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Abstract: The present study is about the pressure-driven heated bi-phase flow in two slippery walls.
The non-Newtonian couple stress fluid is suspended with spherically homogenous metallic particles.
The magnetic susceptibility of Hafnium allures is taken into account. The rough surface of the wall is
tackled by lubrication effects. The nonlinear coupled partial differential equations along with the
associated boundary conditions are first reduced into a set of ordinary differential equations by using
appropriate transformations and then numerical results were obtained by engaging the blend of
Runge–Kutta and shooting techniques. The sway of physical quantities are examined graphically. An
excellent agreement within graphical illustration and numerical results is achieved.

Keywords: heated bi-phase flow; couple stress fluid; lubrication effects; slippery walls;
magnetohydrodynamics

1. Introduction

The most common fundamental type of flow through a channel is known as “Poiseuille
flow.” The Poiseuille flow has gained notable attention of various researchers due to its significant
industrial applications. As an example, Siddiqui et al. [1] studied the plane Poiseuille flow with
heat transfer. Alamri et al. [2] examined the plane Poiseuille flow with simultaneous effects
of heat, magnetohydrodynamics (MHD) and second-order slip. They reported that the Stefan
blowing prominently influenced on velocity and temperature distributions. Babic [3] has numerically
investigated unsteady granular flows, namely transient Couette flow and cyclic Couette flow. In the
first case velocity of the wall varies from one constant to another while in the second case the velocity
is a harmonic function of time.

Moreover, non-Newtonian fluids have tremendous applications in the textile industry. Among the
different models of non-Newtonian fluids, couple stress fluid has only lubricant viscosity. Consequently,
in the absence of microstructure, couple stress in fluid arises which creates rotation without translation.
Devakar et al. [4] investigated the couple stress fluid for three different cases. Ilani et al. [5] presented
the unsteady nature of couple stress fluid between two parallel plates. Srinivasacharya et al. [6]
discussed the laminar flow of couple stress fluid by means of quasi-linearization technique. Murthy

Coatings 2019, 9, 300; doi:10.3390/coatings9050300 www.mdpi.com/journal/coatings

http://www.mdpi.com/journal/coatings
http://www.mdpi.com
https://orcid.org/0000-0002-7805-8259
https://orcid.org/0000-0002-2641-1575
http://dx.doi.org/10.3390/coatings9050300
http://www.mdpi.com/journal/coatings
https://www.mdpi.com/2079-6412/9/5/300?type=check_update&version=2


Coatings 2019, 9, 300 2 of 14

and Nagaraju [7] conducted a study of couple stresses on the surface of a cylinder. The rotation of the
container generates the flow employing super adherence condition. All reported studies on couple
stress eventually concluded that velocity always slows down in the fluid due to couple stresses by all
means. Significant contributions on couple stress fluid can be seen in [8–10].

Furthermore, it is a well-known fact that most of the chemical and mechanical processes are of
multiphase types. Consequently, several investigations have been performed up until now. In near
past, different physical aspects of bi-phase flows were investigated by numerous researchers, such
as Wu et al. [11], who discussed granular flow between opposite inclined plates for second-grade
fluid containing spherical particles. Bognar et al. [12] offered flow analysis of non-Newtonian fluid
on an oblique plane with material properties. Latz and Schmidt [13] presented numerical solutions
for fast-moving and very slow-moving granular flows. Latz and Schmidt [14] provided numerical
solutions for fast-moving and very slow-moving granular flows. The constitutive relations at small
and intermediate densities were equivalent to those derived from the kinetic theory of granular flow
which nevertheless recovers many aspects of dense granular flow. Two-phase fluids are inspected by
Armanini [15]. The article provides full detail as to how granular fluid mechanics work. Interaction of
solid–fluid for particulate flow with heat transfer is analyzed by Dan et al. [15]. Distributed Lagrange
multipliers are used to obtain the expressions for velocity and temperature fields. The Boussinesq
approximation is used for temperature and flow fields. The positioning of the particle is tracked by
using the discrete element method.

