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Abstract: Crater depth is a vital issue in dynamic compaction (DC) because it is a controlling
parameter in DC and a characterization index of soil properties. A continuous mathematical model
capturing the time-domain process of tamper displacement is presented in this paper. The model
is simple and the parameters involved are easy to obtain. It was found that the accumulated crater
depth increases but its increment in the crater depth decreases with multiple impacts. Three groups of
large-scale DC tests with 10,000 kN·m were conducted to evaluate the performance of the proposed
model. The results showed that the proposed model captures the typical trends in the tamper
displacement of single and multiple impacts. In addition, a concept of the crater depth ratio is
proposed based on the proposed model, and the concept is used to evaluate the efficiency of DC and
to predict the optimum tamping number of DCs.

Keywords: dynamic compaction; crater depth; time-domain model; optimal tamping times

1. Introduction

The foundation treatment method of dynamic compaction (DC) mainly involves a
free-falling heavy tamper to impact the soil foundation. Compared with a dynamic roller,
jet grouting, and a pile foundation, DC has outstanding advantages in reinforcement depth,
efficiency, and cost [1–3]. Therefore, DC has been widely adopted all over the world to
strengthen soil foundations, especially in high-fill engineering projects such as earth dams,
mountainous airports, and the fill subgrade of roads [4,5].

The topics of DC have been studied experimentally and numerically since DC was
first proposed by Ménard in 1969. Particular attention has mainly focused on the following
areas: the consolidation mechanism of DC [6,7]; the degree and depth of improvement
of DC [8–10]; the factors affecting the DC efficiency [11,12]; and the dynamic behavior of
soil [13–15].

However, the soil reactions in an impact load are extremely complex. From the micro
point of view, the moving and recombination of granular soil leads to the dynamic consoli-
dation of soil [16,17]. From the macro point of view, the energy propagates and dissipates
in the form of stress waves [18,19]. The foundation undergoes plastic deformation and
improvement of the bear capacity in the DC process. Theoretically, DC involves a series of
complex scientific issues, including soil impact mechanics, large-strain constitutive theory,
and the mechanism of a three-phase medium [20,21]. The theoretical literature about DC is
difficult to use to guide the engineering practice.

Presently, the design and construction of DCs still rely on experience [5,22]. Field tests
of DC must be carried out to obtain key parameters of the DC practice such as the optimum
tamping times, the filler thickness of each layer, and the spacing of tamping points. These
tests are common on large scales and they cost a large amount. Indeed, there is a need
for a simple method to provide some indication to determine the key parameters of the
DC practice.
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The DC process can be summarized as a soil foundation suffering a series of responses
with the impact load of the tamper. The three key elements in studying the DC process are:
(i) the time-domain characteristics of the input affecting the soil changes; (ii) the regular
pattern of the soil response with the impact load; and (iii) the method for evaluating the
foundation reinforcement level. The first element is the foundation of the second and the
third elements. This paper presents mathematical results concerning the first element: the
time-domain of the tamper.

Prior studies have attempted to characterize the time-domain of a tamper using
mathematical models. Scott and Pearce [23] first presented a time-domain model to study
the behavior of the tamper displacement. Based on this study, Qian et al. [24] proposed
an improved method to determine the time-domain characteristics of the impact stress,
the time needed, and the residual deformation in a DC tamping. However, he failed to
consider the influence of soil damping in the loading stage, and the law of crater depth
evolution with multiple DCs was also not analyzed.

In this study, the tamper was taken as the research object and the whole process of
DC was regarded as an incomplete elastic collision process between the tamper and the
foundation soil. Based on the theory of automatic control, a mathematical time-domain
model of the tamper displacement was established. The concept of a modified tamping
ratio was proposed, which could provide reference for the determination of the optimal
tamping times. The revised mathematical model was also verified through a series of
large-scale DC tests.

2. Time-Domain Model for a Single Tamping of DC

For a single process of DC tamping, the tamper with a mass of M drops freely from
a certain height of H with an initial velocity of zero. Once the tamper collides with the
foundation, the speed of the tamper decreases rapidly because of the combined influence
of self-weight and reaction. The tamper reaches the lowest point when its speed drops to
zero for the first time. Then, the tamper will produce a tiny rebound. The tamper stabilizes
eventually, and a single tamping of DC is finished. The single tamping of a DC process
contains two parts: (i) the impact loading stage that is from the tamper colliding with
the soil foundation to the lowest point; and (ii) the unloading rebound stage that is the
subsequent rebound of the tamper.

