of the coefficient α is carried out under the condition that the FWHM 
of the light spot (the main lobe of the PSF) is not more than 0.02 mm in the focal plane. 
This condition is associated with the limitation of the size of the central spot following the 
circle of confusion, which for serial cameras and photographic films varies from 0.02 mm 
to 0.08 mm [55]. Given this condition, the DOF can be estimated for each case. 

For a more complete analysis of the influence of asymmetric apodization functions, 
we also considered the case n = 2 (the second row of Figure 1). It should be noted that such 
an apodization was not successful. Even at small values of the parameter α, the PSF struc-
ture changed noticeably, which was also clearly seen from the uneven longitudinal picture 
(Figure 2b); therefore, we did not consider this case further. 

 
Figure 2. PSF longitudinal pattern with a CoC size limit of 0.02 mm (z ∈ [90 mm; 110 mm], y ∈ 
[−0.2 mm; 0.2 mm]) for a lens without apodization (a) and with asymmetric phase apodization n = 

Figure 1. PSF with a CoC size limit of 0.02 mm at various distances (picture size 0.4 × 0.4 mm2) for a lens without
apodization (first row) and with asymmetric phase apodization of n = 2, α = 0.00025 (second row); n = 3, α = 0.00045 (third
row); n = 4, α = 0.00054 (fourth row); and n = 5, α = 0.00081 (fifth row), with the wavelength of the illuminating beam
λ = 550 nm.

In the case of lens pupil apodization by a phase function using Equation (5) with n > 2,
the PSF pattern changes much less, with a shift along the optical axis (the third, fourth,
and fifth rows of Figure 1). However, at the same time, the PSF loses radial symmetry, and
significant side lobes are formed.

The selection of the coefficient α is carried out under the condition that the FWHM
of the light spot (the main lobe of the PSF) is not more than 0.02 mm in the focal plane.
This condition is associated with the limitation of the size of the central spot following the
circle of confusion, which for serial cameras and photographic films varies from 0.02 mm
to 0.08 mm [55]. Given this condition, the DOF can be estimated for each case.

For a more complete analysis of the influence of asymmetric apodization functions,
we also considered the case n = 2 (the second row of Figure 1). It should be noted that
such an apodization was not successful. Even at small values of the parameter α, the PSF
structure changed noticeably, which was also clearly seen from the uneven longitudinal
picture (Figure 2b); therefore, we did not consider this case further.



Electronics 2021, 10, 1327 5 of 15

Electronics 2021, 10, x FOR PEER REVIEW 4 of 15 
 

 

 
Figure 1. PSF with a CoC size limit of 0.02 mm at various distances (picture size 0.4 × 0.4 mm2) for 
a lens without apodization (first row) and with asymmetric phase apodization of n = 2, α = 0.00025 
(second row); n = 3, α = 0.00045 (third row); n = 4, α = 0.00054 (fourth row); and n = 5, α = 0.00081 
(fifth row), with the wavelength of the illuminating beam λ = 550 nm. 

In the case of lens pupil apodization by a phase function using Equation (5) with n > 
2, the PSF pattern changes much less, with a shift along the optical axis (the third, fourth, 
and fifth rows of Figure 1). However, at the same time, the PSF loses radial symmetry, 
and significant side lobes are formed. 

The selection of the coefficient α is carried out under the condition that the FWHM 
of the light spot (the main lobe of the PSF) is not more than 0.02 mm in the focal plane. 
This condition is associated with the limitation of the size of the central spot following the 
circle of confusion, which for serial cameras and photographic films varies from 0.02 mm 
to 0.08 mm [55]. Given this condition, the DOF can be estimated for each case. 

For a more complete analysis of the influence of asymmetric apodization functions, 
we also considered the case n = 2 (the second row of Figure 1). It should be noted that such 
an apodization was not successful. Even at small values of the parameter α, the PSF struc-
ture changed noticeably, which was also clearly seen from the uneven longitudinal picture 
(Figure 2b); therefore, we did not consider this case further. 

