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Abstract: Nanofluids are potential heat transfer fluids with improved thermophysical properties
and heat transfer performance. Double diffusion convection plays an important role in natural
processes and technical applications. The effect of double convection by diffusion is not limited to
oceanography, but is also evident in geology, astrophysics, and metallurgy. For such a vital role of
such factors in applications, the authors have presented the analytical solutions of pumping flow of
third-grade nanofluid and described the effects of double diffusion convection through a compliant
curved channel. The model used for the third-grade nanofluid includes the presence of Brownian
motion and thermophoresis. Additionally, thermal energy expressions suggest regular diffusion and
cross-diffusion terms. The governing equations have been constructed for incompressible laminar
flow of the non-Newtonian nanofluid along with the assumption of long wavelength. The obtained
analytical expressions for velocity, temperature, and nanoparticle concentration have been sketched
for various considerable parameters. The effects of regular buoyancy ratio, buoyancy parameter,
modified Dufour parameter, and Dufour-solutal Lewis number have been analyzed along with wall
properties and pumping characteristics. This study concludes that fluid becomes hotter with increase
in regular buoyancy ratio and a modified Dufour parameter, but a decrease in temperature is observed
for the buoyancy parameter. Moreover, the solutal concentration is behaving inversely against the
Defour-Solutal Lewis number.

Keywords: double diffusion; nanofluid; curved channel; peristaltic pumping; compliant walls;
analytical solutions; third grade fluid model

1. Introduction

Nanofluid has served in a number of engineering applications, for example, porous materials [1,2],
fuel-cell industry [3], etc. due to its significant increase in the heat-transfer rate compared to
conventional engineered fluid [4]. Nanofluids are another class of fluids made by scattering at the
nanometer scale materials (nanoparticles, nanofibers, nanotubes, nanowires, nanorods, nanosheets,
or nanobeads) in base fluids. As it were, nanofluids are nanoscale colloidal suspensions containing
dense nanomaterial. They are two-stage frameworks with one stage (solid stage) into another (fluid

Coatings 2020, 10, 154; doi:10.3390/coatings10020154 www.mdpi.com/journal/coatings


http://www.mdpi.com/journal/coatings
http://www.mdpi.com
https://orcid.org/0000-0002-7845-7751
https://orcid.org/0000-0003-0704-2230
https://orcid.org/0000-0002-1898-4082
https://orcid.org/0000-0002-2641-1575
http://dx.doi.org/10.3390/coatings10020154
http://www.mdpi.com/journal/coatings
https://www.mdpi.com/2079-6412/10/2/154?type=check_update&version=2

Coatings 2020, 10, 154 2of 16

stage). It was discovered that nanofluids have improved thermophysical properties, for example,
thermal conductivity, heat-diffusivity, thickness, and convective warmth move coefficients contrasted
with those of base fluids, like oil or water. It has indicated incredible potential applications in numerous
zones. Some investigations on nanofluid can be cited in [5-9]. Most of the human vessels are flexible in
nature and the peristaltic flows exhibit such kind of geometries. The flows of such types are very useful
inindustry, engineering and medical. These flows have also immense applications in curing cancer cells.
Abd Elnaby and Haroun [10] have studied the influence of conformal wall properties on peristaltic
movement in a two-dimensional channel and produced the conclusion that the reverse pumping
rate increases by rising the wall damping and reduces under the increasing magnitude of the wall
elasticity as well as tension, which differs from the model used by Mittra and Prasad [11] and Srivastava
and Srivastava [12]. Muthu et al. [13] analyzed the peristaltic movement of a micropolar fluid in
circular cylindrical tubes with elastic wall properties. They suggested from the obtained measurement
that viscous damping is affecting the mean flow reversal over the elastic surface. Nadeem et al. [14]
obtained an analytical solution for pumping transport of Williamson nanofluid through a curved
channel with compliant walls and offered the readings under the variation of curvature of the enclosure
and heat transfer coefficient. Although a large number of studies on the peristaltic flow of conventional
fluids are available, only a few articles have been reported on the peristaltic flow of nanofluids [15-18].
In this regard, Akbar et al. [19] investigated the copper nanoparticles impinging on a curved channel
with compliant walls and peristalsis. They acquired analytical solutions for temperature distribution
and nanoparticle concentration. Due to the importance of the effects Soret (thermal diffusion) and
Dufour (diffusion-Thermo), many investigators have been studied which can be found in [20-22].