2.1. Impact Loading Stage

The impact loading stage mainly focuses on the stage from the beginning of the
tamper-soil interaction to the lowest point of tamper.

Figure 1 shows the DC process that was simplified into a spring-damper system. The
basic assumptions included:

(1) The soil was elastic in the stages of impact loading and unloading rebound, but
the value of the elastic modulus during the unloading rebound was larger than that of the
loading process;

(2) The apparent density of the soil particles remained unchanged.
The tamper was selected as the research object. According to Newton’s second law of

motion, the dynamic equilibrium equation of the tamper was obtained as:

M
..
u + cz

.
u + kzu = 0, (1)

where M, u,
.
u, and

..
u are the mass, displacement, velocity, and acceleration of the tamper,

respectively, cz is the vertical damping coefficient of the soil, and kz is the elastic constant
of the soil load.
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According to the half-space theory [23], the vertical damping coefficient cz and the
loading elastic constant kz of the soil were expressed as:

cz =
3.4r2

0
√

ρG
1− ν

(2)

kz =
2r0E

1− ν2 , (3)

where r0 is the tamper radius, E is the deformation modulus of the soil, G is the shear
modulus of the soil, ν is the Poisson’s ratio of the soil, and ρ is the bulk density of the soil.

Considering the fact that soil is generally regarded as an underdamped system [25,26],
the general solution of Equation (1) was:

u = e−ξwnt(A cos wdt + B sin wdt), (4)

where wn =
√

kz
M is the undamped oscillation frequency, and wd = wn

√
1− ξ2 is the

oscillation frequency with damping. A and B are undetermined coefficients. ξ is the
damping ratio of the soil, whose value was between 0 and 1. ξ could be calculated with the
following equation:

ξ =
cz

2
√

Mkx
(5)

Taking the first contact between the tamper and the soil foundation as the timing
starting point, the boundary conditions of Equation (4) were:

u|t=0 = 0 (6)

.
u
∣∣
t=0 = v0 =

√
2gH, (7)

where v0 is the velocity of the tamper freely dropping from the height of H. The displace-
ment time history equation of the tamper could be obtained:

u =
v0

wd
e−ξwnt sin wdt (8)
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In the impact loading, the displacement of the tamper increased and the velocity
decreased with time. When the tamper speed decreased to zero for the first time, the
tamper displacement was at a maximum. The maximum displacement up in a single
tamping was written as:

up =
v0

wd
e−ξwntp sinwdtp (9)

where tp is the time needed for the tamper velocity to decrease to zero at first and the value
of tp could be determined easily with

.
u = 0, as shown by Equation (9).

tp =
1

wd
arctan

wd
ξwn

(10)

As presented above, the time history expressions of the tamper displacement during
the impact loading were established.

2.2. Unloading Rebound Stage

When the tamper reached the lowest point, the soil had been densified and it exerted
a reaction load to the tamper. A certain amount of unloading rebound occurred. In
the unloading stage, the dynamic equilibrium equation of the tamper was as shown by
Equation (11):

M
..
u + c′z

.
u + k′z

(
u− u f

)
= 0 (11)

where uf is the residual settlement, i.e., the final crater depth after a single DC tamping.
c′z and k′z are the vertical damping coefficient and the elastic constant of the soil in the
tamping unloading stage, respectively.

The value of the vertical damping coefficient c′z and the loading elastic constant k′z of
the soil could be determined based on the half-space theory:

c′z =
3.4r2

0
√

ρG′

1− ν
(12)

k′z =
2r0E′

1− ν2 (13)

where G′ and E′ are the shear modulus and the deformation modulus and of the soil during
the unloading stage, respectively.

