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Abstract: The analysis explored a numerical simulation of microorganisms, carbon nanotubes (CNTs)
and ferric oxide water-based hybrid nanofluid flow induced by a wavy fluctuating spinning disc
with energy propagation. In the presence of CNTs and magnetic nanoparticulates, the nanofluid
is synthesized. The exceptional tensile strength, flexibility, and electrical and thermal conductivity
of carbon nanotubes and iron nanoparticles have been extensively reported. The motive of the
proposed analysis is to optimize thermal energy conveyance efficiency for a spectrum of industrial
and biomedical applications. The phenomena have been expressed as a system of partial differential
equations (PDEs) which contain the momentum, energy, concentration, and motile microorganism
equations. The modeled equations have been diminished to the dimensionless system of nonlinear
ODEs through a similarity framework. The Matlab built-in package boundary value solver has been
utilized to solve the obtained system of ODEs. The findings are compared to the PCM technique for
validity purposes. The results are illustrated graphically and discussed. The layout of a rotating disc
has a positive effect on energy transition and velocity profile. The irregular rotating surface increases
energy progression up to 15% relative to a smooth surface. The accumulation of nanocomposites
(CNTs and magnetic nanoparticles) significantly enhanced the thermal capabilities of the liquid
medium. When operating with a low distribution, it is more impactful.

Keywords: hybrid nanofluid; wavy spinning disk; CNTs; gyrotactic microorganism; MHD; fluctuat-
ing disk

1. Introduction

The study of hybrid nanofluid flow over a rotating disc with heat and mass transition
characteristics has been heavily reported due to its remarkable contribution to modern
technologies and industrial requirements. Electric power generating systems, aerody-
namics engineering, co-rotating machinery, rotating equipment, chemical reaction, the
geothermal sector, and computer processing are some of its well-known applications [1].
Lv et al. [2] investigated the effects of magnetic fields and Hall the current on nanofluid
flow over a revolving disk. Their intention was to accelerate heat propagation rates for
engineering applications. The observations indicated that the mutation of CNTs in water is
more beneficial than other nanomaterials due to its carbon–carbon bonding. Li et al. [3] em-
ployed FDE12 and the bvp4c package to perform fractional assessments for Darcy hybrid
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nanofluid flow over a permeable rotational disc. At the rotating disk’s edge, concentration
and temperature slip conditions were used. Shuaib et al. [4] demonstrated the nature of
an ionic transition boundary layer flow over a spinning disc using a numerical model.
The Nernst-Planck, Poisson’s, and the classic Navier Stokes equations are approximated
using the PCM and bvp4c schemes for this purpose. Shuaib et al. [5,6] studied the flow
and heat transport of 3D incompressible viscous fluids over a stretchy, rough rotating disc.
A variable magnetic flux and heat transference are used to control a varying thickness of the
fluid. By the action of the no flatness factor, the heat transmission process was examined
while being reduced. Hafeez et al. [7] operated with a revolving disc and a magnetized
flow of an Oldroyd-B fluid. The thermal energy and fluid velocity profile are observed
to decrease as the time relaxation parameter is increased. Liang et al. [8,9] suggested a
capillary model, as well as a fractal theory of permeable media, to measure the efficient
electrolyte permeability in porous media while taking into account the electrical double
layer effects.