Collective forced, free convection (mixed convection stream) is occurred in large number of
engineering and industrial processes, like solar central receivers attached to the wind potentials,
cooling of electronic equipment through fans and nuclear reactors during emergency shutdown and
heat transfers kept in lower-velocity surroundings. Heat and mass transfers accompanying effect on
each other also produce a cross-diffusion influence. The temperature difference generates mass transfer
which is known as Soret effect, on the other hand, the Dufour effect comes from the heat transfer
produced by the concentration gradient. Due to wide range of aplications, peristaltic transport of Jeffrey
fluid with double diffusion convection for nanofluids has been analyzed by Akram et al. [23] in the
presence of a tilted magnetic field. Exact solutions are obtained for the breaking field of nanoparticles,
the concentration field, the temperature field, the flow functions, the pressure gradient and the pressure
increase with respect to the axial and transverse coordinates on the length restrictions of longwave and
low Reynolds number. Akbar and Habib [24] have discussed the peristaltic flow induced by natural
double-diffusive convection to achieve a nanofluid magnetic field analysis in an asymmetric porous
channel and obtained solutions in a series of five coupled equations.

The feature of compliant wall in peristaltic flows is a key tool for governing muscle tension.
This physical phenomenon has been revealed mathematically by a system of equations which are linked
to compliant walls displacement [25,26]. Srinivasvas and Kothandapani [27] have investigated the
transfer of heat and mass effects on wavy flow through a porous region experiencing compliant walls.
Batti et al. [28] have introduced the wavy phenomenon of Jeffrey fluid in a non-uniform rectangular
enclosure with the effects of variable magnetic field. They proposed the attributes of non-uniformity
of channel on the flow with the incorporation of lubrication theory and obtained the exact solutions.
Bhatt et al. [29] have published the hall current factor on peristaltic analysis of heated particle—fluid
combined flow with compliant wall properties through numerical treatment. It is to be mentioned here
that the analysis of double diffusion mixed convection for a wavy mechanism of viscoelastic nanofluid
in a curved structured geometry has not been yet investigated.

Keeping in mind the importance of above-discussed literature and wide range of applications of
mixed convection phenomenon with nanoparticles in peristaltic flows, the authors converted their
attention to exploring the theoretical effects of double diffusion over peristaltic flow of nanofluid
having third-grade fluid as a base fluid through a curved channel along with wall properties.



Coatings 2020, 10, 154 3of16

Most probably, this study will be the best direction to efficiently use the achieved data in experimental
side. The equations of continuity, momentum, energy, and nanoparticle concentration have been
modeled through some suitable physical conditions like low values of wavenumber and the Reynolds
number. The observing equations are then solved analytically by using a perturbation method.
The results are manipulated graphically and discussed in detail. The parameters affecting the
phenomenon have been described individually.

2. Mathematical Modeling

The problem is to contemplate the effects of double diffusion on the peristaltic transport of an
impermeable third-grade fluid in a compliant curved channel having radius R and uniform width 24
bent in the form around the curve with central point having the corresponding components # and v in
above-mentioned sides (see Figure 1a). The walls have been structured to become wavy along the flow
and have the mathematical expression as described below. The operating equations for the obstacle
are [18]

V-V=0, @D
pr(L+V-VV)=-Vp+puV-$§ @
+(ppp + (1 =)ps(1=B(T = T1) = Bc(C—C1)))g,

(po)f[4F + V- VT| = KV2T + (pc),(DyVe - VT + £(VT - VT)) .
+(pe) (DreV3C,
aC ) )
5 +V-VC = DV2C+DuV?T, (4)
)
® 4 V-V]p = DV?¢ + (E)VZT, (5)
ot T,

where py and p, suggest the fluid and particles density in order; c stands for volumetric coefficient;
V implies the velocity column; f gives the forcing factor; P delivers the pressure term; e represents
the nanoparticles strength; To, Cp, and ¢ describe the contextual representatives of T, C, and ¢ at
lower wall, respectively; and T;, C;, and ¢, are the correspondent at the upper wall; D, depicts
the Brownian diffusion factor; D; the thermophoretic diffusion coefficient; f; shows the volumetric
volume expansion coefficient for the liquid; f. is the cognate solutal coefficient; D, represents the soret
diffusivity; D; reveals the solutal diffusivity; Dy, directs the Dufer diffusivity; and S sweeps the fluid
model tensor. We use the following dimensional quantities

R
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Figure 1. (a) Geometry of the problem. (b) Comparison of current work with literature [25].