 
Figure 2. PSF longitudinal pattern with a CoC size limit of 0.02 mm (z ∈ [90 mm; 110 mm], y ∈ 
[−0.2 mm; 0.2 mm]) for a lens without apodization (a) and with asymmetric phase apodization n = 

Figure 2. PSF longitudinal pattern with a CoC size limit of 0.02 mm (z ∈ [90 mm; 110 mm], y ∈ [−0.2 mm; 0.2 mm]) for a
lens without apodization (a) and with asymmetric phase apodization n = 2, α = 0.00025 (b); n = 3, α = 0.00045 (c); n = 4,
α = 0.00054 (d); and n = 5, α = 0.00081 (e), with the wavelength of the illuminating beam λ = 550 nm.

Figure 2 shows the longitudinal distribution of PSFs. For a lens without apodization,
DOF = 1.1 mm (Figure 2a); with asymmetric apodization n = 2, DOF = 3.8 mm (very uneven,
Figure 2b); with n = 3, DOF = 6.2 mm (Figure 2c); with n = 4, DOF = 5.3 mm (Figure 2d); and
with n = 5, DOF = 4.6 mm (Figure 2e). Thus, with increasing degrees n, the DOF decreases.
However, apodizing functions of high degrees have advantages, particularly lower side
lobes and smaller size of the central spot (Figure 1) as well as a more even distribution of
longitudinal intensity (Figure 2).

For a more visual comparison, Figure 3 shows plots of horizontal sections of the
corresponding PSF for apodizing functions of various degrees in the focal plane. For n = 4
and n = 5, the level of the side lobes is significantly lower than for n = 3; in addition, the
size of the central spot is slightly smaller (Figure 3). This is important, as convolution with
such a PSF will not distort the image visually.

Electronics 2021, 10, x FOR PEER REVIEW 5 of 15 
 

 

2, α = 0.00025 (b); n = 3, α = 0.00045 (c); n = 4, α = 0.00054 (d); and n = 5, α = 0.00081 (e), with the 
wavelength of the illuminating beam λ = 550 nm. 

Figure 2 shows the longitudinal distribution of PSFs. For a lens without apodization, 
DOF = 1.1 mm (Figure 2a); with asymmetric apodization n = 2, DOF = 3.8 mm (very une-
ven, Figure 2b); with n = 3, DOF = 6.2 mm (Figure 2c); with n = 4, DOF = 5.3 mm (Figure 
2d); and with n = 5, DOF = 4.6 mm (Figure 2e). Thus, with increasing degrees n, the DOF 
decreases. However, apodizing functions of high degrees have advantages, particularly 
lower side lobes and smaller size of the central spot (Figure 1) as well as a more even 
distribution of longitudinal intensity (Figure 2). 

For a more visual comparison, Figure 3 shows plots of horizontal sections of the cor-
responding PSF for apodizing functions of various degrees in the focal plane. For n = 4 
and n = 5, the level of the side lobes is significantly lower than for n = 3; in addition, the 
size of the central spot is slightly smaller (Figure 3). This is important, as convolution with 
such a PSF will not distort the image visually. 

 
Figure 3. Normalized PSF cross-sections in the focal plane for a phase apodized lens n = 3, α = 
0.00045 (solid line, FWHM = 0.018 mm); n = 4, α = 0.00054 (dashed line, FWHM = 0.015 mm); n = 5, 
α = 0.00081 (dotted line, FWHM = 0.015 mm). 

Note that apodizing function (5), in addition to degree n, has one more parameter, 
the coefficient α, which can also be used to control the properties of PSF. Figure 4 shows 
the simulation results for phase apodized lenses with n = 5 for different values of α: α = 
0.002 (DOF = 6.5 mm, FWHM = 0.018 mm), α = 0.005 (DOF = 9.4 mm, FWHM = 0.022 mm), 
and α = 0.01 (DOF = 12.3 mm, FWHM = 0.025 mm). This shows that with an increase in 
the coefficient α, the length of the PSF invariance (DOF) increases, although the size of the 
central spot also increases slightly. 

 
Figure 4. PSF longitudinal pattern for phase apodized lenses n = 5 (z ∈ [90 mm; 110 mm], y ∈ [−0.1 
mm; 0.2 mm]): α = 0.002 (a), α = 0.005 (b) and α = 0.01 (c) at the wavelength of the illuminating 
beam λ = 550 nm. 