In addition, the performance of lubricated coatings with magnetic, nanoparticles, heat transfer, and
slip is very much ubiquitous in daily life. For instance, dish washing, replacement of lubricated cardiac
valves, and industrial dye, as well as blood pressure control of a patient, are some common examples
of slip and magnetization combination. Wang et al. [16] reported the effects of CeO2 nanoparticles
on laser cladding of Ti-based ceramic coatings. Wang et al. [17] studied nanostructure with heating
treatment on thin carbon films. Ellahi et al. [18] conducted a comparative study on shiny film coating on
multi-fluid flows suspended with nano-sized particles. Khan et al. [19] have used double-layer optical
fiber using Phan-Thien-Tanner fluid as a coating material. Lu et al. [20] inspected nonlinear thermal
radiation and entropy optimization coatings with hybrid nanoliquid flow. Riaz et al. [21] proposed a
model on mass transport peristaltic flow coated with Synovial fluid. Khan [22] has analyzed the effects
of slip on MHD flow of a nanofluid in a vertical channel. Bhatti et al. [23] have investigated nanofluid
influenced by externally applied magnetic fields. A new slip model is proposed by Zhu and Ye [24].
They used modeling approaches for submicrometer gas-phase heat conduction over a broad pressure
range. Zhang et al. [25] rectified the classical second-order boundary condition for the fundamental
flows. A list of core investigations on coatings [26,27], MHD [28,29], and nanoparticles [30–37] related
to proposed is given for readers to get detail understating.

Unlike all the cited literature, this article addresses a biphasic flow that has yet not been reported.
Much has been done with couple stress fluid; suspension of nanoparticles, slip, and magnetic fields,
but the current innovative idea, which reflects the mechanism of industrial and geophysical multiphase
flows is missed. Theory of couple stress fluid which is based upon the polarity of fluid entices to
incorporate metallic particles that display high magnetic susceptibility. Therefore, no choice is left other
than the suspension of Hafnium particles that fit the best. An additional contribution of lubrication
and heating wall distinguish the present work by changing the morpho-hydrodynamics of bi-phase
flow, which is, so far, a new and different prospect in the relevant field.

2. Mathematical Analysis

The particulate couple stress fluid containing Hafnium particles of spherical shape between two
flat plates apart from each other at distance h is considered. Flow is generated by the constant pressure
gradient, as shown in Figure 1.
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2.1. Governing Equations

The governing equations, such as continuity, momentum, and energy describing the particulate
flow of couple stress, are given as:

• Conservation of mass
∇
→

V = 0 (1)

• Conservation of momentum

ρ
d
→

V
dt

= ∇T +
CS

(1−C)

(
→

Vp −
→

V f

)
+

ρ
→

f
(1−C)

(2)

where T denotes the Cauchy stress tensor and is defined by

T = −pI + s (3)

where I is a unit tensor and s is an extra stress tensor. This can be obtained by the product of
Rivlin–Ericksen tensor and coefficient of dynamic viscosity as follows:

s = µs A1 (4)

A1 = L + Lt (5)

• Conservation of energy

ρ f

(
Cp

)dΘ
dt

= k ∇2V + TL (6)

The steady and laminar velocities flows in each phase is given by:

→

V f =
[
u f (x, y) 0 0

]
(7)

→

Vp =
[
up(x, y) 0 0

]
(8)

The flow is under the simultaneous influences of transversely applied magnetic fields. Moreover,
the plates transmit the heat into the system being thermally charged by an external source; consequently,
temperature factor can be written as:

Θ = [Θ(y) 0 0] (9)
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In view of Equations (7)–(9), the above governing equations (Equations (1)–(6)) take the following
components forms:

0 = −
∂p
∂x

+ µs

∂2u f

∂y2

− η1

∂4u f

∂y4

+ CS
(1−C)

(
up − u f

)
−

σB2
0

(1−C)
u f (10)

up = u f −
1
S

(
∂p
∂x

)
(11)

0 =
∂2Θ
∂y2 +

µs

k

(
∂u f

∂y

)2

−
η1

k

(
∂u f

∂y

)∂3u f

∂y3

 (12)

2.2. Boundary Conditions

The set of boundary conditions that describe the interaction of lubricated walls with the bi-phase
flow are:

• Boundary conditions at lower wall

u f (y) = β

∂u f

∂y
−
η1

µs

∂3u f

∂y3


, when y = −h (13)

u′′ f (y) = 0, when y = −h (14)

Θ(y) = Θ0, when y = −h (15)