Hybrid nanofluids are a new type of fluid that operate well in energy transmission
when compared to traditional fluids such as oil, water, and single nanomaterials such
as nanofluids and ethylene glycol. Hybrid nanofluids are effective in freezing where
the heating rate is high, and they can be used in a wide range of thermal activities. Hy-
brid nanofluids are made by distributing two different types of NPs in a base fluid [10].
Solar energy, as well as heating, refrigeration, ventilation, heat exchangers, heat pipes,
air conditioning, coolant in machines and manufacturing, the automotive industry, elec-
tronic cooling, generator cooling, nuclear system cooling, transformer cooling, ships, and
biomedicine are just a few of the application domains of hybrid nanofluids. In the present
work, we consider CNTs and ferric oxide nanoparticles in the base fluid water. Because
graphitic walls are chemically inert, the functionalization of graphene and CNTs is fre-
quently required in engineering and biological activities [11,12]. The major problem for
any nanofluid that will be used in thermal management operations is its long-term stability.
For 30 days, the distribution stabilities of carbon-based and metallic oxides nanofluids
were monitored, and the findings revealed that the nanofluids had a greater dispersibility
in an aqueous environment with extremely low sedimentation [13]. A viscous dissipating
convective flow of CNT’s hybrid nanofluid across a horizontally moving thin needle is
addressed by Gul et al. [14]. The utilization of CNT + Fe3O4/H2O for the activation of
thermophysical features of carrier fluids coupled with magnetic nanoparticles has been
discovered to be more prevalent. Tassaddiq et al. [15] developed an impermeable infinite
spinning disc with an incompressible hybrid nanofluid flow. To thoroughly analyze the
positive spin of nanofluid flow, the effects of magnetism have been imposed. The main
objective was to improve our comprehension of energy consumption in the industrial and
technical domains. Fluid energy and velocity are estimated by measuring disc rotation
velocity. Polymer coatings or the insertion of nanostructures can be used to reduce the
negative effects of electroosmotic flow [16,17]. Bilal et al. [18] employed an inclined ex-
tensible cylinder to evaluate the Darcy Forchhemier flow of a hybrid nanofluid including
CNTs and iron oxide Fe3O4 nanocrystals. The findings suggest that hybrid nanofluid is
the most effective method for improving heat transmission and can also be utilised for
cooling. The consequences of a magnetic field on a thin liquid sheet of water-based Ferrium
oxide and CNT hybrid nanofluids was evaluated across an extending cylinder by Gul
et al. [19]. In carrier fluid water, iron oxide and CNTs have been employed as nanopar-
ticulates. The scattering of Fe3O4 and CNTs in the base fluid considerably improved the
heat transference mechanism. Ghalandari et al. [20] provided a review paper on his work
on the thermal characteristics of nanofluids, including carbon nanotubes. It was stated
that nanofluids containing carbon nanotubes increase the exergy and energy execution of
solar systems.

Low-density microorganisms float above the surface of liquids due to chaotic sit-
uations and volatility, a process known as bioconvection. Swimming microorganisms,
such as microalgae, are more capable of spreading over the higher liquid layer, which is
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responsible for the unsteady higher component, leading to a greater density of stratification.
Such nanostructured materials’ mobility is independent of motile microbe locomotion, and
the mutual interaction of nanofluids and bioconvection appears to be crucial for nanofluidic
equipment [21]. Khan et al. [22] examined the unsteady viscosity and changing thermal
repercussions in non-Newtonian nanoliquid over a regularly moving surface to investigate
bioconvection. Walter’s B liquid is used to evaluate the rheological effects of such fluid.
Kotha et al. [23] exploited heat absorption or generation to study the 2D magnetohydro-
dynamic flow with energy and mass transit processes of nanofluid comprising gyrotactic
microorganisms over a lateral plate. The outcomes asserted that the motile microorganism
transit ratios along with velocity gradients are reduced across the fluid medium as a result
of the magnetic flux on energy and mass propagation.

The goal of this research is to further elaborate a concept proposed in Ref. [24] by ob-
serving the effects of two distinct nanoparticles, ferric oxide and CNT’s water-based hybrid
nanofluids over a fluctuating wavy rotating disc. This study explored the consequences of
a magnetic field and nanocomposites on the hybrid nanoliquid flow in order to optimize
the thermal conductivity of a water over a spinning surface. The concentration profile and
gyrotactic microorganisms enhanced the novelty of the present study. Matlab’s package
boundary value solver (bvp4c) is used to address the constructed equations computa-
tionally, and the findings are certified and contrasted against the parametric continuation
process (PCM). This revealed the best settlement.

2. Mathematical Formulation

We have considered an unsteady 3D flow of CNTs and ferric oxide water-based hybrid
nanofluid flow over a wavy fluctuating moving rotating disk (See Figure 1).

Figure 1. The physical insights of fluid flow over a rotating disk.

The disk was initially kept at a(0) = h. But then with the velocity ω = a(t) the disk
moved to vertical distance Z = a(t). The buoyancy influence was assumed to be negligible.
The disk spun with angular velocity Ω(t) at z−axis. It has been supposed that the CNTs
and iron oxide nano particulates are scattered uniformly. The magnetic force of constant
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magnitude is consistently applied with
→
B =

√
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θ respectively.