Note that for n = 3 and α = 0.00045, we obtain DOF = 6.2 mm and FWHM = 0.018 mm 
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(Figure 4a). Thus, practically the same characteristics were obtained with different apodi-
zations. In addition, the PSF pattern for n = 5 appears smoother than that for n = 3. Thus, 
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To determine the possible set of parameters of the apodization function (5) for the 
given characteristics, we examined the dependence of the central light spot size in the 

Figure 3. Normalized PSF cross-sections in the focal plane for a phase apodized lens n = 3, α = 0.00045
(solid line, FWHM = 0.018 mm); n = 4, α = 0.00054 (dashed line, FWHM = 0.015 mm); n = 5, α = 0.00081
(dotted line, FWHM = 0.015 mm).

Note that apodizing function (5), in addition to degree n, has one more parameter, the
coefficient α, which can also be used to control the properties of PSF. Figure 4 shows the
simulation results for phase apodized lenses with n = 5 for different values of α: α = 0.002
(DOF = 6.5 mm, FWHM = 0.018 mm), α = 0.005 (DOF = 9.4 mm, FWHM = 0.022 mm), and
α = 0.01 (DOF = 12.3 mm, FWHM = 0.025 mm). This shows that with an increase in the
coefficient α, the length of the PSF invariance (DOF) increases, although the size of the
central spot also increases slightly.

Note that for n = 3 and α = 0.00045, we obtain DOF = 6.2 mm and FWHM = 0.018 mm
(Figure 2c), and for n = 5 and α = 0.002, we obtain DOF = 6.5 mm and FWHM = 0.018 mm
(Figure 4a). Thus, practically the same characteristics were obtained with different apodiza-
tions. In addition, the PSF pattern for n = 5 appears smoother than that for n = 3. Thus,
when choosing the apodizing function, it is possible to focus on a compromise between
increasing the DOF and distorting PSF.
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Figure 4. PSF longitudinal pattern for phase apodized lenses n = 5 (z ∈ [90 mm; 110 mm], y ∈ [−0.1 mm; 0.2 mm]): α = 0.002
(a), α = 0.005 (b) and α = 0.01 (c) at the wavelength of the illuminating beam λ = 550 nm.

To determine the possible set of parameters of the apodization function (5) for the
given characteristics, we examined the dependence of the central light spot size in the focal
plane and the DOF on the coefficient α (Figure 5). This demonstrates that the dependencies
for different degrees n are similar, but they differ in quantitative characteristics.
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When apodization is absent (α = 0), a light spot of the minimum diffraction size is
observed in the focal plane (FWHM ≈ 0.01 mm). With increasing α, the size of the central
light spot increases as a nonlinear dependence. The curves for the DOF in Figure 5 start at
1.1 mm (α = 0) and are more linear, especially for n = 3 (Figure 5a), where small changes
of the parameter α lead to a significant increase in the DOF. For n = 4 (Figure 5b), the
considered characteristics are less sensitive to an increase in α, and for n = 5 (Figure 5c),
the DOF changes very little with a significant change of α.

In all cases, there are regions of evidential non-linear dependence (at small values
of α) as well as regions with almost linear dependence. Note that in the region of linear
dependence, the rate of increase in the DOF becomes comparable to the rate of increase
in the size of the central spot (especially for n = 3 and n = 5). Using the constructed
dependencies, it is possible to choose the maximum possible α (providing the highest DOF)
with a CoC size limit imposed.