The new discovered parameters like L;, N,, N;, Ny, N;1 and N take place for a Dufour Lewis
number, a Brownian motion parameter, the regular double-diffusive buoyancy ratio, a modified
Dufour parameter, the nanofluid buoyancy ratio, and the thermophoresis parameter, accordingly.
According to the mechanism of flow, the velocity field is supposed as V = (v, u). After using above
defined parameters and applying the conditions of low Reynolds number and long wavelength,
the Equations (1)—(5) get the next coming form

I dp 1 0

2 —
el _|_k1 ox r+ k] 31’1 [(7’1 +kl) Srlx] +Nc)/ + 0 ergf) =0, (7)
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9? d 2
)4 1 )/+L[89 1 86]_ , (10)

7 - — — | =
3;’% r +ky or d 8@ 1+ k1 drq

by using the no-slip boundary conditions and compliant walls phenomenon [22,29]

U=catry ==+n==x(dq +asin(w))
T=Toatry=-nand T =Tyatry =7
C=Coatry =-nandC=Cyatry =1
Q=@oatry =-nand ¢ =@atr; =1

7

After adopting wave frame phenomeno and creeping characteristics of the current ransport,
we have the following conclusive form of the above-defined boundary relations in dimensionless format

u=0atr; =+n=x(1+esin2n(x—1t)), (11)
0=0,¢=0 y=0atr =-7, (12)
0=1¢=1y=1latr =7, (13)

2 2 9%

Eigw T Erggn T Eagex| 1= ox @ 1 = E0 14
1 3
Srlx = —Up + +k1u 2ﬁ( 1” +k1u) . (15)

where Ej, E», and Ej are the representatives of the compliant wall properties [10].

3. Solution of the Problem

We utilize the method of series expansion to solve coupled differential equations which are given
before. The deformation equations for u, 0, y, and ¢ are defined as [30]

1A, 1
(1—g)E[u—upl+4g ri+ky ox " itk 9y [(1’1 +kl) Srix =0, (16)
+Nci’1 + 6 N}’]¢
26 1 99 90 2
0+ 190 N 5E 29 + Ny (52)
(1-q)E[6—6g] +4| 7 " S N w1 =0 (17)
+Nd[ + 1 —V]
ar r1+ky drq
02 1 0 N[ 02 1 4
1- - —_— 4 —— = 1
( q) [qo (p0]+q[|:8r +7’1 + kK (91’1](p+Nb[81’12 +7’1 +kq 371]9] v (e
Py 1 dy %0 1 90
(1-q)E[y yo]+4[ar% ntkion | oR Tk on 19

32

gl The initial guesses for u, 6, ¢, and y are
1

where £ is the linear operator which is chosen as £ =

defined as

g = 5 [-2(ky + r)win (ky + 1) + (ki — 1) (=r1 + 1) In (ky —wy )+

] (k1 +w1)(r1 +w1) In (kg +w1)], 20

50 = ZL[ (kl + rl)wl In (kl + 1’1) (kl - wl)(rl + ZU]) In (kl - w1)+ (21)
(k1 4+ w1) (r1 +w1) In (kg +w1)],

_0 _ ZL[ (k1+r1)w1 ll’l(kl +1’1) (kl—wl)(—rl+w1)ln(k1—w1)+ 22)

(k1 +w1)(r1 +w1) In (kg +w1)],
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23
(k1 +w1)(r1 4+ w1) In (kg +wr)]. )
Now we use the following perturbation series for u, 8, y, and ¢
u=uy+qu+...
0=00+q01+... (24)
Yy=Yo+qy1+...
Q=@ +qp1+...