• Boundary conditions at upper wall

u f (y) = −β

∂u f

∂y
−
η1

µs

∂3u f

∂y3


, when y = h (16)

u′′ f (y) = 0, when y = h (17)

Θ(y) = Θl, when y = h (18)

By using the dimensionless quantities:

u f = Uu f ; up = Uup; y = hy ; x = hx; p =
µsU

h p; Br =
U2µs

k(Θl−Θ0)
;

γ2 =
h2µs
η1

; M2 =
σB2

0 h2

µs
; β1 =

β
h ; m =

µs
h2S ; Θ(Θl −Θ0) = Θ −Θ0

(19)

Equations (10)–(12), after dropping the bars, can be obtained as:

1
γ2

∂4u f

∂y4
−
∂2u f

∂y2 −
C

m(1−C)

(
up − u f

)
+

M2

(1−C)
u f +

∂p
∂x

= 0 (20)

∂2Θ
∂y2 =

Br

γ2

(
∂u f

∂y

)∂3u f

∂y3

− Br

(
∂u f

∂y

)2

(21)

where

up = u f −m
(
∂p
∂x

)
(22)
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As the original source of magnetized and heated bi-phase is on slippery walls and constant
pressure gradient. Therefore, by taking of dp/dx = P, Equations (20) and (21) can be obtained as:

d4u f

dy4
− γ2

d2u f

dy2 +
γ2M2

(1−C)
u f +

γ2

(1−C)
P = 0 (23)

d2Θ
dy2 + Br

(du f

dy

)2

−
Br

γ2

(du f

dy

)d3u f

dy3

 = 0 (24)

Similarly, in view of Equation (19), the corresponding boundary conditions given in
Equations (13)–(18) in the dimensionless form are:

u f (y) = β1

du f

dy
−

1
γ2

d3u f

dy3


, when y = −1 (25)

u′′ f (y) = 0, when y = −1 (26)

Θ(y) = 0, when y = −1 (27)

u f (y) = −β1

du f

dy
−

1
γ2

d3u f

dy3


, when y = 1 (28)

u′′ f (y) = 0, when y = 1 (29)

Θ(y) = 1, when y = 1 (30)

3. Numerical Results and Discussion

3.1. Procedure

This section is devoted to obtaining the numerical solutions of resulting Equations (23) and (24)
by means of the Runge–Kutta method with a shooting technique [38] using MATLAB software. This
technique is preferred for two following reasons; firstly, the thermal energy equation is nonlinearly
coupled and, secondly, due to missing of condition. For missing condition, first of all, we are supposed
to convert the given system of differential equations into first-order initial value problems in order
to carry out systematic guessing of missing initial conditions which will continue until the desired
accuracy and convergence are not achieved. The following equations explain in detail the numerical
process, which is the prerequisite for the adopted numerical technique.

u f = g1 (31)

in which of u f is the velocity of the fluid phase. As it is an iterative scheme, in which each step has a
possible error that can be successively reduced by changing higher order derivatives of u f , in terms of
first-order ordinary differential equations as follows:

du f

dy
= g′1 = g2 (32)

d2u f

dy2 = g′2 = g3 (33)

d3u f

dy3 = g′3 = g4 (34)
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where prime denoted the differentiation with respect to y. In view of Equations (31)–(34) the transformed
form of Equation (23) is obtained as:

g′4 = γ2g3 −

(
γ2M2

1−C

)
g1 −

(
γ2

1−C

)
P (35)

Similar to the preceding pattern, one finds no absurdness to convert thermal differential
Equation (24) into first-order system by making the following suppositions:

Θ = g5 (36)

dΘ
dy

= g′5 = g6 (37)

By using Equations (36) and (37) in Equation (24), we have:

g′6 =
Br

m
(g2)(g4) − Br (g2)

2 (38)

In view of Equations (35) and (38), the associated boundary conditions given in Equations (25)–(30)
at the lower and upper plate can be obtained as:

(i) g1 = β1

(
g2 −

g4
γ2

)
(ii) g2 = c1
(iii) g3 = 0
(iv) g4 = c2

(v) g5 = 0
(vi) g6 = c3


, when y = −1 (39)

In the same way given and missing conditions at the upper wall are:

(i) g1 = −β1

(
g2 −

g4
γ2

)
(ii) g2 = c4
(iii) g3 = 0
(iv) g4 = c5

(v) g5 = 1
(vi) g6 = c6


, when y = 1 (40)

where c1, c2, c3, c4, c5, and c6 are the missing conditions which can be easily determined during the
routine calculation.