Provided that the size of the central spot is limited to 0.04 mm (i.e., 2 times larger
than in the case considered above), it is possible to significantly increase the DOF and take
advantage of higher degrees n. Figures 6 and 7 show the corresponding PSF calculation
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results (transverse and longitudinal patterns) for α = 0.0015. For phase apodization with
α = 0.0015 in the focal plane, at n = 3, FWHM = 0.041 mm and DOF = 51 mm; at n = 4,
FWHM = 0.037 mm and DOF = 41 mm; and at n = 5, FWHM = 0.034 mm and DOF = 29 mm.
Although the dependencies are nonlinear, on average, with an increase in CoC by a factor
of 2, the DOF increases by a factor of 8.
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The dependencies of the DOF on the degree n and parameter α are shown more
generally in Figure 8. This figure shows that the distribution of the maximum intensity
for n = 4 and n = 5 is more compact (that is, the DOF is less), but much more uniformly
than for n = 3. The uniformity of the distribution in Figure 8 corresponds to the degree
of PSF invariance during defocusing. This is an important property of the apodization
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function, which makes it possible to use the same distribution when restoring an object
during defocusing. Thus, the use of apodization functions with n = 4 and n = 5 provides
a more stable PSF during defocusing than with n = 3. Some reduction in the DOF can be
compensated by an additional adjustment of the apodization function by increasing the
parameter α.
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To compare apodization functions more fully with n = 3 and n = 5, we also plotted
curves of the modulation transfer functions (MTF) in Figure 9. This figure shows that
with apodization, spatial resolution significantly deteriorates, especially with an increase
in the parameter α, which is expected and is in full agreement with the above results.
Interestingly, on average, for n = 5, the degradation in spatial resolution is less than that for
n = 3.
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= 0 (without apodization, dotted line), α = 0.0005 (solid line), α = 0.001 (dashed line), and α = 0.002
(dash-dotted line), for λ = 550 nm.

3. Chromatic Effect

Accounting for the effects of chromatic aberration is also important for imaging
systems. Although the compensation of chromatic aberrations is often associated with a
deepening of the focus [3,41], for different types of apodization functions, the chromatic
effect can have a different influence.

Figure 10 shows the results of calculating the PSF for a lens without apodization
and with apodization at three wavelengths of the illuminating beam: λ = 460 nm (blue),
550 nm (green), and 640 nm (red). This figure shows that in the absence of apodization, a
significant chromatic effect is observed, and this effect is different before and after the focus.
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For apodized PSF, chromatism noticeably affects only the side lobes (with a symmetrical
effect before and after the focus), whereas the main peak is not prone to chromatism.
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Figure 10. PSF at various distances with a CoC size limit of 0.02 mm (0.4 mm × 0.4 mm pattern size)
for a lens without apodization (upper row) and with phase apodization n = 3, α = 0.00045 (second
row); n = 4, α = 0.00054 (third row); and n = 5, α = 0.00081 (fourth row) at three wavelengths of the
illuminating beam: λ = 460 nm (blue), 550 nm (green), and 640 nm (red).

For a more visual comparison of the influence of the degree n of the apodization
function, Figure 11 shows patterns of longitudinal distribution of PSF. This figure shows
that the depth of focus decreases somewhat with increasing n, but the PSF distribution
becomes more uniform and invariant to defocus, and there is less influence of chromatism.
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Figure 11. PSF longitudinal distribution patterns with a CoC size limit of 0.02 mm (z ∈ [90 mm; 110 mm], y ∈ [−0.1 mm;
0.2 mm]) for n = 3, α = 0.00045 (a); n = 4, α = 0.00054 (b); and n = 5, α = 0.00081 (c) at three wavelengths of the illuminating
beam: λ = 460 nm (blue), 550 nm (green), 640 nm (red).

It is possible to increase the DOF by increasing the coefficient α, which, as shown
in the previous section, also leads to an increase in the size of the central light spot. In
this case, a compromise must be sought between the two competing criteria. Figure 12
shows the corresponding results with increased α (similar to Figure 11). In this case, for
apodized PSF, there are practically no differences in the chromatic patterns when shifted
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along the optical axis to the left or right. Chromatism mainly affects the side lobes of the
apodized PSF. Therefore, the low level of the side lobes at n = 4 and n = 5 becomes even
more important.
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According to the calculation results, the higher the degree n, the better the invariant
characteristics of the PSF; i.e., the PSF is less dependent on defocusing, but the DOF is
reduced at the same time. This reduction can be compensated by increasing the parameter
α, which in turn leads to an increase in the size of the light spot. In this case, a nonlinear
relationship between the increase in the DOF and the spot size s should be noted (due
to a small increase in s, the DOF can be significantly increased). Thus, depending on the
restrictions on the CoC, it is possible to provide a compromise solution to the problem by
selecting the parameters of the apodizing function (5).