After using the above series solutions in Equations (11) to (14) and comparing the coefficients of g,
we get the same solutions for zeroth order terms and the first order systems found the following solutions

1 .1
uy = Cl + TCZ - R(§7n2(6k(6 + k+kNC —ker + 6A)17 +3(3 +5k) (1 + NC —er)
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y1=Cr+rCs +3((14La)(k+r)(1-2n+nLoglk+7r)*

+(=k +n)Log[k —n] + (k + n)Log[k + n] — Log[k + r](1 - 27 (28)

+(=k + n)Loglk —n] + (k+n)Log[k +n]))),

where the constants C;, i = 1,2,3,...8 can be found by using boundary conditions are described in the
Appendix A and the quantity A(x,t) contains the subsequent expression

A(x,t) = —2€n3k{§—; sin (x — £)27t — (E1 + Ep) cos (x — t)2n}. (29)

Therefore, the final solutions can be composed by injecting above evaluated expressions of
ug, 6o, ¢o, yoand u, 01, ¢1, y1 into Equation (24).
The expression for the heat transfer coefficient is described as

z = x0,(7). (30)
Hence, it is calculated as

2= ~yrammmere] eCos[2n(~t + )] (5(Nb + Nt) —4Cy + (=1 + k)*(Nb
+Nt)Log[~1 + k + €Sin[27(¢ — x)]]?

+2(-1+k)Log[-1 + k + eSin[27(t — x)]] (-Nb — Nt

+(=1+ Nb + kNb — Nd + Nt + kNt)Log[1 + k + eSin[27t(—t + x)]]) + Log[1 + k
+€Sin[27(~t + x)]] (—=2(3 + Nb + kNb + 3Nd + Nt + kNt) + (Nb + Nt — 3k*> (Nb
+Nt) — 2k(-1+ Nb —Nd + Nt))Log[1 + k + €Sin[27t(—t + x)]]) + €Sin[27t(—t
+x)] (2(4(Nb + Nt) —2C[2] - (-1 + k) (Nb + Nt)Log[~1 + k + Sin[27( — x)]]?
—(4 + Nb + 4Nd + Nt)Log|[1 + k + €Sin[27t(—t + x)]]- (-1 + k) (Nb + Nt)Log[1 + k
+€Sin[27t(~t 4 x)]]? 4+ Log[~1 + k + €Sin[27t(t — x)]] (Nb 4 Nt + (1 - 2Nb + Nd
—2Nt)Log[1 + k + eSin[27t(—t + x)]])) + (Nb + Nt)e(4 + (Log[-1 + k + eSin[ 27 (¢
—x)]]-Log[1 + k + €Sin[2rt(~t + x)]])?)Sin[2rt(~t + x)])).

4. Graphical Results and Discussion

The above analysis composes the effects of double diffusion on pumping flow of non-Newtonian
(third order) fluid travelling through a curved channel and also described the wall properties.
The formulation is carried out by introducing non-dimensional parameters and imposing the features
of the lubrication approach. After achieving system of four nonlinear coupled differential equations,
exact analytical solutions have been found by an appropriate analytical highly converging technique
(HPM). In this segment of the study, we have included graphical treatment of various obtained
quantities like comparison graph, velocity, temperature, solutal concentration, and nanoparticle
phenomenon. Figure 1b is included just to validate the present results by comparing analytical solution
with exact solution [25]. This graph contains the data of velocity obtained in the current study by
neglecting the effects of double diffusion convection (N, = N;; = 0) and the data of [25]. One can find
the reading that the current analytical solutions are very much in agreement with the exact solutions
found by Hayat et al. [25]. In Figure 2, the velocity is displayed under the variation of the regular
buoyancy ratio N.. We conclude from this figure that the velocity of fluid is increasing with increasing
quantity of N. and become highest in the middle part of the channel. This result stresses that N,
being the ration of concentration variance to temperature gradient, when gets increased meant that
concentration change is higher than the temperature difference which is actually causing the fluid to
travel with greater intensity. From Figure 3, it is very clear that the velocity is showing totally opposite
behavior against the buoyancy parameter N,; as compared to N, which is also prominent physically
that when we increase the density of particles the fluid travels slowly. Figure 4 is portrayed to find the
influence of complaint wall parameters E;, E, E3 and it can be concluded here that the velocity of
the nanofluid is minimized with the complaint wall parameters. In Figure 5, the temperature profile
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0 is portrayed to measure the influence of the regular buoyancy parameter N;. According to this
graph, it is noticed that the temperature is increasing with the increasing value of N, and the highest
temperature is observed at r = 0.2, which is near the centerline of channel. Figure 6 is showing the
effect of a modified Dufour parameter N; on temperature profile 6. This graph is emphasized that
N, is lowering the temperature throughout the geometry which represents the cooling effects due to
change in nanoparticles concentration. The temperature profile 0 for various values of thermophoresis
parameter N; is plotted in Figure 7. According to this figure, we can analyze that as we increase the
magnitude of N, the temperature 0 is also increased and gets higher magnitude in the central region
of the channel. Figures 8 and 9 highlights the variation of nanoparticle concentration ¢ when there is
an increase the values of Brownian motion parameter N, and thermophoresis parameter N;. It can
be supposed from these figures that nanoparticle concentration is increasing with Nj, but decreasing
with N;. It is also observed that nanoparticles are less in numbers in the central part and minimum
quantity is at the position r = h. Figures 10 and 11 are drawn to manage the behavior of curvature
parameter k and Defour-Solutal Lewis number L; on solutal concentration. Figure 10 depicts that y
is increasing with the increasing values of k. It means that as we use the curved channel with large
curvature, the solutal concentration will get increased. On the other hand, Figure 11 emphasizes that y
is decreasing with L; and quite opposite behaviour is observed in this figure as we have seen from
Figure 10. Figures 12-14 are captured to visualize the effects the N}, N, and N; respectively on the
heat transfer coefficient z. It is found from these figures that heat transfer is decreasing with N, and N;
on the left and right sides but increasing in the centre. It is depicted here that N reflects the opposite
behaviour on heat transfer. It is also noted from Figures 12-14 that amount of heat transfer is maximum
at the center of the channel.