3.2. Validation

The numerical results for both phases are presented in Tables 1–3. Table 1 offers the variation of
velocity for both phases against the slip parameter. Table 2 shows the simultaneous variations in the
velocities for single- and two-phase flows at different points. Table 3 displays the thermal variation
at different points within the given domain when M = 0.5, γ = 2.0, and Br = 2.0. It is found that the
results extracted numerically are compatible with the physical expectations and satisfy all the subjected
conditions as shown graphically. This provides a useful check that the presented solutions are correct.
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Table 1. Variation in the velocity of both phases against slip parameter.

y up(β1=0.0) up(β1=0.015) uf(β1=0.0) uf(β1=0.015)

−1.0 1.0000 1.0178 0 0.0178
−0.9 1.0572 1.0748 0.0572 0.0748
−0.8 1.1124 1.1297 0.1124 0.1297
−0.7 1.1638 1.1808 0.1638 0.1808
−0.6 1.2102 1.2271 0.2102 0.2271
−0.5 1.2508 1.2674 0.2508 0.2674
−0.4 1.2847 1.3012 0.2847 0.3012
−0.3 1.3116 1.3279 0.3116 0.3279
−0.2 1.3310 1.3473 0.3310 0.3473
−0.1 1.3427 1.3589 0.3427 0.3589
0.0 1.3466 1.3629 0.3466 0.3629
0.1 1.3427 1.3589 0.3427 0.3589
0.2 1.3310 1.3473 0.3310 0.3473
0.3 1.3116 1.3279 0.3116 0.3279
0.4 1.2847 1.3012 0.2847 0.3012
0.5 1.2508 1.2674 0.2508 0.2674
0.6 1.2102 1.2271 0.2102 0.2271
0.7 1.1638 1.1808 0.1638 0.1808
0.8 1.1124 1.1297 0.1124 0.1297
0.9 1.0572 1.0748 0.0572 0.0748
1.0 1.0000 1.0178 0 0.0178

Table 2. Variation in the velocities for single- and two-phase flows at different points.

y up(C=0.0) up(C=0.5) uf (C=0.0) uf(C=0.5)

−1.0 1.0142 1.0191 0.0142 0.0191
−0.9 1.0626 1.0788 0.0626 0.0788
−0.8 1.1093 1.1363 0.1093 0.1363
−0.7 1.1531 1.1897 0.1531 0.1897
−0.6 1.1928 1.2379 0.1928 0.2379
−0.5 1.2277 1.2799 0.2277 0.2799
−0.4 1.2570 1.3149 0.2570 0.3149
−0.3 1.2803 1.3426 0.2803 0.3426
−0.2 1.2972 1.3626 0.2972 0.3626
−0.1 1.3074 1.3747 0.3074 0.3747
0.0 1.3108 1.3788 0.3108 0.3788
0.1 1.3074 1.3747 0.3074 0.3747
0.2 1.2972 1.3626 0.2972 0.3626
0.3 1.2803 1.3426 0.2803 0.3426
0.4 1.2570 1.3149 0.2570 0.3149
0.5 1.2277 1.2799 0.2277 0.2799
0.6 1.1928 1.2379 0.1928 0.2379
0.7 1.1531 1.1897 0.1531 0.1897
0.8 1.1093 1.1363 0.1093 0.1363
0.9 1.0626 1.0788 0.0626 0.0788
1.0 1.0142 1.0191 0.0142 0.0191
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Table 3. Thermal variation at the different points of given domain.

y Θ(β1=0.0) Θ(β1=0.015) Θ(C=0.0) Θ (C=0.5)