The boundary condition was the continuity of the tamper displacement and the
velocity at the lowest point (tp moment). Therefore, the time-domain of the tamper in the
unloading stage could be obtained as follows:

u = R′e−ξ ′w′ntsin
(
w′dt + φ′

)
+ u f (14)

where w′n =
√

k′z
M , and w′d = w′n

√
1− ξ ′2 are the oscillation frequency with damping

and the damping ratio of the soil in the ramming unloading stage, respectively. ξ ′ is the
undamped oscillation frequency in the ramming unloading stage. The value of ξ ′ belonged
to (0,1) and it could be calculated with the following equation:

ξ ′ =
c′z

2
√

Mk′z
(15)

R′ is an index that could be calculated with the following equations:

R′ =

(
up − u f

)
eξ ′w′n tp

cos
(
w′dtp

)
+ sin

(
w′dtp

)
tan
(
w′dtp + θ′

)√1 + tan2
(
w′dtp + θ′

)
(16)

with
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sin ϕ′ =
1√

1 + tan2
(
w′dtp + θ′

) (17)

cos ϕ′ =
tan
(
w′dtp + θ′

)√
1 + tan2

(
w′dtp + θ′

) (18)

where sin θ′ = ξ ′ and cos θ′ =
√

1− ξ ′2.
As presented above, the time-domain model of the tamper displacement for a whole

DC tamping process was established. The crater depth after a single DC tamping could be
obtained with the continuity condition of the force at the lowest point:

u f = k′z−kz
k′z

up

= k′z−kz
k′z

v0
wd

e−ξwntp sinwdtp
(19)

According to Equation (16), the crater depth with a single tamping was closely related
to the elastic constant of the soil both in the loading and unloading stages. It was easier to
obtain a larger crater depth when the elastic constant kz was smaller, which meant that the
soil was in a looser state before the DC. When the elastic constant k′z was larger, it meant
that the soil was densified after the DC. The values of kz and k′z can be calculated according
to Equations (3) and (13), respectively. The parameters involved are easy to obtain, and the
most critical one is the elastic modulus in the impact loading stage E and the unloading
stage E′.

Under multiple tamping conditions, the soil was denser, and the values of kz and k′z
increased accordingly [24], whereas comparatively, the value of k′z increased more slowly,
as shown in Figure 2. Thus, the difference between the values of kz and k′z decreased.
This was the essential reason why DC repeated at the same point could not increase
the accumulated crater depth and the soil was densified constantly. The time-domain
characteristics of the tamper displacement and the law of crater depth development under
multiple tamping was analyzed further.
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Figure 2. Schematic diagram of the stress–strain relationship for repeated DC [24] (N is the tamping
times of DC).

3. Tamper Displacement during Multiple Tamping

In the DC conduction, we commonly tamp repeatedly until the soil is densified enough,
and then move to the next tamping point. The most key parameters in the theoretical
analysis on the time-domain characteristics of DC are E and E′ and their evolution with
tamping times. However, the physical and mechanical properties of the soil varied with
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DC tamping times. Even for the same tamping, the dynamic mechanical properties were
different between the impact loading stage and the unloading rebound stage. Furthermore,
the dense degree of the strengthened foundation was variant with the distance to the
tamping point. The closer to the tamping point, the foundation is denser and better
densified in general. Therefore, we still face a great challenge to develop accurate formulas
to determine the specific value of the elastic modulus and it is harder to determine its
variation with the tamping times. Previously, some scholars have put forward the empirical
methods to determine the elastic modulus.

Pourjenabi et al. [27] studied the variation of soil compactness under different consti-
tutive models by a numerical method. They put forward formulas that characterized the
relationship between the soil modulus and density dynamic compaction. Zhou et al. [28]
analyzed the improvement on a saturated foundation under dynamic compaction incor-
porating the soil-cap yield-hardening model. The proposed methods are meaningful and
showed a reasonably good agreement with the existing analytical solutions and field
measurement of DC. However, these methods can only be used by means of a numerical
simulation and more practical and simpler methods are needed.

Qian et al. [24] carried out a series of DC tests on Tanggu clay and Qinhuangdao sandy
soil with a self-made DC model instrument. The impact load waveform was similar to that
of DC, and the following formula for the soil deformation modulus with the number of
tamping times was proposed:

EN = E0Nβ (20)

where E0 and EN are the initial deformation modulus and the deformation modulus at the
tamping number of N times, respectively, and β is an empirical coefficient. Equation (20)
could successfully capture the basic rule that the soil deformation modulus varied with
the tamping times. Additionally, the value of parameter β was easy to obtain with a DC
model test. Therefore, Equation (20) was adopted in this study and the shear modulus at
the tamping number of N could be obtained:

GN =
1
2

EN(1 + υ) (21)

By bringing Equations (20) and (21) to Equations (2), (3), (5), (12), (13) and (15), we
could calculate the vertical damping coefficient, the elastic constant, and the undamped
oscillation frequency for every tamping time. In addition, we further obtained the time-
domain model of the tamper displacement for every tamping time.