=15 -1.0 -0.5 0.0 0.5 1.0 1.5
r

Figure 2. Alteration of N-onuwhenx =02, t =0, Q=10; =01, € =06; Ny =2, k=2;
E; =0.1; E; = 0.1; E3 = 0.9.
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Figure 3. Alteration of Ny onuwhenx =02, t =0, Q=10; f =01, e =06; N. =2, k =2;
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Figure 4. Variation of complaint wall parameters on u when ¢ = 0.6; § = 0.01; k =2; x = 0.2;
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Figure 7. Alteration of Nyon ® whenx =0.5;t=0; Q =10; =02, e =02, N, =5 N; =2, k=2.
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Figure 8. Alterationof Nyon¢p whenx =0.1;t =0, Q =10, =02, e =01, N; =10, Ny =2 k =2.
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Figure 9. Alteration of Nyon ¢ whenx =0.1; t =0, Q =10, f =02, e =0.1, N, =10; N; =2; k = 2.
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Figure 10. Alterationof konywhenx =0.1;t =0, Q=10; =02, =01, N, =2, Ny =1; L; = 0.1.
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5. Conclusions

In the third chapter, we have presented the effect of double diffusion on the peristaltic flow of

nanofluid through a curved channel. The governing equations for velocity, temperature, nanoparticles,
and solutal concentration have been modified and illustrated under the suppositions of low Reynolds
number and low wavelength. The solutions have been carried out by HPM. In the last section, graphical
results have been sketched through figures. The major points of the study are given below:

The velocity profile increases with an increasing regular buoyancy ratio, but buoyancy parameter
and compliant walls give opposite effects on velocity.

The temperature increases with the Brownian motion parameter and thermophoresis parameter,
but decreases with the buoyancy parameter. It is also noticed that the maximum temperature is
observed in the center of the channel.

The nanoparticles increase with the variation of regular buoyancy parameter, but decrease with
increasing thermophoresis parameter. Moreover, it is concluded that in the center, there are fewer
numbers of nanoparticles as compared to the left side boundary.

It is observed that as an increase in the curvature of the channel, solutal concentration is increased,
but reveals opposite behavior with Defour-Solutal Lewis number.

It is found that heat is transferred in large amounts while increasing a modified Dufour
parameter, but the less heat transfer is observed in case of Brownian motion parameter and
thermophoresis parameter.