Based on the above assumption, the modeled equations are defined as [25]:
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Here Fr and Fθ are the body forces along x and z direction, which can be indi-
cated as [26]:

Fr =
Ha2µhn f

R2

(
v sin θ cos θ − u sin2 θ

)
, (8)

Fθ =
Ha2µhn f

R2

(
u sin θ cos θ − v sin2 θ

)
, (9)

where u, v, w are the velocity component, Ha is LB0
√

σ/µ, in which B0 and θ is the
magnitude and direction of magnetic field.

The initial and boundary conditions are:

u = 0, v = rΩ0(t), w = β
∗
a(t), T = T0, C = C0, Ñ = Ñw, at z = 0

u→ 0, v→ 0, w→ 0, T → T∞, C → C∞, Ñ → Ñ∞, at z→ ∞.

}
(10)

3. Thermophysical Properties of Nanofluid

The thermal physical properties of CNTs and iron oxide hybrid nanofluid can be
calculated as [27]:

Here, φ1 and φ2 is the volume friction of CNTs and ferric oxide, khn f , k f is the thermal
conductivity, ρ f is the density, (Cp)MS and ρMS is the specific heat capacities.

Tables 1 and 2 illustrate the model and thermophysical properties of base fluid, ferric
oxide nanoparticles and carbon nanotubes of both types, single and multi-wall, respectively.
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Table 1. The thermophysical properties of base fluid and hybrid nanofluid.

υhn f =
µhn f
ρhn f

, µhn f =
µ f

(1−φ1)
5/2(1−φ2)

5/2 ,

(ρ)hn f

(ρ) f
=
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}
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(ρ)CNT
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φ2,
(ρCp)hn f
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kb f
k f
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kMS+(m−1)k f−(m−1)φ1(k f−kMS)

kMS+(m−1)k f−φ1(k f−kMS)
,

Table 2. The numerical properties of water, CNTs and Fe3O4.

Base
Fluid/Nanoparticles ρ(kg/m3) Cp(j/kgK) k(W/mK)

Water 997.1 4179 0.613
Fe3O4 5200 670 6

SWCNTs 2600 425 6600
MWCNTs 1600 796 300

4. Karman’s Approach

We use the following similarity framework to reduce Equations (1)–(8) to the system
of ODEs [28]:

u = rv
a2(t) f (η), v = rv

a2(t) g(η), w = v
a(t)h(η), p = pv2

a2(t) p(η), C = C∞ + ∆C∞,

η = Z
a(t) − 1, T = T∞ + ∆T∞, ηZ = 1

a(t) , ηt =
−a(t)
a(t) (η + 1), Ψ(η) = N−N0

N1−N0
.

 (11)

As a result of Equation (14), we get the following:
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2
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h′′ =
ρhn f

µhn f

(
hh′ − S

(η + 1)h′

2
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f sin θ cos θ − g sin2 θ

)
, (14)
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(
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2
+ γΘ

))
, (15)
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(

η + 1
2

)
Φ′, (16)

Ψ′′ = ScΨ′(2 f − ηβ) + Pe
(
Ψ′Φ′ + ΨΦ′′ + NδΦ′′

)
. (17)

The transform conditions are:

f (0) = 0, h(0) = β S
2 , g(0) = ω, Θ(0) = 1, Φ(0) = 1, Ψ(0) = 1 at η = 0,

f (η)→ 0, g(η)→ 0, h(η)→ 0, Θ(η)→ 0, Φ(η)→ 0, Ψ(η)→ 0 as η → ∞.

}
(18)

where Pe is the bioconvective Peclet number, ω is the disk’s rotation, S is fluctuating
parameter of the disk, Nδ is the ratio of distributions of the microorganisms over the disk
and γ is the thermal energy ratio parameter, which can be expressed as [28]:

Pe =
bWc
Dn

, S = 2
a∗(t)a(t)

v
, ω = 2

a2(t)Ω(t)
v

, Nδ =

(
N0

N0 − N1

)
, γ =

1
2

a(t)T
a∗(t)∆T

. (19)
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The skin friction, Nusselt number and Sherwood number are:

C f =

√
τ2

wr + τ2
wφ

(Ωr)2ρ f
, Nu =

qw r
(Tw − T∞)k f

, Sh =
jw r

(Cw − C∞)D f
, (20)

where,

τwr =
[
µhn f

(
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dz + dw
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µhn f

(
dv
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1
r

dw
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, qw = − khn f
k f
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.
(21)

The dimensionless form of Equation (22) is:

Re
1
2 C f =

√
(F′(0))2+(G′(0))2

(1−φ1)
2.5(1−φ2)
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−1
2 Nu = − khn f

k f
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−1
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υ f
. (22)

5. Numerical Solution

We introduced the following similarity variables to reduce the system of ODE (12–17)
to the first order system of ODEs and their boundary conditions (18):

χ1(η) = f (η), χ2 = f ′(η), χ3 = g(η), χ4 = g′(η), χ5 = h(η), χ6 = h′(η),
χ7(η) = θ(η), χ8 = θ′(η), χ9 = Φ(η), χ10 = Φ′(η), χ11 = Ψ(η), χ12 = Ψ′(η).