Based on the principle of automatic control and taking the tamper as the research
object, as shown above, the time-domain mathematical model of the tamper displace-
ment in DC was developed. The key parameters involved in this model included the
tamper parameters (tamper mass M, drop height H and radius r0), soil basic parameters
(Poisson’s ratio ν, initial deformation modulus E0, and the density ρ of the soil), and an
empirical coefficient β describing the variation in the deformation modulus for multiple
tamping times.

4. Model Performance and Application
4.1. Large-Scale DC Tests

In order to validate the performance of the model, a series of three large-scale DC tests
were completed. The test area was located in an artificial island project that had been filled
for a new airport. The test area was a quadrangle made up of fillers layer-by-layer with
a total height of about 12 m. The length and width of the test area were equal at about
38 m, and the test area was large enough to overcome the influence of boundary conditions.
The filler was evenly distributed in each layer to ensure a similar soil foundation in the
mechanical characteristics. The initial deformation modulus E0 was about 7880 kPa.

The adopted filler was mainly clay from local excavation. Its water content was 5% in
mass. Some coarse aggregate was mixed in the filler. The coarse aggregate in mass was less
than 20% with the maximum particle size of less than 20 cm.
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The adopted energy level was 10,000 kN m and the tamper radius was 1.25 m. The
tamper was composed of several steel plates with identical diameters, and the weight of the
tamper could be adjusted by controlling the number of steel plates, as shown in Figure 3b.
The exact drop distance was controlled by a cable with a certain length. Once the tamper
reached the required height, the cable was tightened to activate the decoupling device,
which caused the tamper to freely fall. The hauling-up device and tampers adopted in the
large-scale tests of dynamic compaction are shown in Figure 3.

Coatings 2021, 11, x FOR PEER REVIEW 8 of 14 
 

 

 
(a) The hauling-up device for dynamic compaction. 

 
(b) The tampers adopted in the large-scale tests. 

Figure 3. The device adopted in the large-scale tests of dynamic compaction. 

Considering the effect of different combinations of tamper weight and falling height 

on the DC efficiency [5,29], three groups of the tamper weight and the drop distance were 

adopted. They were 47.94 t × 20.86 m, 61.98 t × 16.14 m, and 77.76 t × 12.86 m. The tamping 

points were spaced 10 m and arranged in a square shape, as shown in Figure 4. Each 

tamping point was tamped ten times for each group and the crater depth in each tamping 

was detected with a levelling instrument. 

Figure 3. The device adopted in the large-scale tests of dynamic compaction.

Considering the effect of different combinations of tamper weight and falling height
on the DC efficiency [5,29], three groups of the tamper weight and the drop distance were
adopted. They were 47.94 t × 20.86 m, 61.98 t × 16.14 m, and 77.76 t × 12.86 m. The
tamping points were spaced 10 m and arranged in a square shape, as shown in Figure 4.
Each tamping point was tamped ten times for each group and the crater depth in each
tamping was detected with a levelling instrument.
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4.2. Comparison of the Crater Depth for the DC Tests and the Theoretical Analysis

A number of studies have reported that a heavier tamper with a lower dropping distance
tends to result in a higher value of crater depth with the same energy level [18,29,30]. There-
fore, the empirical coefficients β were 0.4, 0.5, and 0.52 in the DC group of 47.94 t × 20.86 m,
61.98 t × 16.14 m, and 77.76 t × 12.86 m, respectively.

The crater depth of each tamping was detected during the large-scale DC tests.
Figure 5 displays the comparison between the crater depth obtained by three groups
of large-scale DC tests and the theoretical model proposed above. From Figure 5, it can
be seen that the theoretical crater depth was consistent with the experimental value. For
the field tests of the tamping groups of 61.98 t × 16.14 m and 77.76 t × 12.86 m, the
cumulative crater depths after tamping 10 times were 2.22 m and 2.36 m, and the corre-
sponding theoretical values were 2.35 m and 2.19 m, respectively. For the tamping group
of 47.94 t × 20.86 m, the theoretical value of the crater depth from the first eight tampings
was consistent with the DC field test. After tamping 10 times, the theoretical cumulative
crater depth was 1.94 m, and the actual value was 1.99 m.
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4.3. Application of the DC Model

The proposed DC will benefit to revel in the time-domain characteristic of the whole
DC progress. Shown in Figure 6 is the time-domain of the tamper displacement obtained
from the mathematical model. It showed that the displacement of the tamper increased
rapidly at the initial stage of tamping, and then a certain amount of rebound occurred after
the tamper reached the lowest point. For tamping repeatedly, the calculated crater depth
increased accordingly. However, the increment of each tamping decreased, indicating the
decreasing reinforcement efficiency in each tamping. The proposed model captured typical
trends in the time-history curve of the tamper displacement by single and multiple impacts.