4. Image Decoding

Figure 13 shows a color test image, which was divided into three components cor-
responding to RGB channels. Then, each color component was convolved with the cor-
responding PSF both in the focal plane (z = f = 100 mm) and outside the focal plane
(the z = 120 mm plane was chosen). Simulation results of image formation for the lens
without apodization and with asymmetric phase apodization are shown in Figure 14.
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Figure 14. Simulation of image formation for a lens without apodization (upper row) and with phase
apodization n = 3 (middle row) and n = 4 (lower row) in the focal plane z = f = 100 mm (left column)
and outside the focal plane z = 120 mm (right column).

The image deconvolution was performed by the Richardson–Lucy (R-L) algorithm.
The R–L algorithm [56,57] is an iterative technique that attempts to maximize the likelihood
of the restored image by using the expectation-maximization method. The algorithm
uses information about the process by which the image is degraded. The degradation is
described by the PSF of the system.

The image degradation in this work is modelled as g(x) = h(x) * f (x), where f is the
original undistorted image, g is the distorted image, h is the PSF of the system, and * is the
convolution operator.

An iteration of the R–L algorithm can be written in terms of convolutions:

fk+1(x) = fk(x)
(

h(−x) ∗ g(x)
fk(x) ∗ h(x)

)
, (7)

The PSF h(x) is known, so the estimation of the original image f (x) is found by
iterating (7) until convergence.

Figure 15 shows the results of deconvolution using the R–L method. The reconstructed
image for the lens without apodization outside the focal plane (z = 120 mm) is demonstrated
in the upper row. On the left, PSF in the same plane (z = 120 mm) is used for restoration.
The accuracy of deconvolution, measured as the peak signal-to-noise ratio (PSNR), is
23.1 dB. The color difference CIEDE2000 between the images is 3.1.

On the right in the upper row, PSF in the focal plane is used for reconstruction
(PSNR = 18 dB, CIEDE2000 = 4.5). The second and third rows of Figure 15 show the results
of deconvolution for a lens with phase apodization n = 3 (middle row) and n = 4 (lower
row) outside the focal plane (z = 120 mm). On the left, for PSF with z = 120 mm, the PSNR
is 25.2 dB (n = 3) and 25.0 dB (n = 4), and the CIEDE2000 is 2.6 (n = 3) and 2.7 (n = 4). On
the right, for the PSF in the focal plane, the PSNR is 25.7 dB (n = 3) and 25.4 dB (n = 4), and
the CIEDE2000 is 2.3 (n = 3) and 2.4 (n = 4).
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apodization (upper row) and with phase apodization n = 3 (middle row) and n = 4 (lower row) using
PSF at z = 120 mm plane (left column) and PSF in the focal plane z = f = 100 mm (right column).

Thus, the comparative results of apodization for n = 3 and n = 4 show the possibility
of obtaining very similar results for apodizing functions with different degrees of power
due to variations of the scale parameter. However, a higher degree provided slightly
better results under moderate defocusing conditions (20% of the focus value), which is in
agreement with the analysis performed in the previous sections.

5. Conclusions

In this work, we performed a detailed comparative study of the properties of high-
order parametric power phase apodization (cubic, fourth-, and fifth-degree) for the com-
pensation of defocusing and chromatic aberration in the imaging system. The research
results showed that an increase in the degree of apodization function provided better
independence of the PSF from defocusing, but it also reduced the DOF. This reduction
could be compensated by increasing the parameter α; however, this led to an increase in
the size of the light spot. A nonlinear relationship between the increase in the DOF and
spot size was shown (due to a small increase in the size of the light spot, the DOF could be
significantly increased). Thus, the search for the best solution is based on a compromise of
restrictions on the CoC and DOF. For the considered apodization functions, modeling of the
formation of a color image under defocusing conditions with subsequent deconvolution
of the resulting image was performed. Comparative results showed the possibility of
obtaining very close results for apodizing functions with different degrees of power due to
variations of the scale parameter. However, a higher degree provided slightly better results
in moderate defocusing conditions.
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