}
(23)

Using Equation (25) into the BVP (14–19) and (20), we get:
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χ′12 = Sc χ12(2χ1 − ηβ) + Pe
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χ12χ10 + χ11χ′10 + Nδχ′10

)
, (29)

the reduced boundary conditions are:

χ1 = 0, χ3 = ω, χ5 = β S
2 , χ7 = 1, χ9 = 1, χ11 = 1 at η = 0,

χ1 → 0, χ3 → 0, χ5 → 0, χ7 → 0, χ9 → 0, χ11 → 0 at η → ∞.

}
(30)

The well-known bvp4c technique was used for the solution of the problem.

6. Results and Discussion

The numerical outputs of the system of DEs are calculated by using the MATLAB
built-in package boundary value solver (bvp4c) technique. The following observations
have been made:

6.1. Axial Velocity Profile

Figure 2a–c elaborated the axial velocity profile f (η) versus volume friction parameter
of CNTs φ1, volume friction parameter of ferric oxide φ2 and disk fluctuation parameter,
S respectively. The specific heat capacity of water is much higher than both type of CNTs,
single (SWCNTs) as well as multi-wall (MWCNTs), and magnetic nanoparticles φ2 = φFe2O3 ,
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so the inclusion of such nanomaterials in base fluid reduces its average capability of heat
absorption, which results in the enhancement of fluid velocity, as shown in Figure 2a,b.
The upward/downward fluctuation of the spinning disk encourages the fluid particles to
move fast, which elevates the axial velocity of fluid as displayed in Figure 2c.

Figure 2. The behavior of axial velocity f (η) versus (a) volume friction parameter of CNTs φ1

(b) volume friction parameter of ferric oxide φ2 (c) disk fluctuation parameter S.

6.2. Radial Velocity Profile

Figure 2a–c elaborated the radial velocity profile h(η) behavior versus injection +β,
suction parameter −β and disk rotation parameter ω effects, respectively. Both the suction
and injection effect over the surface of the spinning disk produces resistance to the flow field,
which causes the reduction of radial velocity h(η) profile as revealed through Figure 3a,b. The
increment in disk rotation rate also excited the fluid particles during rotating, which resulted
in a rise of the radial velocity of fluid over a wavy surface, as in Figure 3c.

6.3. Temperature Profile

Figure 4a–d illustrated the behavior of energy profile Θ(η) versus thermal energy
ratio parameter γ, Prandtl number Pr, volume friction parameter of CNTs φ1 and volume
friction parameter of ferric oxide φ2 respectively. The thermal energy transmission rate
declines with the impact of both thermal energy ratio parameter γ and Prandtl number
Pr as illustrated in Figure 4a,b. Higher Prandtl fluid has always less thermal diffusivity,
which is why the fluid temperature propagation reduces with the Prandtl effect as specified
through Figure 4b. The specific heat capacity of water is much higher than CNTs φ1 = φCNT
and magnetic nanoparticles φ2 = φFe2O3 , so the dispersion of such nanomaterials in base
fluid reduces its average capability of heat absorption, which results in the enhancement of
fluid temperature as shown in Figure 4c,d.
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Figure 3. The behavior of radial velocity h(η) versus (a) injection parameter +β (b) suction parameter −β (c) disk rotation
parameter ω.

Figure 4. The behavior of energy profile Θ(η) versus (a) thermal energy ratio parameter γ (b) Prandtl number Pr (c) volume
friction parameter of CNTs φ1 (d) volume friction parameter of ferric oxide φ2.
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6.4. Motile Microorganism and Concentration Profile

Figure 5a–c manifested the behavior of motile microorganism Ψ(η) and mass transfer
profile Φ(η) versus the microorganism’s distributions ratio Nδ, bioconvective Peclet number
Pe and Schmidt number S,c respectively. The distributions of the microorganism’s Nδ ration
significantly enhances the motile microorganism profile as reported in Figure 5a. The increment
in Peclet number Pe decreases the motile microorganism profile Ψ(η) as shown in Figure 5b.
The density of the microorganism reduces with the action of the Peclet number, which also
decreases the motile microorganism profile. The consequences of the Schmidt number reduces
the mass transition rate of hybrid nanofluid as revealed via Figure 5c. The kinetic viscosity
of viscous fluid flow improves with the action of Schmidt number Sc while the molecular
diffusion rate diminishes, which results in the reduction of the mass propagation rate.