−1.0 0 0 0 0
−0.9 0.0928 0.0925 0.0814 0.0961
−0.8 0.1740 0.1734 0.1547 0.1794
−0.7 0.2457 0.2449 0.2212 0.2523
−0.6 0.3100 0.3090 0.2822 0.3173
−0.5 0.3687 0.3676 0.3390 0.3764
−0.4 0.4235 0.4224 0.3928 0.4314
−0.3 0.4758 0.4747 0.4446 0.4838
−0.2 0.5266 0.5255 0.4953 0.5347
−0.1 0.5768 0.5757 0.5454 0.5849
0.0 0.6268 0.6257 0.5954 0.6349
0.1 0.6768 0.6757 0.6454 0.6849
0.2 0.7266 0.7255 0.6953 0.7347
0.3 0.7758 0.7747 0.7446 0.7838
0.4 0.8235 0.8224 0.7928 0.8314
0.5 0.8687 0.8676 0.8390 0.8764
0.6 0.9100 0.9090 0.8822 0.9173
0.7 0.9457 0.9449 0.9212 0.9523
0.8 0.9740 0.9734 0.9547 0.9794
0.9 0.9928 0.9925 0.9814 0.9961
1.0 1.0000 1.0000 1.0000 1.0000

3.3. Discussion

In this section, a concise study of pertinent parameters is graphically presented in Figures 2–10.
Figures 2 and 3 are plotted to examine the influence of the magnetic parameter on the motion of couple
stress fluid and metallic Hafnium particles. In both graphs, a clear decline in velocities for higher
values of the magnetic parameter is observed. Nevertheless, the theory of Hannes Alfven explains
the same phenomenon involving the interaction of magnetic fields being induced into an electrically
conducting fluid system. This phenomenon produces Alfven waves which result in clear retardation of
fluid’s speed. However, in Figures 4 and 5, the density of the Hafnium particles brings out a different
result as compared to magnetic fields. The major push of pressure on the fluid on slippery walls, the
hydro motion in both phases is supported by the addition of extra metallic particles. Consequently,
velocity increases by increasing the number of particles. Such factors can be regarded as to attenuate
the interaction of fluid particle or interparticle collision allowing the particles to move with least
resistance. The most significant parameter which constitutes the existence of the present fluid flow is
couple stress parameter γ. It is observed that the fluid particle additives, contribute to expediting the
movement. This may cause obscurity and vagueness in the mind of a reader, but Equations (23), (28),
and (31) provide enough clues about the inverse influence of couple stress parameter on the flow that
attenuates the force of friction/drag arising from the effect base fluid’s accumulation. This constitutes
a size-dependent effect in the base fluid, in addition to minimizing the rotational field of the fluid
particles. Hence, rapid fluid flow is observed in both Figures 6 and 7. However, the contribution of
slippery walls is not negligible, as they assist the metallic particles to frisk freely in the liquid. The role
of the slip parameter that supports the velocity of both phases is spotted in Figures 8 and 9. Generally,
it is believed that slippery walls only snag the flow because of their behavior as a retarding force.
Against all such expectations, in the present study, slip effects bring about unprecedented change by
increasing the velocity of the fluid, as shown in Figure 8. This change is due to the inverse influence
of γ, given in Equations (28) and (31) which rebuffs all such perception that slip parameter merely
hampers the flow. The change in temperature through Brinkman number Br is sketched in Figure 10. It
is revealed that the higher values of Brinkman heat up the fluid temperature.
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4. Conclusions

In this study, the heated couple stress bi-phase fluid with spherical particles of metal Hafnium is
investigated. The flow bounded by two parallel plates is caused by solely the influence of pressure
gradient in an axial direction. A uniform and constant magnetic field of strength B0 snags the flow,
transversely acting across the channel. Extra effects of lubrication are applied on both walls to minimize
the surface roughness and to attain a smooth flow. The significant outcomes of the analysis are:

• The velocity of each phase increases due to an increase in the slip parameter.
• The magnetic field does not support the flow and ends up causing a force of resistance.
• The molecules additives of base fluid reduce the force of friction and hence velocities of both

phases are galvanized.
• The temperature of the flow escalates for higher values of Brinkman number.
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Nomenclature

u f velocity of base fluid
h distance between plates
p pressure
t time
M Hartmann number
U reference velocity
B0 magnetic field
C number density of the particles
up velocity of particle
→

f body force

f body force
k thermal conductivity
Cp specific heat
m dimensionless constant
Br brinkman number
S drag force coefficient
Greek Symbols
γ couple stress parameter
ρf density of base fluid
η1 constant associated to couple stress fluid
Θ0 temperature of lower wall
µs viscosity
δ electric conductivity
ρ density of the suspension
β slip length
Θ dimensional temperature
Θl temperature of upper wall
β1 slip parameter
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