As seen from Figures 5 and 6, the increment of the crater depth decreased with the
tamping numbers, meaning that the efficiency of DC decreased as the tamping number
increased. Therefore, the least number of tamping times that meet the demands for
strengthening the foundation should be determined first. The least number of tamping
times is the optimum number of tamping times of DC. The optimum number is always
one of the most important issues in the construction of DC because it plays a decisive role
in the DC schedule and cost.
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The experimental method provided guidance that two adjacent crater depths should
be less than 5 mm to determine the optimum number of tamping times. Nevertheless,
it lacked a sufficient theoretical basis. Furthermore, the adjacent crater depths may be
different due to different soil, the energy level of DC and the value of a heavier tamper and
dropping distance. Therefore, the method [31] does not have universal applicability and is
more difficult to guide the DC practice.

The relationship of the crater depth and the tamping number was analyzed further
according to the result of the DC mathematical model and the large-scale tests. Additionally,
a method for determining the optimal number of tamping times for DC was presented
in this research. Taking the group of 47.94 t × 20.86 m as an example, the theoretical and
actual values of the crater depth for 10 tamping times was as shown in Table 1. In order
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to evaluate the DC efficiency of each tamping, an index of the crater depth ratio could be
defined with Equation (22):

λi =
si
Si
× 100% (22)

where λi is the ith tamping ratio, i = 1, 2, 3 . . . . . . , and si is the crater depth of the ith
tamping. Si is the cumulative crater depth for the total tamping of i times.

Table 1. The crater depth of ten tamping times with the group of 47.94 t × 20.86 m.

Tamping Number Crater Depth after
These Tamps (m)

Increase in
Crater Depth (m)

Cumulative Crater
Depth in Theory (m) Tamping Ratio (%)

1 0.685 0.497 0.497 100.000
2 0.995 0.412 0.909 45.311
3 1.285 0.321 1.230 26.098
4 1.445 0.238 1.468 16.214
5 1.56 0.170 1.637 10.352
6 1.675 0.117 1.754 6.648
7 1.825 0.078 1.832 4.263
8 1.93 0.051 1.883 2.698
9 2.005 0.032 1.915 1.692

10 2.1 0.020 1.936 1.049

Table 1 shows that the crater depth ratio decreased with the tamping times. After six
tamping times, the crater depth with further tamping was less than 10 cm and the tamping
ratio of the seventh tamping time was only 4.263%. This meant that the contribution of the
seventh tamping to the total crater depth of the first seven times was less than 5%, and the
contribution of the later tamping to the whole DC was lower. Therefore, the conclusion
could be made that tamping six times was the optimal number of tamping times in this
project. The crater depth ratio in this study was defined by the current cumulative crater
depth, which was much easier to calculate and analyze. Moreover, this also agreed with
the objective fact that the efficiency of the DC decreased for multiple tamping times.

5. Conclusions

Based on the principle, a simple mathematical model has been developed in this study
to analyze the time-domain displacement of the tamper in the DC progress. Combined
with a series of large-scale DC tests, the accuracy and application of the model has been
verified. The conclusions are as follows:

(1) The mathematical model proposed is simple in form and clear in concept. The
basic parameters, which are easy to obtain, cover the main factors of the DC practice;

(2) The proposed mathematical model can better reveal the time-domain character-
istics of the tamper displacement in a single and multiple tamping setting. Whereas the
cumulative crater depth increases with tamping times, the increments and DC efficiency
decrease with repeated impacts;

(3) A simple index of the crater depth ratio is presented to facilitate the evaluation of
the efficiency of single tamping and to determine the optimal number of tamping times;

(4) In this study, the tamper that was chosen as the research object and the DC progress
was simplified to a spring-damping model. It is true that the series responses of the soil
during DC including deformation characteristics, stress distribution, and propagation were
not involved in this study. Further study may be carried out for these aspects. However,
the proposed model can be useful for predicting and analyzing the development of the
crater depth, which benefits the DC practice.
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