Figure 5. The behavior of motile microorganism Ψ(η) and mass transfer profile Φ(η) versus (a) mi-
croorganisms distributions ratio Nδ; (b) bioconvective Peclet number Pe; and (c) Schmidt number Sc.

Table 3 addressed the numerical comparison of bvp4c versus the PCM method in
order to ensure the validity of the present result. The axial velocity, radial velocity and
temperature distribution are compared for this purpose. Tables 4 and 5 illustrate the com-
parative analysis for skin friction and the Nusselt number between magnetic nanoparticles
and CNT’s hybrid nanofluid.

Table 3. Comparative analysis between the bvp4c and PCM methods.

bvp4c PCM

η f (η) g(η) θ(η) f (η) g(η) θ(η)

0.0 0.0000 0.0000 1.0000 0.0000 0.0000 1.0000
0.4 0.0012 0.0030 0.1517 0.0011 0.0024 0.1421
0.8 0.0070 0.0177 0.0932 0.00062 0.01086 0.0873
1.2 −0.0492 −0.0871 0.0083 −0.0453 −0.0832 0.0071
1.6 −0.1458 −0.2713 0.0039 −0.1420 −0.2709 0.0027
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Table 4. The comparative study of CNTs and ferric-oxide nanoparticles on the velocity field.

Title CNTs Ferric Oxide Fe3O4

η f ′(0) g′(0) f ′(0) g′(0)

0.00 1.2724 1.4912 1.3322 1.5562
0.05 1.4133 1.5724 1.7734 1.6821
0.01 1.6641 1.7054 2.0011 1.7922
0.15 2.0300 2.0791 2.1701 1.1901
0.20 2.1530 2.2753 2.3532 2.3102

Table 5. Quantitive analysis for the Nusselt number and the Skin fraction.

CNTs Ferric Oxide Fe3O4

η h′(0) Θ′(0) Φ′(0) h′(0) Θ′(0) Φ′(0)

0.00 0.1724 1.5954 1.7953 0.2513 1.5581 1.6935
0.04 0.1921 1.3362 1.6361 0.1835 1.6732 1.5316
0.80 0.4139 1.1482 1.4481 0.3012 1.6621 1.3418
0.12 0.2612 1.6014 1.2013 0.2410 2.2683 1.1031

7. Conclusions

In this study, we presented the numerical approximation for microorganisms, CNTs,
and ferric oxide water-based hybrid nanofluid flow induced by a wavy fluctuating spinning
disc with energy propagation. The objective of the proposed analysis was to optimize ther-
mal energy conveyance efficiency for a spectrum of industrial and biomedical applications.
The phenomena have been expressed as a system of PDEs which are numerically computed
while using the Matlab built-in package boundary value solver. The core findings from the
above observations have been presented below:

• The inclusion of single- (SWCNTs) and multi-wall CNTs (MWCNTs) and magnetic
nanoparticles φ2 = φFe2O3 enhances the fluid velocity.

• The upward/downward fluctuation of the spinning disk encourages the fluid particles
to move rapidly, which elevates the axial velocity of the fluid.

• The suction and injection effect over the surface of the spinning disk produces re-
sistance to the flow field, which results in the reduction of the radial velocity h(η)
profile.

• The increment in disk rotation rate also excited the fluid particles during rotating,
which resulted in rises in the radial velocity of fluid over a wavy surface.

• The thermal energy transmission rate declines with the impact of both thermal energy
ratio parameter γ and Prandtl number Pr.

• The dispersion of nanomaterials in base fluid reduces the effectiveness of its heat
absorption, which results in the enhancement of fluid temperature.

• The distributions of microorganism’s Nδ ration significantly enhances the motile
microorganism, while the increment in Peclet number Pe decreases the motile microor-
ganism profile Ψ(η).

• When compared to a homogeneous substrate, a wavy rotating surface elevates energy
diffusion by as much as 15%.
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