It is disclosed that current analytical study is in line with the study [25] having exact solutions by
skipping the terms of double diffusion.
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Appendix A
Cp = _@ (—4(3 + 5k) (1 + Ne — Np)1° + 38(17k3 — 96k2n + 51kn? — 321%)Log[k — n]°

+BLog[k — n)*(8n(31k2 — 216kn + 3112) — 9(17k3 — 32k2n — 77kn? + 32 Log[k + 1))
+Loglk — 1] (4n?(3k(=1 + 30B) + (6 + k*(6 + k + kN — kN + 6A) —9368)7

—3k(2 + k 4+ kN¢ — kN; 4 2A)n% 4 2(1 + N = N;)n*) + BLog [k + n] (—496k*n
+2960n° + 9(17k> + 32k?n — 77kn? — 321°)Log [k + n])) + Log[k + n] (40 (k(3

—90B) + (6 + k*(6 + k + kN — kN + 6A) —936B)1 + 3k(2 + k + kN — kN

+2A)n% = 2(1 + N¢ — Ny)n*) + BLoglk + 1] (8n(31k? + 216kn + 311?) — 3(17k>
+96k?n + 51kn? + 321°)Log[k + 1]))),

C2 =g (47°(6k*(1+Ne = Ni) +36k(1+A) + (1 +Ne = Ni)n(3 +5n)) + 3(-456 (3k* + 17°)Log[k — n)®
+BLog]k — n]* (—1232kn 4 135(3k2 + 12 )Log[k + 7)) + Log[k — ] (4n2(3
8468 + (k— 1) (k(6 4+ k + kNc —kN; + 6A) —2(3 + k(1 + N. — N;))n)) + BLoglk + 1] (2464kn
—135(3k2 + n?)Loglk + n])) + Log[k + 1] (4n*(=3 + 8468 — (k + n) (61 + k(6 + k + kN — kN,
+6A +2(1+ N = N;p)n))) + BLog[k + n](=1232kn + 45 x (3k* 4+ n?)Loglk+1])))),

C3 =2 ((Np+No)n(1+42n+6n?) + (k—n)(2k*(Np, +N¢) = (Np + Np)r? — k(2 + 2Ng

+(Np + Ni)n))Loglk — n]* +2(k = n)Loglk — 0] (1 + Ng —2(1 + Ng)n = k(Np, + N) (1 + 1)
+(Np + Ne)n(k +n)Loglk +n]) + (k+ n)Loglk + ] (=2(k(Np + N¢)(1 +7)

+(14+Ng)(=1+2n)) + (2k(1 +Ng — k(Np + Nt)) = k(Np + N¢)n + (N, + Ne)n?)Loglk + 1)),

Cs= ﬁ (2n(k(Np + Ne) (1 +1) + (1 +Ng)(=142n)) =k(-1=Ng + (N + Ne) (k= 1)) (k
—n)Loglk - ] + (k = ) Loglk — 7] (—1 = Ng = k(N + N¢) (=1 + 1) + 4Ng7
(=4 +Np + Nt + (N, + Ni)7n) +2(-1 = Ng + k(Np + N¢)) (k + n)Log[k + 1])
+(k+n)Loglk + 1] (1 + Ng + k(Np + N¢) (=1 4+ 1) = 4Ngn — (4 + Np + Nt + (Np + Ni)n)
—k(=1=Ng + (Np + Nt) (k + 1)) Log[k +n])),

Cs = 4Nb'7 ((Np + N¢)(2k(-1 4 21) + (1 + 2k — 21) (k — n)Log[k — n] + k(—k + 1) Loglk — n)?
+(k+n)Loglk + n](1 -2k - 2n + kLog[k +1])),

((Np + Ne)(2n(=1 +2n) + k(k - n)Log[k — n]* + (k + 1) Log[k + 1] (1 — 47 + kLoglk + 1))
—(k—n)Loglk —n](1 - 4n +2(k + n)Loglk +n]))),

— _1
C6 - 4Nb172

C7 =2 ((1+La)(2k(=1+2n) + (1+ 2k —2) (k= n)Log [k - n] + k(~k + ) Log[k - n?
+(k + n)Loglk + n|(1 - 2k — 2 + kLog[k + 1]))),

Cs =gz ((1+La)@n(=1+2n) +k(k~n)Loglk~n]* + (k+n)Loglk +n] (1~ 41+ kLoglk + 1))
= (k=mn)Loglk —n](1 =41 +2(k +n)Log[k + nl)))-
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